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Sound Field Recording Using Distributed
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Abstract—A sound field recording method based on spherical
or circular harmonic analysis for arbitrary array geometry and
directivity of microphones is proposed. In current methods based
on harmonic analysis, a sound field is decomposed into harmonic
functions with a center given in advance, which is called a global
origin, and their coefficients are obtained up to a certain truncation
order using microphone measurements. However, the accuracy of
the reconstructed sound field depends on the predefined position of
the global origin and the truncation order, which makes it difficult
to apply this technique to an asymmetric array since the criterion
to determine the position of the global origin and the truncation
order is not obvious. We formulate an estimate of the harmonic
coefficients on the basis of infinite-order analysis. This formulation
enables us to estimate the harmonic coefficients at an arbitrary
desired position independently of the position of the global origin
without truncation errors. Numerical simulation results indicated
that the proposed method makes it possible to avoid performance
degradation caused by inappropriate setting of the global origin.

Index Terms—Circular/spherical harmonics, microphone array,
sound field recording, sound field reproduction.

I. INTRODUCTION

SOUND field recording aims to estimate a sound field in-
side a region of interest by using measurements of multiple

microphones, which can be used to reproduce the sound field
by using multiple loudspeakers or a headphone. To obtain these
driving signals for reproducing the sound field, it is inherently
necessary to estimate the entire sound field from the microphone
measurements. A typical strategy for this sound field capturing
problem is to decompose the sound field into spatial Fourier
basis functions [1]. The basis functions are generally chosen on
the basis of the array geometry of the microphones, i.e., plane-
wave functions for planar and linear arrays [2] and spherical,
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cylindrical, or circular harmonics for spherical, cylindrical, or
circular arrays, respectively [3]–[7]. Note that the sound field in-
side a closed surface cannot be uniquely determined by pressure
measurements on its boundary surface [8]. This nonuniqueness
problem is typically avoided by using microphones mounted
on an acoustically rigid object, a microphone array with multi-
ple layers, or an array of directional microphones [3], [5], [7],
[9]–[14].

We here address the problem of estimating circular or spheri-
cal harmonic coefficients using distributed microphones. These
coefficients can be directly used in many sound field reproduc-
tion methods [5], [7], [15], [16]. Laborie et al. [17] proposed a
comprehensive method for estimating spherical harmonic coef-
ficients at a predefined global origin up to a certain truncation
order by solving a linear equation of the coefficients and the
microphone measurements. The use of distributed higher order
microphones (HOM) was proposed by Samarasinghe et al. [18],
[19], in which the global harmonic coefficients are estimated
from multiple local harmonic coefficients on the basis of the
translation theorem. The disadvantage of these methods lies in
the necessity to predefine the global origin and the truncation
order because the criterion of these settings is not obvious.

We propose a sound field recording method based on har-
monic analysis of infinite order. The proposed method enables
us to estimate the harmonic coefficients at an arbitrary position
independently of the global origin; therefore, it is useful for
capturing a sound field using distributed microphones.

II. PRELIMINARIES

We first introduce the basic theory of harmonic representation
of a sound field and its translation.

A solution of the homogeneous Helmholtz equation u(r, k)
of wavenumber k at position r can be expanded around r0 by
using circular or spherical harmonics as

u(r, k) =

{∑∞
μ=−∞ αμ(r0 , k)ϕμ(r − r0 , k) in 2-D∑∞
ν=0

∑ν
μ=−ν αμ

ν (r0 , k)ϕμ
ν (r − r0 , k) in 3-D

= α(r0 , k)Tϕ(r − r0 , k) (1)

where α(r0 , k) ∈ C∞ and ϕ(r − r0 , k) ∈ C∞ are infinite-
dimensional vectors of harmonic coefficients and basis
functions, respectively. The basis function ϕμ(r, k) in
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two-dimensional (2-D) space is defined by using polar
coordinates r = (r, φ) as

ϕμ(r, k) = Jμ(kr)ejμφ . (2)

Similarly, ϕμ
ν (r, k) in 3-D space is defined by using spherical

coordinates r = (r, θ, φ) as

ϕμ
ν (r, k) =

√
4πjν (kr)Y μ

ν (θ, φ). (3)

Here, Jμ(·) is the μth-order cylindrical Bessel function of the
first kind, jν (·) is the νth-order spherical Bessel function of
the first kind, and Y μ

ν (·) is the spherical harmonic function
of order ν and degree μ [20]. The basis functions are scaled
so that α0(r, k) and α0

0(r, k) correspond to u(r, k) at any r
and k. Hereafter, k is omitted for notational simplicity.

Two vectors α(r0) and α(r′
0) of harmonic coefficients

around two different centers r0 and r′
0 can be related as

α(r′
0) = T (r′

0 − r0)α(r0) (4)

where T (r′
0 − r0) ∈ C∞×∞ is a linear operator, i.e., an infinite-

dimensional matrix. This operator in 2-D and 3-D spaces is,
respectively, defined as

[T (r)α]μ =
∞∑

μ ′=−∞
(−1)μ−μ ′

Jμ−μ ′(kr)e−j(μ−μ ′)φαμ ′ (5)

and

[T (r)α]μν =
∞∑

ν ′=0

ν ′∑
μ ′=−ν ′

[
4π(−1)μ ′

jν−ν ′

×
ν+ν ′∑
l=0

jl jl(kr)Y μ−μ ′
l (θ, φ)∗G(ν ′, μ′; ν,−μ, l)

]
αμ ′

ν ′

(6)

where [·]μ is the element of order μ, [·]μν is the element of
order ν and degree μ, and G(·) is the Gaunt coefficient [20].
This operator T (r) is referred to as the translation operator
and is used in several sound field recording and reproduction
methods [15], [18], [19], [21]. As shown in [20], the translation
operator satisfies the following equations:

T (−r) = T (r)−1 = T (r)H (7)

T (r + r′) = T (r)T (r′). (8)

III. ESTIMATION OF INFINITE-ORDER HARMONIC

COEFFICIENTS

Our objective is to obtain the harmonic coefficients α(r)
at an arbitrary position r. We derive the posterior probability
measure of α(r) given the observed signals on the basis of
harmonic analysis of infinite order and Bayesian inference.

A directivity pattern of a microphone is represented as c(φ)
and c(θ, φ) in 2-D and 3-D spaces, respectively. The response of
the microphone at r0 in the sound field u(r), which is expanded

around r0 as in (1), is given by

s =

{∑∞
μ=−∞ c∗μαμ(r0) in 2-D∑∞
ν=0

∑ν
μ=−ν cμ∗

ν αμ
ν (r0) in 3-D

= cHα(r0) (9)

where cν ∈ C and cμ
ν ∈ C are, respectively, obtained from the

circular and spherical harmonic expansion of c(φ) and c(θ, φ),
and c ∈ C∞ is the infinite-dimensional vector of these coeffi-
cients. The detailed derivation of (9) is shown in the supplemen-
tary material.

Suppose that M microphones with arbitrary directivity
c1 , . . . , cM are located at r1 , . . . , rM with an arbitrary array
geometry. The signal observed by the mth microphone is given
by

sm = cH
m α(rm ) + εm

= cH
m T (rm − r0)α(r0) + εm (10)

where εm ∈ C is the sensor noise. Equation (10) can be written
in matrix form as

s = Ξ(r0)Hα(r0) + ε (11)

where s ∈ CM , ε ∈ CM , and Ξ(r0) ∈ C∞×M are, respec-
tively, defined as s = [s1 , . . . , sM ]T, ε = [ε1 , . . . , εM ]T, and

Ξ(r0) =
[
(cH

1 T (r1 − r0))H · · · (cH
M T (rM − r0))H

]
=

[
T (r0 − r1)c1 · · · T (r0 − rM )cM

]
. (12)

The second line of (12) follows from (7). Assuming that ε fol-
lows a circularly symmetric complex Gaussian measure with
covariance Σ ∈ CM ×M as ε ∼ NC(0,Σ), the conditional
probability measure of the observed signals s given α(r0) is

Ps|α(r0 ) = NC(Ξ(r0)Hα(r0),Σ) (13)

where P· denotes a probability measure. Additionally, we as-
sume the prior measure of α(r0) as

Pα(r0 ) = NC(0, σ2
o I) (14)

where I ∈ C∞×∞ is the identity operator. Note that this prior
measure is invariant with respect to r0 . Given (14), the prob-
ability measure of α(r) = T (r − r0)α(r0) at arbitrary r is
derived as [22]

Pα(r) = NC(T (r − r0)0, σ2
o T (r − r0)IT (r − r0)H)

= NC(0, σ2
o I). (15)

The second line of (15) follows from (7). Applying Bayes’
theorem for infinite-dimensional Gaussian measures [23], the
posterior measure of α(r0) is derived as

Pα(r0 )|s = NC(ηα (r0),Σα (r0)) (16)

where ηα (r0) ∈ C∞ and Σα (r0) ∈ C∞×∞ are given by

ηα (r0) = Ξ(r0)(Ψ + σ−2
o Σ)−1s (17)

Σα (r0) = σ2
o [I − Ξ(r0)(Ψ + σ−2

o Σ)−1Ξ(r0)H] (18)



UENO et al.: SOUND FIELD RECORDING USING DISTRIBUTED MICROPHONES BASED ON HARMONIC ANALYSIS 137

with Ψ = Ξ(r0)HΞ(r0) ∈ CM ×M . Using (8), Ψ is represented
as

(Ψ)m,m ′ = cH
m T (rm − r0)T (r0 − rm ′)cm ′

= cH
m T (rm − rm ′)cm ′ (19)

where (·)m,m ′ denotes the (m,m′)th element of the matrix.
Equation (19) indicates that Ψ does not depend on the position
r0 , and only depends on the directivity and positions of the
microphones. Furthermore, when each cm has a finite number
of nonzero elements, Ψ can be calculated accurately without
truncation errors. Note that cm is typically modeled by low-
order harmonic coefficients.

The posterior measure of α(r) at an arbitrary position r given
s is derived as [22]

Pα(r)|s = NC(ηα (r),Σα (r)) (20)

where ηα (r) ∈ C∞ and Σα (r) ∈ C∞×∞ are given by

ηα (r) = T (r − r0)ηα (r0)

= Ξ(r)(Ψ + σ−2
o Σ)−1s (21)

Σα (r) = T (r − r0)Σα (r0)T (r − r0)H

= σ2
o [I − Ξ(r)(Ψ + σ−2

o Σ)−1Ξ(r)H]. (22)

The second lines of (21) and (22) are derived by applying
T (r − r0)Ξ(r0) = Ξ(r) to the first lines. Equations (17) and
(18), respectively, correspond to (21) and (22) by substituting r
for r0 .

In conclusion, the harmonic coefficients α̂(r) at any position
r can be estimated as the posterior mean of α(r) as

α̂(r) = Ξ(r)(Ψ + σ−2
o Σ)−1s. (23)

Furthermore, the reliability of the estimated harmonic coeffi-
cients can be calculated on the basis of the posterior covariance
Σα (r), which will be helpful for evaluating the recordable area
and robustness of a microphone array.

As an example, we show the specific formulation for the case
where all the microphones have omnidirectional directivity in
2-D space. In this case, cm and Ψ are given by

[cm ]μ = δμ,0 (24)

(Ψ)m,m ′ = J0(k‖rm − rm ′ ‖) (25)

where δμ,μ ′ is the Kronecker delta and ‖ · ‖ denotes the Eu-
clidean distance. The matrix Ψ for this situation corresponds
to the normalized spatial covariance matrix in a diffuse sound
field [24].

IV. COMPARISON WITH PRIOR WORKS

We here discuss the difference between the proposed method
and the method proposed in [5] and [17], which is referred to
as a truncation method. In the truncation method, the harmonic
coefficients at the global origin are obtained up to a certain
truncation order N by solving the following equation:

s = Ξ̄(r0)Hᾱ(r0) (26)

where ᾱ(r0) ∈ CN̄ and Ξ̄(r0) ∈ CN̄ ×M are truncated forms of
α(r0) and Ξ(r0), respectively, and N̄ is defined as N̄ = 2N +
1 in 2-D space and N̄ = (N + 1)2 in 3-D space. Its solution
including a regularization term is

ᾱ(r0) = Ξ̄(r0)(Ξ̄(r0)HΞ̄(r0) + λIM )−1s (27)

where λ ∈ [0,∞) is a regularization parameter and IM ∈
CM ×M is the identity matrix. The harmonic coefficients at an
arbitrary position r are obtained by

α̂(r) = T̄ (r − r0)Ξ̄(r0)(Ξ̄(r0)HΞ̄(r0) + λIM )−1s (28)

where T̄ (r) ∈ C∞×N̄ is a truncated form of T (r). In the pro-
posed method, on the other hand, if the sensor noises are uncor-
related and have the same variance, σ−2

o Σ is a scalar matrix and
(23) becomes

α̂(r) = Ξ(r)(Ψ + λIM )−1s. (29)

The main difference between the two methods is whether or not
Ξ(r0) and T (r − r0) are truncated. In the truncation method,
(28) depends on the position of the global origin r0 and the trun-
cation order N . If Ξ̄(r0) and T̄ (r − r0) are not truncated, (28)
corresponds to (29) in the proposed method, which is derived
from T (r − r0)Ξ(r0) = Ξ(r) and Ξ(r0)HΞ(r0) = Ψ. In the
proposed method, these two relations based on the infinite-order
analysis enable us to estimate harmonic coefficients indepen-
dently of r0 .

V. NUMERICAL SIMULATIONS

We performed numerical simulations in 2-D space to eval-
uate the proposed method for the reconstruction of a pressure
field. We compared the proposed method (Proposed) with the
truncation method (Truncation) [17] and the method using dis-
tributed HOM [19]. Nine circular arrays of microphones were
distributed under the condition that the arrays do not overlap.
Their centers were randomly distributed within a circular area
with center (0.0, 0.0) m in Cartesian coordinates and radius
1.5 m. Each circular array consisted of seven omnidirectional
microphones equiangularly aligned on a circle of radius 0.2 m;
therefore, the total number of microphones was M = 63. Open
arrays were used in Proposed and Truncation and rigid arrays
were used in HOM. Gaussian noise was added to each micro-
phone signal so that the signal-to-noise ratio became 30 dB.
The sound speed was set to 340.29 m/s. In Proposed, the regu-
larization parameter was set as σ−2

o Σ = λIM with λ = 10−3 .
In Truncation, two different global origins, r0 = (0.0, 0.0) m
and r0 = (1.5, 0.0) m, were investigated. The truncation order
was 31 and the regularization parameter in (28) was λ = 10−3 .
In HOM, the global origin was r0 = (0.0, 0.0) m and the trun-
cation order and regularization parameter were determined as
described in [19]. In this simulation, mutual scattering effects
between the rigid circles were ignored.

Fig. 1 shows the original and reconstructed sound pressure
distributions for a single-frequency plane wave traveling along
the y-axis in the positive direction at a frequency of 650 Hz. The
estimated normalized error distribution based on (22) and the
actual normalized error distributions are shown in Fig. 2. The
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Fig. 1. Sound pressure distributions for (a) original, (b) proposed, (c) truncation: r0 = (0.0, 0.0) m, (d) truncation: r0 = (1.5, 0.0) m, (e) HOM.

Fig. 2. Normalized error distributions for (a) estimate, (b) proposed, (c) truncation: r0 = (0.0, 0.0) m, (d) truncation: r0 = (1.5, 0.0) m, (e) HOM.

black dots represent the positions of the microphones. In spite
of a forbidden frequency of the single open circular array (i.e.,
J0(kR) ≈ 0 at 650 Hz and R = 0.2 m), high reconstruction
accuracy was achieved by Proposed. This is because all 63
microphones are considered as a single large microphone array
in the proposed method. Truncation and HOM also achieved
high accuracy when r0 was (0.0, 0.0) m; however, unwanted
distortion arose in the peripheral area when r0 was (1.5, 0.0) m
in Truncation.

To investigate the relationship between the frequency and
performance, we define the signal-to-distortion ratio (SDR)
SDR(k) as

SDR(k) = 10 log10

∫
r∈V |u(r, k)|2dr∫

r∈V |u(r, k) − û(r, k)|2dr
(30)

for a circular evaluation area V with center (0.0, 0.0) m and
radius 1.5 m. Here, u(r, k) and û(r, k) are the true and re-
constructed sound pressures, respectively. The integrals in (30)
were discretized with an interval of 0.02 m. The SDRs were
calculated for 16 array geometries of the microphones and 64
plane waves arriving from equiangular directions. Fig. 3 shows
the average of all 1024 SDRs at each frequency. We also plotted
the estimated SDR given by

SDRestimate(k) = 10 log10

∫
r∈V σ2

o dr∫
r∈V [Σα (r, k)]0,0dr

(31)

where [Σα (r, k)]0,0 denotes the posterior variance of the zeroth
harmonic coefficient α0(r, k). At low frequencies, Proposed and
Truncation achieved almost the same performance regardless of
the position of the global origin. At high frequencies, however,
Proposed achieved higher performance than Truncation. This
is because the truncation error in Truncation becomes large at
high frequencies. In HOM, the reconstruction errors are larger

Fig. 3. SDR with respect to frequency.

than those of the other methods. It can be considered that the
errors of local coefficients propagate to the global coefficients.
Proposed reduces this error propagation by dealing with all the
microphones as a single array and maintains relatively high
performance up to high frequencies. In addition, the estimated
SDRs almost correspond to the actual SDRs in Proposed. This
indicates that the proposed method will also be applicable to
the evaluation of microphone arrays, although detailed studies
remain as future work.

VI. CONCLUSION

We proposed a new sound field recording method for an array
of distributed microphones. The proposed method is based on
a formulation using harmonic analysis of infinite order. The
harmonic coefficients at an arbitrary position can be obtained
independently of the global origin; therefore, it is possible to
avoid performance degradation caused by inappropriate setting
of the global origin. We also derived the posterior covariance
for estimating the performance of a microphone array.
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