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Abstract — Zero correlation zone (ZCZ) sequences
and Golay complementary sequences are two kinds of se-
quences with different preferable correlation properties.
Golay-ZCZ sequences are special kinds of complementary
sequences which also possess a large ZCZ and are good
candidates for pilots in OFDM systems. Known Golay-
ZCZ sequences reported in the literature have a limita-
tion in the length which is the form of a power of 2. In
this paper, we propose two constructions of Golay-ZCZ
sequence sets with new parameters which generalize the
constructions of Gong et al. (IEEE Trans. Commun., 61(9),
2013) and Chen et al. (IEEE Trans. Commun., 66(11), 2018).
Notably, one of the two constructions generates optimal
binary Golay-ZCZ sequences, while the other generates
asymptotically optimal polyphase Golay-ZCZ sequences as
the number of sequences increases. We also show, through
numerical simulations, the applicability of the proposed
Golay-ZCZ sequences in inter-symbol interference chan-
nel estimation. Interestingly, in certain application scen-
arios, the proposed Golay-ZCZ sequences performs better
as compared to the existing state-of-the-art sequences.

Key words — Aperiodic correlation, Binary se-
quence, Complete complementary codes, Golay comple-
mentary sequence, Golay-ZCZ sequences, Inter-symbol

interference channel estimation, Zero correlation zone.

I. Introduction

Golay complementary sets (GCSs) and zero correl-
ation zone (ZCZ) sequence sets are two kinds of se-
quence sets with different desirable correlation proper-
ties. GCS are sequence sets have zero aperiodic autocor-
relation sums (AACS) at all non-zero time shifts [1],
whereas ZCZ sequence sets have zero correlation zone

within a certain time-shift [2]. Due to its favourable cor-
relation properties GCSs or ZCZ sequence sets have
been widely used to reduce peak average power ratio
(PAPR) in orthogonal frequency division multiplexing
systems [3], [4]. However, the sequences own periodic
autocorrelation plays an important role in some applica-
tions like synchronization and detection of the signal.

Working in this direction, Gong et al. [5] investig-
ated the periodic autocorrelation behaviour of a single
Golay sequence in 2013. To be more specific, Gong et
al. presented two constructions of Golay sequences of
length 2 using generalized Boolean functions (GBF),
each displaying a periodic zero autocorrelation zone
(ZACZ) of 2m=2 and 2m—3, respectively, around the in-
phase position [5]. In 2018, Chen et al. [6] studied the
zero cross-correlation zone among the Golay sequences
and proposed Golay-ZCZ sequence sets. Golay-ZCZ se-
quence sets are sequence sets having periodic ZACZ for
each sequence, periodic zero cross-correlation zone (ZC-
CZ) for any two sequences and also the aperiodic auto-
correlation sum is zero for all non-zero time shifts. Spe-
cifically, using GBFs, Chen et al. [6] gave a systematic
construction of Golay-ZCZ sequence set which consists
of 2% sequences with length 2™, and min{ZACZ,ZCCZ}
is gm—k—1,

In [5], the authors discussed the application of
Golay sequences with large ZACZ for inter-symbol in-
terference (ISI) channel estimation. Using Golay se-
quences with large ZACZ as channel estimation se-
quences (CES), the authors analysed the performance of
Golay-sequence-aided channel estimation in terms of
the error variance and the classical Cramer-Rao lower
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bound (CRLB). It was shown in [5] that when the
channel impulse response (CIR) is within the ZACZ
width then the variance of the Golay sequences attains
the CRLB. Recently in 2021, Yu [7] demonstrated that
sequence sets having low coherence of the spreading
matrix along with low PAPR are suitable as pilot se-
quences for uplink grant-free non-orthogonal multiple
access (NOMA). The work of [7] depicts that Golay-
7ZCZ sequences can be suitably used as pilot sequences
for uplink grant-free NOMA.

Inspired by the works of Gong et al. [5] and Chen
et al. [6] and by the applicability of the Golay-ZCZ se-
quences as pilot sequences for uplink grant-free NOMA
and channel estimation, we propose Golay-ZCZ se-
quence sets with new lengths. Note that, the lengths of
the Golay complementary pairs (GCPs) with large

7ZCZs discussed in the works of Gong et al. [5] and
Chen et al. [6] are all in the powers of two. To the best
of the authors’ knowledge, the problem of investigating
the individual periodic autocorrelations of the GCPs as
well as the periodic cross-correlations of the pairs when
the length of the GCPs are non-power-of-two, remains
largely open.

An overview of the previous works, which con-
siders the periodic ZACZ of the individual sequences
and ZCCZ of a GCP, is given in Table 1. We have pro-
posed two constructions which generate Golay-ZCZ se-
quence sets consisting of sequences with more flexible
lengths. To be more specific, assuming that Golay com-
plementary pairs of length NV exist, we have proposed a
systematic construction of Golay-ZCZ sequences of
length 4N, having ZCZ width of N + 1.

Table 1. Golay sequences with periodic ZACZ and ZCCZ

Ref. Length Set size ZACZ width ZCCZ width Based on
[5] 2m 2 om—2 or 9gm—3 Not discussed GBF
[6] om ok gm—k—1 gm—k—1 GBF
Theorem 1 AN 2 N N GCP of length N
Theorem 2 M2N M (M —1)N (M —-1)N (M, M, N)CCC

To increase the ZCZ width for the parameters of
Golay-ZCZ sequence sets reported in [6], and also to
make the parameters more flexible, we proposed anoth-
er construction of Golay-ZCZ sequences consisting of se-
quences of length M2N having ZCZ length (M —1)N
from an (M,M,N) complete complementary code
(CCQ). Interestingly, the resultant Golay-ZCZ  se-
quences derived from the CCC are asymptotically op-
timal with respect to Tang-Fan-Matsufuji bound [8] as
the number of sequences increases, when polyphase se-

quences are considered. To increase the availability of
the CCCs to design Golay-ZCZ sequences of more flex-
ible lengths we have also proposed a new iterative con-
struction of CCCs based on Kronecker product. A brief
overview of all the parameters of CCCs proposed till
date can be found in Table 2 (see [9]-[24]). We have
also provided simulation results discussing the applica-
tion of the proposed sequences in ISI channel estima-
tion. Interestingly, the proposed Golay-ZCZ sequen-
ces performs efficiently in certain application scenarios.

Table 2. Parameters of CCCs

Ref. Parameters Constraints Construction based on

9] (M, M, M™) N>2 Unitary matrices

[10] (2N—r 2N=r 2N) r=12,...,N—1 Golay-paired Hadamard matrices

[11] (M, M, MN) N<M Unitary matrices

[12] (M, M, MN/P) N,P <M Unitary matrices

[13] (M, M, 2™ M) m>1 Unitary matrices

[14] (2k+1 2kt gm) mk>1 k=m-—1 GBF

[15] (2N,2N,1) I>1, N>1 Unitary matrices

[16] (2m,2m, QmN) m>1 Equivalent Hadamard matrices

[17] (2m,2m,2%) m,k > 1with k >m GBF

(18] (2m,2m, 2F) m,k > 1 GBF
[19]-[21] (M, M, M) N2>1 Paraunitary (PU) matrices
[21], [22] (M, M, PN) N >1, PIM PU matrices

(23] (M1 Mz, My Mz, N1N2) (My, My, N1)-CCC and (Ma, Mz, N2)-CCC exists Kronecker product

(24] (M, M,L) M= 25:_01 My, L = {LMpr};Dz—Ol PU matrices
Proposed (M, M, MN1N>) (M, M, N1)-CCC and (M, M, N2)-CCC exists Kronecker product
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The rest of the paper is organized as follows. In
Section II, some useful notations and preliminaries are
recalled. In Section III, a systematic construction of
Golay-ZCZ sequence pairs with flexible lengths is pro-
posed. In Section IV, a systematic construction of
Golay-ZCZ sequence sets is proposed based on existing
CCCs. Also in this section, we have proposed an iterat-
ive construction of CCCs to increase the flexibility of
the parameters of the proposed Golay-ZCZ sequences.
In Section V, we discuss the applicability of the pro-
posed sequences in ISI channel estimation through nu-
merical simulations. The optimality of the proposed
Golay-ZCZ sequence sets is discussed in Section VI. In
Section VII, we have discussed the novelty of the pro-
posed constructions as compared to previous works. Fi-
nally, we conclude the paper in Section VIII.

II. Preliminaries

Before we begin, let us define the following nota-
tions:

e 01, denotes the all-zero vector of length-T..

o ‘@ denotes the reverse of the sequence a.

e z* denotes the complex conjugate of x.

o al|b denotes the concatenation of the sequences
a and b.

e ‘a-b’ denotes the ‘inner product’ of two se-
quences a and b.

o {(x)pr denotes x mod M.

e TR®Y = [roy,11Y,...,2N,—1Y], denotes the Kro-
necker product of the sequences x and y.

Definition 1 [5] Let a and b be two length N se-
quences. The periodic cross-correlation function (PCCF)
of a and b is defined as

N-—1

*
Z akb(k+T>N’
k=0

Ra,b(T) = N-_1
> ap-pybi, —(N-1)<r<-1
k=0

When a = b, Rq p(7) is called periodic auto-correla-
tion function (PACF) of @ and is denoted as Rq (7).

Definition 2 [3] Let a and b be two length N se-
quences. The aperiodic cross-correlation function (AC-
CF) of @ and b is defined as

N—-1-1

*
§ : akbk+T7

Cap(r) = N1,

§ ak—7b27
k=0

When a = b, Cq (1) is called aperiodic auto-correl-
ation function (AACF) of a and is denoted as Cq (7).

0<r<N-1

(N-1) <7< -1

Definition 3 [3] Let (a,b) be a sequence pair of
length N. Then (a,b) is called a Golay complementary
pair (GCP) if

Co(7)+ Co(r) =0, forallT#£0

Definition 4 [3] Let (a,b) be a GCP of length N.
A sequence pair (¢, d) is called one of the complement-
ary mates of (a,b), if

Ca,c(7) + Cpa(T) =0, for all 7
B,

In this paper, we have considered (c,d) = (
S
—a*).
Definition 5 [8] A set C = {co,c1,...,Cpr—1} con-
sisting of M sequences of length [N is said to be an
(M, N, Z)7ZCZ sequence set if it satisfies

Re,(t)=0,for 1<|7|<Z, 0<i<M—-1
Ree; (1) =0, for |[7| < Z, 0<i#j<M—1

Definition 6 [5], [6] An (M, N, Z)-ZCZ sequence
set becomes an (M, N, Z)-Golay-ZCZ sequence set if it

satisfies
M-1
Cl: Ce,(1) =0, forallT#0

i

=0
C2:Re,(1)=0,for 1 <|7]<Z,0<i<M-1

7

C3: Ree,(1) =0, for 7| < Z, 0<iz#j<M-1

Definition 7 [9] Let C be a P x N matrix, con-
sisting of P sequences of length N, as follows:

Co
Ci

L ¢P-1 | pyn

€0,0 Co,1 Co,N—1
C1,0 C1,1 C1,N—-1
Ll ¢P-10 CP-1,1 CP—1,N-1

PxN

Then C is called a complementary sequence set
(CS) of size p if

. [ PN, ifr=0

~co (T)"’_Cm (T)+~ . -+CCP—1(T) = { 0, fo<r <N
Definition 8 [9] Consider € = {CO, cl,... ,CM_l},

which consists of A CSs C*, 0 < k < M, each having

M sequences of length N, i.e.,

k
i
Cy

ck = y0<sk<M-—1 (1)
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where cF, is the m-th sequence of length N and is ex-
pressed as cﬁl = (Cﬁz,ovcfn,lv e ,cme_l), 0<m<M —1.

The set € is called an (M, M, N) complete complement-
ary code (CCC) if for any CF,CF c &, 0 <k, ky <
M-—1,0<7<N-1ki=kor0<7<N-1k # ko,

M-—1
> =0

m=0

|Cck1,ck2 (7)) = C k1 k2 (T)

Cm ,Cm

where A denotes the set size and the number of se-

Cr,s Cr.s+1 Cr,.N—1
C’l"+1,5 Cr+1,s+1 cr+1,N71
L’r‘(c) o CM—2,s CM—-2,5+1 CM—2,N—1
s =
CM—1,s CM—1,5+1 CM—1,N—1
Co,s C0,s+1 Co,N—1
Ll Cr—1,s Cr—1,s+1 Cr—1,N—-1
= [ I"(e.s) T"(cs41) T"(e;,N-1)

where ¢, s denotes the s-th column of C, and T7(c. )
denotes the r-step up-shift operator.

Definition 9 [22] .,an—1) be a
sequence of length N. Then the characteristic polynomi-

Let a = (ag,ay, ..

al of a is defined as

N

+an_gx¥ !

a(z) =ag+arx + -
and the corresponding complex conjugate is given by

a*(z)=a) +ajx+--+ay_ V!

Definition 10 [22] Let a(z) and b(z) be the
characteristic polynomial of the length N sequence a
and b, respectively. Then the ACCF is defined as

Cap(z) = Z Coap(T)z" = a(x_l)b*(x)

Definition 11 [22] A pair of sequences (a,b) is
said to be a GCP of length N if

Co(z) + Cp(z) = 2N

Definition 12[22] Consider ¢={C°%,C!,...,CM1},
which consists of )}/ CSs C*, 0 < k < M, each having

M sequences of length N, as described in equation (1).
Then € is a CCC if

M—-1

Corer(@) = Y Cot s () = MNG(i ~ b)

i
A
=0

<

where ¢ is Kronecker delta function.

quences in each sequence set, and N the length of con-
stituent sequences of €.
Let C be an M x N matrix given by

C0,0 Co,1 Co,N—1
C1,0 C1,1 Ci,N-1
C =
CM—1,0 CM—1,1 CM—1,N—1

MxN

Then let us define a transformation L7(C) as fol-
lows:

Cr41,0 Cr41,1 Cr41,s—1
Cr42,0 Cr42.1 Cr42,5s—1
CM-1,0 CM-1,1 CM—1,5—1
€0,0 Co,1 €o,s—1
C1,0 C1,1 Cl,s—1
Cr,0 Cr,1 Crs—1 1 xN
1 1 1
T (e.0) T (e.1) T (e s1) |

III. New Construction of Golay Comple-
mentary Pair with ZCZ

In [5] and [6], the authors considered complement-
ary sequences whose length is only of the form 2. In
this section, we considered GCPs of more flexible
lengths and proposed Golay-ZCZ sequences of new
lengths. Before introducing the construction, we need
the following lemma.

Lemma 1 Let (a,b) be a GCP of length N and
(¢, d) be its complementary mate. Then

ab(T) + Ccalr) =0

Proof From the properties of aperiodic cross-cor-
relation, for any sequence x and y, we have Cg 4(7) =

Coz 1(7) and gy (7) = ~Cay (7). Since (e, d) = (b7,
—c?), hence C, 4(7) = C‘?,::—*(T) =C_qgp(7) = —Cq (7).
Hence the proof follows.

Motivated by the works of [25], using Lemma 1, we
have the following theorem.

Theorem 1 Let (a,b) be a GCP of size N and
(¢, d) be a Golay complementary mate of (a,b). Define

p=( zal z2b|| z3a || 24b )
q= ( zic || xod || z5c || xad )

where 21,9, 23,24 € {+1,—1}. Then (p,q) is a Golay-
ZCZ sequence pair of length 4N with Z,, = N, if
1, T2, X3, x4 satisfy the following condition:

T1To + 2304 = 0

Proof Let us consider 0 <7 < N — 1. Then we
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have
Cp(7) :2(C (1) + Cy( ))
+ (xlxg +2324)Cp o (N —7) + 2223C, (N —7)
Cy(7) =2(C )+ Ca( ))
+ (2172 + 2374)Cg o (N —7) + 220307 4(N —7)
Hence, for 0 <7 < N — 1, we have
Cp(7) + Cg(7) = 4(Ca(T) + Cp(7))
Consider N <7 < 2N — 1. Then one has
Cp(1) = (2122 + 2324)Cap(T—N) + 2223Cp o (T—N)
+ 2123C, (2N —7) 4+ 2224Cp (2N —17)
= (2122 + 2324)Cea(T—N) + 2923Cq,c(T—N)
+ 2123C5 (2N —7) + 2224 C (2N —1T)

Cq(T)

Hence, for N < 7 < 2N — 1, we have
CP(T) + Cq(T) =0
Consider 2N <7 < 3N — 1. Then we have
Cp(T) =2123C(T—2N) + 2224Cp(T—2N)
+ 2124Cp (3N —7)
Cq(7) =2123C(T—2N) + x924Cq(T7—2N)
+ 2170405 (3N —7)

Hence, for 2N <7 < 3N — 1, we have
Cp(7) + Cq(1) =0
Consider 3N < 7 < 4N — 1. Then we have

Cp(1) = 2124Cq p(7—3N)
Cq(T) = $1$4Cc,d(T—3N)

Hence, for 3N <7 < 4N — 1, we have
CP(T) + Cq(T) =0

Hence, (p, q) is a complementary pair of length 4N.
Next, we have to prove the other two conditions of
Definition 7. Consider 1 < 7 < N, then we have

—T N-—-1
= agag, . + Z T1aRT3bL_(n_r)
k=0 k=N-—r
N—-1—7 N-1
+ Z bkb2+7—+ Z acgbkscga,*%(NfT)
= k=N-—1
N—-1—-71 N-1
+ Z akGZJﬁ"' Z x3aszbzf(N7T)
k=0 k=N-—r
N—-1—-71 N-1

+ Z bkb2+7. + Z x4bkxia27(N7T)
k= k=N-—1

=2(Ca(7) + Cb(7))

Similarly for 1 <7 < N, we have

Rg(7) = 2(Ce() + Ca(r))
Rpq(7) = 2(Cae(7) 4 Cpa(1))

Since (a,b) is a GCP and (e, d) is one of the com-
plementary mates of (a,b), Rp(7) = Rq(7) =0, for all
1<7<N,and Rp q(7) =0, forall0 <7 < N.

(p,q) is a (2,4N,N)-Golay-ZCZ se-
quence pair, which consists of sequences of length 4N
with Zmin = N.

Example 1 Let (a,b) be a binary GCP of length
10, given by a = (1,1,-1,1,1,1,1,1,—1,-1), b= (1,
~1,1,-1,1,-1,-1,1,1). —a*) is a

Therefore,

Then (c,d) = (i? :
Golay mate of (a,b). Define

p=albla|-b
q = clld]c|-d
Then (p,q) is (2,40, 10)-Golay-ZCZ sequence pair,
because
(Rp(r))™ = (40,010, —4,-8,4,8,—4,0,4,0,12,0,
12,0,4,0,—4,8,4,—8,—4,010)
(Rq(1))>, = (40,010,4,8,—4,-8,4,0, 4,0, —12,0,

—12,0,—4,0,4,—8,—4,8,4,019)
= (0117 _47 _8a 47 167 47 07 47 _87 _47 Oa 47
~8,12,0,12,0, -4, 8,4, 010)

39

(Rp’q(T))T:o

Example 2 Let a = (1,i,—i,—1,7),b=(1,1,1,4,
—i), then (a,b) be a quadriphase GCP of length 5.
Then (¢,d) = (i)_*, ,EF) is a Golay mate of (a, b). Define
p =albla|-b
q = cldfc|—-d

Then (p,q) is a (2,20,5)-Golay-ZCZ sequence pair.
The periodic correlation magnitudes of (2,20, 5)-Golay-
Z.CZ sequence pair (p, q) are shown in Fig.1.

Remark 1 Please note that binary Golay-ZCZ
sequences of length 40 and quadriphase Golay-ZCZ se-
quences of length 20 has not been previously reported in
the literature. By considering a GCP (a,b) of length 2™
in Theorem 1, we can construct (p,q) of length 2m+2
and the resultant Golay-ZCZ sequences will have the
parameters equivalent to the Golay-ZCZ sequences re-
ported in [6].

IV. New Construction of Complement-
ary Sets with ZCZ

The resultant sequence sets of the constructions re-
ported in [6] have the property that, as the number of
sequences of the Golay-ZCZ sequence set increases, the
7ZCZ width decreases. Also, the resultant sequence sets
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Fig. 1. A glimpse of the periodic correlations of the pro-
posed Golay-ZCZ sequence pair given in Example 2.

in [6] are not optimal for polyphase cases. These prob-
lems are taken care of in the following construction. In
this section, we propose a new construction of Golay-
7Z.CZ sequence sets based on CCCs, which are asymptot-
ically optimal. Before we proceed further, we reveal a
nice property of CCC.

Property 1 Let ¢={C%C!,...,CM~1} be an
(M, M, N)-CCC, consisting of M CSs C*, 0 <k < M,
each having M sequences of length N. Let D be a se-
quence set of order M x M N defined as follows:

By matrix representation, we have

@) @\ [ B

cy' H(x) a1 (@) (@)

By the commutative law of matrix, we have

_ _ *
@) e @) cg(x)
o - M-1
roal@™h) ety o
Let y = 2!, we have
— * —
ly) e Y fly™)
’ _ M-1, _
i1 (y) C%—%(y) o Yy )
Taking conjugation on the above equation, we have
y) e M) fly™)
_ M-1, _
chr—1(v) er-1(y) 'ty

Hence proved.
Motivated by the work of [26], we have revisited
the construction of ZCZ sequence sets, and propose the

following theorem.

of sequence cF. As CF={cf, ck,..

0 0 0

C(l) C% C{\/I—l
€o C1 Cym—1
D= .
M—1 M—1 M—1
C (&1 chl MxMN

where the i-th row is generated from C?, by appending
the rows of C' to the right of one another. for
0<i<M-—1,let

Then ® = {D°, D! ..., DM-1} is also an (M, M,

N)-CCC.

Proof Let cF(z) denote characteristic polynomial
ek} is a CS,

then we have

Z cl(x) (cf(x_l))* = MN, for any k

As ¢={c%ct,...,cM7t} is an (M, M,N)-CCC,

we have

Mﬁlcfl (z) (Ci-”(x‘l))* =0, if k1 # ko

i=0
céw*l(xfl) * MN 0
c%:i:(xfl) B ( O M:N

& @ MN 0

c%::i(x) ( 0 MN
iy MN !
- ( o uN
PN MN - 0
drton )\ o &

Theorem 2 Let ¢ ={C%C! ...,CM~!} be an
(M, M,N)-CCC, and F be an IDFT matrix of order
M x M, where f; ; denotes the element of i-th row and
j-th column of F. Define By for 0 < k < M, as follows:
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M—
fo,ocg fo,lcgl€ fo,m—1¢;, ! have
0 1 M—1
- frocg fiac Jim-icy M2N, whent=0
: : : Ry (1) = 0, whenl <7< (M —-1)N
M-_1.0€)  fu1ich frr—i Mt MM non-zero, when (M —1)N <7

Let By, denote a sequence of length M2N which is
generated from By, by appending the rows of By to the
right of one another. Then the sequence set D :{Bg, B,

L Bar1} is an (M, M?N, (M — 1)N)-Golay-ZCZ se-
quence set.

Proof First we prove that D is a CS. For
0 <7< N —1, we have

M—2
+ ( fk,leI:JrLo) (Z C, M- 1’02 )
k=0

Since € = {C°,C!,...,CM~1} is a CCC, we have
Ziwal Cp, (1) = 0. Similarly, we can show for other val-
ues of 7 that ZM e Cp, (1) =0.

Next, we prove the other two conditions of Defini-
tion 7. For 0 <7< M?N, let T=7"NM +s'. Let us
define

Hp,, Be, = By © (L (Br,))*

where ©® denotes elementwise product of the matrices
By, and L7, (By,). Note that Hp,, By, 18 a matrix of size
M x N. When ki =k, we write Hg,,
HBy, Bi,- 2 HB,, B, denotes sum of all elements of

instead of

To check the periodic autocorrelation of the
for0O<7<(M—-1)N+1

HBk17BIc2'
constituent sequences of D,
and 0 < k < M, we have,

Ry (1) =Y Hp, = By @ (L)(By))*

M-—1 n
=3 (£a) (T )
1=0
cz,ciHr)M (T — TN)
M—-1

TL“”“J (

LU

’ C i ;i+T+1>wf (7- - (T + I)N)

[N

f:,(i+r+1>M))

Since F is an IDFT matrix, using Property 1, we

Similarly, to check the cross-correlation we have for
0<k; 75 ko < M,

Bk176k2 ZHBM By
M

L'H»r

i (f:,(i-i-?”)M))

=0
: Cc LM (T - TN)
k1’"ko
M—-1 + +1
+ Z(f:,l) ( T J(f:,<i+r+1>M))
=0
<O, atriuy (T—(r+1)N)
k1 2Cko

Since € is a CCC and F is an IDFT matrix, using
Property 1, we have

0, when 7 =0
when 1 <7 < (M —
when (M —1)N <7

Hence, D is an (M, M?N,(M — 1)N)-Golay-ZCZ
sequence set of set size M, which consists of sequences
of length A2 N having ZCZ width (M — 1)N.

Example 3 Let € = {C° C!,C?,C3} be a (4,4, 4)-
CCC given by

Ry 5, (T) = 0, 1N

non-zero,

1 1 1 1 [—1 -1 1 1
1 1 -1 -1 -1 -1 -1 -1
0 _ 1_
c'= -1 1 -1 1 , €= 1 -1 -1 1|
-1 1 1 -1 1 -1 1 1]
(-1 1 -1 1] 1 -1 -1 17
-1 1 1 -1 1 -1 1 -1
2 _ 3 _
c*= 1 1 1 1 , C°= -1 -1 1 1|
1 1 -1 -1 -1 -1 -1 —1]

and F be a 4 x 4 IDFT matrix. Construct D = {By, Bi,
By, B3} as per Construction 2. Then D is a (4,64,12)-
Golay-ZCZ sequence set. A glimpse of the correlations
of the sequence set D is shown in Fig.2.

Remark 2 In [6], the authors reported (2% 2™,
2m=k=1)_Golay-ZCZ sequence sets. Considering k = 2
and m = 6, we get (4,64, 8)-Golay-ZCZ sequence set. As
we see in Example 3, the Golay-ZCZ sequence sets pro-
posed in Theorem 2 have larger ZCZ widths, as com-
pared to the results in [6].

Since Theorem 2 is based on CCCs, the availabil-
ity of CCCs for various flexible lengths highly improves
the outcome of the construction. In Table 2, we list
down all the well-known construction of CCCs till date.
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Fig. 2. A glimpse of the correlations of the sequence set D, constructed in Example 3.

We also provide an iterative construction of CCC to
improve the flexibility of the parameters. Before we
proceed, we need the following lemma.

Lemma 2 Let (x1,22) be two sequences of
length Ny, (y1,y2) be two sequences of length Ny. Then
aperiodic correlation of @y ® y; between xs ® yo is giv-

en by [23]

= le,wz (kl)cyl,yz (kQ)
+ Cw1,w2 (kl + l)Cy1,y2 (kQ - N)

Cﬁtl@yl ,L2QY2 (T)

where 7 = k1 Ny + ko.
Theorem 3 Let ¢={C%C! ....CM~1} and
D ={D" D, ..., D1} be two CCCs with paramet-
ers (M, M, Ny) and (M, M, N3), respectively. Then € =
By Lemma 2, we have

M—-1
ch ®d£11,cm®dl ( ): (
=0
M—

- c:{ll,cm kl E

=0

M N Cc;lnl 1Chy (kl ) s

0,
0,

e e kl)cdz di, (kg)

{€9,&L, ..., EM~1Y given by
gm
Fen
er
em
L M—-1 MxMNy, N>
@ dY ' @ dY e ®dy
g @ dy cf' ® dj e ®dy
dM—l 71n ®di\/f—1 cy]r\}_l ®dM—1

is a CCC with parameters (M, M, M N1 Ny).
Proof First, we prove that for 0 < m < M, £™ is
a CS of length M N7 No.

+ Cep ey (k1 + 1)0%17(1512 (k2 — Nz))

M—-1
dl, .dl, k2)+Ccm em (k1 +1 ZCL i, k‘g—Ng)
=0

k’g = O,n1 = N9
ky #0,n1 = ng
for all k‘z, ny 75 no

where 79 = k1 Ny + ko. For £™, let us consider 7 = rN1 N5 + 79, then
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M—-1M-1-r

Y D (Cepoa, epsa (T

where no = ni + 7.
Clearly, we have vaig
sider r = 0, then

Cep (1) =0, if r > 1. Con-

M-1
C'el"” (1)

=0

M-1
2 Cep ()
M-1 M-1

2 D Cogou,epea, ()

=0 ni=ns=0

M—1
_ ] D MNoCep e (k). k2 =0
ni1=ns=0
0, ko £0
[ M?NiNa, ki =0,ke=0
o 0, otherwise

Next, we prove that £™* and £™2 are orthogonal if
mi # mo.

Similar to (2), we consider cross-correlation sum of
E™ between £72, then we have

M—1
Z Ce;”'ll ’emz (T)
1=0
M—1M—1—r
= > (Cemrgar, crzea, (70)
=0 mn1=0
+Cer Lod, e ©d L (0 — N1N2))

where no = nq + 7.
Clearly, we have ;7 " Cepr(7) =0, if r > 1. Con-
sider r = 0, then
M-1

C’elm1 e"? (T)

M-—1
frg 0)
=0
M-1 M-
= § : cn1®dn1,cn2®dl (TO)
=0 ni=ng=
-1
_ MNQCcZLll,c;"; (/4;1), ko =0
’I’Ll— =0
ks # 0
=0

Hence ¢={&% &, . ..
CCC.

,EM=1Y s an (M, M, M N1 Ns)-

(10) + Cepp gai, em , @d,_,, (70 = N1N2)) (2)
Remark 3 To increase the flexibility of the pro-
posed construction in Theorem 2, we have also found
binary CCCs with parameters (4,4,3), (4,4,5), (4,4,7),
(4,4,11), and (4,4,13) based on computer search, which
can be used as seed CCCs of the proposed construction
in Theorem 2. Considering € = {C° C!,C?,C3} as a
(4,4, N)-CCC, the search results can be found in Table
1). The
search results are important in itself, because in recent
results [27]-[29], we observe that for a (K, M, N) mutu-
ally orthogonal complementary sequence set, through
systematic construction, the maximum achievable K /M
ratio is 1/2, when N is not in the form of 2. However,
for our case, although N is not in the form of power-of-
two, since the sequence sets are CCC (i.e., K = M), the
K /M ratio is 1. Moreover, for length up to 200 (i.e.,
N < 200), using the CCCs given in Table 3 as seed
CCCs, using the results of [23] and Theorem 3, we can
design binary (4,4,N)-CCCs for N =12, 13, 20, 24,
28, 36, 40, 44, 48, 52, 56, 60, 72, 80, 84, 88, 96, 112,
120, 132, 140, 144, 156, 160, 168, 176, 192, 196, 200.

3, where each element represents a power of (—

Table 3. Computer search results of (4, 4, N)-CCCs

N co ct c? cs
000 010 011 011
3 001 001 000 010
001 110 101 000
010 111 100 011
00001 00010 00101 01100
5 01100 00101 11101 11110
01000 01111 00110 01011
01011 00110 10000 10111
0000001 0011101 0101100 0101100
7 0011010 0011010 0100011 0111111
0011010 1100101 1111110 0011101
0100011 1000000 1010011 0101100
01110110110 | 00011010100 | 10110000000 | 01011100011
1 00111000101 | 00000001101 | 11010100111 | 01101101110
00011010100 | 10001001001 | 10100011100 | 10110000000
00000001101 | 11000111010 | 10010010001 | 11010100111
0111011010100/0001100001001{0101110000000{0100110100011
13 0011101001101|0000000111010/0110111100111{0010101101110
0001100001001/1000100101011{1011001011100{0101110000000
0000000111010/1100010110010{1101010010001{0110111100111
V. Application of the Proposed Se-
quences in ISI Channel Estimation
Let us assume a channel model as follows:
(oo}
k= Z hrzp—r + wy
7=0
where h = [hg, h1,...,h,]" are complex valued channel
taps, « = [r0,T1,...,7,)" are transmitted symbols,
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Y= [Y0,Y1,---,Yn]’ are received symbols, and wy, is
complex Gaussian variate with the variance 2. Con-
sider the case where the ISI tap vector h is unknown to
the receiver, and thus needs to be estimated. The actu-
al number of taps is unknown, however, we consider a
case where the receiver tries to estimate [ taps. That
is, the maximum multipath delay is less than [, and the
[ho, hl, ey hL,ﬂT. We will
use least squares (LS) method for this estimation, which
directly seeks to estimate the channel impulse response

h in the time domain.

channel has the form h =

Describing the channel model in the form of mat-
rix, we have

y=hxx+w=Xh+w

where X is a matrix of size (N + L — 1) x L, given by

o 0 ... 0

X=| zy-1 ZTN-—2 -+ ITN_L
0 TN-1 TN41-L
0 0 IN-1

N+L—1,L

and h is a column vector of length [, and y,w are
column vectors of length N + L — 1.

Let us consider a to be a training sequence. There
are usually three ways to use training sequences.

1) Use it directly, i.e., ¢ = a.

2) Use as cyclic prefix, i.e., € = [ang—L+1,- -« ANg—1,
a’]l. Note that N = Ny + L — 1, and the length of a is
equal to Np.

3) Use as negative cyclic prefix, € = [—an,—L+1,- - - »
—ANy—1, aT]T.

For the first method, i.e., when the sequence is
used directly, the LS method indicates that the estim-
ated value h of h is given by

h=(x"x)"" Xty

To obtain the optimal value, this requires that the
inner product of any two columns of matrix X be as
low as possible, i.e., |Cq(7)|,7=1,2,...,L — 1 be as low
as possible.

For the second method, i.e., when the sequence is
used in the form of cyclic prefix, there is a cyclic mat-

rix A as a submatrix of X, and A is given by

Qg ANy—1 ANo+1—L
ai aq crt GNyg4+2-L
A= . . . (3)
AGNyg—1 ANyg—2 ANo—L No,L

Then LS method indicates that the estimated value
h is given by

h=(A"A)"" AYyg

[YL—1,YLs -, YNg+L—2)%- To get the optimal
value, this requires that the inner product of any two
columns of matrix A be as low as possible, i.e.,
|Ra(7)|,7=1,2,...,L — 1 be as low as possible.
Theorem 4 Assume that the cyclic prefix length

where y =

is greater than or equal to the maximum multipath
delay. Then the mean square error (MSE) of LS meth-
od is give by

MSE = ||[(A"A)~ 1 AY|252

where o2 is variance of Gaussian noise.
Proof Let = (A"A)"'A" then we have
h= By. From definition of MSE, we have

MSE = E(|lh - h|}})

= E(|B(Ah + w) — h|)3)
= E(||Bw|}3)
L—1|No—1 2
=F Z Z [B}l,nwn
=0 | n=0

L—1Np—1No—1
- E l nlwnl ]l ’I’sz’nz
=0 n1=0 nao= O
L—1Np—1 No—1

= Z Z Z [B]l,"h [B]?,7L2E (wnlw:‘bg)

Since each w,’s are independent, we have

. E(lwn, ), n1=ny
E (wnlwnz) = { 0, ' ni 75 N9
Hence, we have
L—1Ny—1
MSE = Z Z I[B ln| E ‘wn| ): HBH%GQ
=0 n=0

Corollary 1 Let A be constructed as in (3).
Then, the MSE of LS method is lower bounded by
L/NQO’Q.

Proof [|(A"A) A2 [(NoLL) "' A2 =L/No.

Remark 4 From Corollary 1, we can observe
that the MSE of LS method meets the lower bound
with equality if AFA = NoI;, which is equivalent to,
sequence a, having ZCZ width of [, — 1. Since, all the
Golay sequences proposed in Theorem 1 and Theorem 2
have a ZCZ width, the performance of MSE is optimal,
with a condition that the maximum multipath delay is
less than the ZCZ width.
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1. SISO channel model simulation results

In this subsection, we will simulate our proposed
Golay-ZCZ sequence aided channel estimation in MAT-
LAB. We consider TDL-C channel model in 3GPP
standard. The parameters of which are provided in
Table 4. Doppler shift is not considered. The delay
spread is 300 ns. The chip rate is 30.72 MHz.

Table 4. Experimental parameters of the TDL-C model

Tap # Normalized delays Power Fading distribution
1 0 —4.4 Rayleigh
2 0.2099 —1.2 Rayleigh
3 0.2219 —3.5 Rayleigh
4 0.2329 —5.2 Rayleigh
5 0.2176 —2.5 Rayleigh
6 0.6366 0 Rayleigh
7 0.6448 —2.2 Rayleigh
8 0.6560 —-3.9 Rayleigh
9 0.6584 —74 Rayleigh
10 0.7935 —7.1 Rayleigh
11 0.8213 —10.7 Rayleigh
12 0.9336 —11.1 Rayleigh
13 1.2285 —5.1 Rayleigh
14 1.3083 —6.8 Rayleigh
15 2.1704 —8.7 Rayleigh
16 2.7105 —13.2 Rayleigh
17 4.2589 —13.9 Rayleigh
18 4.6003 —13.9 Rayleigh
19 5.4902 —15.8 Rayleigh
20 5.6077 —17.1 Rayleigh
21 6.3065 —16 Rayleigh
22 6.6374 —15.7 Rayleigh
23 7.0427 —21.6 Rayleigh
24 8.6523 —22.8 Rayleigh

We assume a perfect synchronization during the
simulation. The setup is as follows:

e The actual number of taps is 80, however, it is
not known for the receiver. Hence, the receiver tries to
estimate L = 96 taps.

e Sequence length of a is 384, and sequence length
of x is 480.

e Four CES will be simulated. They are ZC se-
quence, ordinary Golay sequence, the proposed Golay
sequence, and random sequence.

e The MSE will be computed based on 10° trans-
mitted symbols.

The performances of MSE shown in Fig.3. It shows
that the performances of ZC sequence and the pro-
posed Golay-ZCZ sequence are optimal, both of which
meet the bound L/Nyo? The ordinary Golay sequence
and random sequence have poor channel estimation per-
formance because they haven’t optimal correlation in
desired region.

——7C
\ —— Ordinary Goaly
N Our work
—+—Random
N —a -Bound

10! F

MSE

N
01 2 3 4 5 6 7 8 9 10
SNR (dB)

Fig. 3. MSE performances of 4 CES 384.

Next, we compare the channel estimation perform-
ance of Golay-ZCZ sequences in terms of flexible se-
quence length. We assume a perfect synchronization
during the simulation. In this case also the receiver tries
to estimate L =96 taps. In this comparison, we have
selected three Golay-ZCZ sequences of lengths 256, 384,
and 512. The Golay sequence of length 256 and 512 can
be generated by the methods proposed in [6] and [5].
The Golay-ZCZ sequence of length 384 is proposed this
paper. Fig.4 shows that the performance of the Golay-
ZCZ sequences of length 384 and 512 are optimal.
However, in practical scenarios, a longer training se-
quence will give rise to a higher training overhead,
therefore, selection of the training length is a trade-off
between channel estimation performance and training
overhead. This will improve the system performance. As
the ZCZ width of the Golay-ZCZ sequence of length 256
is 64, its performance is not optimal.

—s— Length 256 ™

—a - Bound 256

—»— Length 384

—a - Bound 384
Length 512 s

—a - Bound 512 ~

o 1 2 3 4 5 6 7 8 9 10
SNR (dB)
Fig. 4. MSE performances difference length Golay ZCZ se-
quences.

2. Simulation of ISI MIMO channel estima-
tion

In this setup, let us consider the number of trans-
mitting antennas be )/ and the number of receiving an-

tennas be 1. Fig.5 shows that the transmission model of
MIMO.
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Txy I

Fig. 5. Transmission model of MIMO.
Assume a channel model as follows:

M—1
Y= Z h; xx; + w

i=0
where x;’s are transmitted symbols, h;’s denote the
channel and w is the additive white Gaussian noise.
Similar to the case of SISO, we use cyclic prefix to
transmit sequence a;. Then LS method indicates that
the estimated value h; of h; is given by

h; = (ATA4,) 7" Ally

where A; is cyclic matrix generated by a;. Similarly,
the MSE of h; is given by

MSE; = E(||h; — hy[|3) =
2

E[X (Ala,) ™ AlAn, + (ATA,) T Allw

ki

2

The MSE of each MSE; is low bounded by L/Nyo2.

We consider two transmission antennas and the
other parameters are the same as SISO. We have con-
sidered Zadoff-Chu ordinary Golay  se-
quences, our proposed sequences and random sequences,
which are generated “on-the-fly.” Figs.6 and 7 show the
MSE performances of hg, hy on MIMO, respectively. It
shows that the proposed Golay-ZCZ sequence achieves

sequences,

the lower bound.
Next, we compare the channel estimation perform-
ance of Golay-ZCZ sequences in terms of flexible se-

100

—*—7C ~ -
—+—Ordinary Goaly g
Our work e
——Random -
—a -Bound s

0 1 2 3 4 5 6 7 8 9 10
SNR (dB)

Fig. 6. MSE performances of hg on MIMO.

10°

MSE
/
f

L ~a
10 70 ~.
——Ordinary Goaly g

Our work e
——Random ~=
—a -Bound s

01 2 3 4 5 6 7 8 9 10
SNR (dB)

Fig. 7. MSE performances of h; on MIMO.

quence length. We assume a perfect synchronization
during the simulation. The receiver tries to estimate
L = 96 taps. In this comparison, we have selected three
Golay-ZCZ sequences of lengths 256, 384 and 512. The
Golay sequence of length 256 and 512 can be generated
by the methods proposed in [6] and [5]. The Golay-ZCZ
sequence of length 384 is proposed this paper. Because
in [5] cross-correlation has not been considered, then
inter channel interference seriously affects the perform-
ance of channel estimation. The Golay-ZCZ sequences
of length 256, constructed using the method proposed in
[6], has ZCZ zone 64. However, since the maximum
multipath delay is 80, its the channel estimation per-
formance is not good. For a multipath delay of this
kind, if we follow the construction proposed in [6], we
have to use Golay-ZCZ sequence of length 512, to
achieve the optimal channel estimation performance.
However, as we can see in Fig.8, our proposed Golay-
7Z.CZ sequences of length 384 can generate optimal chan-
nel estimation in this scenario. This significantly re-
duces the pilot overhead, as our proposed sequences
have smaller length as compared to the previous con-
structions, which is required for optimal channel estima-
tion. The performance of h, is the same as that of hq in
Fig.8, so it is omitted.

0
10 —%— Golay-ZACZ seq. of length 256 [5]
—&— Golay-ZCZ seq. of length 256 [6]
—=& - Bound of length 256
—#— Proposed sequence of length 384

—a - Bound of length 384 ~-
Golay-ZACZ seq. of length 512 [5] ~
Golay-ZCZ seq. of length 512 [6]

—=8 - Bound of length 512

0 1 2 3 4 5 6 7 8 9 10
SNR (dB)

1072

Fig. 8. MSE performances difference length Golay ZCZ se-
quences of hg on MIMO.
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Remark 5 In application scenarios, the statistic-
al information of the channel is assumed to be known.
Therefore, the maximum multipath delay can be used
to determine the parameters of Golay-ZCZ sequence as
pilot sequences. Specifically, to increase the efficiency of
the system, the selection of parameters should be
chosen, based on the following two criteria.

e The ZCZ width of Golay-ZCZ sequence set
should be greater than the maximum multipath delay.

e The Golay-ZCZ sequence length should be as
small as possible to reduce the pilot overhead.

VI. Discussion on Optimality of the Pro-
posed Sequence Sets

For polyphase sequence sets consisting of M se-
quences each of length [, having ZCZ width Z, we
have from [§]

L
7 < —
- M
For binary sequence sets, the bound is conjectured
[8] as
L
7 < —
- 2M
Assuming Z,; to be the optimal value of Z, let us
define the optimality factor (p) as

_ Z
r Zopti

Consider the (2,4N, N)-Golay-ZCZ sequence sets
described in Theorem 1. If we consider the binary cases,
then we have p = 1. Hence the resultant Golay-ZCZ se-
quence pairs proposed in Theorem 1 are optimal.

Assuming that an (M, M,N)-CCC exists, from
Theorem 2, we get (M, M2N, (M — 1)N)-Golay-ZCZ se-
quence set. To be an optimal Golay-ZCZ sequence set,
the optimal ZCZ width Z,u = ﬁ, i.e., in this case
Zopti = M N . However, the ZCZ we can achieve through
Theorem 2 is Z = (M — 1)N.

Therefore,
_Z (M -1)
r= Zopti B M
Therefore, lim p =1, hence, the sequence sets

.
proposed in Theorem 2 are asymptotically optimal, as
the number of sequences increases.

VII. The Novelty of the Proposed Con-
structions as Compared to Previous
Works

In [26], Han et. al. proposed a ZCZ sequence set

based on CCC. However, the analysis of the comple-
mentary property of the proposed sequence sets was
missing in [26]. In this section we compare the pro-
posed constructions to the previous works, specifically
with the works of Gong et al. [5] and Chen et al. [6] and
discuss the novelty of the proposed constructions.

1) In [5], the authors only considered the comple-
mentary sequences of lengths of the form 2™, and ana-
lysed their corresponding periodic zero auto-correlation
zones. As compared to that, Theorem 1 and Theorem 2
considers complementary sequences of a more flexible
form and analyses both periodic zero auto-correlation
zone as well as zero crosscorrelation zone.

2) In [6], the authors proposed Golay-ZCZ se-
quence sets. However, the constituent sequences have
lengths only of the form of 2. As compared to that, in
Theorem 1 we have proposed Golay-ZCZ sequence pairs
of length 4N, where N is the length of a GCP. In The-
orem 2, we have proposed Golay-ZCZ sequence sets,
which consist of sequences with lengths M2 N, using an
(M,M,N) CCC. As we see the lengths are more flex-
ible as compared to the results in [6].

3) The results reported in [6] only achieves optimal-
ity for the case of binary (2,2™,2™~2)Golay-ZCZ se-
quence pairs. As compared to that, based on the discus-
sions in Section V, we can see that Theorem 1 gener-
ates binary (2,4N, N)-Golay-ZCZ sequence pair, which
is optimal. Theorem 2 generates polyphase (M, M2N,
(M —1)N) Golay-ZCZ sequence set, which is also
asymptotically optimal, as the number of sequence in-
creases.

4) Analysing the parameters of the Golay-ZCZ se-
quence sets of [6], we can observe that, for the same set
size and sequence length, our proposed construction
generates Golay sequences having larger ZCZ widths as
compared to the Golay-ZCZ sequences, reported in [6].

5) To increase the availability of CCCs of various
parameters, which in turn increases the flexibility of the
parameters of the proposed Golay-ZCZ sequence sets,
we have proposed a new iterative construction of CCCs.
We have also provided computer search results for bin-
ary CCCs with parameters (4,4, N), for various values
of N given in Table 3. Moreover, using those as seed
CCCs in [23] and Theorem 3, we can construct several
binary CCCs with new parameters, which are not re-
ported before. As discussed in Remark 3, these CCCs
are important in itself, since NV is not a power-of-two.

6) In this paper, we have demonstrated the applic-
ability of Golay-ZCZ sequences of various parameters
and analysed their efficiency through numerical simula-
tions.

VIII. Conclusions

In this paper, we have made two contributions.
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Firstly, we have systematically constructed GCPs of
lengths non-power-of-two where each of the constituent
sequences have a periodic ZACZ and the pair have a
periodic ZCCZ. We have also constructed complement-
ary sets comnsisting of sequences having large periodic
ZACZ and ZCCZ using CCCs and IDFT matrices. Not-
ably, the second construction generates asymptotically
optimal Golay-ZCZ sequences with respect to Tang-
Fan-Matsufuji bound, as the number of sequence in-
creases. To increase the availability of CCC for various
parameters and consequently increase the flexibility of
the proposed Golay-ZCZ sequence sets, we have also
proposed a new
Moreover, we have found binary CCCs with paramet-
ers (4,4,3), (4,4,5), (4,4,7), (4,4,11), and (4,4,13)
based on computer search, which can be used as seed
CCCs, and can hugely increase the flexibility of the
proposed construction. Since the length of the resultant
Golay-ZCZ sequences are more flexible, the proposed
constructions partially fills the gap left by the previous
remarkable works of Gong et al. and Chen et al. We
have also demonstrated through simulation results that
the proposed sequences perform better in ISI channel
estimation, as compared to other traditional sequences.
The proposed Golay-ZCZ sequences also have potential
applications in uplink grant-free NOMA.

iterative construction of CCCs.
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