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Abstract—Spatial Temporal Graph Convolution Networks (ST-
GCNs) have been proposed to embed spatio-temporal graphs. How-
ever, these networks used the Euclidean space as the embedding
space which does not exploit the structure of the embedded graphs.
Euclidean space has been shown not to be the ideal space for embed-
ding graphs especially with tree-like structures. In this work, we
make use of hyperbolic geometry and introduce a compact tangent
space-free Lorentz ST-GCN and call it LSTGCN that perform the
network operations directly on the manifold without resorting to
the tangent space. The network uses spatial and temporal modules
to propagate features between adjacent nodes in both, the spatial
domain and the temporal domain, respectively. In addition, we in-
troduce an attention module which can automatically determine the
similarity of nodes without the need for the graph adjacency matrix.
Experiments have been conducted on traffic flow forecasting tasks
to show the effectiveness of the proposed compact Lorentz model.

Index Terms—Hyperbolic geometry, Lorentz model, spatial
temporal graph convolution networks, spatio-temporal graphs,
traffic forecasting.

I. INTRODUCTION

MANY problems can be modelled using graph structures
with the entities as the graph nodes and the relationship

between the entities as the graph edges. For example, citation
networks can be represented as static graphs [1] and the se-
quence of human skeletons as spatio-temporal graphs [2]. Graph
Convolution Networks (GCNs) were proposed to model the
spatial relationship between static graph nodes and generalized
the convolution operation to any graph data [3], [4]. Spatial
Temporal Graph Convolution Networks (ST-GCNs) were then
introduced to embed spatio-temporal graphs, for example, for
traffic forecasting [5] and for human action recognition [2], [6],
[7] tasks. However, these methods used the Euclidean space for
embedding graph features which is not the natural space for
embedding such data and introduces a large distortion [1], [8].
The hyperbolic space is the natural space to represent graph
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data as the space volume is growing exponentially which is
perfect specially for tree-like data that grow exponentially with
respect to the tree depth [1], [8], [9]. Subsequently, Hyperbolic
Graph Convolution Networks (HGCNs) were proposed to take
advantage of the hyperbolic geometry to embed static graph
data in the hyperbolic space [1], [10]. HGCNs were extended to
embed spatio-temporal graph data [9] for the graph classification
human action recognition task. A comprehensive survey about
hyperbolic learning can be found in [8].

However, these methods used the tangent space which is a
Euclidean local approximation to the hyperbolic space at a point
to perform network operations [1], [10], [11], [12]. The work
in [13] used normalization to keep the learnt features for static
graphs on the manifold. Their implementation was a relaxation
and the points were not restricted to lie on the manifold. In [14],
the authors built a hyperbolic network by imposing the orthog-
onal constraint on a sub-matrix of the transformation matrix
for static graphs. In [15], the authors used manifold-preserving
Lorentz transformations to learn features for static graphs. Dif-
ferent from earlier works, we design a tangent space-free Lorentz
network to embed features for spatio-temporal graphs that are
more challenging than static graphs due to the graph features
evolving through time and without the need for normalization.
We evaluate the performance of the proposed method on the
traffic forecasting task. Traffic flow prediction is an important
area of research in order to build a smart traffic management
systems. Deep learning methods have been used for traffic flow
prediction [16], [17], [18], [19], [20], [21]. Methods based on
GCNs were successfully applied to this task [5], [22], [23],
[24]. However, all the methods used the Euclidean space for
embedding the spatio-temporal graph features which does not
match the topology of the graph. The contribution of this work
can be summarized as:
� We design a compact tangent space-free Lorentz ST-GCN

(LSTGCN) to embed spatio-temporal graphs which ex-
ploits both spatial and temporal connections. To the best of
our knowledge, this is the first work to optimize a hyper-
bolic network directly on the manifold for spatio-temporal
graphs to perform network operations without resorting to
the tangent space and without normalization.

� We introduce an attention module to dynamically infer
the relationship between graph nodes on the hyperbolic
manifold without the need for a graph static adjacency
matrix as was the case for other methods.

� We evaluate the performance on traffic forecasting datasets
and show that our proposed method achieves better
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performance with less number of parameters compared to
other Euclidean methods using small models.

II. PROPOSED METHOD

A. Graph Notations

A static graph is a set of nodes with features and a set of
edges i.e., G = {V, E} where V = {v1, v2, . . . , vn} is the set of
n graph nodes and E is the set of graph edges that connect the
graph nodes. The edge set E can be encoded in an adjacency
matrix A ∈ Rn×n where Ai,j ∈ [0, 1) can represent the weight
of the edge between graph nodes vi and vj . Each node vi has a
feature vector xi of dimension d and X = {x1, x2, . . . , xn} is
the set of feature vectors of all graph nodes. A spatio-temporal
graph evolves across the time domain and can be thought of as a
set of static graphs i.e., S = {G1, G2, . . . , GF } where F is the
number of frames or observations for this graph with Xt as the
features of the graph nodes at time step t.

B. Lorentz Transformations

Lorentz transformations are manifold-preserving transforma-
tions which can be used to directly transform graph features
Xt on the hyperbolic manifold [15]. A Lorentz transformation
matrix Λ is a linear transformation matrix for the hyperbolic
space (refer to [25] for an introduction to hyperbolic geometry).
The matrix Λ must then satisfy the following constraint:

ΛT gLΛ = gL (1)

where Λ ∈ R(d+1)×(d+1) and T represents the transpose op-
eration of the matrix. Λ belongs to the Lorentz group and is
orthogonal with respect to the Minkowski metric gL where
gL = diag(−1, 1, . . . , 1) is a diagonal matrix that represents
the Riemannian metric for the Lorentz model of the hyperbolic
manifold [26]. Note that for the case of the Euclidean space
with the metric as the identity matrix, the transformation matrix
is orthogonal with respect to the Euclidean metric in a similar
way. The Lorentz transformation can be decomposed into a
spatial rotation and a boost operations [15] and [13] by polar
decomposition. The spatial rotation operation rotates the spatial
coordinates whereas the boost operation moves a point along
the time coordinate without rotating the spatial coordinates. The
spatial rotation matrix is given by:

P =

[
1 0

0 O

]
(d+1)×(d+1)

(2)

where O belongs to the special orthogonal group SO(d) i.e.,
OTO = I. It can easily verified that P indeed satisfies (1). O
can be learnt by restricting the learnt kernel to be orthogonal.
The boost matrix is:

L =

[
coshω (sinhω)nT

d

(sinhω)nd I− (1− coshω)nd ⊗ nd

]
(d+1)×(d+1)

(3)

where nd is the hyperbolic rotation axis and ω is the hyperbolic
rotation parameter (similar to the case using a circular rota-
tion axis and a circular rotation parameter for circular\regular

Fig. 1. Feature transformation and aggregation steps in the proposed method.

rotation). ⊗ represents the outer product operation. It can be
shown that L satisfies (1) as well. Since both P and L satisfy
(1), their productPL satisfies the Equation as (PL)T gL(PL) =
LT (PT gLP)L = LT gLL = gL.

C. Learning Features Across Spatial Domain in LSTGCN

The Lorentz transformation matrix PL can be used for the
feature transformation step for the spatial module in LSTGCN.
This can be represented as:

Yh,l
t = Xh,l

t PlLl (4)

where h stands for hyperbolic features at a frame t for a layer l
in the network. To get the initial hyperbolic features for the first
layer, the exponential map [1] is used to map the features from
the tangent space at the origin to the hyperboloid.

For feature aggregation, the Lorentz centroid [27], [28] which
minimizes the squared Lorentzian distance can be used:

xh,l+1
t,i =

√
K

∑
j∈NS(i) wi,jy

h,l
t,j

|‖∑j∈NS(i) wi,jy
h,l
t,j ‖L|

(5)

where −1/K is the constant negative curvature for the hyper-
boloid (K > 0), NS(i) is the neighbor set for node vi which
includes the node itself andwi,j is the weight of the edge between
nodes vi and vj , for example, the element Ai,j in the adjacency
matrixA. Fig. 1 shows a visualization for feature transformation
and aggregation steps using Lorentz transformations (left) and
Lorentz centroid (right), respectively.

D. Attention Module for Learning Similarities in LSTGCN

The weight of the edge wi,j between nodes vi and vj can
be learnt using attention values instead of using fixed weights
from the graph adjacency matrix A. A Lorentz transformation
matrix Λ can be used as the weights for forming the keys and
queries. The keys are then Kh,l

t = Xh,l
t Λl

k and the queries are
Qh,l

t = Xh,l
t Λl

q whereΛl
k andΛl

q are the Lorentz transformation
weights for the keys and the queries, respectively. To determine
the similarity between two nodes on the Lorentz manifold,
the squared Lorentzian distance can be used. The squared
Lorentzian distance between the hyperbolic embeddings xh,l

t,i

and xh,l
t,j of the graph nodes vi and vj at time t for layer l has the

form:

d2L(x
h,l
t,i , x

h,l
t,j ) = −2〈K + 〈xh,l

t,i , x
h,l
t,j 〉L〉 (6)
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Fig. 2. Propagating features between graph nodes across the time domain.

where 〈., .〉L : Rd+1 × Rd+1 → R is the Lorentz-Minkowski
inner product where 〈x, y〉L :=

∑d
i=1 xiyi − x0y0 = xT gLy.

The edge weight wt,l
i,j between a hyperbolic query qh,lt,i and a

hyperbolic key kh,lt,j for graph nodes vi and vj can then be
computed as:

wt,l
i,j =

exp(−d2
L(q

h,l
t,i ,k

h,l
t,j )/

√
n)∑n

m=1 exp(−d2
L(q

h,l
t,i ,k

h,l
t,m)/

√
n)

(7)

These calculated weights give attention to nodes depending on
the similarity between nodes.

E. Learning Features Across Temporal Domain in LSTGCN

In Euclidean ST-GCNs, each node can be connected to the
corresponding node in the previous frame (except for the first
frame) and to the next frame (except for the last frame) to
propagate features between nodes through the temporal domain.
For a kernel Γdout×r×din where dout is the dimension of the
output feature, din is the dimension of the input feature and r is
the length of the kernel. The output Euclidean feature at index
j for layer l at a given frame t can be expressed as:

xe,l
t,j =

r∑
i=1

Γj,ixe,l
t−(r+1)/2+i (8)

Similarly, we need to design a similar operation for the hyper-
bolic space which is manifold-preserving and having the same
number of parameters i.e., using a kernel Γdout×r×din for it to
be cheap as the case for the Euclidean space. Fig. 2 shows a vi-
sualization of the tangent space-free convolution-like operation
across the time domain that is needed to propagate features be-
tween different time steps. The convolution-like operation must
satisfy the manifold-preserving condition i.e., Λt

T gLΛt = gL
for each graph t in the sequence. Since the convolution operation
for the Euclidean space in (8) is an inner product i.e., scaling
each feature index entry by the corresponding kernel index entry
then followed by summation, we propose an operation using
hyperbolic rotations which can be thought of as a scaling of the
corresponding spatial dimension. The hyperbolic rotation using
a hyperbolic rotation parameter ω can be expressed as:

R =

[
coshω sinhω

sinhω coshω

]
(9)

Fig. 3. Hyperbolic rotation for hyperbolic scaling vs scalars for scaling.

Fig. 4. Tangent space-free network for traffic forecasting.

Fig. 3 shows a visualization of the scaling using hyperbolic
rotations for hyperbolic spaces and the scaling using scalars for
Euclidean spaces. The hyperbolic rotation operation is manifold-
preserving and the summation operation in the Euclidean space
case can be replaced by the Lorentz centroid (5) which is
manifold-preserving for the hyperbolic space. It is also worth
mentioning that the general hyperbolic rotation using (3) can be
used also with the same number of parameters using a kernel
Γdout×r×din i.e., using the same kernel size.

F. LSTGCN Full Network Architecture

The design of the tangent space-free Lorentz ST-GCN for the
traffic forecasting regression task is shown in Fig. 4. A residual
skip connection is used which is implemented using the Lorentz
centroid in (5). To obtain the final prediction, the distance
between the node feature and a set of trainable centroids on
the manifold is calculated which is then fed to a fully connected
layer to predict the output for the traffic forecasting regression
tasks.

III. EXPERIMENTAL RESULTS

A. Datasets

Traffic data can be represented as spatio-temporal graph to
predict the traffic flow, for instance. We use four traffic datasets
from California, namely, PEMS03, PEMS04, PEMS07 and
PEMS08 [22]. The traffic data collected from traffic sensors
is aggregated into 5-minute intervals. The task is to predict the
traffic flow in the next hour (12 time steps) given the traffic
flow data of the last hour. For performance evaluation, the mean
absolute error (MAE) and the root mean squared error (RMSE)
are used. The same data split is used as in previous works to
divide the data into training set, validation set and test set as
6:2:2.
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TABLE I
PERFORMANCE COMPARISON BETWEEN DIFFERENT METHODS. H STANDS FOR HYPERBOLIC

B. Performance Evaluation

For performance comparison, the following baselines which
use the Euclidean space for features embedding are used:
1) TGCN [29] is a recurrent network that used GCN to model the
spatial relationships between nodes and a gated recurrent unit
to capture the temporal relationships; 2) A3TGCN [30] added
attention parameters to TGCN to capture the relevant features
across the time domain; 3) AGCRN [18] used adaptive modules
to enhance the performance of the recurrent GCN; 4) STGCN [5]
used GCN to model the spatial dependence and a temporal
1D convolution to propagate feature across the time domain;
5) ASTGCN [23] introduced attention modules to the design of
STGCN; 6) DSTAGNN [31] used multi-scale gated convolution
and pre-processed graphs for capturing spatio-temporal dynam-
ics to improve the performance. We scaled down the baseline
methods to obtain light-weight compact models with the best
possible performance.

Table I shows the performance comparison between different
methods using MAE and RMSE metrics. MAE is a linear oper-
ator (L1 norm) which gives equal weights to each error whereas
RMSE is a quadratic operator (L2 norm) which penalizes big
errors. The Dim column in the table represents the dimension
for the latent features used in the model. The Count column
shows the number of parameters in each model and the Ratio
column shows the count ratio with respect to the parameter
count in LSTGCN. LSTGCN achieved the best performance
compared to other methods for most datasets using the least
number of parameters. ASTGCN achieved a better performance
on the PEMS04 dataset but ASTGCN has far more number of
parameters (1.56M vs 3.87K) than LSTGCN or about 403.1
times the number of parameters in our method. The results
show the effectiveness of using hyperbolic networks for embed-
ding spatio-temporal graphs using light-weight compact models
having less number of parameters. In addition, LSTGCN uses
attention to determine similarities between nodes without using
the graph adjacency matrix as the case for other methods.

C. Ablation Study

Table II shows an ablation study to compare the perfor-
mance after removing one of the components from LSTGCN.
Removing temporal or spatial modules decreases the model
performance as these modules propagate features through the
temporal and spatial domains, respectively. The attention mod-
ule helps the network to focus on relevant information in the

TABLE II
ABLATION STUDY TO SHOW THE EFFECT OF DIFFERENT MODULES

Fig. 5. MAE and RMSE for different time steps on the PEMS03 dataset.

input sequence. Adding a path as a residual skip connection helps
in back-propagation and updating the model weights. Fig. 5
shows a visualization for the error of different time steps on
the PEMS03 dataset. Adding more modules to the hyperbolic
network that are manifold-preserving can potentially improve
the performance of hyperbolic networks. More analysis can be
found in the supplementary materials and the code is available
at: https://github.com/leoamb/LSTGCN.

IV. CONCLUSION

We introduced a tangent space-free Lorentz Spatial Temporal
Graph Convolution Network to embed spatio-temporal graphs.
The performance was evaluated on the traffic forecasting task
and very good results were achieved using compact hyperbolic
models with small number of model parameters which can make
it suitable for mobile applications. The promising results show
the superiority and the advantage of using the hyperbolic space
over the traditional Euclidean space. This work can be extended
by adding more manifold-preserving operations that can poten-
tially increase the effectiveness of hyperbolic networks.

https://github.com/leoamb/LSTGCN
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