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Quantification of Mismatch Error in Randomly
Switching Linear State-Space Models

Parisa Karimi , Zhizhen Zhao , Mark D. Butala , and Farzad Kamalabadi

Abstract—Switching Kalman Filters (SKF) are well known for
solving switching linear dynamic system (SLDS), i.e., piece-wise
linear estimation problems. Practical SKFs are heuristic, approx-
imate filters and require more computational resources than a
single-mode Kalman filter (KF). On the other hand, applying
a single-mode mismatched KF to an SLDS results in erroneous
estimation. This letter quantifies the average error an SKF can
eliminate compared to a mismatched, single-mode KF before col-
lecting measurements. Derivations of the first and second moments
of the estimators’ errors are provided and compared. One can use
these derivations to quantify the average performance of filters
beforehand and decide which filter to run in operation to have the
best performance in terms of estimation error and computation
complexity. We further provide simulation results that verify our
mathematical derivations.

Index Terms—Switching Kalman filter, recursive estimation,
detection, switching linear dynamic systems, model mismatch.

I. INTRODUCTION

E STIMATING the multidimensional state of a dynamic sys-
tem from indirect, noisy measurements is a fundamental

problem encountered in all branches of engineering and physical
sciences, with specific examples such as time-dependent imag-
ing and tomography [1], [2], geophysical data assimilation [3],
gene expression modeling [4], and economic forecasting [5].
Given the initial state distribution and state-space model param-
eters, state estimates may be optimally recovered using Bayesian
inference algorithms [6]. The Kalman filter [7] provides the
optimal solution for linear state-space models with additive
Gaussian noise [8].

Dynamic systems are often driven by external factors that
cause shifts in behavior, e.g., a shock resulting in greater activity
before settling back to a more quiescent baseline mode. Such
system dynamics are often naturally modeled as a switching
linear dynamic system (SLDS) [9] which augments a linear
state-space model with a hidden, discrete random variable that
indicates the system dynamical mode. The inference prob-
lem then involves the time-dependent, joint estimation of the
discrete system mode and continuous state. Finding the exact
posterior and optimal filtering in this scenario is computationally
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intractable [10] since the belief state grows exponentially with
time, and a practical switching Kalman filter (SKF) formulation
(see, e.g., [10]–[12], and the references within) involves certain
approximations, e.g., time horizon truncation. Characterization
of estimation error vs. computational cost is, therefore, of
paramount importance.

In this work, we quantify the estimation error reduction when
an SKF is used instead of a mismatched KF, i.e., when an SLDS
is approximated as a single-mode system. The result has several
immediate practical uses. For one, it reveals those situations
when the SKF mean square error (MSE) reduction is signifi-
cant in comparison to the additional computational burden. As
another, it provides a means to reduce SKF computational cost
by coalescing SLDS modes with the least impact on the MSE
(an approach we explore in [13]). We show that SKF MSE
performance is a function of 1) the detection rate at each time
step, and 2) the mismatch bias whenever the algorithm detects
a mode incorrectly. Both are functions of the switching distri-
butions and transition probabilities. Due to space restrictions,
we focus the scope of this work on the scenarios where an
estimate or an upper bound of the detection rate is assumed
to be known, and calculate the MSE accordingly. Detection
rate approximation as a function of problem specification us-
ing approximate metrics [14]–[17] will be studied in a future
publication.

The performance of mismatched KFs for a single-mode, linear
dynamic system has been studied previously [18]–[22]. In the
case of switching dynamics, [23] explores the conditions under
which the instantaneous mode detection is successful based
on the statistics of the predicted and collected measurement
residuals. Also, in [24]–[27] the convergence of a mode-based
KF is studied and the conditions under which the steady state
bias term would converge to zero are investigated. However, to
the best of our knowledge, the work presented in this paper is
the first to quantify the transient error in SLDS state estimation
based on model parameters alone and without measurements. In
particular, the novel and significant contribution of this paper is
the analysis of the MSE of a multi-modal Maximum A Posteriori
(MAP) estimator, formulated as an SKF, in comparison to a
mismatched, single-mode MAP estimator, formulated as KF,
before collecting measurements.

Throughout the paper, we use the following convention for the
notation. A random vector x ∼ N (m,C) follows a Gaussian
distribution with mean m and covariance C. The expectation,
covariance, and probability are denoted by E,C, p respectively,
and I is the identity matrix.

The remainder of the paper is organized as follows. The
SLDS signal model and KF/SKF formulations are reviewed in
Sections II and III, respectively. Section IV derives estimation
error for mismatched KFs and SKFs. Section V provides re-
marks on implementation. Simulations verify the derivations in
Section VI, and conclusions are presented in Section VII.
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II. SIGNAL MODEL

The state-space model for an SLDS is
xn = Anxn−1 + νn, (1)

yn = Hnxn + ωn, (2)

whereνn ∼ N (0,Qn) andωn ∼ N (0,Rn) are additive Gaus-
sian noises such that νn ⊥ νn′ ∀n �= n′, ωn ⊥ ωn′ ∀n �= n′,
νn ⊥ ωn′ ∀n, n′, and Qn = E[νnν

T
n ], Rn = E[ωnω

T
n ]. The

evolution matrices An = A(sn) are randomly drawn from the
set of d× d evolution matrices A = {A(b) : b = 1, . . . , r}, the
covariance matrices Qn = Q(sn) are randomly drawn from
the set Q = {Q(b) : b = 1, . . . , r}, and the random variable
sn ∈ {1, . . . , r} refers to the mode of the dynamic system at
timen, which is drawn from a discrete Markov process assuming
known initial prior and transition matrix. xn ∈ Rd, the hidden
d-dimensional state variable at time step n, is then estimated
given the m-dimensional measurement vector yn, the m× d
measurement matrix Hn, Q,A, and Rn. (m is the number of
measurements, d is the state dimension, and r is the number of
modes the system may switch between).

III. KALMAN FILTER/SWITCHING KALMAN FILTER

The KF is the optimal estimator for linear dynamic sys-
tems. Let yn

1 ≡ [y1,y2, . . .,yn], x0 ∼ N (x0|0,P 0|0), xn|n =
E[xn|yn

1 ], and P n|n = C(xn|yn
1 ). The “Filter” operator is

defined as
(xn|n,P n|n)

=Filter(An,Hn,xn−1|n−1,P n−1|n−1,Qn,Rn,y
n
1 ), (3)

which involves the repeated application of a time update step
xn|n−1 = Anxn−1|n−1, (4)

P n|n−1 = AnP n−1|n−1A
T
n +Qn; (5)

and a measurement update step such that εn = yn −
Hnxn|n−1, and Kn = P n|n−1H

T
n (HnP n|n−1H

T
n +Rn)

−1

is the Kalman gain,
xn|n = xn|n−1 +Knεn, (6)

P n|n = (I −KnHn)P n|n−1. (7)
The application of a KF to an SLDS (1)–(2) results in er-

roneous estimates. The well known SKF formulation detects
the switching mode sn and its corresponding model parameters
(An,Qn) at each time step, and estimates the state variables
accordingly. Upon perfect detection of the sequence of modes
{sn}Tn=1 in T time steps, one obtains an optimal estimate of the
state variablexn in terms of both MAP and MSE metrics. Due to
the combinatoric explosion in system mode trajectories involved
in optimal SKFs [10], several approximate SKF algorithms have
been proposed (e.g. [10], [12]).

In this paper, we assume the probability of correct mode
detection is known and the SKF algorithm considered through-
out the paper refers to the MAP estimator, which uses the KF
corresponding to the mode with the largest probability at each
time step. Calculating the measures studied in this paper for
the MMSE-based SKF estimator is a more challenging task
due to the resulting complex, non-Gaussian distributions. Since
MSE(xKF

n|n) ≥ MSE(xMAP
n|n ) ≥ MSE(xMMSE

n|n ), it is clear that
the MSE quantified in this paper provides an upper bound for the
additional error caused by merging modes in an MMSE estima-
tor. Determining the tightness of this inequality is a challenging
undertaking and would be the subject of future work.

IV. DERIVATION OF THE MEAN SQUARED ERROR

To quantify the performance of each filter, we first study the
estimation error imposed by applying a mismatched model to
a single-mode, linear dynamic model in Section IV-A. Then, in
Sections IV-B and IV-C, the effect of applying a single-mode
mismatched KF and SKF to an SLDS is quantified using prior
and transition probabilities of the SLDS.

A. Mismatched Kalman Filter Error

Instead of the state-space equations (1)–(2) with the correct
dynamic evolution model (An,Qn) = (A,Q) at time n, con-
sider a mismatched model using (Ãn, Q̃n) = (Ã, Q̃); (X̃ refers
to the parameter X in the mismatched model). It is well known
that KF estimates are unbiased and optimal, but this is true when
the correct model is used. In order to determine how far estimates
deviate from the correct model estimates, we study the error term
en = xn − x̃n|n, where xn is the ground truth state variable,

x̃n|n is the estimate from the mismatched model, and K̃n = K̃
is the Kalman gain at timen obtained based on equations (4)–(7)
using the mismatched dynamic model (Ã, Q̃), as follows

xn = Axn−1 + νn, (8)

x̃n|n = Ãxn−1|n−1 + K̃(yn −Hnx̃n|n−1)

= Ãxn−1|n−1 + K̃
[
Hn(Axn−1 + νn) + ωn

−HnÃxn−1|n−1

]
, (9)

en = Axn−1 + νn − Ãxn−1|n−1 − K̃
[
Hn(Axn−1 + νn)

+ ωn −HnÃxn−1|n−1

]

=
[
B̃n(A− Ã)

]
xn−1 + B̃n(Ãen−1 + νn)− K̃ωn.

(10)

where B̃n = I − K̃Hn. This defines a new state space model
where the noise terms are white Gaussian (but note that the
measurement noiseωn and state evolution noise B̃nνn − K̃ωn

are dependent) and the input is
[
B̃n(A− Ã)

]
xn−1.

This error term may be studied in terms of its mean and
covariance. The mean is given by

E[en] = B̃n(A− Ã)E[xn−1] + B̃nÃE[en−1]. (11)

To calculate C(en), we need to first calculate the following
covariance terms:

C(e0) = C(x0 − x0|0) = P 0, C(x0) = P 0,

C(xn) = C(Axn−1 + νn) = AC(xn−1)(A)T +Qn,

C(en, xn) = C(xn − x̃n|n, xn) = C(xn)− C(x̃n|n, xn).

We denote C(x̃n|n, xn) by un and let x̃n|n−1 = Ãxn−1|n−1,
and then obtain the following recursion,

un = C(Ãxn−1|n−1 + K̃(yn −Hnx̃n|n−1), Axn−1 + νn)

= B̃nÃun−1A
T + K̃HnAC(xn−1)A

T + K̃HnQn,

K̃ =
[
ÃP n−1|n−1(Ã)T + Q̃

]

×HT
n

(
Hn

[
ÃP n−1|n−1(Ã)T + Q̃

]
HT

n +Rn

)−1
,
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with u0 = C(x0|0, x0|0 + ν0) = 0. Therefore, using (10) and
calculating the covariance, we have

C(en) = K̃Rn(K̃)T + JnC(xn−1)J
T
n

+ B̃nQnB̃
T

n + B̃nÃC(en−1)(Ã)T B̃
T

n

+ JnC(xn−1, en−1)B̃
T

n + B̃nC(xn−1, en−1)J
T
n .

(12)

whereJn = (I − K̃Hn)(A− Ã). All the above variables can
be calculated recursively and exactly, given the prior statistics
xn−1|n−1 and P n−1|n−1.

B. Single-Mode Kalman Filter Error in an SLDS

In this section, an arbitrary single-mode KF with parameters
A,Q is applied to an SLDS, and the MSE is calculated. Let ln
refer to a trajectory from the set of all possible rn trajectories of
discrete modes that may occur, where r is the number of possible
modes to occur at each time step and n is the time step. Also,
let elnn be the conditional error of the KF with trajectory ln, and
note that its mean and covariance can be calculated based on
Section IV-A recursively given the trajectory. Assuming ln =
[ln−1, i] s.t. i ∈ {1, . . ., r} and n > 1, the error at each time is
given by:

elnn =
[
(I −KnHn)(A(i)−A)xln−1

n−1 −Knωn

+ (I −KnHn)(Aeln−1

n−1 + νn)
]
, (13)

en =
∑
ln

δlne
ln
n , E[en] =

∑
ln

πln E[elnn ], (14)

wherexln−1

n−1 and eln−1

n−1 refer to the ground truth state variable and
error for trajectory ln−1, Kn is the Kalman gain for the single-
mode KF at time n, δln equals one when trajectory ln occurs
and is zero otherwise, and πln is the probability of trajectory
ln and can be calculated based on the given SLDS transition
probabilities and priors. Similarly, we compute the covariance
C(en) =

∑
ln
πln E[elnn (elnn )

T
]− E[en]E[en]

T . This formu-
lation can be used to calculate the performance of an arbitrary
single-mode KF in an SLDS.

C. Switching Kalman Filter Error in SLDS

We now calculate the MSE when a SKF algorithm is ap-
plied to an SLDS. Let ln and qn refer to the trajectory that
occurs (the true trajectory) and is detected using the SKF,
respectively, each taking values in the set of all possible rn

trajectories of length n such that ln = [ln−1, i], qn = [qn−1, j],
where i, j ∈ {1, . . ., r}. Also, let e

(ln;qn)
n be the conditional

error based on these trajectories, which can be calculated recur-
sively based on results from Section IV-A given the trajectories
ln and qn:

e(ln;qn)n = (I −K [qn−1,j]
n Hn)

[
(A(i)−A(j))xln−1

n−1 + νn

+A(j)e
(ln−1;qn−1)
n−1

]−K [qn−1,j]
n ωn, (15)

where xln−1

n−1 and e
(ln−1;qn−1)
n−1 refer to the ground truth state and

error when trajectory ln−1 occurs and trajectory qn−1 is detected,
K [qn−1,j]

n is the KF gain assuming detected trajectory of [qn−1, j]
at time n. The error then may be written as

en =
∑
ln

∑
qn

δln;qne
(ln;qn)
n , (16)

Fig. 1. Using the quantified error in this paper, SLDS model with r modes with
evolution matrix and covariance matrix pair (Ai,Qi), ∀i ∈ {1, . . . , r} may be
reduced to SLDS model with (r − 1) modes, where (A2,3,Q2,3) refers to the
evolution matrix and covariance matrix pair of the mode that is obtained from
merging modes 2,3.

where δln;qn equals one when ln occurs and qn is de-
tected, and 0 otherwise. The mean of this random process
is calculated as E[en] =

∑
ln

∑
qn

πln,qn E[e
(ln;qn)
n ] where

πln,qn is the probability that trajectory ln occurs and tra-
jectory qn is detected, which may also be calculated recur-
sively. Similarly, covariance of the error is given by: C(en) =∑

ln

∑
qn

πln,qn E[e
(ln;qn)
n (e

(ln;qn)
n )

T
]− E[en]E[en]

T .

V. DISCUSSION

Some challenges in calculating the derived statistics in prac-
tice are discussed below.

1) Calculating the error statistics in section IV-C considering
the random variableK [qn−1,j]

n requires computing and adding an
exponentially increasing number of terms (equivalent to running
a Monte Carlo simulation). As an approximation, we assume
it to be a deterministic variable approximated by K [qn−1,j]

n ∼
K [j]1×n

n (where [j]1×n is a 1× n vector and all its elements equal
j), or calculating Kn given E[ln−1;qn−1][Pn−1|n−1]. Simulation
results show that the statistics calculated using both approxima-
tions can closely mimic the variations of the estimation error.

2) Applying the formulation to multi-modal SLDS enables
making the optimal decision on which modes to keep in an
SKF framework based on the quantified errors, but at a huge
computational cost due to having rn trajectories at timen. A sub-
optimal, feasible solution to the problem calculates the marginal
transition probability between each pair of modes and applies
the formulation to each pair. In this framework, the collection of
switching dynamic systems is represented using a graph network
where each node is a dynamic system mode, as shown in Fig. 1.
For each pair of nodes: if using an SKF for the pair does not
provide a significant improvement over a single-mode KF using
the proposed formulation, they are merged, and if not, both nodes
are kept. As a result, a multi-modal problem is divided into
multiple bi-modal problems.

3) The recursive calculation of (13) and (15) for all possible
trajectories is practically infeasible as n becomes large. We
consider solutions for the following two scenarios:

(3.i) If the transition probabilities between modes are equal,
the detection rate at each time step for each mode depends
only on the mode that occurs at that time step, and the Kalman
gains are calculated using the considerations discussed in (1),
then the bias at time n based on (16) for a multi-modal sys-
tem can be derived recursively using the same notation as in
Section IV-C:

en =
∑

[ln−1,i]

∑
[qn−1,j]

δ[ln−1,i];[qn−1,j]e
([ln−1,i];[qn−1,j])
n

=
∑

i,j∈{1,...,r}

∑
ln−1

∑
qn−1

δi|ln−1
δ[ln−1;qn−1]δj|i,[ln−1;qn−1]
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× e([ln−1,i];[qn−1,j])
n

(a)
=

∑
i,j∈{1,...,r}

∑
ln−1

∑
qn−1

δi|ln−1
δ[ln−1;qn−1]δj|i,[ln−1;qn−1]

× (I −K [qn−1,j]
n Hn)

[
(A(i)−A(j))xln−1

n−1 + νn

+A(j)e
(ln−1;qn−1)
n−1

]−K [qn−1,j]
n ωn,

(b)
=

∑
i,j∈{1,...,r}

δ∗i δj|i

× (I −K [j]1×n
n Hn)

[
(A(i)−A(j))

∑
ln−1

δln−1
xln−1

n−1+νn

+A(j)
∑
ln−1

∑
qn−1

δ[ln−1;ln−1]e
(ln−1;qn−1)
n−1

]−K [j]1×n
n ωn.

(17)

where δi|κ, δj|κ equal one if mode i occurs and if mode j is
detected given the condition κ occurs, respectively, and they
equal zero otherwise. The equality (a) is concluded based
on the defined state-space model in Section II. The equality
(b) holds if we assume δi|ln−1

= δ∗i∀i ∈ {1, . . . , r} such that
p(δ∗i = 1) = 1

r∀i ∈ {1, . . . , r}, which means that the occur-
rence of each mode at each time step is deterministic and
equiprobable due to equal transition probabilities. Also, we
assume δj|i,[ln−1,qn−1] = δj|i, which means that detection rate
of each mode at time n only depends on the mode that oc-
curs at time n. Moreover, K [qn−1,j]

n ≈ K [j]1×n
n , which means

that the Kalman gain in the derivations is calculated con-
sidering the approximations discussed in (1). Once Eq. (17)
is verified, it is obvious that knowledge of the mean and
(cross-)covariance of xn−1 =

∑
ln−1

δln−1
xln−1

n−1 and en−1 =∑
ln−1

∑
qn−1

δ[ln−1;ln−1]e
(ln−1;qn−1)
n−1 , as well as the noise statis-

tics, is sufficient to recursively calculate the MSE using the first
and second order statistics derived in IV-C. The same reasoning
also applies to the formulation of a single-mode KF in an SLDS,
as a special case of this general scenario.

(3.ii) When the transition probabilities are not equal, the
probability of each trajectory is a deterministic function of the
transition matrix and the initial probabilities. To minimize the
number of exponentially increasing trajectories that need to be
considered for the exact calculation of MSE as in IV-C, one
may approximate the additional error by keeping Nt trajectories
with the largest probabilities and ignoring the rest. The calcu-
lated MSE using the Nt trajectories will be a biased estimate
of the desired value depending on the number of considered
trajectories, the initial prior of each mode, and the transition
matrix between the modes. The number of trajectories required
to keep for an approximation with bounded error increases as
time increases and as the transition probabilities tend to equality.

Mode detection in an SKF has its largest error when all
modes have the same occurrence probability. To verify this,
let ln be the random variable referring to different rn trajec-
tories that may have occurred by time n. If the probability of
all possible trajectories is equal to 1

rn , the uncertainty of the
random variable ln is maximized, and therefore, its detection
error is maximized [28]. Therefore, studying the performance
of an SKF for an SLDS that satisfies the assumptions discussed
above is a computationally feasible and robust metric for the

Fig. 2. MSEs for different filtering schemes in Section VI for (a) a determin-
istic state evolution model and (b) a random evolution model.

purpose of comparison between the performance of an SKF and
a single-mode Kalman filter.

VI. NUMERICAL RESULTS

A bi-modal, 4-dimensional state-space model is generated via
Monte Carlo (MC) simulations, and the error statistics calculated
using analytic derivations are compared with MC simulations
to verify the proposed formulation. An approximation of the
detection rate is assumed to be given in these simulations and
the SKF gain at time n when mode j is detected is approxi-
mated by the gain of the KF corresponding to detected mode
trajectory [j]1×n at time n (the ground truth trajectory can be
[qn−1, j]where qn−1 ∈ {1, . . ., r}n−1). Let the state-space equa-
tions be as presented in (1)–(2), where A(1) = 0.9I4×4, A(2) =

−0.46I4×4 in Fig. 2(a), whereas in Fig. 2(b) A(1) and A(2) are
generated randomly. For both cases, Q(1) = Q(2) = 0.01I4×4,
R = 0.01I4×4, x0 = [1]T1×4, P 0 = I4×4, and H = I4×4 with
the transition matrix [0.5, 0.5; 0.5, 0.5] and the prior [0.5, 0.5].

The single-mode KFs using models (1) and (2), as well as
the “average KF” An = π1A

(1) + π2A
(2), where πi is the

probability of mode i at each time n (calculated based on the
prior and transition probabilities of the discrete mode), are used
for estimation. Intuitively, if the switching distributions are close
to each other (e.g., in the KL divergence sense), the average
filter’s estimates are close to the optimal solution. Alternatively,
if the distributions are far from each other, the average KF’s
estimates are poor.

Using 20 k MC simulations, E[en] and C[en] are computed,
and the MSE is calculated as E[en]

T E[en] + Tr[C(en)] (Tr
is the matrix trace) for the SKF, average KF, and mismatched
single-mode KFs (KF1 and KF2). Fig. 2(a)–2(b) show the
consistency between the analytic and MC-calculated MSEs for
both presented case studies. Superior performance of the SKF
over the single-mode KFs is clearly observed in both cases.
Simulations for state dimensions d > 4 and different system
dynamics also produced consistent results verifying the MSE
derivations.

VII. CONCLUSION AND FUTURE WORK

The MSE performance of the SKF and an arbitrary single-
mode mismatched KF were derived analytically and compared
using a recursive formulation. This formulation may be used
to decide which filter to run operationally for a specific SLDS.
This work is a step towards automating the filter decision process
for a specific SLDS scenario by evaluating the accuracy versus
computation trade-off.
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