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Joint Sparse Coding and Frame Optimization
Geoff Goehle and Benjamin Cowen , Member, IEEE

Abstract—We present two extensions of the Split Augmented
Lagrangian Shrinkage Algorithm (SALSA), each addressing the
joint optimization of a parameterized tight frame and their cor-
responding sparse coefficients. The two extensions, Parameter
ADMM and Unrolled SALSA, can be adapted for either Basis
Pursuit (constrained) or Basis Pursuit Denoising (unconstrained).
The algorithms showcase the flexibility of the recently proposed
Enveloped Sinusoid Parseval (ESP) Frames, and in particular, their
aptitude for morphological component analysis (a sparsity-based
approach to source separation) even when the source sparsity mod-
els have unknown parameters. We present a sample application
using ESP frames to disentangle an additive mixture of two signal
components, and empirically evaluate each algorithm’s accuracy
in recovering the components’ parameters, their robustness in the
presence of Gaussian white noise, and compare their performance
to a traditional nonlinear least squares approach. The results in-
dicate that Parameter ADMM and Unrolled SALSA outperform
nonlinear least squares in low noise settings.

Index Terms—Signal processing, optimization, sparse represen-
tations, compressed-sensing.

I. INTRODUCTION

S PARSE Coding is the problem of finding an efficient rep-
resentation of some data in the range of a sparsifying

transform, i.e., where the corresponding vectors of coefficients
are mostly zero. When the sparsifying transform is known, the
problem of recovering these coefficients from a data vector
is a convex optimization problem that can be addressed by
a wide variety of algorithms with mathematically guaranteed
convergence [1], [2], notably including the Split Augmented
Lagrangian Shrinkage Algorithm (SALSA) [3], [4]. However,
when the sparsifying transform is also unknown, its joint opti-
mization with the sparse coefficients is generally nonconvex [5],
[6], [7]. This problem has been studied extensively for specific
classes of signals [8], [9], [10] and is also known as dictionary
learning [11].

Morphological Component Analysis is a generalization of
Sparse Coding that seeks to separate additive mixtures by
specifying their constituent components with differing sparse
transforms [12], [13], [14]. The code inference subproblem is
still convex, and can be solved by alternating direction method
of multiplier (ADMM) based methods like SALSA; however,
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the general multi-dictionary learning problem is very ill-posed
as the sparsifying transforms must efficiently represent their
constituent component, but not the others [15], [16]. In practice,
this requirement makes it difficult to provide hand-picked dic-
tionaries for source separation [17], [18]. Enveloped Sinusoid
Parseval (ESP) frames [19], [20] are a recent approach for
generating sets of well-behaved sparse transforms from param-
eterized templates whose parameters, as shown in this work, are
particularly amenable to optimization.

Many �1-based dictionary learning frameworks employ itera-
tive optimization algorithms. A recently emerging technique in
this field is to implement a truncated version of such an algo-
rithm, i.e. for a fixed number of iterations, using a differentiable
model [15], [21], [22]. This approach, nicknamed unrolling, uses
error backpropagation to modify model parameters, commonly
including dictionary-like components [23] and sometimes ex-
plicitly used for dictionary learning [24].

This letter presents two dictionary learning algorithms for
the joint optimization of sparse transforms and their codes.
First, a familiar ADMM-based approach to the problem is pre-
sented along with practical notes for accelerating convergence.
Then, Unrolled SALSA is introduced, which uses an innovative
forward-derivative approach to allow for arbitrarily large num-
bers of iterations (20,000 in the application presented herein).

Section II briefly establishes background material while the
algorithms are described in Sections III and IV. Section V intro-
duces a particular set of parameterized frames which are used in
Section VI to demonstrate both joint optimization algorithms,
analyze their robustness to noise, and compare their performance
against a nonlinear least squares approach.

II. SALSA

Given a parameter vectorθ letA(θ) be a tight frame [25] such
that ‖A(θ)∗ y ‖2 = α‖y ‖2 for all N -dimensional data vectors
y. Suppose also that A(θ) is continuously differentiable as a
function of θ. We are interested in solving the �1-regularization
problems

(θ∗,x∗) = arg min
θ,x

‖λ�x ‖1 s.t. A(θ)x = y, (1)

(θ∗,x∗) = arg min
θ,x

‖λ�x ‖1 + 1

2
‖A(θ)x−y ‖22, (2)

where λ is a weighting vector that controls both the degree to
which sparsity is prioritized over reconstruction fidelity in (2)
as well as relative prioritization between frame vectors. Given
a fixed θ, (1) and (2) are well understood convex optimization
problems, known as “Basis Pursuit” and “Basis Pursuit Denois-
ing,” respectively, both of which have guaranteed unique solu-
tions that can be approximated using SALSA, which reframes
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Algorithm 1: Parameter ADMM.

if performing BP then β = 1/α else β = (μ+ α)−1

Initialize μ > 0, γ > 0, θ, x = Ay, and d = 0
while stopping criteria not satisfied do
v← soft(x+d,λ /μ)− d
θi ← θi − γ(∂θi A(θ)v)∗(y−A(θ)v)
x← v+βA(θ)∗(y−A(θ)v)
d← x−v

end while

each problem using the Augmented Lagrangian Method [2] and
solves the result using ADMM [26]. For (2), the augmented
Lagrangian problem becomes

u ← arg min
u
‖λ�u ‖1 + μ

2
‖u−x−d ‖22 (3)

x ← arg min
x

1

2
‖y−Ax ‖22 +

μ

2
‖u−x−d ‖22 (4)

d ← d−(u−x) (5)

for some μ > 0 that affects convergence rate, but not the solu-
tion. Note that for tight frames (3) and (4) have exact solutions:

u = soft (x+d,λ /μ) (6)

x = v+βA∗ (y−Av) (7)

where v = u−d, β = (μ+ α)−1, and soft is the soft thresh-
olding function. The Basis Pursuit formulation has the same set
of update formulas except with β = 1/α.

Our goal is to generalize SALSA so that the optimization also
includes the frame parameters θ.

III. PARAMETER ADMM

The Parameter ADMM algorithm extends the x-subproblem
(4) to

(x,θ)← argmin
x,θ

1

2
‖y−A(θ)x ‖22 +

μ

2
‖u−x−d ‖22.

(8)

We observe that when this is addressed with alternating mini-
mization [15], the iteration can be collapsed into a single step by
plugging in the closed-form solution (7) to the θ-subproblem.
After some manipulation, we have

θ ← argmin
θ

c‖A(θ)v−y ‖22 (9)

where c is a constant depending on μ and β. Problem (9) is
generally non-convex, but for amenable parameterizations it is
continuously differentiable. We opt for a first-order approach,

θi ← θi − γ(∂θi A(θ)v)∗ (y−A(θ)v) , (10)

where γ is our learning rate. The full procedure is described in
Algorithm 1.

In practice we modify Algorithm 1 in two ways: first, θ is
updated slowly, only once for every M updates of v and x.
This allows v and x to gather momentum between updates.

Algorithm 2: Unrolled SALSA.

if performing BP then β = 1/α else β = (μ+ α)−1

Initialize μ > 0, γ > 0, θ, x = Ay, and d = 0
while stopping criteria not satisfied do
v← soft(x+d,λ /μ)− d
∂θi v← ∂θisoft(x+d,λ /μ)� (∂θi x+∂θi d)− ∂θi d
x← v+βA(θ)∗(y−A(θ)v)
∂θi x← ∂θi v+β∂θi A(θ)∗(y−A(θ)v)
−βA(θ)∗(∂θi A(θ)v+A(θ)∂θi v)

d← x−v
∂θi d← ∂θi x−∂θi v
if performing BP then
θi ← θi − γ

∑
j λ[j]|x[j]|Re(∂θi

x[j]

x[j] )

else
θi ← θi − γ

(∑
j λ[j]|x[j]|Re(∂θi

x[j]

x[j] )

+(A(θ)x−y)∗(∂θi A(θ)x+A(θ)∂θi x)
)

end if
end while

When M is large enough that they converge, we have recovered
Alternating Minimization, running SALSA between updates
of θ. We heuristically selected M = 20 for results herein, as
it produces sufficient SALSA convergence to support stable
updating of θ. Second, instead of a constant learning rate γ,
an adaptive learning rate is used, which allows θ to carry
momentum from past updates. We utilize the common Adaptive
Moment Estimation (Adam) algorithm [27] to vary the learning
rate.

IV. UNROLLED SALSA

Another way to address Problems (1) and (2) is to treat SALSA
(3)–(5) as a differentiable function, using error backpropagation
to apply gradient-based updates to θ. This approach is known
as unrolling [15], [21]. However, to implement backpropagation
on unrolled algorithms, computer memory must be allocated to
save the intermediate outputs of each iteration, precluding the
use of many iterations.

We propose to instead compute the forward derivative of
SALSA during inference, which supports an arbitrary number
of iterations. We use Wirtinger derivatives [28] to account for
vector spaces over C, which admit convenient formulations for
the complex soft function and �1-norm cost functions:

∂τ |x| =
{
|x|Re [∂τx

x

]
x �= 0

0 x = 0
,

∂τ soft(x, T ) =

{(
1− T

2
1
|x|
)
∂τx+ T

2
x(∂τx)

∗

|x|x∗ |x| > T

0 |x| ≤ T.

From these, the derivatives of the cost functions (1)–(2) and
their solutions via SALSA (3)–(5) follow, suggesting a gradient
descent update formula for θ. This procedure, Unrolled SALSA,
is presented in Algorithm 2.

Note that the computation of the forward derivative couples
the variables’ update formulas, making the order of the steps
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more important than in SALSA or ADMM. As with Parameter
ADMM, we suggest that θ be updated only once every M
updates of v and x, where M is chosen so that there is sufficient
SALSA convergence to support alternating minimization. We
use M = 20 for the application presented below. Furthermore,
we again use the Adam optimizer [27] to adaptively adjust the
learning rate γ. Note that with this approach, after each θ update,
we effectively hot-start the next round of SALSA computations
with the coefficients and the derivatives from the previous round
of SALSA updates.

This last point is particularly subtle. The SALSA subproblem
is guaranteed to converge to a global minimum, and tends to
converge faster given hot-started coefficients. The computation
of the gradient, however, accumulates error since the hot-started
derivatives are only approximately correct given the updated
parameters. This accumulation of error thus requires the deriva-
tive estimate to be periodically reset to zero to prevent numerical
instability. A formal analysis of this algorithmic mechanism is
outside the scope of this work.

V. ENVELOPED SINUSOID PARSEVAL FRAMES

While Algorithms 1 and 2 both work for any differentiably
parameterized tight frame, we use ESP frames [19], [20]: Par-
seval frames defined by a set of L complex envelopes {el}
modulated by discrete Fourier Transform basis functions and
circularly shifted in time. Frame coefficients are indexed by
envelope number l, frequency bin k, and time shift index m.
The analysis matrix is defined to be

A[l, k,m, n] =
el[m− n mod N ]√

NL‖ el ‖2
exp

(
2πik(n−m)

N

)
,

(11)
where l, k,m are jointly represented as the single index j for
the purposes of Algorithms 1 and 2. Theorem 1 of [19] proves
that any collection of envelopes, including any parameterized
collection el(θ), form a tight-frame in the ESP framework. The
optional normalization term in (11) further guarantees thatA(θ)
is a Parseval frame with α = 1 for any specific values of θ (at
the cost of a much more complicated derivative).

ESP frames are specifically useful in this context for two
reasons. First, because any set of envelopes can define an ESP
frame, we observe that the derivative of an ESP frame with
respect to parameter θi is another ESP frame defined by the
envelopes ∂ el

∂θi
. We call this the derivative frame, ∂θi A, and

note that it may not be a Parseval frame. Second, there are
robust, GPU-accelerated, FFT-based formulas for computing the
analysis and synthesis operators of ESP frames [20], which make
it feasible for iterative algorithms.

VI. APPLICATION

In this section we demonstrate both algorithms with a pa-
rameter estimation problem. We will consider a noisy additive
mixture of two circularly shifted and modulated envelopes el
given by

e1(t) = exp

(−0.5(t− t1)
2

102θ1

)
, (12)

e2(t) =

⎧⎨
⎩
exp

(
t−t2
10θ2

)
t < t2

exp
(
−(t−t2)
10θ3

)
t > t2.

(13)

We fix t1 = 2.5ms and t2 = 1ms throughout and view θi as
our frame parameters. To illustrate the flexibility of Param-
eter ADMM and Unrolled SALSA, the envelope parameters
are defined such that they control different aspects of two
morphologically distinct envelopes and are not in one-to-one
correspondence with the envelopes. They are all exponential
scale factors with common units of log s, however, and will be
grouped together for error analysis.

We define the continuous signal y by

y(t) =
2∑

l=1

alel(t− τl) exp(2πifl(t− τl)) (14)

with the following set of ground truth parameters:

θ1 = −3.0 θ2 = −3.5 θ3 = −4.0
a1 = 3.0 τ1 = 0.7 ms f1 = 11 kHz

a2 = 4.0 τ2 = 0.2 ms f2 = 7 kHz.

For the observationywe discretize y(t)withN = 1000 samples
at a sampling frequency of fs = 100kHz.

We wish to recover all nine of the above parameters from noisy
realizations of y, utilizing Algorithms 1 and 2 with ESP frames
A(θ)generated from envelopes el(θ)defined by (discretizations
of) (12) and (13). In addition to directly estimating θl, we
estimate the time shift and modulation frequency parameters as
the time shift and modulation frequency associated to the frame
vector with the largest coefficient amplitude for each component.

We will use the Basis Pursuit Denoising variant of both
techniques with cost function (2). Following [29], for a given
signal realizationywe let λmax be the threshold above which the
SALSA solution is zero. For each signal we will perform 20,000
iterations of Algorithms 1 and 2 with (scalar) λ = 0.1λmax and
θ-updates every 20 iterations using Adam-managed gradient
descent. For Unrolled SALSA, the derivatives will be reset to
zero every 10 θ-updates. These hyperparameter values were
chosen heuristically for this demonstration and determining
optimal values is a direction of future work.

As a point of comparison we also perform traditional Non-
linear Least Squares (LS) directly on (14) by using gradient
descent techniques to minimize the �2-error between the noisy
signal y and a clean version constructed using (14) and esti-
mated parameters. Notably we specify the (correct) number of
signal components as part of the signal model, which gives the
nonlinear least squares approach a significant advantage over
the �1-regularization based techniques.

For consistency, 1000 iterations of Adam-managed nonlinear
least squares gradient descent will be performed for each signal
realization. Additionally, while the same representation of the
envelope parameters is used for all three optimization methods,
for Nonlinear LS we normalize the amplitude, time shift and
modulation frequency parameters by the maximum parameter
value and apply a logit transformation. This improves the per-
formance of the gradient descent by putting all nine parameters
on a similar scale.
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Fig. 1. Envelope parameter error (left), modulation frequency parameter error (middle) and time shift parameter error (right) vs. SNR for Parameter ADMM,
Nonlinear LS and Unrolled SALSA. For each noise level, parameter estimates were generated using 50 signal realizations with normally distributed initial conditions.
Not pictured are the full box plots for Parameter ADMM and Unrolled SALSA at SNR of−5 dB and 0 dB, which extend above the plotted range, and several (2–3)
outliers for Parameter ADMM and Unrolled SALSA at SNR of 0 dB to 25 dB.

Each approach was applied to realizations of y with additive
white Gaussian noise at SNR ranging from−5 dB to 25 dB. For
each noise level 50 noise realizations were generated, and for
each noise realization initial envelope parameters were sampled
from Gaussian distributions centered on the true envelope pa-
rameters with a 0.25 standard deviation. In addition, initial am-
plitude, time shift, and modulation frequency parameters were
generated for the Nonlinear LS approach. These initial values
were also selected from Gaussian distributions centered on the
true (normalized and logit-transformed) parameter values with
a 0.05 standard deviation. This provides the LS estimation with
a significant amount of prior information compared to the other
two approaches. After initialization each method was applied as
described above to produce the final parameter estimates.

On average Parameter ADMM training sessions took 21 s,
while Unrolled SALSA sessions lasted an average of 71 s. For
comparison Nonlinear LS training lasted only 5 s on average.
Fig. 1 displays the resulting envelope parameter estimate error,
modulation frequency estimate error, and time shift estimate
error for each method as a function of SNR. Broadly speaking,
Algorithms 1 and 2 performed similarly, with Parameter ADMM
doing slightly better. For signals with positive SNR, Parameter
ADMM and Unrolled SALSA do a good job of estimating
the underlying signal parameters. The error in the time shift
and modulation frequency parameters is generally below the
resolution of our discretized signal. The envelope parameter
error ranges from 0.01 to 0.02 log s (2 to 45μs, depending on
the parameter value). Despite its advantages, the nonlinear least
squares approximation performs more poorly than the �1-based
approaches for high SNR signals, with a larger median error and
more outliers.

The estimation fidelity for the sparsity-based approaches be-
gins to drop off at 5 dB, with the envelope parameter error for
Parameter ADMM performing particularly poorly. For signals
of 0 dB SNR or less neither Parameter ADMM nor Unrolled
SALSA effectively approximate any of the signal parameters.
At these noise levels and λ-values there is insufficient sparsity
to support parameter estimation. On the other hand, Nonlinear
LS significantly outperforms Algorithms 1 and 2 for low SNR
signals. This is not unexpected, since Nonlinear LS includes a

signal model with the correct number of components and initial
values for all parameters. Overall we find that when either Pa-
rameter ADMM or Unrolled SALSA is successful in achieving a
sparse solution, they outperform a direct least squares approach
for parameter estimation. However both methods suffer in the
presence of high noise levels.

VII. DISCUSSION

We have presented two extensions of SALSA that jointly
optimize parameterized sparsifying transforms and the corre-
sponding sparse coefficients. Both methods were tested using
differentiably parameterized ESP frames with two morpholog-
ically distinct envelopes and three parameters. We find that
Parameter ADMM and Unrolled SALSA are each robust to
noise, assuming a positive SNR, with Parameter ADMM out-
performing Unrolled SALSA in terms of speed and envelope
parameter error and both methods outperforming a Nonlinear LS
approach.

While Section VI indicates that Parameter ADMM outper-
forms Unrolled SALSA, these results are particular to the choice
of frame and its parameterization. We have presented results for
ESP frames, but both Algorithms 1 and 2 extend to any differen-
tiably parameterized frame, which may exhibit different relative
characteristics. At a high level, Parameter ADMM is faster and
should be preferred when frame optimization is performed for
a single signal. Unrolled SALSA can be used to derive a frame
from a set of training signals which is optimized for a specific
number of vanilla SALSA iterations. This is useful for building
a frame which will then used for traditional MCA on a multitude
of signals.

This has been a preliminary effort and there are many potential
directions for future research. In addition to utilizing Parameter
ADMM and Unrolled SALSA on a wider range of frames, and
testing the denoising capabilities of the algorithms by optimizing
λ for high noise levels, there is also the potential to combine the
algorithms into a hybrid approach or to augment them with mode
collapse prevention techniques. Application of these algorithms
could be used to improve parameter estimation in signal analysis
and adaptive sparse signal representation.
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