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Abstract — The
Fourier transform (QWFRFT) is a generalized form of

quaternion windowed fractional

the quaternion fractional Fourier transform (QFRFT), it
plays a crucial role in signal processing for the analysis of
multidimensional signals. In this paper, we first give the
definition of the two-sided QWFRFT and some funda-
mental properties. Then, the quaternion convolution is
proposed, and the relation between the quaternion convo-
lution and the classical convolution is also given. Based on
the quaternion convolution of the QWFRFT, relevant
convolution theorems for the QWFRFT are studied.
Moreover, the fast algorithm for QWFRFT is discussed.
Finally, the complexity of QWFRFT and the quaternion
windowed fractional convolution are given.

Key words — Windowed fractional Fourier trans-

form, Convolution theorem, Quaternion algebra.

I. Introduction

The fractional Fourier transform (FRFT), which is
very suitable for signal characterization and analysis,
plays a vital role in quantum physics, applied mathem-
atics, optics, communications, image and signal pro-
cessing [1]-[4].
FRFT is ineffective in representing and calculating the
local information of a signal. In order to overcome the
above deficiencies, some scholars try to apply FRFT to

However, we all know that classical

research generalized windowed functions and propose
windowed fractional Fourier transform (WFRFT). The
WFRFT [5], also called short-time fractional Fourier
transform (STFRFT), providing simultaneously inform-
ation in time and frequency domains, has been widely
used in applied mathematics, signal processing, radar
system analysis, pattern recognition, and many other
fields [6]-[9]. Some important properties of the WFRFT
are discussed, including convolution, uncertainty prin-

ciple (UP), reconstruction formula, etc [10]-[12].

Quaternions [13], [14] are one of the generaliza-
tions of complex numbers, which was introduced by
Hamilton in 1843. It has been used for signal and color
image processing [15], [16]. For the past few years, some
authors have extended the integral transform into the
quaternion algebra domain and established the theoret-
ical system of quaternion fractional transform, such as
quaternion Fourier transform (QFT) [17]-[20], QFRFT
[21]-[23], and quaternion linear canonical transform
(QLCT) [24], [25].

Recently, some studies have tried to generalize the
windowed integral transform to quaternion algebra.
Quaternion windowed Fourier transform (QWEFT) was
first proposed by Bahri and Hitzer [26], they extended
the windowed Fourier transform (WFT) to the right-
sided QWFT, and some important properties and ap-
plications to a linear time-varying system were ana-
lyzed. Then, some scholars have also paid attention to
QWEFT [27]-[31], they derived several important proper-
ties and a number of UP of QWFT. Roopkumar [32] ex-
tends the STFRFT to a suitable space of quaternion-
valued functions on R, proposed quaternionic short-time
fractional Fourier transform (QSTFRFT), and some
properties including Parseval’s formula, inversion for-
mulae and the UP are discussed. In [33], [34], Gao and
Li presented quaternion windowed linear canonical
transform (QWLCT) and obtained different kinds of
UP for the QWLCT, such as the Lieb UP, the logar-
ithmic UP, the entropy UP, Donoho-Stark’s UP, and
Heisenberg UP.

However, to the best of our knowledge, convolu-
tion and corresponding convolution theorem for the
QWFRFT have not been presented in the literature.
Since the convolution plays an essential part in math-
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ematics, the study of quaternion convolution in the
QWFRFT domain is not only theoretically interesting
but also practically useful. The main goal of this paper
is to construct the quaternion convolution for the QW-
FRFT. Firstly, we propose the QWFRFT and some ba-
sic properties are obtained. Then, the quaternion convo-
lution is given and the corresponding convolution theor-
em is derived. Thirdly, fast algorithm for QWFRFT are
discussed, the complexity of QWFRFT and the qua-
ternion windowed fractional convolution via the convo-
lution and product theorem are discussed.

II. Preliminaries

In this section, we mainly review some essential
facts of quaternion algebra and the QFRFT, which will
be used in this article.

1. Quaternion algebra

Quaternion algebra [13], [14] was introduced by
Hamilton in 1843, which is an extension of complex
numbers to 4D algebra. A quaternion is denoted as H
and each of its elements has form given by

H = {qlg = g0 +iq1 + jgz + kaz, qo, q1, g2, g3 € R} (1)
which obey Hamilton’s multiplication rules
ij=—ji=k, jk=—-kj=1, ki=—ik=j,
i? =5 =k =ijk=-1 (2)

The conjugate of ¢ is defined by § = qo — i1 — jg2—
jq3. And the norm of ¢ € H defined as

Iqlzx/q6:\/q3+q%+q§+q§ (3)
So, we can get

Pq = qp, lapl = lqllp|, Vg, p € H (4)

Let f(z) € L?*(R? H),z = (z1,72), then we have
an expression.

f(x) = fo(x) + fi(x)i + fo(x)j + f3(x)k (5)

where fo(z), fi(z), fo(z), fa(z) € R%.
The inner product of f,g € L?(R?,H) is given by

(F)iees = [ f@i@)e ()

The associated scalar norm of f(z) € L?(R? H) is
defined as:

||f||%2(]R2H) =(f, flremem = /R2 |f(x)|*de < 0o (7)

We have the quaternion Cauchy-Schwarz inequal-
ity:

[ @ateyie] < flalal: ©)

2. The quaternion fractional Fourier trans-
form

The QFRFT [22] is a generalization of the FRFT.
Because quaternion multiplication does not satisfy the
commutative law, there are three kinds the QFRFT:
the left-sided QFRFT, the right-sided QFRFT, and the
two-sided QFRFT. We emphatically discuss the two-
sided QFRFT in this article.

Let f(x) € L*(R?,H), the two-sided QFRFT is
defined as

Fi57(v) = /]Rz K, (x1,01)f(®) K}, (x2,v2)dz (9)

where K (x1,v1), K}

7, (T2, v2) is given by

Kli)l (x17’01) = Aaei((r?—i_vf)ca_rlleQ) (10)

(11)

(202
J J((x5+v3)Cg—x2v2 B
K} (72,v2) = Age (w2+v3)Cp—22v2Bs)

and
1—icota 1—jcotp
« 2 » 8 \/T e
t t
s Vs
a—p1§, B p2§

(13)

A quaternion signal f(x) can be reconstructed via
QFRFT.

fl@) = F Prm{E " (v)})

_ i
- R2 K—P1

(xl,vl)F{’;’pQ(v)Kj (l‘g,’UQ)d'U (14)

—Pp2

Let f,g € L?(R? H), the convolution operator x for
QFRFT is defined as

(f*g)(x)

_ (Aa”@ei(mfc’a+m505)ei(xfca+x§CB)f(m))

 (g()e! ) (15)
where Aq,3 = V(i ;2(1—7:%5)’ « is the classical con-

volution operator.

III. Quaternion Windowed Fractional
Fourier Transform

In this section, the QWFRFT is proposed, the con-
volution operation for QWFRFT is defined, and the
corresponding convolution theorem is derived. In detail,
several basic properties for the QWFRFT are investig-
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ated.

1. 2D QWFRFT

In this subsection, two-sided QWFRFT is pro-
posed, and the relationship between QWFRFT and
QFRFT is also given.

Definition 1 Let f(x)€ L?(R% H), the two-
sided QWEFRFT of f(x) is defined as

G (f)(v,w)

/ xlavl

where K| (x1,v1), K},
(11), ¢ € L?(R?,H) be a quaternion windowed function.

Note: 1) a = 8= 7 (p1 = p2 = 1), the equation (16)
is reduced to the QWFT [19]; 2) a = Jand 8 =0 (p1 =
land po =0),or a =0and =7 (p1 =0 and py = 1),
the equation (16) is reduced to the QWFT [19] of f(x)
for variable 7 or z3; 3) a=0and =0 (p; =0 and
p2 = 0), the equation (16) is reduced to the f(x).

Lemma 1 The relationship between the QW-
FRFT and QFRFT can be obtained as follows:

G (v, w) 3@ —w}(v)

2. Properties of QWFRFT

In this subsection, we will give some basic proper-
ties about the QWFRFT.

Property 1 (Linearity)
f,g € L*(R?,H), then we get

f(z )¢($—U)Kg2($2,7}2)d$ (16)

(x2,v2) are same in (10) and

= F 7 {f( ")

Let ¢ € L?(R% H)\{0},

GEP2 (M f + A2g) (v, u)

= MG (f)(v,u) + 0G5 (g)(v,u)  (18)
where A\, Ay € HL.

Proof From the equation (16), we can easily get
it.

Property 2 (Boundedness) Let ¢€ L?(R?,
and f(x) € L?>(R?, H), then we have

G2 () (v, u)| < Aa sl fllz2 @) 9]l 22 2

H)\{0}

(19)
Proof By using (8), we obtion

G52 () (v, u)|?
2
‘/ K (z1,01) ()d)(w—u)KgQ(xQ,vg)dw

— Ans (/R )‘dw)z

f@)é(@ —u)
< s ([ r@Paz) ([ o=l az)

2 2
= Ao ||f||L2(R2) ||¢||L2(R2)

The proof is completed.

Property 3 (shift) Let ¢ € L*(R?,
f(x) € L*(R?,H), then we obtian

H)\{0} and

GL P (Thf) (v, w)
— eih—j sin acos aefihl'ul sin aGil ,P2 (f)(Z, u— h)

3 ) .

. o 52 sin B cos B y—jhava sin (21)
where Thpf = f(x —h), h = (hi,hs), z=(21,22), 21 =
v1 — t1 cosa, zo = vy — o cos 3.

Proof See Appendix A.

Property 4 (Modulation) Let ¢ € L?(R?, H)\{0}
and f(z) € L2(R% H), M,f(x) = e'®1*1 f(x)el*2%2 with
s = (81, 82), then we have

GTP (M, f) (v, u)

—_ eivlsl cos ae—ié sin o cos QGZI sD2 (f)(Z, ’LL)

. ejv252 cos ﬂe—jé sin 3 cos 8 (22)
where z = (21, 22), 21 = v1 — s18inq, 2o = va — Sysin f.
Proof See Appendix B.
Property 5 (Inversion formula) Let ¢ € L?(R?,
H)\{0} and f € L*(R? H). Then we give the inversion
of the QWFRFT as

1 T8 (. o), 2
1) =[5 fo TG mIas (1o

K, (x2,02)¢(x — u)dvdu (23)

Proof See Appendix C.

3. Convolution of QWFRFT

In this subsection, we introduce a new quaternion
convolution operation for the QWFRFT. And the QW-
FRFT convolution theorem is derived.

Definition 2 Let h(x) = f(x)Og(x), f(x),g(x) €
L?*(R?,H), the convolution operator © for the QW-
FRFT is defined as

h(z) = (fOg)(x)
:/ Aaﬂem’;‘c(,e—jmgcﬁeizfcaf(z)ejzgcﬁ
R2

i@ Ca g g )ed(@2=22)7Ci gy (24)

Based on the classical convolution operator x, the
QWFRFT convolution expression (24) can be rewritten
as follows:

h(z) = (fOg)(z) = Aa,ge #1Ce 92500 (¢121Cx f(g)

- @138 x (7100 g(z)eI%205)
(25)

which means that the convolution operation in (25) can
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be expressed as classical form. From Fig.1, we can cal-
culate convolution © in (25) by using classical .

eixfCa e/3Ch

A e*trl e jrz(ﬁ

Convolution h (x)

eit 2Ca eixzz(,‘/:’

Fig. 1. Convolution operation for QWFRFT.

Theorem 1 Let f,g¢€ L?(R? H), the convolu-
tion theorem for the WFRFT is obtained
Gy (fxg)(v,u)

- A .56 —i(viCo+v3Cs) g Gil’m(f)(wy)

. szl ,D2 (g) ('U, y)e2i(yf7(u17y1)51721y172151)0a

. e2z‘(y§*(u2*y2)52*22y27’z252)0ﬁdy (26)

Proof See Appendix D.
Theorem 2 Let f,g¢€ L?(R% H), the convolu-
tion production theorem for WFRFT is achieved

G};1 \D2 {ei(ﬂﬂfC’lJF“’%Cﬁ)f(m)g(m)mz}

= Ao (G5 7 f(0)*xGg " g(v)) (27)
where
A __\/(1—icota)(1—icotﬁ)
Temh T 2m
Proof See Appendix E.
Theorem 3 Let f,g € L?(R% H), f(x)= fo(x)+

ifi(@)+if2(z)+kfs(x) = fa(z) + fo(z)], 9(x) = go()+
ig1(x) + jg2 () + kgs(x) = ga(®) + gp(x)j,wherefo(x) =
fo@) +ifi(z), folx)= folx)+ifs(x), ga(x)=go(®)+
ig1(x), go(x) = g2(x) + igs(x). Then the convolution
theorem associated with the QWFRFT is given by

I (fOg) (v, w)

_ / AapBiGE T (f) (0, 9) + JGE () (0, )

G (ga) (0, u—y) G () (0, u—y)] By dy
(28)

where
B; = ei(—vf+yf—2Z1(S1+y1)+(u1—y1)2—281 (u1—y1))Cq

B; = ej(*USerg*222(82+y2)+(u2*y2)2*252(u2*yz))cﬁ

Proof From the Definitions 1 and 2, we have

G2 (£0) (v, )
/ (@1,00)(FOg) ()3 * B — w)K, (1, va)dx

AS i 711 «—T1v1Bqa)
R2 JR2 JRR2

zzl af( )e]ZQCBeZ(xl zl) Co g(:n—z

5 e—mlc'a e—];cng e"ll Ca¢(,,,)e]'r205

)ej(ﬂcz—m)zcﬁ

A ei(l'l—ul—ﬁ)zcai(w —u— r)ej(wz—u2—7"2)205
. A%ej(vgcf’_””?Bﬁ)dmdzdr (29)

Let r =z —y, * = z + s, the equation (29) can be
rewritten as

G (fOg)(v,u)

:/ A ei(—vf+yf—2Z1(81+y1))
Rz Jrz
_ei((m—y1)2—281(u1—y1))ca _Aaei((vf—&-zf)Ca—amBa)

[fa(2) + fo(2)]0(z — ) - AgelVE+3)Coza0aBs)

/ A i (0345 Ca—s101 Ba)

Rz
- [9a(s) + go(8)j]0(s — (u —y))
,Aﬁej(v2+sz)cﬁ*Sszﬁ)Aﬁej(*v?ryg*?zz(swryz))

. ej((uz*yz)2*252(u2*y2))cﬁdzdsdy

_ /R Aa s BiGE P (£2) (v, ) + 5G77 () (v, )]
[GEP2 (ga) (v, u—y) +5GE P2 (g8) (v, (u—y)| B;dy
(30)

The proof is achieved.

Corollary 1 Let f,g € L*(R% H), f(x) = fo(x)+

fo(@)i, 9(x) = ga(®) + go(x)j, where fo(x) = fo(x)+
ifi(z),  fol@)=fa(x)+ifs(x),  ga(x)=g0(x)+igi (),
gp(x)=go(x)+ ig3(x). Then the convolut1on theorem

associated with the QFRFT is given by

FF™ (f0g)(v)
= ¢ (MO [P () (0) 4 JELEP(fy) (o)

[FY57(9a) (0) + 5FT 5 (9) (v)]
(31)

IV. Fast Algorithm of QWFRFT

In this section, we will discuss the fast algorithm of
QWFRFT and estimate the complexity of quaternion
windowed fractional convolution for f,g € L?(R? H) in
the transform domain.

For f(x) e L*(R? H), p1,p2 € [-1,1], from (16),



Convolution Theorem Associated with the QWFRFT 489

we have

Gg " f ()}

/ '1:17’01

— Ai(vl) /2 efi(lel csca)q(m)efj(szQ cscB)dmAj(vz)
R

f@)o(x — u)K;

P (z2,v9)dx

(32)
where
g(@) = 1% f(@)p(z — u)e’2Cp (33)
’U% .U
Ai(v1) = Age'™ 1Y A (vy) = Agel ©tF (34)
Let
M(’U):/ e—z(vlzplgma) (ili) —z(vngcscﬁ)dw (35)
]R2
then
M (vy,v2) + M(vy, —vg)
2
:/ e (V1T ese ) o) cos(vamy csc f)da (36)
RQ
M (vi,v9) — M(v1, —v2)
2
= / e tvmesea) g () (—j) sin(voxg csc f)dx (37)
RZ
therefore,
M(’Ul,vg)-i-M(’Ul,—Ug) M(’Ul,vg)—M(’Ul,—Ug) (—k)
2 2
:/ efi(vlzl csca)q(m)efj(vgmg cscﬁ)dw
R2
(38)
Then we obtain
G f(v,w)
M 1-k)+M — 1+k&
= A;(v1) (01, v2)( )+2 (o3, Zv2) (1 F )Aj(vz)
(39)
From the quaternion algebra, ¢(«) in (33) can be

expressed as

e PCatix3Cp

q(x ) x) +iqi(x) + jga(z) + kgs(x)

qo(x)
qa(T) + qp(x)j

da() = qo(x) + iq: (),

(40)

where = q2(x) +ig3(x),

a()

we have

M(’U) _ /R2 efi(vlml csca)qa(m)efj(vgmg cscﬂ)dm

n (/2 efi(vlzl csca)qb(x)efj(vzxz CSCB)dZB)j
R

= F{q.(x)}(v1 csca, vg csc f)

+ F{q(x) }(v1 csca, vg csc )
(41)

The QWFRFT can be calculated by 2D FFT. The
calculation steps of QWFRFT are as follows:

Step 1: Calculate g(x) from f(x) using equations (33)
and (40).

Step 2: Calculate M (v) from ¢(x) using (41).

Step 3: Calculate A;(v1) and A;(vs) using (34).

Step 4: Calculate G5 f(x) using (39).

Now, we give the computational complexity of
QWFRFT. For a 2D discrete signal of size M x N, a 2D
discrete Fourier transform requires a M Nlog,(MN)
real-number multiplications [20], [35], [36]. By (39) and
(41), we can calculate the complexity of QWFRFT for
quaternion signals f(x)is O(2M Nlogy(MN)). Obvi-
ously, the computational complexity of QWFRFT is the
same as that of QFRFT. Therefore, we can seen that
the major computational for QWFRFT load of calcula-
tion of ¢(x) and M (v) due to the windowed function,
which leads to an increase in the amount of calculation.
But we can calculate QWFRFT by using classical 2D
FFT from Fig.2 which is very important to engineering
usage.

Next, we estimate the complexity of the QW-
FRFT convolution by taking f(x) and g(x) (z1 € [1, M],
x2 € [1,N]) over the transform domain. Given f(x),
g(z) € L*(R% H), we can rewrite them as follows:

f(@) = folx) +ifi(x) + jfa(x) + Efs(x)
= fa(@) + fo(2)j (42)
9(@) = go(®) +ig1(z) + jga (@) + kgs(z)
= ga(T) + go(x)J (43)
Substitute f(x) = fo(x) + fo(x)jand g(x) = go(x)+
gp(x)j into (25), we have
A; (w1) 4; (w2)

Windowed signal
2D QFT
¢ (x—u)

fx )—)@—) (with it argument
scaled by csc(+))

M (w1, wa) (1=k)+M (w1, —w2) (1+k) G(’;I’pz'/‘(w u)
7 _)( % )_) f

Fig. 2. The calculation process of QWFRFT.
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(fOg)(x)
= Aa,/ge

{ emfcafa(w)ejxgcﬁ) % (03 Ca Go(x) jx%(]g)

(e
(410 g ()i
(e
(e

—iz3Cq e—jzgc/g

i1C g, ()l 7209 j

go(@)e’ 3 | (44)
From the Theorem 1, Theorem 3, Corollary 1 and

the calculation steps of QWFRFT, we obtain the com-

plexity of the quaternion windowed fractional convolu-
tion via 2D FFT is O(16 M Nlog,(MN)).

(

(A (w)el 30 4
( iry Caf( ) ngCﬁ)*
— (e )

'Lwl ufb(m)engclg * za:l

V. Conclusions

In this research, we proposed the QWFRFT based
on quaternion algebra and FRFT, which can be seen as
the generalization of the QWFT. Some properties for
the QWFRFT are given. A novel QWFRFT convolu-
tion operation is defined, and the convolution and
product theorem associated with the QWFRFT is de-
rived. Finally, the fast algorithm for QWFRFT is
presented, the complexity of QWFRFT, quaternion
windowed fractional convolution via the convolution
and product theorem are discussed in this paper. Al-
though QWFRFT requires a large amount of computa-
tion, its complexity is the same as 2D FFT, hence, we
can calculate QWFRFT by using classical 2D FFT.

Since quaternion plays an important role in color
images processing for the multidimensional signal ana-
lysis, in practical application, the most important part
is to seek the appropriate convolution theorem and the
corresponding filter design. Our future work will be fur-
ther focused on the convolution theorem in the qua-
ternion fractional domain and its filter design in color
image processing.

Appendix A. Proof of the Property 3
By Definition 1, we have
GEP2 (Th f) (v, u)

/ K (21, 00)(f) (@ — h)a(@ — w)KD, (22, va)dz (A1)

Let t = — h in (A-1) we obtain

G2 (T f) (v, w)

i((h1+f1)2+v%
= / Aqe 2
R2

“f®)¢(t — (u—h))

,((h2+t2)2+v§
J 2

cot aa—(h1+t1)vy csc a)

cot B—(ha+t2)v cscB)
- Age s dt
iﬁsin acos a,—ih1 vy sin o yP1,P2
=e'2 e” R EGELP2 (f) (2, u — h)

2

.h3 . . .
. e]TQ sin B cos B o —jhava sin B

(A-2)

The proof of Property 3 completed.

Appendix B. Proof of the Property 4

From Definition 1, it follows that

GEIP2 (Mo f) (0, w)

i ( x? 40
= Aqe 2
R2

cot a—xq v csc a)

151 f ()

. I%-%—v%

cp(x— u)ejz252A56j< 2

cot B—xzov csnﬁ)
202 daj

2
.87 .
A eivlsl cos aeszI sin o cos
@

R2

2 2
L xT+z
7,( 1 1 cota—xq 21 csca)
e

2

f(@)p(x —u)Ag
2 2
([ x5+25 2
](T cot,B—xQZQCscB) . en 52 X
.e ejvgszuoaﬁe Ji3 smﬁcosﬁdw
2
__ _1v181 COS @, —1—5 Sin « cos & ,¥P1,P2
— cimo s G2 (£)(2,w)
2
j B 7'5—25'1nﬂcosﬂ
. eJv2s2cos B—j 5

(B-1)

The proof is completed.
Appendix C. Proof of the Property 5
Applying the inversion QFRFT of f(x) € L2(R2, H) , we get

F(@)é(@ —w)
= F VTR GE (f) (0, w))

:/ K}, (@1, 01)GPVP2 (f) (0, 0) KDy (22, 02)dv (C-1)

multiplying by ¢( — ) on the both side of (C-1), we have

L@l au= [ [ R Genes e

md)(m — u)dvdu (C-2)
hence, we get
P1,P2
I®= ; o1 Joo [ T @ (o)
sz (9E2, v2)¢(x — u)dvdu (C-3)

The proof is achieved.

Appendix D. Proof of the Theorem 1
By the equation (15), we have
GELZ (fx9) (v, u)
= /]R? Kp, (1, v1){f * g}(x)d * ¥(x — u) Kp, (v2, vo)dx
_ / Aiﬂci((x%-kvf)ca—wllea)C—i(x%Ca-vaCﬁ)
Rr2 JR2

A E )y e - 2)

L et(@1=21)?Cat(22-21)°Cp) 4 d 2
. Aa’ﬁe—i(zfca+zgcs)ei(@Ca+T§Cﬁ)$(T)
(e —u— T)ei((m*ul*T1)2Ca+(12*u2*T2)2CB)

.ei((wg+U§)C57w2U2B5)dr (D—l)
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Let r=2z—y, x=2z+s, we get

Ggi;zﬂf*g)(v,u)

:/ / a z(vlc' +U2Cﬁ) —i(z1451)%Ca
z2 Jr2 Jp2 TP

. efi(zz+82)ZCBefi((zl+51)U1Ba+(zz+82)v235)
) ei(szoHrngﬁ)f(z)g(s)ei(sfca+sgcﬁ)
ei((217v1)? Cat(22=v2)*CR) G5 — 4) (s — (u — y))

- ei(51=(u1=91)) 2 Cat(s2—(u2-v2))*Cp 4 1 d sdy

Hence, we obtain

L2 (1 5 6) (v, w)
— Aa‘BC_i(U%CO‘-'—U%CB)

L€ e @) w.y)

. eQi(y%*(ul*yl)slleyllesl)ca

. CQi(yg—(HQ—92)52—22112—2232)03dy (D-2)

which completes the proof of Theorem 1.

Appendix E. Proof of the Theorem 2
With Definition 1, we have
FyP0TP2 Ao g (GEVP () (0)FGEVP2 (9)(v))
—A_, _5/ e—i((@i+v])Cat(a5+v3)Cp)
Sl .

Ao, (GTP FW)FGEP g(v))}
3 ei(aclvl Ba+zovg Bﬁ)d,v

= (A_q_

/ / GP1,P2 ’U—Z)
R2 ]Rz

e~ i((vi—21) )Ca+(v2*52)20ﬁ))

)2 —7,(1‘10(1-&-1%03)

(G f(z)e (G CR))

‘ei(mllea+zzv2B5)dwdz (E—l)

Let s = v — 2, we have

F(;Plﬁpz A,a,,ﬁ(Ggl sP2 f(v)¥GZ1’p2g(v))

_ (A,a 7ﬁ)267i(z%Ca+z§Cﬁ)

o2 2
[ [ @ eicasien)
AR O
. eil(s1t2z1)z1 Bat(s2+22)22Bg) qgd»
efi(z%c'od»zgcﬁ)

. /R2 Afa’fﬁ(Gil’pQ‘g(s)

e*i(S%CDH’S%CB))ei(Sl’Ul Ba+szvgB[3))

. / Afa’fﬁ(Ggl’pr(z)
R2

e*i(Z%COH’ZSCB)ei(Zl'Ul Ba+zgv235))dsdz

= f(@)g(@)p(@ —u) e

i(z%Ca«kr%C’g) (E—Q)

The

[1]

2]

3]
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[6]

[7]

(8]

[9]

(10]

(11]

(12]

(13]

[14]

(15]

Hence, we achieve
(G212 f(0)RGT 2 g ()

= (A, _5)2efi(vf0a+vgcﬁ)(Ggl,pzf(,v)

efi(vfc’aJrv%CB )) % (GZSI 7P2g(,u)efi(v%0a+vgc’5))

proof of Theorem 2 is achieved.
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