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ABSTRACT  Graph neural networks (GNNs) update the hidden representations of vertices (called Vertex-
GNNs) or hidden representations of edges (called Edge-GNNSs) by processing and pooling the information
of neighboring vertices and edges and combining to exploit topology information. When learning resource
allocation policies, GNNs cannot perform well if their expressive power is weak, i.e., if they cannot
differentiate all input features such as channel matrices. In this paper, we analyze the expressive power of
the Vertex-GNNs and Edge-GNNss for learning three representative wireless policies: link scheduling, power
control, and precoding policies. We find that the expressive power of the GNNs depends on the linearity and
output dimensions of the processing and combination functions. When linear processors are used, the Vertex-
GNN s cannot differentiate all channel matrices due to the loss of channel information, while the Edge-GNNs
can. When learning the precoding policy, even the Vertex-GNNs with non-linear processors may not be with
strong expressive ability due to the dimension compression. We proceed to provide necessary conditions
for the GNNs to well learn the precoding policy. Simulation results validate the analyses and show that the
Edge-GNNs can achieve the same performance as the Vertex-GNNs with much lower training and inference

time.

INDEX TERMS  Vertex-GNN, Edge-GNN, resource allocation, precoding, expressive power.

l. INTRODUCTION

PTIMIZING resource allocation such as link schedul-

ing, power control, and precoding is important for
improving the spectral efficiency of wireless communica-
tions. Various numerical algorithms have been proposed
to solve these problems, such as the weighted minimal
mean-square error (WMMSE) and the fractional program-
ming algorithms [1], [2], which are however with high
computational complexity. To facilitate real-time implemen-
tation, fully-connected neural networks (FNNs) have been
introduced to learn resource allocation policies, which are
the mappings from environmental parameters (e.g., chan-
nels) to the optimized variables [3]. While significant
research efforts have been devoted to intelligent commu-
nications, most existing works optimize resource alloca-
tion with FNNs or convolutional neural networks (CNNs).
These DNNs are with high training complexity, not scalable,
and not generalizable to problem size (say, the number of

users). This hinders their practical use in dynamic wireless
environments.

Encouraged by the potential for achieving good perfor-
mance, reducing sample complexity and space complexity,
as well as supporting scalability and size generalizability,
graph neural networks (GNNs) have been introduced for
learning resource allocation policies [4], [5], [6], [7], [8], [9].

These benefits of GNNs originate from exploiting topol-
ogy information of graphs and permutation properties of
wireless policies. To embed the topology information, the
hidden representations in each layer of a GNN are updated by
first aggregating the information of neighboring vertices and
edges and then combining with the hidden representations in
the previous layer, where the aggregation operation consists
of processing and pooling. A policy can be learned either
by a Vertex-GNN that updates the hidden representations of
vertices or by an Edge-GNN that updates the hidden repre-
sentations of edges, no matter if the optimization variables
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are defined on vertices or edges. To harness the permutation
property, parameter-sharing should be introduced for each
layer of a GNN. It has been shown in [9] that a GNN designed
for learning a wireless policy will not perform well if the
permutation property of the functions learnable by the GNN
is mismatched with the policy.

However, even after satisfying the permutation property
of a policy, a GNN may still not perform well due to the
insufficient expressive power for learning the policy. The
expressive power of a GNN is weak if the GNN cannot dis-
tinguish some pairs of graphs [10]. When learning a wireless
policy, the graphs (i.e., the samples) that a GNN learns over
are with different features. If a GNN maps different inputs
(i.e., features) into the same output (called action), then the
policy learned by the GNN may not achieve fairly good
performance. Nonetheless, such a cause of the performance
degradation has never been noticed until now.

A. RELATED WORKS

1) VERTEX-GNNs AND EDGE-GNNs

GNNs can either update the hidden representations of ver-
tices (i.e., Vertex-GNNs) or edges (i.e., Edge-GNNs). In the
literature of machine learning, Vertex-GNNs were proposed
for “vertex-level tasks” (say, vertex and graph classification)
whose actions are defined on vertices [11]. For “edge-level
tasks” (say, edge classification and link prediction) whose
actions are defined on edges, both Vertex-GNNs and Edge-
GNNs have been designed. In early works as summarized in
[11], edge-level tasks were learned by Vertex-GNNs with a
read-out layer, which was used to map the representations
of vertices to the actions on edges. In [12] and [13], the
edges of the original graph were transformed into vertices
of a line-graph or hyper-graph. Then, the edge-level task on
the original graph is equivalent to the vertex-level task on the
line-graph or hyper-graph, which can be learned by Vertex-
GNN:s. In [14], an Edge-GNN was designed for learning an
edge-level task.

In the literature of intelligent communications, GNNs have
been designed to learn the link scheduling [4], [5], [15],
[16], power control [6], [17] and power allocation [9] policies
in device-to-device (D2D) communications and interference
networks, the precoding policies in multi-user multi-input-
multi-output (MIMO) system [18], [19], [20], [21], as well
as the access point selection policy in cell-free MIMO sys-
tems [22]. Except [19], [21] where the optimized precoding
matrices were defined as the actions on edges and hence
Edge-GNNs were designed, the actions of all these works
were defined on vertices and thereby Vertex-GNNs were
designed.

2) STRUCTURE OF GNNs

When using GNNs for a learning task, graphs need to be con-
structed and the structures of GNNs need to be designed or
selected. For a resource allocation task, more than one graph
can be constructed, say homogeneous graph or heterogeneous
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TABLE 1. Processing, pooling and combination functions of
GNNs for resource allocation.

Processing Pooling Combination .
. . . Literature
Function Function Function
Linear FNN without
] sum . [51, [9], [19], [21]
function hidden layer
FNN without
FNN max . [22]
hidden layer
FNN max,mean FNN [16]
FNN max FNN [6], [17], [18]
FNN sum FNN [20]
FNN mean FNN [18]
CNN mean FNN [15]

graph, and the action can be defined either on vertex or
on edge. The structure of a GNN is captured by its update
equation, which can either be vertex-representation update
or edge-representation update, with a variety of choices for
the processing, pooling, and combination functions. The
commonly used pooling functions are sum, mean, and max
functions, and the processing and combination functions can
be either linear or nonlinear (say using FNNs). The three
functions used in the GNNs for wireless policies are provided
in Table 1, which were designed empirically without explain-
ing the rationality.

GNNSs can be designed to satisfy permutation properties,
which widely exist in wireless policies [21], [23]. According
to the problem, a policy can be with different properties
such as one-dimension (1D)-permutation equivariance (PE),
two-dimension (2D)-PE, and joint-PE [9] property. A GNN
learning over a homogenous graph can automatically learn
the policies with 1D-PE property if the read-out layer (if
needed) also satisfies the 1D-PE property, since the permu-
tation of the vertices in the graph does not affect the output
of the GNN. If a GNN is designed for learning a policy with
2D-PE, joint-PE, or more complicated PE property, then the
parameter-sharing in the update equation of the GNN should
be judiciously designed, as detailed in [21]. In [4], [6], [9],
[19], and [21], the PE properties of their considered wireless
tasks were analyzed, and the GNNs were designed to satisfy
the same properties. A GNN with matched PE property to a
policy is possible to be sample efficient, scalable, and size
generalizable, but the GNN may still not perform well due to
insufficient expressive power to the policy.

3) EXPRESSIVE POWER OF GNNs

The parameter-sharing in GNNs restricts their expressive
power [24]. In the literature of machine learning, the expres-
sive power of Vertex-GNNs has been investigated for vertex
classification, link prediction, and graph classification tasks,
where the samples for training and testing a GNN are graphs
with different topologies [10], [24], [25], [26]. The expressive
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power is characterized by the capability to distinguish non-
isomorphic graphs.!

The 1-dimensional Weisfeiler-Lehman (1-WL) test is a
widely used algorithm to distinguish non-isomorphic graphs,
which consists of an injective aggregation process. Both the
1-WL test and Vertex-GNNss iteratively update the represen-
tation of a vertex by aggregating the representations of its
neighboring vertices. Inspired by such a finding, the expres-
sive power of Vertex-GNNs was characterized by whether
their aggregating functions were injective in [10]. To build a
GNN that is as powerful as the 1-WL test, a graph isomorphic
network (GIN) was developed in [10], which is a Vertex-GNN
whose processing and combination functions are FNNs and
the pooling function is sum function. Under the assumption
that the features of vertices were from a countable set, e.g., all
vertices are with identical feature, the aggregating functions
of the GIN were proved to be injective. When replacing
the processing functions in the GIN with linear functions or
replacing the pooling functions with mean or max function,
the aggregating functions were proved to be non-injective,
hence the resultant GNN is with weaker expressive power
than the GIN. It was empirically shown that the less powerful
Vertex-GNNs perform worse than the GIN on a number of
graph classification tasks.

In [24], [25], and [26], the expressive power of Vertex-
GNNss and the techniques to improve their expressive power
were reviewed. According to the analyses in [10], a GNN as
powerful as the 1-WL test is with the strongest expressive
power among all Vertex-GNNs. Since the 1-WL test can-
not distinguish some non-isomorphic graphs, e.g., k-regular
graphs with the same size and same vertex features, the
Vertex-GNNs also cannot distinguish them. To design Vertex-
GNNs with stronger expressive power for these graphs, one
can provide each vertex a unique feature to make vertices
more distinguishable [24], [26] or use a high-order GNN that
updates the representation of k-tuple of vertices to maintain
more structural information of the graph [24], [25], [26].
However, these techniques incur computational costs.

Due to the considered tasks in [10], [24], [25], and [26]
and the references therein, these works did not consider the
features of edges. When learning wireless policies, the edges
of the constructed graphs may have features, and the graphs
with the same topology but with different features usually cor-
responds to different actions. The 1-WL test was proposed to
distinguish non-isomorphic graphs without edge features that
are different from the graphs for wireless problems, hence
the analyses for the expressive power of GNNs in [10], [24],
[25], and [26] are not applicable to most wireless problems.
The expressive power of a GNN for learning wireless policies
is captured by its capability to distinguish input features
(e.g., channel matrices), which has never been investigated
so far.

1According to the definition in [24], we know that two graphs are isomor-
phic if a graph can be obtained by reordering the vertices in another graph,
otherwise they are non-isomorphic.
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B. MOTIVATION AND MAJOR CONTRIBUTIONS

In this paper, we strive to analyze the impact of the structure
of a GNN for optimizing resource allocation or precoding on
its expressive power, aiming to provide useful insight into the
design of GNNss for learning wireless policies.

We take the link scheduling and power control problems in
D2D communications and the precoding problem in multi-
user MIMO system as examples, each representing a class
of policies. The link scheduling and power control policies
are the mappings from the channel matrices to the optimized
vectors in a lower dimensional space, where the optimization
variables are respectively discrete and continuous scalars.
The precoding policy is the mapping from the channel matrix
to the optimized precoding matrix, where the optimization
variables are vectors. To demonstrate that the graph con-
structed for a wireless policy is not unique and the policy can
be learned by both Vertex-GNN and Edge-GNN, we consider
different graphs and GNNss for each policy.

To the best of our knowledge, this is the first attempt
to analyze the expressive power of the GNNs for learning
wireless policies. The major contributions are summarized as
follows.

« We find that Vertex-GNNs with linear processing func-
tions cannot differentiate specific channel matrices due
to the loss of channel information after aggregation,
which leads to poor learning performance. Their expres-
sive power can be improved by introducing non-linear
processers. By contrast, the update equations of Edge-
GNNs with linear processors do not incur the informa-
tion loss.

« We find that the output dimensions of the processing and
combination functions also restrict the expressive power
of the Vertex-GNN for learning the precoding policy,
in addition to the linear processors. We provide a lower
bound on the dimensions for a Vertex-GNN or Edge-
GNN without the dimension compression.

« We validate the analyses and compare the performance
of Vertex-GNNs and Edge-GNNss for learning the three
policies via simulations. Our results show that both the
training time and inference time of the Edge-GNNs with
linear processors are much lower than the Vertex-GNNs
with FNN-processors to achieve the same performance.

The rest of this paper is organized as follows. In section II,
we introduce three resource allocation policies. In section III,
we present Vertex-GNNs and Edge-GNNss to learn the poli-
cies over the directed homogeneous or undirected heteroge-
neous graph, and analyze the expressive power of the GNNs
with linear processors. In section IV, we analyze the impacts
of the linearity and output dimensions of processing and
combination functions on the expressive power of GNNs.
In sections V and VI, we provide simulation results and
conclusions.

Notations: (-)T and (-)H denote transpose and Hermitian
transpose, respectively. | - | denotes the absolute value of a
real number or the magnitude of a complex number. Tr(-)
denotes the trace of a matrix. X = [x;]ux, denotes a
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matrix with m rows and n columns where x;; is the element
in the ith row and the jth column. [IX|| £ 71, 370, x,
and [X|max = max?; max_ |x;|. II, I} and M, denote
permutation matrices. R, (C], and I denote the sets of real,
complex, and integer numbers, respectively. R” denotes n-
dimensional vector space.

Il. RESOURCE ALLOCATION PROBLEMS AND
POLICIES

In this section, we present three representative resource allo-
cation problems.

A. LINK SCHEDULING

Consider a D2D communication system with K pairs of
transceivers. Every transmitter sends data to a receiver, and
all the transmissions share the same spectrum. Hence, there
exist interference among the transceiver pairs, as illustrated
in Fig. 1(a). To coordinate the interference, not all the D2D
links are activated. A link scheduling problem that maximizes
the sum rate of active links is [2], [5], and [15],

K
XDk Ok

max Zlogz(1+ " 2)

L XK 21 jk XiPiojk + 0

k=1
st ef(0.1), k=1, K, )

where x; is the active state of the kth D2D link, x; =
1 when the kth D2D link is active, xx = 0 otherwise, o
is the composite large- and small-scale channel gain from
the jth transmitter to the kth receiver, py is the power of the
kth transmitter, and 002 is noise power.

The link scheduling policy is denoted as x* = Fig(a),
where x* = [xf, . ,x;}]T is the optimized solution of the
problem in (1) for a given channel matrix & = [e;j]g xk», and
Fis(+) is a function that maps @ € R¥*K into x* € IX*! This
policy is joint-PE to & [9], i.e., N'x* = Fig(I "o II).

B. POWER CONTROL

The interference in the D2D system can also be coordinated
by adjusting the transmit power of every transmitter. The
power control problem that maximizes the sum rate under
power constraint is [3], [6], and [17],

K
a

max ZIng(l—f- 7 Pk 2)

R 2 i1 jk Piok + 0

P1,sp,
k=lv"'7Ka (2)

s.t. 0 < pk < Ppax,

where P, 1s the maximal transmit power.

The power control policy is denoted as p* = Fpc(at), where
p =[] -, p;‘(]T is the optimized solution of the problem
in (2) for a given channel matrix o, and Fpc(-) is a function
that maps & € RX>*K into p* € RX*!, This policy is also

joint-PE to & [6], i.e., TTp* = Fpo(I1 T I).

C. PRECODING
Consider a multi-user multi-antenna system, where a base sta-
tion (BS) equipped with N antennas transmits to K users each
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(b) Multi-user MIMO system

FIGURE 1. The considered two systems. (a): K = 3, solid and
dashed lines represent the communication and interference
links, respectively. (b): N =3 and K = 2.

with a single antenna, as shown in Fig. 1(b). The precoding
problem that maximizes the sum rate of users subject to power
constraint is [19], [20]

K Hy, |2
|hy Vil
max E 10g2(1+ e
H 2
VhrVE et jek I viI? + o

s.t. TH(VVT) < P (3)

where V. = [vi, -+, vg] = [valvxk, Vi € CV*1is the
precoding vector for the kth user, and hy € CN*! is the
channel vector from the BS to the kth user.

Denote the precoding policy as V* = Fp(H), where V*
is the optimized solution of the problem in (3) for a given
channel matrix H = [hy,--- ,hg] = [Aulyvxk, and Fp(-)
is a function that maps H € CN*K into V¥ e CN*K,
The precoding policy is 2D-PE to H [19], i.e., HIV*HQ =
Fp(TI]HIL,).

The link scheduling problem is a combinatorial optimiza-
tion problem, which can be solved by using iterative algo-
rithms [2] or exhaustive searching. Both the problems in (2)
and (3) are non-convex, which can be solved by numerical
algorithms such as the WMMSE algorithm [1].

lll. GNNs FOR LEARNING THE POLICES
In this section, we introduce several GNNSs to learn the three
policies. Since constructing appropriate graphical models is
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the premise of applying GNNs, we first introduce graphs
for each policy. Then, we introduce Vertex-GNN and Edge-
GNN. Finally, we analyze the expressive power of the
GNNs with simple pooling, processing, and combination
functions.

A. HOMOGENEOUS AND HETEROGENEOUS GRAPHS

A graph consists of vertices and edges. Each vertex or edge
may be associated with features and actions. Learning a
resource allocation policy over a graph is to learn the actions
defined on vertices or edges based on their features. The
inputs and outputs of a GNN are the features and actions of a
graph, respectively.

A graph may consist of vertices and edges that belong
to different types. If a graph consists of vertices or edges
with more than one type, then it is a heterogeneous graph.
Otherwise, it is a homogeneous graph, which can be regarded
as a special heterogeneous graph.

More than one graph can be constructed for a resource
allocation problem.

1) LINK SCHEDULING/POWER CONTROL

For learning the link scheduling and power control poli-
cies, the topologies and features of the graphs and the struc-
tures of the GNNs are the same, and only the actions of
the GNNs and the loss functions for training the GNNs are
different. Hence, we focus on the GNNs for learning the link
scheduling policy in the sequel.

In [5] and [15], a directed homogeneous graph gl';"m,
as shown in Fig. 2(a), was constructed for learning the link
scheduling policy. In gl*;om ,each D2D pair is a vertex, and the
interference links among the D2D pairs are directed edges.
Denote the ith vertex as D;, and the edge from D; to D; as edge
(i, j). The feature of vertex D; is «;;, and the feature of edge
(i, )) is aj. The features of all vertices and edges can be rep-
resented as . The action of vertex D; is the active state of the
ith link x;. In [6], the graph constructed for optimizing power
control only has one difference from g,*;Om: the action of
vertex D; is p;.

We can also construct an undirected heterogeneous graph
nget as shown in Fig. 2(b) for learning the link scheduling
policy. In er,‘set, there are two types of vertices and two types
of edges. Each transmitter and each receiver are respec-
tively defined as a transmitter vertex and a receiver vertex
(respectively called tx vertex and rx vertex for short), and
the link between them is an undirected edge. Denote the
ith tx vertex and the ith rx vertex as 7; and R;, respec-
tively, and the edge between T; and R; as edge (i, j). Edge
(i, i) is referred to as signal edge, and edge (i,j) (i # j)
is referred to as interference edge (respectively called sig
edge and int edge for short). The vertices have no features.
The feature of edge (i, ) is ayj, and the features of all the
edges can be represented as «. The active state x; can either
be defined as the action of vertex 7; or the action of sig
edge (i, i).
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Ry R; R3

D3

(a) Homogeneous graph, Ghom (b) Heterogeneous graph, Gt

A1 A2 A3

Uy U,

(c) Heterogeneous graph, Qset

FIGURE 2. The topologies of the graphs. (a) and (b): link
scheduling/ power control, K = 3. (c): precoding, N = 3, K = 2.
The circles and triangles represent vertices, solid and dashed
lines represent the two types of edges.

2) PRECODING

In [19], the precoding policy was learned over a heteroge-
neous graph gget as shown in Fig. 2(c). In gget, there are
two types of vertices and one type of edges. Each antenna
at the BS and each user are respectively antenna vertex and
user vertex, and the link between them is an undirected edge.
Denote the ith antenna vertex and the jth user vertex as A; and
Uj, respectively, and the edge between A; and U; as edge (i, j).
The vertices have no features. The feature of edge (7, ) is hj,
and the features of all the edges can be represented as H. The
action vj; is defined on edge (i, ).

One can also construct a homogeneous graph for learning
the precoding policy in a similar way as in [18]. In particular,
each user (say the kth user) and all antennas at the BS are
defined as a vertex, h; and v; are the feature and action of
the vertex, respectively. Every two vertices are connected by
an edge, which has no feature and action. However, a GNN
learning over such a graph is only permutation equivariant
to users, losing the property of permutation equivariance to
antennas and hence incurring higher training complexity.

B. VERTEX-GNN AND EDGE-GNN

GNNs can be classified into Vertex-GNNs and Edge-GNNss,
which respectively update the hidden representations of
vertices and edges. Each class of GNNs can learn over
either homogeneous or heterogeneous graphs. The directed
homogeneous graph can be transformed into an undirected
heterogeneous graph by regarding the edges of different
directions as two types of undirected edges and the two
vertices connected by a directed edge as two types of
vertices.> Hence, we focus on undirected heterogeneous

2The basic idea is to transform the direction information in a directed
homogeneous graph into the type information in an undirected heteroge-
neous graph, which is applicable to any problem.
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graph in the following (called heterogeneous graph for
short).

For conciseness, we take the GNNs for learning the link
scheduling policy over the heterogeneous graph nget in
Fig. 2(b) as an example. We discuss the GNN for learning
the link scheduling policy over the converted heterogeneous
graph from the directed homogeneous graph and the GNN for
learning the precoding policy in remarks.

1) VERTEX-GNN

In Vertex-GNN, the hidden representation of each vertex is
updated in each layer, by first aggregating information from
its neighboring vertices and edges, and then combining the
aggregated information with its own information in the pre-
vious layer. For each vertex, its neighboring vertices are the
vertices connected to it with edges, and its neighboring edges
are the edges connected to it. As illustrated in Fig. 3(a)(b)
where K = 4, for T}, R; ~ R4 are its neighboring vertices
and edge (1,1) ~ edge (1,4) are its neighboring edges, while
for Ry, T1 ~ T4 are its neighboring vertices and edge (1,1) ~
edge (4,1) are its neighboring edges.

Ty T, T3 T

A A AAA
®© 00 00

R, R, Ry R, R

(a) Neighboring vertices and edges of (b) Neighboring vertices and edges of
T Ry

Ty T, T3 T, T T, T3 T

Ry R; Ry Ry R; R3
(c) Neighboring edges of edge (1,1) (d) Neighboring edges of edge (1, 2)

FIGURE 3. Vertex-GNN (a) and (b) (When updating the
representation of a vertex in blue color, the information of the
vertices and edges with the same color is aggregated with

the same weight.) and Edge-GNN (c) and (d) (When updating
the representation of an edge with dashed lines, the information
of the edges with the same color is aggregated with the same
weight).

For the Vertex-GNN learning over a heterogeneous graph,
the hidden representation of the ith vertex with the 7;th type
in the /th layer, d? s updated as follows [27],

1,77

-1
Aggregate : a') = PLiov (q(d(- ey W(f?f,r,;,)),
Combine : d!) = CB(d(’ D al) uld ) )
where a() is the aggregated output at the ith vertex, 7; and t;;

are respectwely the types of the ith vertex and edge (i, j), V(i)
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is the set of neighboring vertices of the ith vertex, e;; is the
feature of edge (i, j), g(-), PL(-) and CB(-) are respectively the
processing, pooling, and combination functions, and W(,{.)fjfly.
and U(tl[.) are weight matrices.

The choices for the processing and combination functions
are flexible [11]. To ensure a GNN satisfying the PE property
of a learned policy, the pooling function should satisfy the
commutative law, e.g., sum-pooling Z,le('), mean-pooling
% Zszl (), and max-pooling maxX_, (-).

Remark 1: We consider simple pooling, processing, and
combination functions as in [5], [9], [19], and [21] for easy
analysis, where PL(-) is the sum-pooling function, g(-) is a
linear function, and CB(-) is a FNN without hidden layer
(i.e., a linear function cascaded with an activation function),
unless otherwise specified. The GNNs with the three func-
tions are called vanilla GNNs.

The vanilla GNN updating vertex representations for learn-
ing the link scheduling policy over ghe‘ is referred to as
vanilla Vertex- GNN het , where the active state x; is defined as
the action of vertex T Since there are two types of vertices
inGyg het the GNN respectively updates the hidden representa-
tions of the vertices of each type in each layer.

From (4), the hidden representations of 7; and R; in the
Ith layer of the vanilla Vertex-GNNlhset, dlsl} and d(l) , are
updated as,

Update hidden representations of tx vertices :

Aggregate : afl)T = Q(l) (l Rs P%Sa”

() qU=1) (
+ Z (Q az" + Pjay).
J=1j#
Combine : d(l) = (U(l)d(l RS a(l)) (5a)
Update hidden representations of rx vertices :
! D -
Aggregate : af ;e = Q(T; d( Dy pll) Tsii

I -1 1
+ z (@) a7 + P,
J=1j#

Combine : d'} = o (URd/" +a}). (5b)

(

where a; ) and a(l) are respectively the aggregated outputs

at T; and R;, Q%_)q, ngg, Qgg, and Pg} are respectively the
weight matrices for processing the 1nf0rmat10n of R;, edge
(i,0), Rj,j # i, and edges (i,)),] # i, UT is the weight
matrix for combining when updatin, (%{ T;, o(-) is an activation
function, Q(Tl;, P(Tl; Q(TZI), P(TZI), and Uy’ in (5b) are respectively
the weight matrices used for processing and combining when
updating R;.

In the input layer (i.e., I = 0), we set dl.(’(? = 0 and
di(,(l)e) = 0, because the vertices in gget have no features. The
input of the GNN is &, which is composed of the features
of all edges. The output of the GNN is [d{ 7., - -, d 71T =
X7, ,)?K,T]T £ %7, which is composed of the learned
actions taken on all the tx vertices, where L is the number of
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layers of the GNN. Denote the policy learned by the vanilla
Vertex-GNNlhset as X7 = Glhs?\t,(oc). It is not hard to show that
the learned policy is joint-PE to o.

Remark 2: In [5], [6], and [15], Vertex-GNNs were used
to learn the link scheduling and power control policies over
directed homogeneous graphs with the same topology as
ngom in Fig. 2(a). To apply the update equation in (4), one
can convert gl';°m into a heterogeneous graph, denoted as
glg?\j“r. When updating the representation of vertex D;, its
neighboring edges (i,j) and (j, i) (j # i) are two types of
edges, and its neighboring vertices are with two different

types. Then, the representation of D; in the /th layer, dg%,,

can be obtained from (4), where dl.(’(g = «;;. The input of the
GNN is a, which is composed of the features of all vertices
and edges. The output of the GNN is [df’L‘),, . ,dI((L’)V]T £
[X1v, - ,ch,V]T £ %y, which includes the learned actions
on all vertices. When the three functions in Remark 1 are

used, the Vertex-GNN learning over ngn\?ir is referred to

as vanilla Vertex—GNNIUSndir. It is not hard to show that the
learned policy is joint-PE to .
Remark 3: When using a Vertex-GNN to learn the precod-

ing policy over gget, the hidden representations of antenna

vertex A; and user vertex U; in the [th layer, df-li and dj(.lgj,

can be obtained from (4), where dl.(’%) = dJ(OL), = 0 because
the vertices have no features. Since the actions are defined
on edges, a read-out layer is required to map the vertex
representations in the output layer into the actions. In par-
ticular, to map dE’LA) and d](Ll} into the action on edge (i, j),

a FNN can be designed as vy = FNN';:;d(dff;‘), d](.’Ll}),
which is the same for i = 1,--- ,N,j = 1,---,K.

The input and output of the GNN are respectively H and
[f},-j,v]NX xk = \A7V, which are composed of the features and
the learned actions of all edges. When the three functions in
Remark 1 are used, the GNN is referred to as vanilla Vertex-
GNNBet. It is not hard to show that the learned policy is
2D-PE to H.

2) EDGE-GNN

In Edge-GNN, the hidden representation of each edge is
updated in each layer, by first aggregating information from
its neighboring edges and neighboring vertices, and then
combining with its own hidden representation in the previous
layer. For edge (i, j), the ith and jth vertices are its neighboring
vertices, and the edges connected by the ith and jth vertices
are its neighboring edges.

The update equation of an Edge-GNN can be obtained
from the update equation of a Vertex-GNN simply by
switching the roles of the edges and vertices [13]. For the
Edge-GNN learning over a heterogeneous graph, the hidden
representation of edge (7, j) with the 7;;th type in the /th layer,
denoted as d(.l) is updated as follows,

ij, T
0 =D o . wi
Aggregate :a; , = Pl (q(dim,f,-m, ey Wik, o),
neN (/i
196

=0 . . wd
q(dnj,fnj ’ eV,5 W(TI,)I‘”,TJ )) ’

. ) -1 [
Combine : dgj?rij = CB(dEj’TU,), aﬁjf,,.j; U(,ll.;), (6)
. .. .
where a; .. 1s the aggregated output at edge (i, j), the first

and second processors are respectively used to process the
information from the ith vertex and its connected edges and
the jth vertex and its connected edges, N(i)/j is a set of
neighboring vertices of the ith vertex except the jth vertex,
e,; denotes the feature of the jth vertex, and W(,l[},njtj and U(tll/)
are the weight matrices.

When an Edge-GNN is used for learning the link schedul-
ing policy over nget in Fig. 2(b), the actions are defined on
the sig edges. When the pooling, processing, and combination
functions in Remark 1 are used, the Edge-GNN is referred to
as vanilla Edge-GNNget.

Since there are two types of edges in g{;et, the GNN respec-
tively updates the hidden representations of the edges of each
type in each layer. Since the vertices have no features in
g{;et, when updating the representation of each edge, only the
information of its neighboring edges is aggregated. For edge
(i, ) (say, edge (1, 1) in Fig. 3(c)), edge (i, j) and edge (j, i)
(j # i) respectively connected by 7; and R; are its neighboring
edges. For edge (i, j) (say, edge (1, 2) in Fig. 3(d)), edge (i, i)
and edge (i, k) (k # {i, j}) connected by T; are respectively its
neighboring sig and int edges, and edge (j, ) and edge (k, j)
connected by R; are respectively its neighboring sig and int
edges.

From (6), the hidden representations of edge (i, i) and edge
(i, j) in the Ith layer of the vanilla Edge-GNNI';et, df% and df]l I
are updated as follows,

Update hidden representations of sig edges :

K K
1 D (-1 D) -1
Amresme o= > Qe S Q)
k=1,ki k=1 ki
Combine : dflg = oy (Ug)dg; D4 ag{;), (7a)

Update hidden representations of int edges :

K

i ) (-1 1) qU-1

Aggregate : agj’), = Q(S}d,(-,s '+ Z Q?T)dfk,l)
k=1,k#{i.j}

K
) 4(-=1) ) 4(—=1)
+Qurd; s+ Z Qurdy; s

k=1,k£{i)
Combine : dff; = o (UPd(f;" +alf)), (7b)

where ag’l; and aff?, are respectively the aggregated outputs

at edge (i, 1) and edge (i, )), Q(Tl) and Q%) are respectively

the weight matrices for processing the information of the
neighborin% int edges of the sig edge (i, i) connected by T;
and R;, QES% and Q;lT) are respectively the weight matrices
for processing the information of the neighboring sig and int
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edges of the int edge (7, ) connected by Tj, Q(l) and Q(l)
are respectively used for processing the information from
neighboring sig and int edges of the int edge (i, j) connected
by R;, U(Sl) and U;l) are respectively the weight matrices for
combining the information of the sig and int edges, and os(-)
and oy (-) are activation functions.

In the input layer, d; S) = i andd 1 = aj. The input of the
GNN is ¢, which consists of the features of all edges The out-
put of the GNN is [d{"), -, d 41T 2 [f1.5, -+, dx.s]T 2
Xs, which consists of the learned actlons on all the sig edges.
The policy learned by the vanilla Edge- GNNhet is denoted as
Xy = Glhseé (o), which is easily shown as ]Olnt -PE to «.

Remark 4: When using the Edge-GNN to learn the link
scheduling policy over gl M with the update equations in (6),
Qh°m needs to be converted into a heterogeneous graph,
denoted as glsnd“ For the directed edge (i, j), its neighboring
vertices D; and D; are two types of vertices, its neigh-
boring edges (i, k) and (j, k) are one type of edges while
edges (k, i) and (k,j) are another type of edges. Then, the
hidden representation of edge (7,j) in the Ith layer, df )Is’
can be obtained from (6). Since the actions are defined on
vertices in ghom, a read-out layer is required to map the
representations of edges in the output layer to the action on
each vertex. For example, a FNN layer can be used that is
shared among D;,i = 1,---,K, which can be designed
as Xip = FNN;‘:S“(Z,C 1 ki dflf)ls’ Zszl,k;éz dl(j)ls) The
input of the GNN is &, which is composed of the features
of all the vertices and edges. The output of the GNN is
[%1.6, - ,Xk.E] = Xg, consisting of the learned actions
on all vertices. When using the processing, pooling, and
combination functions in Remark 1, the GNN is referred to as
vanilla Edge-GNN}Js”d". It is not hard to show that the learned
policy is joint-PE to «.

Remark 5: In [19], the precoding policy was learned with
a vanilla Edge-GNN over ghet where the hidden represen-

tation of edge (i,j) in the /th layer, dg’)E, can be obtained
from (6) with the three functions in Remark 1. This GNN
is referred to as vanilla Edge—GNNBet. The input and output

of the GNN are respectively H and [dl(-;:i;;]NX K, Which are
composed of the features and the learned actions of all edges.
It was shown that the learned policy is 2D-PE to H.

The above-mentioned GNNs and the features and actions
of graphs for each GNN are summarized in Table 2 and
Table 3, respectively.

C. EXPRESSIVE POWER OF THE VANILLA GNNs
In what follows, we analyze the expressive power of the
vanilla Vertex-GNNs and vanilla Edge-GNNs, by observing
whether or not a GNN can output different actions when
inputting different channel matrices. Without loss of gener-
ality, we assume that L > 3.
We first define several notations to be used in the sequel.
oaRi 2 Zjl»il#i o and acj = ijzl,j;éi aji, which are the
summations of the ith row of the channel matrix e without «;;
and the ith column of & without o;;, respectively.
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Hgi = Z]K=1 hij and Hcj = Z] | hji, which are the
summations of the ith row and column of the channel matrix
H, respectively.

Acr £ {ars1, -+, AR/K, /1, - -, 0C/K ), Which is the set
composing of ary and ac,i=1,--- , K.

Adiag 2 (@11, -+ - , gk}, which is the set composing of all
the diagonal elements in «.

Aipg 2 {agiyj=1,--
of all the elements in .

Hindé{hij,i= l,---,N,j=1,---
composing of all elements in H.

f(-) with different super- and sub-scripts are non-linear
functions.

, K}, which is the set composing

, K}, which is the set

1) LINK SCHEDULING POLICY

For the vanilla Vertex-GNNMe!, by respectively substituting
a(l)T and a(l) into d(l)T and d&l in (5), the hidden representa-
tions of T; and R; in the [th layer can be respectively updated
as,

K
) (D) 4(I-1) (1) 4(I=1) ) (I-1)
d7=0 (U d;7 "+ Qpsdi g "+ Qp Z d; r

J=Lj#
+ Piggoti + Pjas ). (8a)
K
@) () q(—1) () 4(I—1) () (Y]
dr= O(UR dr +Qd; 7 "+Qp Z dj,T
J=Lj#i
1 1
+ PR + P(n)otc/i). (8b)
Since dl(OT) = dl(%) = 0, when [ = 1, from (8) we have

d) = o (Pljei + Plilams ) 2 £ (i amp). - Ow)
dy = o (Peis + Paca) 2 f (@i o). ©Ob)

When [ = 2, by substituting d\}. and d{'y in (9) into (8),
it is not hard to derive

2 2
df% 5ffT)(a11, e QKK OC/, ccc , AC/Ks @RA),  (10a)
2 2
dE,,Q éf,-fR)(Om, “tt L OKK, OR/1s * , OR/K, @cri).  (10b)
Similarly, the action taken over 7; can be derived as,
i1 Efir(enn, o OKK, A/, O, ORI+ 5 ORJK)
= fi 7(Adiag, Acr)- (11)

It is shown that the information of interference channel gains
ajj, i # jis lost after the aggregation in the update equation
of the vanilla Vertex-GNN het_

Analogously, for the vamlla Vertex- GNN”nd'r the vanilla
Edge- GNNPSEt, and the vanilla Edge- GNNunCIIr the actions
taken over the ith vertex or the ith sig edge can respectively
be expressed as,

%iv £ fiv(Adiag, Acr),
Xis = fis(Aina),
% 2 £ E(Aing)- (12)
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TABLE 2. Vertex- and Edge-GNNs learned over the graphs in Fig.2.

GNNs Policies Graphs
Vertex-GNNundir undir - onverted from GN°™ in Fig.2(a
Vertex-GNNjg Is Link scheduling/power control Gis. v — Gis g2)
Vertex-GNNs Vertex-GNN! Ihset nget in Fig.2(b)

Vertex-GNNpet

Precoding

Gpet in Fig.2(c)

Edge-GNN{dir

glu";“', converted from g,*;om in Fig.2(a)

Edge-GNNj¢ Link scheduling/power control —=2 —
Edge-GNNs Edge-GNNDet Ghet in Fig.2(b)
Edge-GNNBet Precoding g;et in Fig.2(c)
TABLE 3. Features and actions of the graphs for each GNN.
a Features Actions
Graphs GNNs
Vertex Edge Vertex Edge
gundir Vertex-GNNundir
Is ‘é. vertex D;: a; | edge (i,7): iy | vertex D;: z; or p; - L'S.
Gundir Edge-GNNndir
vertex Ty: x; or p; - Vertex-GNNPet
gt - edge (i,7): oy UL N — — =
- sig edge (i,1): ; or p; | Edge-GNN[®t
Vertex-GNNhet
Ghet - edge (7,7): hi; - edge (7,7): vi; —_—P
p ge (4,7): hij ge (4,7): vij Edge—GNN'S“

aglmj;*" and ggt‘g" are the converted heterogeneous graphs from G;!

S

Denote the outputs of the vanilla Vertex-GNNjg
(i.e., Vertex-GNN[®! or Vertex-GNNU") as %1 and Rp)
with two different inputs e[;; = [o1),]lkxk and ap); =
[oe21,i]k x & > respectively. From (11) and (12), we can obtain
the following observation.

Observation 1: X1 X[y if the elements in a

and o) satisfy the following conditions: (1) oqiy,11

AR s ALKK = QLK (2) apon = apion, s
of1],cK = o2),c/K, and (3) o[, r/1 = ORI, -+ K[ RK =
o[2],R/K-

These conditions can be rewritten as a group of linear
equations

A1],ii = O[2],iis
K K
> emji= Y. e
J=1j# J=1j#
K K
Z aq,i = z api, i=1,--,K, (13)
J=Lj# J=1j#

which consists of 3K equations and 2K? variables. When
K > 3, the number of variables is larger than the number
of equations, and hence there are infinite solutions to these
equations, i.e., there are infinite numbers of a1} and e
satisfying the conditions.

The observation indicates that the vanilla Vertex-GNN|g for
learning the link scheduling policy x* = Fig(e) is unable to
differentiate all channel matrices. When the pooling function
in a vanilla Vertex-GNNig is replaced by mean-pooling or
max-pooling, we can also find channel matrices that the GNN
cannot differentiate.
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hom " as explained in Remark 2 and Remark 4.

Recalling that @ € RX*K and x* e IK*!| the schedul-
ing policy x* Fis(a) is a many-to-one mapping where
the channel matrix is compressed by the mapping. How-
ever, the mappings learned by a vanilla Vertex-GNN|s may
not be the same as the scheduling policy, because Fig(et[1]) =
Fis(ae2)) does not necessarily hold when e[1] and «[2; satisfy
the three conditions, as to be shown via simulations later. As a
consequence, the vanilla Vertex-GNNjg cannot well learn the
link scheduling policy due to the information loss.

By contrast, the vanilla Edge-GNNg (i.e., Edge-GNNIhS‘at
or Edge-GNNlL;”dir) does not incur the information loss, since
it can differentiate the channel matrices resulting in different
optimization variables. This can be seen from (12), where the
outputs of the vanilla Edge-GNNs (i.e., X; s and X; ) depend
on each individual channel gain (say «;;) in a.

2) PRECODING POLICY

With similar derivations, we can show that H is compressed
into Hrj and Hcj, i = 1,---,N, j = 1,---, K after the
aggregation of the vanilla Vertex—GNNBet where the informa-
tion in individual channel coefficients loses. As a result, the
GNN is unable to differentiate the channel matrices Hpj; =
[h[l],ij]NxK * H[z] = [h[2],ij]N><K that Satisfy the fOHOWing
conditions: (1) Hiij,c,1 = Hpcts -+ > Hiex = Hpleks
(2) Hjr1 = Hp2)r1s -+ > HiirRN = Hppp RN, Which can
be expressed as the following group of equations,

N N

Zh[l],nj = Zh[z],n/’, j=1---,K,

n=1 n=1

K K

Zh[l],ik = Zh[z],ik, i=1,---,N. (14)
k=1 k=1
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In other words, when inputting Hj; and Hppj, the outputs
of the vanilla Vertex-GNNBet are identical. When the pool-
ing function is mean-pooling or max-pooling, we can also
find channel matrices that the vanilla Vertex-GNNBet cannot
differentiate.

However, the precoding matrix depends on every chan-
nel coefficient h;. For example, when the signal-to-noise
ratio (SNR) is very low, the optimal precoding matrix degen-
erates into K vectors each for maximal-ratio transmission

(e, vji/ v;.“Hv;." = h;* / hJth) [19]. As a result, the vanilla
Vertex-GNNgEI is unable to learn the optimal precoding
policy.

By contrast, the vanilla Edge—GNNgGt can differentiate all
channel matrices. The update equation of the vanilla Edge-
GNNJ®! designed in [19] is

)
dj,

() qU—1) () q=1) ) q 1)
=o(Ugd; " + Z Qd, ) + Z Qd ).
m=1,m#j n=1,n#i
(15)

where U( is the weight matrix for the combination, Q(l) and
Q([? are respectively the weight matrices for processing the
information of the neighboring edges connected by A; and
U;. In the input layer, dlg% = hy;. The inputs of the GNN are
the features of all edges, i.e., [d,;(’)l)g]NxK = [hjlnxxk = H.
The outputs of the GNN are the learned actions taken on all
the edges, i.e., [d,j E]N><K A Ve.

It can be derived from (15) that ¥;; g = f,,, £(Hina), since
every channel coefficient (say h;;) is combined individually
when updating the edge representation with [ = 1.

Remark 6: When considering other typical constraints,
we can use the same way to analyze the expressive power of
GNN:gs, but the input samples that GNNs cannot distinguish
may differ.

IV. IMPACT OF PROCESSING AND COMBINATION
FUNCTIONS ON EXPRESSIVE POWER

In this section, we analyze the impact of processing and
combination functions on the expressive power of the Vertex-
GNNs and Edge-GNNss for learning the policies.

We first analyze the impact of the linearity of processing
and combination function, and then analyze the impact of the
output dimensions of the two functions on Vertex-GNNs and
Edge-GNNGs.

Without the loss of generality, we assume that L > 3.

Denote oy 2 ZK=1 aj;. Denote g(-) with different super-

ij
and sub-scripts as linear functions.

A. IMPACT OF LINEARITY

As analyzed in section III-C, the vanilla Vertex-GNNs
(i.e., vanilla Vertex-GNNI®!, Vertex-GNN"and Vertex-
GNNhet) cannot while the vanilla Edge- GNN s (i.e., vanilla

Edge- GNNhet Edge-GNN™", and Edge-GNNB®!) can

Is >
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differentiate the channel matrices resulting in different
optimization variables, where both classes of vanilla GNNs
are with linear processors and non-linear combiners. In the
sequel, we show that the expressive power of the Vertex-
GNNs can be enhanced by using non-linear processors, and
the strong expressive power of the Edges-GNNs comes from
the non-linear combiners. We take the GNNs for learning the
link scheduling policy as an example. The impact is the same
on the GNNs for learning the power control and precoding
policies.

1) VERTEX-GNNs

We start by analyzing the expressive power of a degener-
ated vanilla Vertex-GNN Ihset where the combination function
becomes linear.

Linear Processor and Linear Combinator: For Vertex-
GNNlhset, dl(OT) = dz((;e) = 0. Then, after omitting the activation
functions in (8), the hidden representations of 7; and R;
become,

(16a)
(16b)

1 )

df} = P(g‘ i + P(Ia R/i = gT (ana ar/i),
1 ) 1

df.} = P(T;“ii + P(TI)aC/l = gR)(Olii, ach).

By substituting dgl% and dgllé into (8), and again omitting
the activation functions, we have,

2 2 2) (1
d,(% = <T)8(T)(Olzu aRyi) + Q}S)g})(aﬁ, ack)

2
( ) Z g(R)(ajjv acy) +P San P( RI AR/i
1—1 JF

@ @ )
= (T)g(r)(au, agrs) + Qﬁgs)gﬁg)(aﬁ, ac)

2 1
+ Qe (ar, — i, el — aci — o)
2
P( RS Yii + P;gl)aR/i
2 oDy, arr, arsi, acs, llecl), (17a)

2 2) (1 2) (1
dﬁ} = U\ )gﬁe)(aii, acy) + Q(Tg)g(T)(Olii, aRryi)

2 2 2
Q7 Z g5 (i, orgy) + Prgesi + P orc
J=1j#

@ @) 2) (1
= k)gﬁe)(a”, ach) + Q<T5)8(T)(Olii, aR/i)

2 1
+ Q(n)g(r)(om — i, |leell — arsi — aTr)
2 2
P(TS) o + P(T,)OlC/i
2 oD, oy, arsi, acis llell), (17b)

where (a) in both (17a) and (17b) is obtained by exchanging
the operation order of the linear function and the summa-

tion function, i.e., Zg(l)() = g(l)(Z( -)) and Zg(l)( =
g ()

With similar derivations, we can obtain that the action of
vertex 7; is a linear function of the input features, i.e.,

A A
Xt = gr(wii, oty, ORsS 0Chi, llee]l), (18)

which does not depend on «;; (i # j). This indicates that the
degenerated vanilla Vertex- GNNhe't cannot distinguish the
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individual interference channel gains in «. As a result, the
GNN may yield the same action for different input features
o] and o[2].

Remark 7: Analogously, when the combination functions
are linear, the a_ction of vertex D; of the degenerated vanilla
Vertex—GNNI‘gm'r (i.e., X;v), the action of vertex D; of the
degenerated vanilla Edge-GNN}JSndir (i.€., X;.g), and the action
of sig edge (i, i) of the degenerated vanilla Edge-GNNIhSet
(i.e., X; 5) can also be expressed in the form as (18).

Linear Processor and Non-Linear Combinator: From (4)
and (5), we can see that four linear functions with different
weight matrices are required in the vanilla Venex—GNNget.
In particular, the processing functions are respectively used
for (a) tx vertex aggregating information from rx vertex and
sig edge, (b) tx vertex aggregating information from rx vertex
and inf edge, (c) rx vertex aggregating information from tx
vertex and sig edge, and (d) rx vertex aggregating information
from tx vertex and inf edge, which are respectively

-1 1 1) (-1 1
g@'s ", i W) = Qyd/ 2V + Piba,
-1 ! 1) 4(—1 !
adjg " e Wip) = Qg + Pijes,
-1 1 1) 4(—1 [
g@y " i Wrg) = Qg + Piga.

-1 l 1) (-1 1
a@'7", s Wi) = QAT + Pay.  (19)

Then, the aggregated outputs of 7; and R; in (5) can be
respectively rewritten as,

K
! -1 ! -1 I
a,(} =61(d§,R ) aiis Wig) + > q(d](,R oy W)
Jj=1j#i

K
I (-1 l -1 1 1
= Q;g_)gde ) + Q;?; Z d](',R ) + ngg'aii + Pge}aRli»
J=1j#
(20a)

K
I -1 I -1 I
35,1)3 ZQ(dE,T iy W) + Z Q(dj(;T it W)

A

K
D) 4(—-1 1 -1 1 1
= Q(nggT ) + Q(T]) Z dJ(',T ) + P(Tg‘aii + P(Tl)aC/i'
J=1j#
(20b)

Since d,g?)r = dli(,)l)? = 0, agyl% and dg% depend on «;; and
oRrji, and al(.)llg, and dg,% depend on «;; and ocy;. With similar
derivations, it can be shown that the outputs of the GNN
depend on Agisz and Acr, which are respectively composed
of ajj, arji and acyi, i = 1, --- , K. If o(-) in the combination
function is replaced by a FNN, then it is not hard to show
that x; 7 has the same form as in (11). This means that
the information of interference channel gains aj;, i # j is
lost after the linear processing. As a consequence, the GNN
cannot distinguish o1 and o).

Non-Linear Processor and Linear/Non-Linear Combiner
When the processors in the vanilla Vertex-GNNlhset are
replaced by non-linear functions (say FNNs), the aggregated
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outputs of 7; and R; after passing through the sum-pooling
become,

K
l - I—
af)T = FNNRS (dz(',R 1), Ol,',‘) + z FNNR] (dj(',R l), Ot,‘j),

=L
(21a)
K
aly = FNNgs (a7 i) + 7 NN (a7, a).
=1
21b)

Since 3" FNN() # FNN(X()) and d{) = d’; = 0, )
depends on A;, 2 {1, -, o}, and aillz depends on A,; =
{ayi, - -+, agi}. After the combiner (no matter linear or non-
linear), dgy]% and dg’]lg respectively depend on A;, and A,;. It
can be shown with similar derivations that the outputs of the
GNN depend on Aj,g, which is the set of all the elements
in a. In other words, the outputs of the GNN depend on «;j,
and hence the GNN can distinguish o1} and «2).

Similarly, we can show that the expressive power of Vertex-
GNN ifs”d" is able to be improved by using FNN for process-
ing, but cannot be improved by using FNN for combining.

2) EDGE-GNNs

Since the outputs of all GNNs for link scheduling depend
on «j;,i = 1,---,K when the processing and combina-
tion functions are linear as in Remark 7, we only analyze
whether they depend on individual interference channel gains
in the following. According to Remark 7 and the analysis
in Section III-C, it is the non-linear combination functions
that help the vanilla Edge-GNNg distinguish individual inter-
ference channels. Since there are two types of combination
functions in each layer of the vanilla Edge-GNNIhSet as shown
in (7), in the following we analyze which combiner helps the
vanilla Edge-GNN®! distinguish a;;, i # J.

Since dl.(g) = «;; and d;ol) = «;j, the combination functions
of the vanilla Edge-GNN |hset for updating the hidden repre-
sentations of sig edge (i, i) and int edge (i, j) in the first layer
can be obtained from (7a) and (7b) as,

() (1) ;(0) MY a [ 0 (1)
d; g =os (US dig + ai,S) = CB; (di,S’ai,S)

K K
(@ 1 1 1
= CB; )(Otii, Z Q(T)Olik + Z Qig )Olki)
k=1,ki k=1,k£i
® 1 1 1
= CB} )(a,-i, Q) arsi + Q;g)aC/i),
0 = o (U +all}) 2 B (4. )

(22a)
ij ij 1 ij1 i il

K
(@ 1 1 1
2cB! )(Otij, Qi + Z Q) ik
k=1,k#{i.j}

K
(1) ([€))
+ Qgpeji + Z Q/R“kj)
k=1,k#{i.j}
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() 1 1 1
= CB( )(“ij’ Q(ST)O‘H + Q;T)aRh + QSR“JJ
1 1
+ Qe — (@7 + Q)

2 Jij(oy), (22b)
where (a) in (22a) or (22b) comes from substituting di(g) and
d;(); into a(ls) and al(lz, (b) in (22a) or (22b) is obtained by
exchanging the order of matrix multiplication and summation
operations. J;;(-) is expressed as a function of only «;;, since
we are concerned whether or not the output of GNN depends
on individual interference channel gains.

If o7 (-) is omitted, then CBY"(-) and J;(-) in (22b) become
linear functions. Then2 wlllen [ = 22 the first term in (7a)
becomes 3Ty . Q7 dyy; = Q) XL 4z (i) that
depends on agyji, and the second term in (7d) becomes
Zk ki Q(z)d(1 1.1 that depends on ac/i. Hence, d depends
on ary; and ocy. With similar analysis, it can be shown that the
action on edge (i, i) (i.e., X; s) still depends on Acg, i.e., the
corresponding Edge-GNN cannot distinguish «;, i # j.

With o7(-), CB{"(-) and J;(-) in (22b) are non-linear. Since

2
D7) # 120, ZkK 1 k#l Q! )dfk)l depends on aj, k #

i rather than agy, and Zk kst Q(z)dga)l depends on oy;

rather than acj. Hence, df) s) depends on A;, and A,; no matter
if og(-) is omitted. Similarly, we can show that the action of
edge (i, i) depends on Ajng, i.e., the corresponding GNN can
distinguish «;;, i # j.

With similar analysis, we can show that it is o7(-) (instead
of og(-)) in the Edge-GNNIZet that enables the GNN to distin-
guish o, i # j and enhances its expressive power.

In a nutshell, non-linear processors help improve the
expressive power of the vanilla Vertex-GNNs (i.e., Vertex-
GNnget, Vertex- GNN“”d'r and Vertex- GNNget). Non-linear
combiners for updatlng the int edges (say o7(-)) help the
vanilla Edge-GNNIhSet to distinguish «;;, i # j. Since there
is only one type of combination functions in the vanilla
Edge-GNNlusnd'r and Edge-GNNBet, the non-linearity of all
combination functions helps improve the expressive power of
the two Edge-GNNs. The expressive power of these GNNGs is
summarized in Table 4.

B. IMPACT OF DIMENSION

When a Vertex-GNN learns the link scheduling or power
control policy over g{;e‘ that consists of 2K vertices, there
are 2K update equatlons where two of them for updating
dfl)T e RMY and le e RM" are shown in (8) and
MO is an integer that is a hyper-parameter. The represen-
tation of all vertices of the Vertex- GNNhSet in the /th layer
is [d(ll,)T, .. ,d%)j, d(ll’)R, . ,d%)’R] € RM(”XZK, whose
dimension is higher than the dimension of action vector
%r € RK. Analogously, the representatron of all vertices of

the Vertex- GNN“S”d'r in the Ith layer is [d1 Vo dg()v]

0 .
RM7*K  \whose dimension is no less than the dimension

of action vector ¥y € RX. When Edge-GNNs are used to
learn the two policies, the dimension of the representation
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of all edges is higher than K. Since channel information
is not compressed with the high representation dimension,
the dimensions of the GNNs for these two policies do not
affect their expressive power. In the sequel, we only analyze
the impact of the dimensions for the GNNs learning the
precoding policy.

When learning over gget consisting of N 4+ K vertices
and NK edges, the hidden representations in the /th layer

0)
of the Vertex-GNN are [d(ll)A, e ,d%) 41 e RMa>N and
(OION ’ .
[d(ll)U, s d(lé)U] € RMu™*N and that of the Edge-GNN is
/ / 0
[d(lll) B ,d%}(,E] € RMe *NK "where Mlgl), Mg), and Mg)

are hyper-parameters respectively representing the dimen-
sions of the hidden representations for each antenna vertex,
each user vertex, and each edge. Since the precoding policy
maps H € CN*K into V¥ e CN*K| the channel infor-
mation will be lost if the vertex representation is with low
dimension.

1) VERTEX-GNNfet
As shown in Frg 4(a), the combination outputs of all

antenna and user Vertlces in the /th layer are d(l) =

@] € RV and o 2 1aly, a1

0
RMu >k the aggregation outputs of A; and Uj in the [th layer

O My 0 i
area;,, € R"49, and a;, € RMug, respectively, where

M/(f)q and M ((]l) g are hyper—parameters

The GNN can be expressed as composite functions
<pV ()(‘/’RV o), where ¢(-) with sub- scnpt ® denotes
the functions with trainable parameters, <pRV o(H) maps H
(i.e., the input feature of the GNN) to [d, a d(L)] (i.e., the
vertex representations in the Lth layer), and gov ©(") maps
[d(L), d(L)] to Vv (i.e., the actions on edges). In order for the
GNN not compressing channel information, “)Rv ©(H) should
not compress the channel dimension. Otherwise, the GNN
may not differentiate all channel matrices.

Since matrix X = [xjluxn can be vectorized as a (mn)-
dimensional vector X € R™, a block matrix [X;, X»] with
X1 = [x1,ilm xn; and X3 = [x2,j]m, xn, sSeems able to be vec-
torized to a (m1 + my)(n1 + ny)-dimensional vector, because
the block matrix before vectorization can be expressed as

X 0 . .
1 Oy . However, since zero matrices do not
[O]mZ Xnj X2

occupy space, the dimension of the vectorized block matrix
is (m1n1 + many). Hence, the output dimension of (p;LV);@(H)
is (NM (L) + KM (L)) H e CV*K can be vecton’zed as a2NK-
dimensional real vector. In order for (p RV ®(H) not compress-
ing channel information, the output dimension of <pRV o)

should be no less than the dimension of H, i.e., NMf‘L) +
KM > 2NK .
(pRLV) o) can further be expressed as the following com-
L L—1 L
posite functions (pRV O(H) goév) O(‘/’I(ev O) H), (piw) o ) =
wél“/) O((p?{,) o(H)), where <p2V o(»-) is the combination
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TABLE 4. Expressive power of GNNs.

GNNs Processing functions Combination functions Expressive power
X linear
linear - weak
non-linear
Vertex-GNNs -
. linear
non-linear - strong
non-linear
Edge-GNNundir . )
- linear non-linear strong
Edge-GNNfet
Edge-GNNs - - —
CBg is non-linear, CBj is linear® weak
Edge-GNNlhset linear CBg is linear or non-linear, CB; is non-linear strong

2CBg and CBj are respectively the combination functions for updating the hidden representations of sig and int edges.

L
e Gve®)  #fe()
i ¢S d® e pMPxn iq @) |
H € R2NK-+1st layer I-th layer —4 o L-th layer+ ?L): read-out layeri Vy € R2NK
i d; d® e RMy xK idU : i
s T
a(Y O ¢ RMiy . q® e gMAy T ad
aggregate LA o @ NA @ ~7 combine |
(1-1) (O] My (O] My I 'd(l)
d; 1y € R7VA, - a7y, € RTUA NP Hu
Doy, @( )
(a) Vt:rtex-GNNget
L
____________________ 2O N
' ) 0] MOxng 1 gD
! € R"Ee i d ~
He ]R{ZNKE 1st layer £ [-th layer — £ Sk L-th layer — V € R2VK
L el fmmm e '
-1 e 10!
d M M !
£ aggregate agl) s €RMa . a() € RMAa—t | combine -
____; ______ !
(nge( )
(b) Edge-GNNPhet
FIGURE 4. Structure of (a) Vertex-GNNge'c and (b) Edge-GNNBet.
function to output the vertex representations in the Lth layer, When one sets Mf‘l) =M g) £ Mg) and M/gl)q =M g)q £
(L) : .. . ' L
Pav,o(H) denote the functlori)that ma(lz)H t(th)he aggre(:iated Mg), tlhen the necessary COHdltl(?nS in (23) can be simplified
outputin the Lthlayer (.., [a] 4, -+ ,ay 4, &) -+ L ag D, as Mtg) > 2NK /(N + K), M;) > 2NK/(N +K), | =
and gp%/) o) denotes the functions that map H to 1,2, .-, L. Further considering the analysis in Section IV-A,
[d(L D d(L 1)] and [a(lL/){’ L ’ag\l;)A’ a(lL[)]’ . (L) l the Vertex-GNNs with linear.processors cannothditfferentiate
15) ’ . L 17 and Hpa;. Hence, to design a Vertex-GNNJ®! that does
In order for PRy O(H) not compressing channel 1nformat10n, P

not lose channel information, the processing functions should
be non-linear and the output dimensions of the processing and
combination functions in (23) should be satisfied.

%/ (;)(H) (and hence gpl(eL‘;é))(H) and (p/(ﬁ,)@(H)) should not

compress channel information. Hence, the output dimensions
of ¢ RV o(H) and (p(L> (H) should not be less than the
dimension of H, i.e., NM(Lfl) + KM(Lfl) > 2NK and
NM (LC)[ + KM (LZ; > 2NK . With similar analysis, we can show
that the following conditions should be satisfied for the GNN

2) EDGE-GNNpet
The structure of the GNN is shown in Fig. 4(b), where dg) £

not losing channel information,

NM(I) + KM(I) > 2NK,
N +KM<1> >2NK, [=1,2,--- L. 23)
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0 . L
[d(lll) s d%;( £l € RMe *NK i the combination output of
0)
all edges, and afjl)E e RME4 is the aggregation output of edge

(i, ) in the Ith layer, and M/, d ) 1s a hyper-parameter.
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The GNll\I can be expressed as comp osite functions
L L L L L
éE)O((pI(QE;O)(H) ‘/’ﬁxE) o) = ﬁ"éE) ol® lE) o(H)), where

(pé? ©(*» +) is the combination function to output the edge

representations in the Lth layer (i.e., VE) (pRE (1))(H) denote
the functions that map H to the edge representations in the
(L — D)th layer (i.e., d%_l)) gogg o) denote the func-
tions that map H to the aggregated output in the Lth layer
(.e., [a(lLl?A, S ,a%‘]g’A]), and gogLE);@(H) denote the func-

tions that map H to d(L_l) and [a(lLl) R 35\1713 Al If the

GNN does not lose channel information, then (pl E: O(H) (and
hence (pRE © (H) and (p A £ o(H)) should not compress chan-
nel information. Hence, the output dimensions of gol(eLE;(l))(H)
and gogg o(H) should not be less than the dimension of H,

ie., M(L D> 2and M(L) > 2. Analogously, we can show
that the following condltlons should be satisfied for the GNN
not losing channel information,

MP>2 1=1, L—1;
Mg?qzz, I=1,---,L. (24)

The dimensions should be at least 2, because H and V are
complex matrices. Since M ](51‘) is the dimension of the action
vector defined on each edge, we have M ‘(EL) = 2. Further
recalling the analysis in Section IV-A, to design an Edge-
GNNBet that does not compress channel information, the
combination functions should be non-linear and the condi-
tions in (24) should be satisfied.

V. SIMULATION RESULTS

In this section, we validate the previous analyses, and
compare the system performance, space, time, and sam-
ple complexity of Vertex-GNNs with Edge-GNNs via
simulations.

We consider three optimization problems, i.e, the link
scheduling problem in (1), the power control problem in (2),
and the precoding problem in (3). For the link scheduling
and power control problems, all the D2D pairs are randomly
located in a 500 m x 500 m squared area. The wireless
network parameters are provided in Table 5. The compos-
ite channel consists of the path loss generated with the
model in [5], log-normal shadowing with standard deviation
of 8 dB, and Rayleigh fading. For the precoding problem,
we set Ppae = 1 W, and change og in (3) to adjust SNR.
These simulation setups are considered unless otherwise
specified.

While the GNN5s can be trained in a supervised or unsuper-
vised manner, we train the GNNSs in an unsupervised manner
to avoid generating labels that is time-consuming. Then, each
sample only contains a channel matrix & = [a;]xxk that
is generated according to the channel model with randomly
located D2D pairs or H = [h,x]yxx Where each element
follows Rayleigh distribution. We generate 5x 10 samples as
the training set (the number of samples used for training may
be much smaller), and 103 samples as the test set. Adam is
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TABLE 5. Parameters in simulation.

Parameters Values
D2D distance 2-65 m
Number of D2D links 50
Noise spectral density -169 dBm/Hz
Bandwidth, Carrier frequency 5 MHz, 2.4 GHz
Antenna height, Antenna gain 1.5 m, 2.5 dBi
Transmit power of activation link 40 dBm

used as the optimizer. The loss function is designed as Loss =
— 5 2oy (X i S Tog0) +wa S Tog(1—
yZ)), where Nj is the number of training samples, r} is the
data rate of the kth user and y} is the activate probability of
the kth D2D link in the nth sample, w; and w, are weights
that need to be tuned. The second and the third terms in the
loss function are respectively the penalty for preventing all
the links from being closed and being activated. For the link
scheduling problem, we set w; = 10~! and w, = 10~%. For
the power control and precoding problems, w; = w, = 0.

We use sum rate ratio as the performance metric. It is
the ratio of the sum rate achieved by the learned policy to
the sum rate achieved by a numerical algorithm (which is
FPLinQ [2] for link scheduling, and WMMSE for power
control and precoding). We train each GNN five times. The
results are obtained by averaging the sum rate ratios achieved
by the learned policies with the five trained GNNs over
all test samples. For the link scheduling and power control
problems, we only provide the performance of Vertex- and
Edge- GNNhet in the sequel since Vertex- and Edge- GNNundlr
perform very close to them.

All the simulation results are obtained on a computer with
a 28-core Intel 19-10904X CPU, a Nvidia RTX 3080Ti GPU,
and 64 GB memory.

All the GNNs in the following use the mean-pooling
function.

A. IMPACT OF THE NON-DISTINGUISHABLE CHANNEL
MATRICES

We first validate that the vanilla Vertex—GNNlhset cannot well
learn the link scheduling and power control policies, and
the vanilla Vertex—GNNBet cannot well learn the precoding
policy, due to their weak expressive power.

In Fig. 5(a) and Fig. 5(b), we show the probability of
Fis(eer)) = Fis(eeppy) and Fpeley) = Fpeleeppy) simu-
lated with different values of K and transmit power, where
pr = P for the link scheduling problem and Pp.x = P
for the power control problem. et[1] and o] are generated
by solving the linear equations in (13). Since the computa-
tional complexity of solving (13) is high when K is large,
we take K € {3, 4, 5, 6} as examples. For the link scheduling
problem, the optimal solutions are obtained by exhaustive
searching. For the power control problem, the sub-optimal
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solutions are obtained by the WMMSE algorithm. Since the
optimized powers are continuous, we regard the frequency
of |Fpc(eer1) — Fpc(@pPlmax < 10~3 as the probability.
We can see that the probability decreases with K and P.
This can be explained as follows. Since the solution spaces
of both problems become large with a large value of K, the
probability that the optimal solutions for a1 and o2 are
identical decreases with K. When P is low such that the noise
power dominates, the optimization for the K D2D pairs in
problem (1) and (2) is decoupled. In this case, the optimal
scheduling policy is to activate all the links, and the optimal
power control policy is to transmit with the maximal power to
all the receivers. Hence, given any two channel gain matrices,
the two optimal solutions are always identical.

100 4’\—1‘—% 100———4 L
S B :f.
Zz 80 = 80
7 =K=3 B =K=3
£ 60| *K=4 £ 60| *K=4
E -A-K=5 e A-K=5 \

K=6 A K=6
40 40
-40 -20 0 20 40 -40 -20 0 20 40
P(dBm) P(dBm)
(a) Link Scheduling (b) Power Control
8 —#-N=2,K=2,e=0.1
—_ -8-N=2,K=2,6=0.05
c\c 6 N=4,K=2,¢=0.1
E N=4,K=2,¢=0.05
=4
<
o)
E 2
»
0
0 5 10 15 20
SNR(dB)

(c) Precoding

FIGURE 5. Probability of (a) F|5(oc[1]) = F|5(a[2]),

(b) FPC("‘[1]) = ch(alz]), and (c) Fp(H[1]) = FP(H[Z])! where o[1]
and «[) satisfy the conditions in Observation 1, and Hfy; and
Ho; satisfy the conditions in Section IlI-C2.

In Fig. 5(c), we show the probability of Fp(H[j) =
Fp(H[27) simulated with N = 2 or 4 and K = 2, where Hj;
and Hy) are generated by solving the linear equations in (14).
The sub-optimal solutions are also obtained by the WMMSE
algorithm. Since the precoding variables are continuous,
we regard the frequency of |Fp(H[1)) — Fp(HpDlnax < €
as the probability, where € is a parameter. We can see that
the probability is low under different values of ¢ and SNR.
When € is smaller than 0.05, or the values of N and K
are larger, the probability is almost zero, i.e., the optimized
precoding matrices for Hjjj and Hjp are different with very
high probability.

In Fig. 6(a) and Fig. 6(b), we show the performance of
the link scheduling and power control policies learned by
the vanilla GNNs versus P. The GNNs are trained with
1000 samples, and the fine-tuned hyper-parameters are shown
in Table 6. We can see that the performance of the vanilla
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Vertex—GNNIr;e‘ degrades rapidly with P, while the perfor-
mance of the vanilla Edge-GNNlhs‘"t changes little with P.
This is because when the value of P is higher, the prob-
ability of Fig(ee(1) = Fis(z)) or Fpc(a) = Fpcle2))
is lower according to Fig. 5, but the vanilla Vertex-GNNlhs'st
yields the same output with the two channel matrices e[
and o). Recall that the vanilla Vertex—GNNr;et is with the
mean-pooling function. If max-pooling is used as in [6], the
Vertex-GNN will perform much better when learning the link
scheduling or power control policy, which however is still
inferior to the vanilla Edge-GNNI';et. It is noteworthy that
the sum rate ratio achieved by the link scheduling policy
learned by the vanilla Edge-GNN exceeds 100% as shown
in Fig. 6(a). This is because the sum rate ratio is the ratio
of the sum rate achieved by the learned policy to the sum
rate achieved by the FPLinQ algorithm that can only learn
suboptimal solutions.

~100 _
S S
2 k-1
8 2
< het S
& 60 |-+ Edge-GNNJ: & 60 ||+ Edge-GNN'™
;%; —o-Vertex-GNNP! § —o- Vertex-GNN[
40 -
-40 -20 0 20 40 4(_)40 220 0 20 40
P(dBm) P(dBm)
(a) Link Scheduling (b) Power Control
100
N
k=1
= 80
-4
o L
sz 60 het
= Edge-GNNP
(/:] -8 Vertex-GNN™!
40 L
0 10 20

SNR(dB)
(c) Precoding

FIGURE 6. System performance of the vanilla GNNs versus P or
SNR. (a) and (b): K =50. (c): N =4,K = 2.

In Fig. 6(c), we show the performance of the precod-
ing policies learned by the vanilla GNNs versus SNR. The
GNNs are trained with 10° samples, and the fine-tuned hyper-
parameters are shown in Table 6. We can see that the vanilla
Vertex-GNNBet performs poor under different SNRs. This
is because the probability of Fp(H[1)) = Fp(Hpo) is low
under different SNRs as shown in Fig. 5(c), but the vanilla
Vertex-GNNBet yields the same output for Hyjj and Hpp). As
expected, the vanilla Edge—GNNgGt performs very well.

B. IMPACT OF THE LINEARITY OF PROCESSING AND
COMBINATION FUNCTIONS

To validate the analysis in Section IV-A, we compare the
performance of Vertex-GNNs and Edge-GNNs with vanilla
Vertex-GNNs and vanilla Edge-GNNs.
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TABLE 6. Fine-tuned hyper-parameters for the vanilla GNNs.

Values
Tasks Parameters
Vertex-GNN Edge-GNN
. . Dimension of representation vectors in each layer | 8,8,8,8,8,1 8.,8,8,8,8,1
Link Scheduling
Learning rate 0.001 0.01
Dimension of representation vectors in each layer | 8,8,8,8,8,1 16,16,16,16,16,1
Power control -
Learning rate 0.001 0.01
Dimension of representation vectors in each layer | 32,32,32,32,32 | 32,32,32,32,32,2
Precoding Number of neurons in the read-out layer 256,2 -a
Learning rate 0.001 0.01

2In the vanilla Edge—GNNBet, there is no read-out layer.

TABLE 7. Fine-tuned hyper-parameters for the Vertex-GNNs with
FNN as processor or combiner.

Tasks Parameters Values
Dimension of representation 888881
Link vectors in each layer |
Scheduling Number of neurons in each 32
hidden layer of FNN
Learning rate 0.01
Dimension of representation 16,16,16,16,16,1
Power vectors in each layer '
control Number of neurons in each 32
hidden layer of FNN
Learning rate 0.001
Dimension of representation 16,16,16
vectors in each layer
Precoding Number of neurons in each 256
hidden layer of FNN
Number of neurons in 256.2
the read-out layer ,
Learning rate 0.001

The hyper-parameters for the vanilla GNNs are the same
as Table 6. The fine-tuned hyper-parameters of the Vertex-
GNNs with FNN as processor or combiner are shown in
Table 7. The GNNs for learning the link scheduling policy and
the power control policy are trained with 1000 samples. The
GNN:ss for learning the precoding policy with N =4, K = 2,
and SNR = 10 dB are trained with 103 samples. In Table 8,
we provide the simulation results, where the performance of
the vanilla GNNs is marked with bold font.

It is shown that for the Vertex-GNNs learning the same
policy, when the processing function is FNN (no matter if
the combiner is linear or non-linear, where the results for
linear combiner are not shown because combiner is usually
non-linear), the performance is much better than the vanilla
Vertex-GNN. When only the combination function is FNN,
the Vertex-GNN performs closely to the vanilla Vertex-GNN,
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because both of them cannot differentiate a1} and a2} or Hjy;
and H[z].

For the Edge-GNNss learning the link scheduling and power
control policies, when CBg(-) is non-linear and CB;(-) is
linear, Edge-GNN I';et is inferior to the vanilla Edge-GNN :;et.
When CBj(-) is non-linear and CBg(-) is linear, Edge-
GNNlhset performs closely to the vanilla Edge-GNnget, since
both of them can differentiate o1} and a2). When learning
the precoding policy, the Edge-GNN with linear combination
function is inferior to the vanilla Edge-GNN, since it cannot
differentiate Hjj) and Hpy).

Next, we show the impact of different activation functions.
For the Vertex-GNNs, when the processing function is a
non-linear function such as FNN, they can perform well even
if a linear combination function is applied. Hence, non-linear
activation functions in the combiner have little impact on
the performance of the Vertex-GNNs. For the vanilla GNNs,
only the combination functions contain non-linear activation
functions. Thereby, we only compare the performance of the
vanilla GNNs with several non-linear activation functions.
The simulation results are provided in Table 9. It shows that
the vanilla GNNs with different activation functions achieve

similar performance.

C. IMPACT OF THE OUTPUT DIMENSIONS OF
PROCESSING AND COMBINATION FUNCTIONS

To validate the analysis in Section IV-B. we provide the
performance of the vanilla Edge—GNNI';Et, the vanilla Edge-
GNNget, as well as Vertex-GNNlhset and Vf:rtex-GNNBGI with
FNN as processor (denoted as Vertex-GNNlhset+FNN and
Vertex—GNNBet+FNN, respectively).?

The hyper-parameters of the GNNs for learning the
link scheduling and power control policies are provided in
Tables 6 and 7. The hyper-parameters of the GNNs for learn-
ing the precoding policy with N = 4 and K = 2 are also

3The features and actions of Vertex—GNNthet—{—FNN and Vertex-
GNNP,et-i-FNN are respectively the same as those of Vertex-GNN Ihset and
Vertex-GNNB®! in Table. 3.
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TABLE 8. Performance of GNNs with different processing and combination functions.

GNNs Performance
Processing Combination . . .
- - Link Scheduling Power Control Precoding
Linear | FNN | Linear | o(-) | FNN
v X X v X 89.98 % 84.17% 64.94%
Vertex-GNNs | v/ X X X V' ] 90.06%(+0.09%) | 84.44%(+0.32%) | 65.12%(+0.28%)
X v X v X 199.83%(+10.95%) | 99.65%(+18.45%) | 99.08%(+52.57%)
v X X v X 99.99 % 99.67 % 99.16 %
v X | CBr |CBgs| X |8991%(-10.08%) | 84.13%(-15.59%) -
Edge-GNNs
v X | CBg |CBr| X | 99.99%(+0.00%) | 99.22%(-0.45%) -
v X v X X - - 62.23%(-37.24%)

Lo (-) means that the combination function is a linear function cascaded with an activation function.

TABLE 9. Performance of vanilla GNNs under different non-linear activation functions.

Activation functions
Tasks GNNs relu leaky_relu elu swish softplus mish
02z =<0 e —1 <0
max(0, x) H%f In(14e®) |z tanh(in(l + %))
T x>0 T <0 ¢
. . Vertex—GNNlhet 89.98% 89.95% 90.08% 90.05% | 90.21% 90.10%
Link Scheduling S
Edge—GNNIhSet 99.99% 99.99% 99.98% 99.83% | 99.66% 100.18%
Vertex—GNNIhet 84.18% 84.18% 84.36% 84.41% | 84.30% 84.34%
Power Control s
Edge—GNNIhset 99.67% 98.39% 99.59% 99.49% | 99.50% 99.61%
. Vertex-GNNPet | 65.17% 65.12% 65.14% 65.05% | 65.17% 65.09%
Precoding P
Edge-GNNBet 99.16% 99.14% 99.43% 99.49% |  99.46% 99.58%
shown in Tables 6 and 7. When using the GNNss to learn the 2100 — IR LU —— y
precoding policy with N = 8 and K = 4, the number of < <
training samples needs to increase to achieve acceptable per- 380 3 80
formance, which is set to be 5 x 103. Their hyper-parameters 5 P 2 =
E NN ¥
are as follows. For the Vertex—GNNBet—i—FNN, L = 5, o 60 = Vanilla sehe‘ = 60 Vertex-GNN,™+F I\f\:
. . . . . . - = e
the processing function is a FNN with a hidden layer with & 40 Vertex-GNN, +FNNJ) - 2 0 ~=Vanilla Edge-GNN
256 neurons, the read-out layer is a FNN with five hidden 20 )l 22 PE 0 ol g2 53 g4
layers each with 512 neurons. For the vanilla Edge—GNNBet, Dimension Dimension

L=09.

In Fig. 7, we show the performance of the GNNs
with different values of “Dimension” for learning the
link scheduling and power control policies, where the
“Dimension” indicates the value of M®, VI. It is
shown that the performance of the GNNs grows slowly
with “Dimension”. This is because the dimensions of
the representation vectors do not affect the expressive
power of the GNNs for learning these two policies, but
the representation vectors with higher dimension lead
to a wider GNN and hence provide larger hypothesis
space.

In Fig. 8, we show the performance of the GNNs with
different values of ‘“‘Dimension” for learning the precod-
ing policy where the “Dimension” indicates the value of
Mf{) M(l) _ M(l) _ M(l)q _ M(l) _ Mg)w vl
We show the 1mpact of the output dlmensmns of the
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(a) Link Scheduling (b) Power Control

FIGURE 7. Performance of the GNNs with different dimensions of
hidden representations, K = 50.

processors and combiners in this simple way, because there
are too many combinations of these dimensions that can sat-
isfy (23) or (24). Vertex—GNNBet+FNN (w/o H) is a Vertex-
GNNEet—i—FNN, where only the representations of vertices are
input to the read-out layer (i.e., Vv = FNN?:;d(dSIX, d( u)
as in Remark 3. Vertex- GNNhet+FNN (with H) is another
Vertex- GNNhet—i-FNN where the channel matrix H
are also 1nput to the read-out layer (ie., Vv
FNNP:;d(dELX, (L), hij)). It is shown that all the GNNs per-
form better w1th larger “Dimension’’. For Edge-GNN, (24)
is satisfied when “Dimension” > 2. For Vertex-GNN, (23) is
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TABLE 10. Space and time complexity of GNNs.

Tasks GNN Space (k) | Training Time (min) | Inference Time (ms)
. . Vertex-GNNP**+FNN 12.74 4.43 20.58
Link Scheduling s
Vanilla Edge—GNNIhSet 2.14 2.08 5.16
Vertex-GNN f‘e‘+FNN 24.71 25.26 19.98
Power Control =
Vanilla Edge-GNNet 8.37 5.62 5.36
N4 K =2 Vertex-GNNI*'+FNN (with H) 149.86 12.20 7.36
. Vanilla Edge-GNNhet 126.72 10.95 4.04
Precoding P
Neg8 K—4 Vertex-GNN';e‘+FNN (with H) | 1454.34 717.82 10.87
S Vanilla Edge—GNN'F]et 345.60 23.13 4.92

satisfied when “‘Dimension”> 3 for N = 4 and K = 2 and
when “Dimension”> 6 for N = 8 and K = 4. However,
even when (24) or (23) is satisfied, the vanilla Edge—GNNget
or Vertex-GNNEet+FNN (w/o H) may not perform well. This
is because the conditions in (24) or (23) are only necessary
for a GNN to avoid information loss. With the same ‘“‘Dimen-
sion”, the Vertex-GNNget+FNN (with H) performs better
than the Vertex-GNNBet+FNN (w/o H). This is because the
input of the read-out layer of Vertex-GNNget+FNN (with
H) contains H, which is helpful to differentiate channel

matrices.

100 —t—o——o0—=0 _ 100 =

S / <

S 2

= 80 5 80

-2 [ o

jo) 8

5] e )

=~ 60 ~®— Vertex-GNN[*+FNN (with H) & 60 *V‘ene\,ﬁNN:“LF,\]N (with H)

=} —8— Vanilla I».dgerGNN;“ g —8— Vanilla hdgerGN\l":“

(2 \"cncx-(jN.\l::“AFNN (wlo H) :2 Vcncx-GNN:“AFNI\ (wlo H)
40 40 ‘1 2 3 4 5 6 7

2t 22 23 2t 5 b ot 22 23 2t 2% 2%

Dimension
@ N=4, K=2

Dimension
b)) N=8 K=4

FIGURE 8. Performance of the GNNs with different dimensions of
hidden representations, precoding, SNR = 10 dB.

D. SPACE, TIME, AND SAMPLE COMPLEXITIES OF THE
GNNs
Finally, we compare the space, time, and sample com-
plexities of the Vertex-GNNs and the vanilla Edge-GNNss.
The space complexity is the number of trainable parame-
ters in a fine-tuned GNN to achieve an expected perfor-
mance, which is set as 98% sum rate ratio for the pre-
coding problem with N = 8§, K = 4, and 99% for the
other two problems and the precoding problem with N =
4,K = 2. The time complexity includes the training time
required to achieve the expected performance and the infer-
ence time. The sample complexity is the minimal number
of samples required for training a GNN to achieve a given
performance.

Since the Vertex-GNNBet+FNN (with H) outperforms
the Vertex-GNNget+FNN (w/o H), we only consider the
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Vertex-GNNF®4+FNN (with H). The Vertex-GNN[I¥'+FNN

S
and the vanilla Edge-GNNlhset are with the hyper-parameters

in Table 7 and Table 6, respectively. The Vertex-
GNNPE4FNN (with H) and Edge-GNNf®' are with the
hyper-parameters in Section V-C. Besides, M; = 4 for
Vertex-GNN and M; = 32 for Edge-GNN when N = 4 and
K = 2, while M; = 64 for Vertex-GNN and M; = 128 for
Edge-GNN when N = 8 and K = 4.

s v 3
g <
g 2
Z 80 3
& o~
Q L2
= <
é 60 Vanilla Edge-GNNI™* i 60 Vanilla Edge-GNN!
2 o~ Vertex-GNNIHENN| | 3 - Vertex-GNN|*+FNN
40 N 40
10" 102 10° 10! 107 10°

Training Samples
(a) Link Scheduling

100

Training Samples
(b) Power Control

—A—N=4,K=2:Vanilla Edgc-ﬂN?\':“
=4,K=2:Vertex-( + (witl
N=4,K=2:Vertex-GNNI“4FNN (with H
8 N=8K=4:Vanilla Edge-GNN}*

Sum Rate Ratio(%)

*N:x.K:A.Venex—GNNE‘MFNN (with H)

40
10° 10*
Training Samples
(c) Precoding

FIGURE 9. Performance of the GNNs versus the number of
training samples.

In Table 10, we show the space and time complexities of the
GNNs. It is shown that the training time and inference time
of the vanilla Edge-GNNss are shorter than the Vertex-GNNss,
because using FNN as processor is with higher computa-
tional complexity than using linear processor. The space
complexities of the vanilla Edge-GNNs are lower than the
Vertex-GNNss.

In Fig. 9, we compare the performance of the GNNs
trained with different numbers of samples. It is shown that the
Edge-GNN and the Vertex-GNN for link scheduling are with
almost the same sample complexity, while the Edge-GNN
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outperforms the Vertex-GNN with few number of training
samples when learning the power control policy. When learn-
ing the precoding policy, the Edge-GNN (which uses linear
processor) is more sample efficient than the Vertex-GNN,
because the Vertex-GNN has more trainable parameters than
the Edge-GNN due to using FNN as processor and the extra
read-out layer.

The main results for the three policies are summarized as
follows.

o The vanilla Edge-GNNs outperform the vanilla Vertex-
GNNs and perform closely to the Vertex-GNN with
FNN-processor. The performance of the Vertex-GNNs
can be improved by using FNN as processor, but cannot
be improved by using FNN as combiner.

o The vanilla Edge-GNNs are with lower time complexity
than the Vertex-GNN with FNN-processor to achieve the
same performance. When learning the precoding policy,
the vanilla Edge-GNN is with lower sample complexity
than the Vertex-GNN with FNN-processor.

VI. CONCLUSION

In this paper, we analyzed the impacts of the linearity and
output dimensions of processing and combination functions
on the expressive power of the Vertex-GNNs and Edge-
GNNss for learning link scheduling, power control, and pre-
coding policies. We demonstrated that all the policies can
be learned with either Vertex-GNNs or Edge-GNNs over
either homogeneous or heterogeneous graphs. We showed
that the Vertex-GNNs with linear processing functions can-
not perform well for these policies due to their inability to
differentiate all channel matrices. When learning the precod-
ing policy, the expressive power of the Vertex-GNN with
non-linear processing functions is still weak, which depends
on the output dimensions of processing and combination
functions. Simulation results showed that the Edge-GNNs
using linear processors can achieve the same performance
as the Vertex-GNNs using non-linear processors for learn-
ing these policies but with much lower training time and
inference time. Our results indicate the advantage of Edge-
GNNss for learning wireless policies and provide guidelines
for designing efficient and well-performed GNNs. While we
focused on two resource allocation policies and a precoding
policy, the conclusions are also applicable to other wireless
policies such as signal detection, channel estimation, other
resource allocation, and other precoding problems whenever
the edges of constructed graphs are with features. If both the
features and actions of a graph are defined on vertices, then
a Vertex-GNN will be with the same expressive power as an
Edge-GNN and may be more sample efficient.
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