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Griffin–Lim Like Phase Recovery via Alternating
Direction Method of Multipliers
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Abstract—Recovering a signal from its amplitude spectrogram,
or phase recovery, exhibits many applications in acoustic signal
processing. When only an amplitude spectrogram is available and
no explicit information is given for the phases, the Griffin–Lim
algorithm (GLA) is one of the most utilized methods for phase
recovery. However, GLA often requires many iterations and results
in low perceptual quality in some cases. In this letter, we propose
two novel algorithms based on GLA and the alternating direction
method of multipliers (ADMM) for better recovery with fewer
iteration. Some interpretation of the existing methods and their
relation to the proposed method are also provided. Evaluations are
performed with both objective measure and subjective test.

Index Terms—Non-convex optimization, short-time Fourier
transform (STFT), spectrogram consistency, phaseless spectro-
gram inversion, STFT-based speech synthesis.

I. INTRODUCTION

IN RECENT years, phase recovery of spectrograms gains
much attention in acoustical applications. This is because,

on the one hand, recent studies have proven that recovering the
phase spectrogram can improve the quality of speech signals
[1]–[5] whose amplitude spectrograms are enhanced by some
processing [6]–[9]. On the other hand, recent statistical speech
synthesis methods attempt to synthesize amplitude spectrogram
without phase [10]–[12]. Phase recovery is essential for the
latter situation because phases are indispensable to generate the
waveform and listen to the synthesized speech. The focus of
this letter is mainly on such situation where no information is
available for the phase to be recovered.

For phase recovery without any information for phase, the
Griffin–Lim algorithm (GLA) has been utilized as the standard
tool [13]. GLA consists of two projections (see Section II-B)
which aim to find the consistent spectrogram [see Eq. (7)] with
the given amplitude, where a spectrogram is said to be con-
sistent when its bins retain the neighborhood relation owing to
the overlapping window in time domain [14]–[16] . Although
GLA has been successfully applied, its slow convergence may
require a significant number of iterations until the quality of
reconstruction becomes satisfactory. Therefore, some modifica-
tions of GLA have been presented for acceleration [17]–[20].
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The importance of accelerating GLA is not only in the com-
putational aspect but also in the improvement of performance.
For instance, synthesized sound with the fast GLA (FGLA) [17]
is often better than that with GLA. This should be because such
acceleration can avoid poor local-minima thanks to the stronger
preference towards a global minimum. Meanwhile, the ability
of the alternating direction method of multipliers (ADMM) to
avoid poor local-minima has been shown in many applications
[21], [22]. This suggests that it might be possible to improve the
performance of GLA by applying ADMM.

In this letter, we propose two ADMM algorithms for phase
recovery. Firstly, GLA is interpreted as an optimization algo-
rithm, and ADMM is adopted for solving the same problem.
Furthermore, its relaxation problem, which can result in better
reconstruction than the original one, is proposed. The novelty
of this letter comes from the application of ADMM to the phase
recovery problem in Eq. (16) and the proposal of its relaxed
version in Eq. (17) together with the algorithm for solving it.
Some interpretation of the existing and proposed methods is
also provided as a part of the contributions.

II. PRELIMINARIES

A. Phase Recovery From Amplitude Spectrogram

Let the short-time Fourier transform (STFT) of a signal x =
(x[0], . . . , x[N − 1])T ∈ RN with a window w ∈ RL be

Gw (x)[ξ, τ ] =
L∑

l=1

x[l + aτ ]w[l]e−2πjξbl/L = X[ξ, τ ], (1)

where j =
√−1, a and b are time and frequency shifting steps,

and τ = 0, . . . , T − 1 and ξ = 0, . . . ,K − 1 denote time and
frequency indices, respectively. The adjoint operator of STFT
G∗

w (inverse STFT) is given by

G∗
w (X)[n] =

T −1∑

τ =0

K−1∑

ξ=0

X[ξ, τ ]w[n − aτ ]e2πjξbn/L . (2)

The pseudo inverse of Gw is G†
w = (G∗

wGw )−1 G∗
w , and it is

easily implemented as G†
w = G∗

w̃ where w̃ is the canonical dual
window associated with w [23]–[25], i.e., x = G∗

w̃Gwx.
Let an amplitude spectrogram A ∈ RK×T

+ be given without
phase. By denoting the image of Gw as Im(Gw ), the phase
recovery problem is formulated as follows:

Find X s.t. X ∈ Im(Gw ), |X[ξ, τ ]| = A[ξ, τ ]. (3)
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This problem aims to find a complex-valued spectrogram X
whose amplitude is the given one A. Its phase is recovered
through the consistency which requires X to be within Im(Gw ).

B. Griffin-Lim Algorithm (GLA)

The first constraint in Eq. (3), X ∈ Im(Gw ), requires X to
be consistent, while the amplitude of X must coincide with
A as requested in the second constraint, |X[ξ, τ ]| = A[ξ, τ ].
GLA implements these constraints directly as an alternating
projection algorithm [13], [26], [27]

X[m+1] = PC1

(
PC2 (X

[m ])
)
, (4)

where m is the iteration index, PC is the projection,

PC (Y) = arg min
X

ιC (X) +
1
2
‖Y − X‖2

Fro , (5)

ιC is the indicator function with respect to a set C,

ιC (X) =
{

0 (X ∈ C)
∞ (otherwise) , (6)

and ‖ · ‖Fro is the Frobenius norm. Here, C1 is the set of the
STFT coefficients X which satisfy the consistency criterion,

C1 =
{
X ∈ CK×T | ∃x ∈ RN s.t. X = Gwx

}
. (7)

The projection onto C1 is given by [25]

PC1 (X) = GwG†
wX, (8)

which ensures PC1 (X) ∈ Im(Gw ). C2 is the set of STFT coef-
ficients whose amplitude coincides with the given one A:

C2 =
{
X ∈ CK×T | |X[ξ, τ ]| = A[ξ, τ ]

}
. (9)

The projection onto C2 is simply given by the Hadamard product
� of the given amplitude and normalized coefficients:

PC2 (X) = A � X̂, (10)

where X̂[ξ, τ ] = X[ξ, τ ]/|X[ξ, τ ]| if X[ξ, τ ] 	= 0, and 0 if
|X[ξ, τ ]| = 0. While GLA has been successfully utilized, it may
require many iterations as usual for the alternating projection
algorithm. FGLA is a variant of GLA which employs Nesterov’s
technique to accelerate it [17].

C. Alternating Direction Method of Multipliers (ADMM)

Many optimization problems arising in the application can be
interpreted as the following minimization problem:

min
X

f(X) + g(X), (11)

where f and g are real-valued functions often related to cost or
loss. ADMM is a well-known algorithm for solving the above
problem by iterating the following procedure [21], [28]:1

X[m+1] = proxf /ρ(Z
[m ] − U[m ]), (12)

Z[m+1] = proxg/ρ(X
[m+1] + U[m ]), (13)

U[m+1] = U[m ] + X[m+1] − Z[m+1], (14)

1This ADMM algorithm is a simplified version for easier explanation of the
proposed method. See [21] for the general form which can handle a wide range
of problems which are more complicated than Eq. (11).

Algorithm 1: Proposed Phase Recovery With the Exact
Consistency in Eq. (16).

Input: X[0]

Initialization: Z[0] = X[0] , U[0] = 0
Output: X[m+1]

for m = 0, 1, . . . do
X[m+1] = PC2 (Z

[m ] − U[m ]) using Eq. (10)
Z[m+1] = PC1 (X

[m+1] + U[m ]) using Eq. (8)
U[m+1] = U[m ] + X[m+1] − Z[m+1]

end for

where ρ > 0, Z and U are the auxiliary variables. One of the key
points of ADMM is that the auxiliary variable U accumulates
the difference of the variables X − Z which may be seen as the
element-wise (signed) distance, and it is added back to X and
Z. The proximity operator defined by [29]

proxf (Y) = arg min
X

f(X) +
1
2
‖Y − X‖2

Fro , (15)

is also important as it eases the problem via the proximity term.
The effectiveness of ADMM has been investigated in many
applications [21], [22].

III. PROPOSED PHASE RECOVERY ALGORITHMS

In this section, we propose two phase recovery algorithms
utilizing ADMM, which can obtain better phase in fewer itera-
tions than GLA. The consistency of spectrograms is considered
either exactly or relaxedly in the proposed algorithms, and the
existence of the solution is guaranteed for the relaxed case.

A. ADMM Phase Recovery With Exact Consistency

The phase recovery in Eq. (3) requires to find a spectrogram
X satisfying both constraints: X ∈ C1 and X ∈ C2 . That is,
X should exist in C1 ∩ C2 and should not be outside it. This
requirement can be recast into the minimization problem,

min
X

ιC2 (X) + ιC1 (X), (16)

because minimization refuses ∞ of the indicator function ιC in
Eq. (6). A solution to Eq. (16) must satisfy both X ∈ C1 and
X ∈ C2 so that ιC1 (X) + ιC2 (X) = 0 and not ∞.

This problem is in the form of Eq. (11) where the ADMM
algorithm in Eqs. (12)–(14) can be applied. Fortunately, the
proximity operators proxιC 1

and proxιC 2
in Eqs. (12) and (13)

can be calculated easily by Eqs. (8) and (10) because a proximity
operator of an indicator function reduces to the projection in
Eq. (5). By applying ADMM to the above problem, we obtain the
first algorithm summarized in Algorithm 1, where the relation
to GLA will be discussed later in Section III-C.

B. ADMM Phase Recovery With Relaxed Consistency

In the first algorithm, two constraints in Eq. (3) are directly
imposed by the indicator functions. However, an artificial ampli-
tude spectrogram may not admit a consistent spectrogram, and
thus C1 ∩ C2 can be empty. For such case, strictly speaking,
a solution to Eq. (16) does not exist, and Algorithm 1 returns
X[m+1] satisfying only X ∈ C2 . Although the effect of such a
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Algorithm 2: Proposed Phase Recovery With the Relaxed
Consistency in Eq. (17).

Input: X[0] , ρ > 0
Initialization: Z[0] = X[0] , U[0] = 0
Output: X[m+1]

for m = 0, 1, . . . do
X[m+1] = PC2 (Z

[m ] − U[m ]) using Eq. (10)
Z[m+1] = proxd2

C 1
/2ρ(X[m+1] + U[m ]) using Eq. (19)

U[m+1] = U[m ] + X[m+1] − Z[m+1]

end for

situation may not be significant in practice, we propose a relaxed
formulation so that its solution always exists.

To ensure the existence of a solution, either of the two con-
straints can be relaxed. In this letter, relaxation of ιC2 is not
considered because the given amplitude spectrogram A is an
essential information which should be preserved, especially in
speech synthesis. In addition, the convex relaxation of ιC2 [30],
[31] often leads to excessive size of the problem in acoustical ap-
plications, which makes it difficult to be solved. Therefore, only
the consistency constraint ιC1 is relaxed here, and the relaxed
problem is formulated as

min
X

ιC2 (X) +
1
2
d2

C1
(X), (17)

where d2
C1

is the squared distance to the set C1 ,

1
2
d2

C1
(X) =

1
2
‖X − PC1 (X)‖2

Fro , (18)

and PC1 (X) ∈ C1 is a closest point to X within the set C1 . With
this relaxation, a solution which satisfies X ∈ C2 and is closest
to C1 always exists.

For applying ADMM to this problem, the proximity operator
of the squared distance, proxd2

C 1
/2ρ , is necessary. By plugging

Eqs. (18) and (8) into Eq. (15), one can see that proxd2
C 1

/2ρ is a
differentiable quadratic function. Thus, its explicit form can be
obtained by setting the derivative to 0:

proxd2
C 1

/2ρ(Y) =
1

1 + ρ

(
ρY + PC1 (Y)

)
. (19)

Our second phase recovery algorithm is summarized in
Algorithm 2, where the projection in Algorithm 1 is replaced
by the weighted average of current value and its projected one.
Note that this proximity operator in Eq. (19) is related to the
projection in Eq. (8) as the limit of ρ tending to 0, and thus the
proposed algorithms are closely related to each other.

C. Relation to Conventional Algorithms

In this subsection, relation between our algorithms and the
conventional algorithms are discussed.

1) GLA and Proposed Algorithm 1: GLA in Eq. (4) can be
regarded as the alternating projection algorithm for Eq. (16),

X[m+1] = PC2 (Z
[m ]), (20)

Z[m+1] = PC1 (X
[m+1]), (21)

Fig. 1. Average PESQ, STOI, and spectral convergence over iterations. Each
row corresponds to each objective measure, while each column represents the
type of amplitude spectrograms inputted to the algorithms.

where Eq. (4) is obtained by omitting the intermediate variable.
Comparing this representation with Algorithm 1, the proposed
algorithm and GLA differ in the auxiliary variable U. This
variable accumulates not only X but also the intermediate state
Z, which balances the effects of the projections so that the update
results in a better outcome for both X and Z.

2) GLA and Proposed Alorithm 2: In Algorithm 2, the con-
straint on C1 is relaxed to the squared distance d2

C1
/2 which

penalizes X outside C1 and becomes 0 when X ∈ C1 . That is,
d2

C1
/2 can be considered as a smoothed version of the indica-

tor function ιC1 [32]. Such smoothing allows us to apply the
projected gradient algorithm to the relaxed problem in Eq. (17),
which reveals an interesting relation to GLA.

The projected gradient algorithm for Eq. (17) is given by

X[m+1] = PC2

(
X[m ] − (μ/2)∇d2

C1
(X[m ])

)
, (22)

where μ > 0 is a step size. Since the gradient of d2
C1

is [32]

∇d2
C1

(X) = 2
(
X − PC1 (X)

)
, (23)

plugging this into Eq. (22) gives a variant of GLA when μ = 1:

X[m+1] = PC2

(
PC1 (X

[m ])
)
. (24)

Thus, Eq. (4) corresponds to the projected gradient method for
Eq. (17) except the order of the projections.

3) Relation to Consistent Wiener Filtering (CWF) [16]: We
briefly mention here that PC1 and proxd2

C 1
/2ρ can be regarded

as the hard- and soft-CWF [16], respectively, if the covariance
matrix is identity. This point of view might be interesting when
one considers a modification of the proposed algorithms.

IV. EXPERIMENTS

For investigating the performance, the proposed algorithms
were applied to speech synthesis.2 Amplitude spectrograms of
200 utterances from TIMIT database [33] (100 males and 100
females) were inputted to the algorithms without phase, and
the recovered speeches were evaluated by objective measures:

2Our MATLAB code is available at Code Ocean: http://doi.org/cxck
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Fig. 2. Boxplots of PESQ and STOI for synthesized speech signals from amplitude spectrograms of 200 utterances in TIMIT database. The boxes indicate the
first and third quartiles. The top row represents the performances after 10 iteration, while the bottom row indicates that of 400 iterations.

PESQ [34], STOI [35], and the spectral convergence [36],

Spectral convergence = ‖A − |Gw (x)|‖Fro / ‖A‖Fro . (25)

To imitate imperfection of generated amplitude spectrograms
in speech synthesis, babble noise [37] was added to the speech
signals, and then the oracle Wiener filter was applied for obtain-
ing degraded amplitude spectrograms. The signal-to-noise ratio
(SNR) before filtering was set to 20 and 0 dB.

The proposed algorithms were compared with the strongly
related algorithms: GLA [13] and FGLA [17]. Algorithm 2 with
different parameters, ρ = 0.1, 0.3, 1.0, will be abbreviated as
Alg. 2a, 2b, and 2c, respectively, while the parameter of FGLA
was set to the default value in [17]. In all conditions, initial
phases were set to zero in the time-frequency domain. STFT
was implemented with the Hann window whose length was 32
ms, and the overlap length was 13.5 ms.

A. Objective Evaluation

The objective performances averaged over 200 speeches are
illustrated in Fig. 1. In all cases, the curves of GLA and Alg. 2
c (ρ = 1) coincide. Recalling that Alg. 1 corresponds to ρ = 0,
the proposed algorithm seems to interpolate the performance
between Alg. 1 and GLA by varying ρ from 0 to 1. While
the proposed algorithm achieved higher scores with smaller ρ
(Alg. 1 and Alg. 2a) for perfect (clean) amplitude spectrograms
(rightmost column), higher ρ (Alg. 2b) seems preferable for
imperfect (noisy) amplitude spectrograms. For every case, the
proposed algorithm tended to outperform GLA in the beginning
(say, less than 100 iterations), while it was comparable to FGLA
with an appropriate parameter ρ.

Boxplots of PESQ and STOI are shown in Fig. 2. As the devi-
ations of the results are similar for all methods, the same trend as
in Fig. 1 can be observed. Although the proposed method with
small ρ (Alg. 1 and Alg. 2a) seems worse than the conventional
algorithms when the amplitude spectrograms are not perfect,
this is perceptually insignificant as shown next.

B. Subjective Test

To evaluate the naturalness of synthesized speeches, subjec-
tive evaluation by MUSHRA (Multiple Stimuli with Hidden
Reference and Anchor) test was conducted. 10 speech signals

Fig. 3. Boxplots of MUSHRA scores for reconstructed speech signals at 10th
iteration that corresponds to the top row of Fig. 2. Scores of the hidden references
are not shown here as they were always 0 or 100.

with 3 conditions (SNR = 0 dB, SNR = 20 dB, and clean) were
evaluated by 10 listeners. For each speech signal, the original
signal and the initial value of the algorithms (zero-phase signal)
were included in the test as hidden references.

Fig. 3 shows boxplots summarizing the MUSHRA scores
with the results of t-test (p < 0.001). For the cases of clean and
SNR = 20 dB, Alg. 1 and Alg. 2a significantly outperformed
both GLA and FGLA, which are consistent with the objec-
tive evaluations. In contrast, when SNR = 0 dB, the scores of
Alg. 1 were higher than GLA, and those of Alg. 2a were higher
than FGLA, which contradicts with Fig. 2. This is because the
speeches synthesized by GLA and FGLA were buzzy, while
the proposed algorithms generated smooth speech signals. As
the computational cost per iteration is similar to that of the
conventional methods, the proposed algorithms are beneficial
especially when a smaller number of iterations is preferable.

V. CONCLUSION

In this letter, we proposed two consistency-based phase re-
covery algorithms based on ADMM. The proposed algorithms
effectively utilize the auxiliary variable of ADMM for modi-
fying phase. The ADMM algorithms were able to avoid buzzi-
ness of the GLA reconstructions, which was reflected in the
subjective evaluation. More specific relation between quality
of reconstructed signals and optimization algorithms should be
investigated in future works.
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