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Gaussian Process Based Modeling and Control of Affine Systems
with Control Saturation Constraints

Shulong Zhao, Qipeng Wang, Jiayi Zheng, and Xiangke Wang*

Abstract: Model-based methods require an accurate dynamic model to design the controller. However, the

hydraulic parameters of nonlinear systems, complex friction, or actuator dynamics make it challenging to obtain

accurate models. In this case, using the input-output data of the system to learn a dynamic model is an

alternative approach. Therefore, we propose a dynamic model based on the Gaussian process (GP) to

construct systems with control constraints. Since GP provides a measure of model confidence, it can deal with

uncertainty. Unfortunately, most GP-based literature considers model uncertainty but does not consider the

effect of constraints on inputs in closed-loop systems. An auxiliary system is developed to deal with the

influence of the saturation constraints of input. Meanwhile, we relax the nonsingular assumption of the control

coefficients to construct the controller. Some numerical results verify the rationality of the proposed approach

and compare it with similar methods.
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1 Introduction

In recent years, how to better construct the model of
the controlled system has been a hot issue. Relatively
generic and simplified models can only be helpful at
specific operating points, and modeling errors can lead
to control performance degradation. However,
relatively complex and accurate models may contain
more varying forms and stricter conditions of
applications, which could be more detrimental to the
application of controllers.

The presence of uncertainty greatly increases the
difficulty of modeling. Uncertainty in a closed-loop
system can come from many sources, such as noise
from the measurement sensor, random characteristics
inside the system, interference from the external
environment, perturbation of model parameters, etc.
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During controller designing, every uncertainty must be
addressed in a targeted manner, which is very complex
and unrealistic.

In the field of uncertain compensation or estimation,
popular choices are neural networks (NN)U-3I, fuzzy
systems[* 3], or other computational intelligence
methods, which need to predetermine the system
structure and optimize the parameters. However,
selecting a suitable procedure in advance and avoiding
the risk of overfitting is the biggest challenge those
methods face.

Gaussian process (GP) is a non-parametric modeling
technique based on Bayesian inferencel®. GP
regression provides an incremental joint probability
distribution based on input-output data. To overcome
the problem of overfitting, Ref. [7] proposed a novel
method of recognition of nonlinear systems based on
GP. In addition, a Matlab toolbox for GP-based system
identification was presented in Ref. [8]. However, this
work did not give a detailed solution to uncertainty. To
this end, Gijsberts and Mettal®! introduced a method
based on GP and established a high-fidelity flight
dynamics model. To better compensate for the impact
of uncertainty, the latest research is divided into the
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following four types.

(1) Traditional modeling method. The model
structure is fixed, and there is a risk of overfitting.
Through the combination of fuzzy logic and
observerl10], a more effective feedback tracking control
method is obtained(!!].

(2) Based on the assumption of bounded modeling
errorl!2], a robust control method ensures the stability
of the closed-loop system. However, the inappropriate
parameters introduced by these assumptions will cause
the controller to be relatively conservative.

(3) Optimal control adapts the dynamic programming
control output through online optimization by
incorporating uncertainty into the constraints(!3.14],
However, the stability and convergence analysis of
these methods are relatively lacking.

(4) Combined modeling and controll!5-18], The
Bayesian process can be used to build a non-parametric
model offline or online to approximate the real physical
model.

It should be noted that the above studies only
partially consider controller design under input
constraints. In the research of robot control, the control
Lyapunov function (CLF) is widely used to deal with
control constraints(!9]. The work of combining GP and
CLF was first proposed in Ref. [20]. Then, in Ref. [21],
a composite kernel was proposed to incorporate CLF
into minimum norm optimization. Reference [22]
proposed a CLF based on uncertainty and used the
knowledge of model fidelity to avoid uncertain regions.

Inspired by Refs. [20-23], we use the GP to learn the
uncertainty of the nonlinear system. Combining the
characteristics of the variance function, we cleverly
propose an auxiliary system to deal with input
saturation constraints. Based on the above results and
their limitations, contributions include:

(1) To our knowledge, it is the first time that a GP
based adaptive controller for multiple-input multiple-
output (MIMO) nonlinear systems with input saturation
constraint is considered. A novel control law with an
auxiliary system is introduced to handle the influence
of input saturation effectively.

(2) The condition that control matrix g;(x) is
invertible is relaxed by using the spectral radius of the
control coefficient matrix. In contrast to Refs. [23, 24],
it is no longer necessary to assume that the control
matrix is strictly positive definite. Unlike Ref. [21], the
direction (sign) of the control matrix does not need to
be obtained in advance.

Notations: I, represents the nx n identity matrix, E(-)
stands for the expectation of the variable, and cov(-)
expresses the variance of the variable. The Gaussian
density N(m(-),k(x,x")) is represented by the mean m(-)
and the covariance k(x,x’). Given a matrix M e R™m
and a vector veR™, ||[M|? = tt(MTM), ||v|[* =vTv, and
ve 2 diag{|vi[ val, ..., v Isign(v), where sign(-)
represents the sign function. M >0 indicates M is a
positive definite matrix and Ayi(M) denotes the
minimum eigenvalue of M.

2 Problem Formulation

2.1 Gaussian process

Gaussian process (GP) is a prevalent method in
machine learning. It is a stochastic process composed
of the mean function m(x) : R” —» R and the covariance
function k(x,x") : R*xXR" Rg[”]. A known function
f(x) described as a GP can be written as

J(x) ~ GP(m(x), k(x, x")) (M

To show the process of GP regression, we assume a

training dataset D = {X, Y} consisting of N inputs X =

x, x@, ., xM} and N outputs ¥ = {Hy(D, y@ .

VM1 which consists of noisy observations y = f{x(®) +

¢. To estimate the y* at a given test input x*, we can
obtain that

( Y )~GP(( m(X) ) ( KX.X)+0%Iy K(X,x") ))
* m(x*) |’ K(x*,X) k(x*,x*)
@

where o-%, denotes measurement noise, and K is the
covariance matrix. The Bayesian formula is employed
to get a posterior conditional probability distribution.
Moreover, the posterior probability obeys the Gaussian
distribution. The mean function and covariance
function are defined as

m(y*) = m(x*) + K(x*, X)(K(X, X) + oy In) ™" (Y = m(X)),

cov(y*) = k(x*,x") = K(x*, X)(K(X, X) + o3 In) " K (X, x")
(3)

Usually, k(x, x") adopts square exponential function:
k(x,x'|0) = vexp(—3 (x—x)TQ 1 (x—x)) 4)

where Q7! =diag{w,ws,...,wy), w;= and 6=

Ea
{r.Q,0%} represents hyperparameters that need to be

optimized by maximizing the log-likelihood function:

1 1 N
log(p(Y)X,6)) = —EYTK*' Y- 3 log |K| - 3 log(2m)
(5)
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2.2 System model

In this section, we consider the nonlinear system:
Xi = filx) +(8i(x,) + Agi(x))xiv1 +di,

S = folc) 4 (gn(x,) + Agalx Dsate) 4 dye O

y=x

where x; e R™,i=1,2,...,n represents the state vectors
and giz[xl,xz,...,xi]ER’"Xi; fieR™
unknown dynamics functions; sat(z) € R™ means the
input vectors; g; € R™™ indicates known control
matrices and Ag; e R™  indicates
perturbations of control matrices;
unknown disturbances; and yeR”
vector.

In system (6), we employ GPs to estimate the
unknown dynamics f; and external disturbances d;.
Further, the control input of the system satisfies the
input saturation constraint, and the saturation sat(x;) can
be described as

Sat(u-) - Sign (ul) uimam
! Ui, || < timax

€Xpresses

unknown
d; € R™ means
means output

|ui] > timax; )
where u;nax 1S @ known constant. In the actual controller
design process, it is possible that the ideal input u; is
larger than the practical input sat(u;)(i = 1,2,...,m), and
[sat(u)|| < umax. Then, there will be a certain deviation
between the ideal input and the practical input. In fact,
saturated nonlinearity can be approximated by some
smoothing functions. As cited in Ref. [26], ¢(u)=
le(u1), o), ..., @(un)]" and

Ui u;
U; elimax —e Uimax
PU1) = iy tanh(—) = g S =€ T (5)

Uimax

elimax +e Uimax

Here, we define Au = sat(u) — p(u) and ||Au|| < €.

Some necessary assumptions and lemmas are given
first to facilitate the control law design.

Assumption 1  The unmodeled parts of the
nonlinear system, f;, have a bounded reproducing
kernel Hilbert space (RKHS) norm B with a certain
kernel (such as squared exponential (SE) kernel),
Iz < B.

Lemma 1 (Ref. [27], Theorem 6) A standard
Gaussian process trains and learns the data of a certain
system @,. The error between the prediction output
m(x) and the true value at point x is bounded by
PllIm(x) — F)ll < BEDN)} > (1-6), for xe Dy and a
probability 6 €(0,1), where X(x|Dy) is the standard

deviation at point x and 3 is defined as

N+1
B= \/23 + 300y10g3(T) ©
where y represents the maximum information gain and

= max
Y 1 N+lex

%log|IN+a'1_\,2K(x,x’)| (10)
There is a quasilinear relationship between the
maximum information gain y; and the amount of
training data. As cited in Ref. [27], y; can be
approximated to a constant value with the training data
increasing. Here, we keep the number of training sets
constant.
Assumption 2
nominal model:

It is assumed that system (6) has a

& = filx) + (@ix) + Agixxis +d; - (11)

which can be used to generate suitable training data.

Assumption 3 For a known control matrix g;, we
do not require absolute invertibility of g;. Instead, it is
assumed that there is a constant ¢; >0 such that
llgi(x)Il < 6i,Vx; € Q; with compact subset ©; containing
the origin.

Assumption 4 The desired state of the system is
;

Assumption 5 For i=1,2,...,n, there exist known
constants ¢; > 0 such that [|[Ag;(x)ll <.

Assumption 6 The deviation between the ideal
control input and the practical control input is bounded,
such that

Xx14. We assume ||x:"|| < o; for 0; > 0.

lIsat(u) — ull < p (12)

where u > 0 is an unknown constant.

Remark 1 Assumption 1 and Lemma 1 mean that
the unknown nonlinear part of the system can be
estimated by a GP, and the estimation error is bounded.
Assumption 3 is reasonable for most nonlinear systems,
and the boundedness of the known control matrix can
be well guaranteed. Assumption 4 means that all
derivatives of the desired state of the system exist and
are bounded. Assumption 5 means that the perturbed
part of the control matrix is also bound. For many
practical ~ systems, unbounded disturbances or
unbounded control matrices are difficult to control.
Assumption 6 means the expected control input is
bound since the state errors are bounded in our
controller design process (see Theorem 1). In addition,
Assumption 6 is common in many works, such as Refs.

[26, 28].
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Remark 2  (Singularity problem) In Refs.
[21-23, 29], the control matrix g; is assumed to be
invertible. However, this is very difficult for many
practical nonlinear systems. Especially when there is a
time-varying  control perturbation  Ag;,
the invertibility of g; is more difficult to ensure in
advance. In this paper, we no longer require the control
matrix g; to be invertible, but only ensure that ||g;|| is
bounded, which is very useful for most nonlinear
systems.

Lemma 2 (Ref. [28]) For a square matrix g € R™™"
with spectral radius o(g), £ >0 is a constant, such that
g+ (o(g)+ DI, is non-singular. o(g;) satisfies o(g;) < p;.
Therefore, it can be directly obtained that g;(x;)+
(o; + @;)I,, are nonsingular for @; > 0.

matrix

3 Main Work

In this section, we employ an auxiliary system to
handle input saturation. Combined with the excellent
estimation performance of the GP, the adaptive control
law of the MIMO system is finally obtained.

Step 1 For system (6), we select the error
e1=x1—x1g and ey = x,—v;, where vi €R™ is the
virtual control input, which will be defined later.
Differentiating 21 to abtain

= filx) + g1(x1)(e2 +v1) + Agi(x1)x2 +di — X1a

(13)
Choose the candidate T,va{mnnv fimction
Vi =3ejel (14)
Differentiating it can obtain
Vi =el fitx1)+efgi(x1)(e2 +vi)+
eFngl(xl)xz + e?dl —eTxld < (15)

Tz T
ey filxr) +e; g1(x1)(e2 +vi)+
T.

tllerllllxall = e; %14

where f(x1) = fi(x1) +d.
Design the virtual control input as

vi =[g1(x1) + (o1 + @Il (=K1 — fi(x1) + x14)

1 2 . .
where K; € R™™ and K| - Elm >0, fi(x) is estimated

by a Gaussian process.
Substituting Eq. (16) into Eq. (15) yields
Vi <el filxn)+eflgi(x1) +(p1 + @) -
(p1+@)In)e2+v) +ullerllilxall—ef %1 < an

el filxn) +efgi(xer—e[Kiei+

ulledllllxll - (o1 +@1)e] vi
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where fi(x1) = fi(x)) - fl(xl ). The first term on the right
side of Eq. (17) is the Gaussian estimation error term,
the second will be eliminated in the iterative process,
and the third term —eleel is negative definite. The
remaining terms uleillllx2ll - (o1 + @1)e] vy
subtly handled in the stability analysis.

Step i (1<i<n-1) We define the error as
eis1 = Xxiy1 —Vvi, wWhere v;€R™ 1is the virtual control
input, which will be defined later. Considering system
(6) and the derivation of ¢;, we obtain

will be

& =fi(x,) + gi(x)(eir1 +vi) + Agi(x)xi11 +di — Vi

(18)
Choose the Lyapunov function candidate:
1

Vi= zelTe, (19)

The differential of V; can be obtained:

Vi =e] fi(x)+e] gi(x)(ein1 +vi)+

T T T.

€; Agi(ﬁj)xt}l te; d; —e;Vi-1 < (20)

e filx)+ eTgi(gg(em + Vi)t
dilleillllxivll -
where fi(x,) = fi(x;,) +d;.
The virtual control input is selected as
vi = [8i(x) + (pi + )]
—J?i()_f,-) +Vi-1)

1
and K;-— Elm >0,

ev,l

(—gL (xie)eint — Kie;
where K; e R™" and fi(z,») is

estimated by a Gaussian process.
Similar with Eq. (16) and Formula (17), we obtain

Vi <el fix) + el gi(x)ei1 -
el gl (xic)ein) —e] Kiei+ 21
—(pi+@)e} v

The augmented Lyapunov function candidate is

tilleillllxisrll

Vi= Vi +V? (22)

and the time derivative of V; is given by

Zl eff,(x )+ el gi(xeir1—
J=

21 el Kjej+ Z cillejllllxjll— (23)
i= =1

Zl(pj+wj)ejvj
j=

Step n Inspired by the design ideas of the auxiliary
system in Ref. [24], we define e, = x, —v,-; =1, n is an
auxiliary signal, and we can obtain the time derivative
of e, as
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én =fu(x,) + gn(x,)sat(u) + Ag,(x,)sat(u)+

24
dn_"/n—l _77 ( )

According to the previous form of the smooth
function approximating the saturation function, it can
be known that

sat(u) = p(u) + Au (25)

the auxiliary system is designed as

n= [gn(ﬁn) + (on + @) (@) — u) — kan (26)
where k, > 0.
From Egs. (6), (24), and (26), we obtain

én = fu(x,) + gn(x,)sat(w) + ka1~
[8n(x,,) + (O + @) I 1 (0(u) — u)+ 27)
Agn(x,,)sat(u) — vy
where f,(x,) = fu(x,) +dy.
The Lyapunov function is considered as

1
V= Eegen (28)

The differentiation of V;; can be expanded as
V;',‘ = ezﬂ(gn) - eZv,,_l + kaegn+
e [8n(x,) + (0n +@n) ] (sat(u) — p(u))—
(on + @n)e) Lnsat(u) + ef Ag,(x, )sat(u)+
enl8n(x,) + (0n + @) lulu

Choose the virtual control law as

29)

u= [gn(ﬁn) +(on + wn)lm]_l :
(_gz_l(fn_l)enfl —Kyen _fn(ﬁn)"' (30)

_enH(ei, xi,vi)

Vo1 —k,
" ol 9T +ele,

1
where K, e R™" and K| — Elm >0, and

H(ei, xi,vi) = —(0n + @y)er Lysat(u)+

J=
ep[8n(x,) + (o + @n) L] (sat(u) — o(u))

and ¢ is an auxiliary system. The adaptive laws for ¢
are designed as

_9H(ej, xi,vi)
19 i {

n—1 n—1
Zl tillejllllx eIl + eullenllumax — Zl(pj+wj')e,T-Vj+ (31)
=

—kp?, el > ptn;
ITd+ele, " "

0, lleall < pn

(32)

where k;, > 0 and u, > 0 are constants.

Remark 3 The parameter u, needs to be cleverly
designed. The actual control output is associated with
the initial state of the system, error magnitude, etc. The
role of u, here is: (1) The adaptive update law of ¢ will
not have singular values with a denominator of 0. (2)

To ensure that the control input is less than u, when
the tracking error e, is less than u,. That is, there is no
input saturation.

The following Theorem 1 will prove that if |le,|| < w,
it will never escape from y,, thus the adaptive rate of 9
will not cause buffeting.

To draw the controller design process and
conclusions, we give the main results for the adaptive
controller of system (6) in Theorem 1. The proof of
Theorem 1 is given in the Appendix.

Theorem 1 Considering the nonlinear system (6)
with input saturation constraint (7), unknown functions
fi and disturbances d; are estimated by Gaussian
processes. Under Assumptions 1-6, the control law
(30), and parameter updated law (32), the closed-loop
system is semi-globally stable with probability at least
(1-6)" for all x;.. The following conclusions are
obtained: (1) All of the states ¢;, n, and ¢ are bounded;
(2) The tracking error e; converges to a small region
near the origin with probability at least (1 —8)".

Remark 4 The main idea of the algorithm can be
divided as three parts. First, GP models are studied to
estimate the unknown dynamic functions f;. Then, the
backstepping technique is used in the design of control
law while an invertible control matrix g+ (o(g) + )1, 1s
put forward to address the singular problem. Finally, an
auxiliary system (adaptive law) is designed to
compensate for input saturation. The design process of
the controller is shown in Fig. 1.

4 Validation

A numerical example of an MIMO nonlinear system
with input saturation is implemented in this section.
We demonstrate that GP can estimate the uncertainty of
the system well. Meanwhile, an unmodeled dynamic
compensation is gradually introduced, and the tracking
error  will gradually decrease. The tracking
performance of the proposed method is compared with
that of Ref. [24] as well.

e
) . GP )
|(x) _ £(x,)
Xa j Virtual |_YiVa-s
—|System|=- controller
Auxili H(e,x,v,).0
sl;)étéar;y Controller p{Saturation
|’7 _|u sat(u)
Auxiliary +
system

Fig. 1 Design process of the controller.
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An MIMO nonlinear system with input saturation is
considered:

X1 = filxe) +(g1(x1) +Agi(x1)x2 +di,
X = fa(xy) +(82(xy) + Aga(x,))sat(u) + da, (33)
y=Xx

where

x1 =[x, x12]7, x2 = [x21, %2217,

_10.2sin(xq1) cos(x12)
Sfilxr) —[ 0.2x11 X1

_|1.2+g13 -2
g1(x1) = 5 13+gn|

g11 = cos(x11)sin(x2),
g12 = —cos(x12) sin(xy1),

0.2sin(xq1)

0
Agi(x) = [ 0 O.ICOS(X12)]’

_ [—x12x21
f2(£2) - [2)611X22} ’

_[02+g21  0.3-sin(x2)
82(x)) = sin(xp) -0.2+ cos(x21)} '

821 = cos(x21) sin(x22),

_ 0.12COS()C11)C21) 0.11 COS()C11X21)
Ag2(£2) - [0.155in(x11x21) O.]3COS(X21)C22) ’
g e 0.21 cos?(x12) + 0.04sin(0.3x;27)

' =10.125in2(x11) +0.03sin(0.2x117) |

b= 0.13sin%(x21) +0.05 sin(0.2x2; 1)
2710.11 cos?(x22) + 0.21sin(0.3x220) |

It is worth noting that g, is bounded rather than
invertible. It will be a challenge for the design of
control law in Ref. [24], where g; needs to be invertible.

To estimate the values of fi1, fi2, /1, and fs, 3600
training inputs are equally distributed on the set
Qu X2y, = [1L1]X[-1.5,1.5], @y, X2y, = [-1,1] %
[-1.5,1.5], Qy, xQy,, =[-1.5,1.5]%[-0.3,0.3], and
Q4 Xy, =[-1,11x[-0.5,0.5], respectively, since the
desired trajectory is bound.

Figure 2 demonstrates the estimated errors of the GP
model with respect to fi1, fi2, /1, and f>. It can be
noted that all errors are bounded in the simulation
duration. It guarantees that the tracking error will

Prediction error

Time (s)

Fig.2 Prediction errors of GP model.

exponentially converge to the region calculated in
Formula (A4), which will be shown in the Appendix.

In the simulation, the reference trajectory is
described as

x11q4 = 0.5[sin(1.5¢) + sin(0.51)],
X124 = 0.8sin(7) + 0.5 sin(0.57).

According to the previous control design (16), (26),
and (30)—(32), the proposed controllers are designed as

vi =[g1+(p1 +@)L] (K ey —fl + X14),
0 =—kan+[g2+ (02 + @2) L 1(p(u) — u),

H = —(ps + @2)e, Lrsat(u) +ulley [zl +
wlleallimax — (o1 +@1)e] vi+
es182+ (2 + @) L] (sat(w) — p(u)),
P
. ————— —kpt,le2]| 2 0.1;
b=| “Torers, el
0,lle2ll < 0.13
u=[gr+(r+w@)h] (~gle1 - Krer— o+
. ezH
Vi —kgg— —————).
1~ Rall ﬂTﬁ+e;eg)

The parameter values are set t0 uymax = 1.5, Urmax = 2,
kqe=1, ky =0.1, K| = diag{5,10}, K, = diag{10,5}, p; =
0, 02 = 0.1, W) =Wy = 0, L= = 0.2, xu(()) = 1, and
x12(0) =1.

Though the parameters of the proposed method are
well designed in advance, there is some guidance on
selecting the parameters. First, choosing two adaptive
gains, k, and kp, is crucial. Too large a parameter will
cause the control law to oscillate, and too small a
parameter will increase the convergence time. Second,
the smaller the w; and u,,, the smaller the system error.

At the same time, the controllers in Ref. [24] are
designed as

_ 1 3 beq SVIT ¥
@i =kie] teiejter+ ———,

2(11

a = ngz% + czeg + (I + %g%)ez + grlrel +n+
gey EUZT ¥,
2—545
0= =1+ ga(p(u) —u),

A a .,
O=Aty—r - 70'3,

)

2 = (lenlP P 1 /2a7) + (leal > #5 ¥ /2a3),

= 112
1 eilla;ll
aj=-g ———————, =12,
leilPllal? + 12
u=a,
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where ¥ and ¥, are calculated via neural network.

The parameters are set to uimax = 1.5, Umax = 2,
Cl=C = 1,a1 =ay = 40,K1 = diag{lS, 15}, Ky = diag{2,2},
ll = lz = O.35,r1 =rn= 0.1,171 =w) = 0,/1 = 0.0l,x“(O) =
1, and x12(0) = 1.

Figure 3 shows the tracking performance of proposed
method (solid line) compared with that in Ref. [24]
(dashed line). It is obvious that the tracking errors in
the proposed method are minor. It is noted that the
parameters in Ref. [24] are selected carefully,
otherwise g, will be singular and the controller in Ref. [24]
will be out of work.

Figures 4 and 5 display the desired control signals u
(dashed line) and saturation inputs sat(u) (solid line) in
the proposed method and the method in Ref. [24],
respectively. The saturation of control inputs is
presented in the simulation duration and the
performance of the proposed method is smoother.

5 Conclusion

An improved Gaussian process for modeling and
control of an affine system with saturation input is
proposed in this article as a novel concept. The
presented model is nonparametric and can be
dynamically optimized globally. The Gaussian process
naturally has the advantage of dealing with noise and
uncertainty. Through specific compensation for
saturation inputs, the tracking error is reduced and
asymptotically converges to a small neighborhood.
With the help of an auxiliary design system, the
adaptive control method is proposed to improve control
performance. The proposed approach can also be useful
when the system has unmodeled dynamics.

1.5
1.0 Xna — Proposed/\ - Ref. [24]
—_ : , \ / \
E o5/ /
5 Of
-05}
_1 O L
0 5 10 15 20 25 30
Time (s)
(@) x4
2
] = X1pg — Proposed /- ---Ref. [24]
E
<
\_/ e
_2 L N L L L
0 5 10 15 20 25 30
Time (s)
(b) x4

Fig. 3 Outputs x,; and x,, in proposed method and Ref. [24].

3 T T
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Fig. 4 Desired control signals u (dashed line) and

saturation inputs sat(«) (solid line) in proposed method.
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Fig. 5 Desired control signals u (dashed line) and

saturation inputs sat(«) (solid line) in the method in Ref. [24].
Appendix

Proof of Theorem 1

Proof For system (6), if there exists input saturation
constraint, and |le,|| > u,. The augmented Lyapunov
function candidate

V=V + Vi + 1979 (A1)
The time derivative of V,, is
Vo=V +Vi+9Td (A2)

Substituting Eq. (30) into the time derivative of V,,
we obtain
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n n
V, < Z €1 Fix)) — (on + @n)ep Lnsat() - Z eTK e+
= =i

n—1 n-1

T T
D ullesllixzill= Y oy + @ e, +ey-
=1 j=1

[8n(x,) + (n + @)1 (s2t(ut) = p(10)) + €, Agn(x, sat(u)—

n
. 1
+9T9< - E e;(Ki— S tmle i+
J=1

o7 e H(e;, x;,v;)
n T
9T9+ele,

ey enH(ei, Xi,v;)

+ 9T+
9T +ele,

1 < o

3 2,07 @it -
j=1

n—1

Dl sl + Ellenltma — (on + @) Lnsat(u)-

j=1

n—1
(pj+ wj)e/T'Vj"'eZ[gn(zn) +(on + @) -

=1

J
n

1
(sat(u) = () = = > €] (Ki =5 Im)e
j=1

1 ¢ x ITIH (ei, x;,vi
3 ijr(fj)fj(ﬁjﬂﬂ
=

+979 =
9T +ele,

n 1 1 z z
VLA RS DAL TR
Jj= "

—2)(,9Vn +C,9 (A3)

1
where g = min{Amin(K; - zlm),kb} (i=12,...,n), Cy=

1 ~
3 L f @i,

Invoking Lemma 1, we also have that Cy is bounded
with probability. The tracking error converges to the

region that

C C
lleall < \/ X—: +(2V,(0) - X—Z)e-zw (A4)

with probability at least (1 —5)".
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