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ABSTRACT Transmission through a phononic crystal of metallic rods in a viscous environment is numer-
ically calculated. The cross-section of the rods is selected to be asymmetric to provide very different
transmission in opposite directions along a given crystallographic line. Difference in transmission contains
the reciprocal part, caused by asymmetry of the scatterers, and the truly nonreciprocal part, related to nonequal
viscous losses for sound waves propagating in opposite directions. The rectification ratio for different levels
of asymmetry is evaluated and optimized over its value at a fixed frequency, with various machine learning
models. The possibility of using asymmetric phononic crystals as acoustic diodes is discussed.

INDEX TERMS Nonreciprocal transmission, phononic crystal, viscous dissipation.

I. INTRODUCTION

RECIPROCITY in the propagation of a monochromatic
acoustic wave through a set of solid scatterers is tradi-

tionally formulated for pressure pB(rA) measured at a point
rA when the source of sound is at point rB. According to the
Rayleigh theorem [1], switching the positions of the emitter
and receiver conserves pressure,

pB(rA) = pA(rB). (1)

Originally, the reciprocity theorem was demonstrated for
an inviscid fluid, where the field of acoustic velocities is
potential, ∇ × vac = 0. However, it remains true even in
viscous media, where velocity acquires a solenoidal part, v =

vac + vvor . The distribution of velocities v(r) is a solution of
the wave equation obtained from the Navier-Stokes equation
where pressure is excluded using the continuity equation.
The distribution of pressure is obtained from the linearized
continuity equation, which yields

p(r) = −
ic2ρ
ω

∇ · v, (2)

where c is the speed of sound, ρ in the fluid density, andω/2π
is the wave frequency. Since ∇ · vvor = 0, pressure is defined
only by the potential part of velocity, and the reciprocity
relation (1) is also satisfied in a viscous fluid.

Reciprocity in fluid dynamics originates from time-reversal
symmetry (T symmetry) of the Euler equation. While vis-
cous dissipation breaks T symmetry, making fluid dynamics
irreversible, dissipation is not considered as a factor of non-
reciprocity in modern literature [2] and [3] since relation
(1) remains true. So, is there a measurable quantity which
becomes nonreciprocal due to viscous losses? The answer is
yes: sound intensity, I = pv.

In an ideal (inviscid) fluid pressure serves as potential
for acoustic velocity, v(r) ∝ ∇p(r). The reciprocity of
pressure does not mean the same symmetry for its gradient,
i.e., vA(rB) ̸= vB(rA), since this kind of reciprocity does
not mean that pressure as a function of coordinates is either
even or odd. This asymmetry of velocity is consistent with
time-reversal symmetry of fluid dynamics. However, this
asymmetry in a viscous fluid leads to different dissipated
power upon switching positions of the emitter and receiver.
The local dissipation is defined by the binary combinations
of velocity gradients (∂vi/∂xk )2 [4]. Asymmetry in a dis-
tribution of local velocities and their gradients leads to a
difference in the total dissipated power [5], [6]. The difference
in attenuation of the signal on the way from the emitter to
receiver is a source of dissipation-induced nonreciprocity.
Indeed, the replacement t → −t and η, ξ → −η,−ξ
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FIGURE 1. Pressure maps calculated for the crystal with
asymmetrical scatterers and ideal fluid for downward (left) and
upward (right) wave propagation. The difference in pressure is
due only to the asymmetric transmission.

does not restore the initial state of the signal, where η and
ξ are the viscosity coefficients. Of course, a case of mirror
symmetry in a distribution of scatterers can be excluded.
In this special case, the transmission is irreversible and recip-
rocal. In what follows, we consider scatterers without mirror
symmetry, when the P symmetry (parity symmetry) of the
system is broken. The difference in sound intensities, IAB =

IA(rB) − IB(rA) = 1IacAB + 1InrAB has two different contribu-
tions. The asymmetric part, 1IacAB, exists even in an inviscid
fluid if P symmetry is broken. For the reference, Figure 1
shows asymmetrical pressure distributions for the forward
and backward wave propagation in the case of inviscid fluid.
The truly nonreciprocal part, 1InrAB, is due to broken PT
symmetry. The relation between these contributions depends
on viscosity, which is a measure of the violation of T
symmetry.

Difference between forwards and backwards transmission
may be explored for the rectification of acoustic signals and
noise control [9], [10], [11]. While in a linear system the
asymmetry may be a useful property that allows for the
aforementioned applications. The presence of unbroken T
symmetry and reciprocal transmission means that they are
not true acoustic diodes [12]. Here, we propose a phononic
crystal with highly asymmetric aluminum rods in viscous
water, which serves as a passive acoustic diode. The design
of the phononic crystal was optimized usingmachine learning
methods to reach the best performance. In order to perform
optimization, Deep Learning, a class of machine learning
models, is used due to its unparalleled efficiency in modelling
highly nonlinear data. Although these models primarily focus
on generating accurate predictions from data, they can also be
used to obtain extreme or optimal values that are not present
in the original dataset. Other popular methods of optimiza-
tion involve genetic or evolutionary algorithms. However,
these methods require a large number of time-consuming
numerical calculations at each generational step. On the
other hand, in the Deep Learning approach, once a dataset

TABLE 1. Material properties of water and aluminum used in the
numerical simulations.

is calculated, a model can be trained and optimized to find
the best parameters, which potentially reduces computational
time. Deep Learning is widely used in similar problems
in optimization of the properties of metasurfaces [7] and
nanostructures [8].
Since the rectification ability of an acoustic diode with

respect to intensity is partially due to asymmetry and partially
to dissipation-induced nonreciprocity, it belongs neither to
the class of reciprocal sound rectification devices [9], [10],
[11], nor to completely nonreciprocal acoustic diodes [13],
[14], [15], [16]. Note that the dissipation-induced mechanism
of nonreciprocity was already explored in the rectification of
elastic waves [17].

II. THE PHONONIC CRYSTAL AND DATA COLLECTION
We calculate the transmission spectra of a phononic crys-
tal of aluminum rods with an asymmetric cross-section
submerged in water. A typical 5 × 5 sample of a
phononic crystal is shown in Fig. 2. All the relevant
material parameters are provided in Table 1. We quan-
tify acoustical nonreciprocity in a phononic crystal using
the forwards TF and backwards TB sound transmission
through the crystal. The following physical quantities:
nonreciprocity NR

NR = (TF − TB)vis − (TF − TB)id (3)

normalized nonreciprocity (NNR)

NNR =

(
TF − TB

max(TF ,TB)

)
vis

−

(
TF − TB

max(TF ,TB)

)
id

(4)

and diode efficiency

F =

(
min(TF ,TB)
max((TF ,TB)

)
vis

(5)

have been optimized. Here subscript vis refers to the transmis-
sion calculated for the viscous water, while id transmissions
is calculated for the inviscid water, where ξ = η = 0.
In Eq.(3), (TF − TB)vis is the total difference in the trans-
mission, which includes asymmetric and nonreciprocal parts,
while (TF − TB)id is the reciprocal part caused only by
asymmetry. We would like to maximize the magnitude of
both NR and NNR. In Eq.(5), F is in the range between 0 and
1. In an ideal acoustic diode, F = 0, which means that it
allows for the propagation of sound only in one direction.
Therefore, the closer F is to 0 the better the corresponding
crystal performs as a diode.

Any machine learning model requires some set of data to
train on and then evaluate its performance with. For these
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FIGURE 2. A model of the 5 × 5 2D phononic crystal used in the
COMSOL calculations of the transmission spectra. The crystal
consists of aluminum scatterers in a water background. Solid
Mechanics and Linearized Navier-Stokes moduli were used for
calculations of elastic and acoustic fields in the sample. The
transmitter and receiver are placed either above or below the
structure. The period of the crystal is a = 15mm. The sound
hard boundary condition is imposed for the left and right
boundaries. All external domains are perfectly matched layers
(PML). Sound transmission in the forwards (TF ) and backwards
(TB) directions are numerically calculated for viscous and
inviscid water.

purposes, the transmission values at frequency 100 kHz are
calculated for a number of phononic crystals with different
cross-sections of the scatterers using COMSOLMuliphysics.
Various geometrical parameters of the scatterers of the
crystal are parametrically swept in COMSOL, and the cor-
responding sound transmission values, in the forwards and
backwards directions, are recorded. These simulations are
run both with the phononic crystal submerged in viscous
and inviscid water. Once all desired transmission spectra are
calculated, a standard optimization pipeline (see Fig. 3) is
applied.

III. SINGLE PARAMETER OPTIMIZATION
As a prototype for a scatterer geometry, a rod with a sector
angle of 120◦ [5] was chosen. A reasonable generalization
valid for optimization is a sector with variable angle. As the

FIGURE 3. Optimization pipeline.

FIGURE 4. Unit cells of the phononic crystal with varying
scatterer sector angle. Period is 15 mm; sector radius is 6 mm;
sector angle is 10◦(left), 120◦(middle), 300◦(right).

first step of optimization the transmissions are calculated for
171 different sector angles in the range between 5◦ and 345◦

with a step of 2◦(Fig. 4). Angles less than 5◦ and exceeding
345◦ are not considered since they are near-symmetrical in
shape and because of high resolution requirements in mesh
creation in COMSOL.

From the dataset, it was found that the configuration with
the highest nonreciprocity value, NR, corresponds to an angle
of 243◦. However, a Deep Neural Network (DNN) model
is believed to provide an angle with a higher nonreciprocity
value. Firstly, normalization and division of the initial dataset
into training (60%), testing (20%), and validation (20%) sets
was performed. Then a simple neural network with 2 hidden
layers and 35 nodes each was trained with features as angles
and labels as nonreciprocity values. Training and validation
losses as functions of the number of epochs (learning curves)
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FIGURE 5. (a) Loss (mean squared error) as a function of the
number of epochs for the NR optimization model. (b) Original
data points and predictions made with a DNN model for the
optimization of NR.

show no overfitting. The sector angle with the highest non-
reciprocity from model predictions is 243.7165◦, which is a
3.4% (0.279 a.u.) increase in nonreciprocity compared to the
highest value from the original dataset (Fig. 5). Direct trans-
mission calculations with this sector angle using COMSOL
confirm that nonreciprocity is higher (0.382 a.u.) than that
obtained in the original dataset. Although the calculated non-
reciprocity is not identical to the predicted one, the predicted
sector angle provides a higher nonreciprocity value. Finally,
using this optimization method, we obtained a nonreciprocity
value that is more than 40% higher than the highest value
from the initial dataset.

Similarly, by adjusting the model parameters to reach a
lower loss (mean squared error) and avoid overfitting, the
optimized sector angles are found for normalized nonre-
ciprocity and diode efficiency. Predictions in Figs. 5 and 6
do not have a one-to-one correspondence with points from
the datasets, especially when fluctuations are small and rapid.
For the values of NNR and F , optimal predictions from
the model may not be better than the best values obtained
from the original dataset. However, the angles at which these

FIGURE 6. Original data points and predictions made with a DNN
model. Left pannel: Optimization for F . Right pannel:
Optimization for NNR.

FIGURE 7. Transmission spectra for the 5 × 5 phononic crystal
sample in viscous water with the parameters corresponding to
the best F- value. Downward propagation (‘‘Source Top’’) is
shown with red color, while upward propagation (‘‘Source Bot’’)
is depicted with blue color. The top/bottom positions of the
source are indicated in Fig. 2. The shaded areas are the regions
of the band gaps in the infinite phononic crystal with inviscid
water. Note that the narrow transmission region between the
gaps is not resolved for the finite-size sample.

FIGURE 8. Ten different asymmetric cross-sections of
scatterers.

models predict to have optimal values do indeed exhibit better
values than those from the original dataset, and COMSOL
calculations validate the correctness of these models,
see Table 2.

To analyze the effectiveness of the acoustic diode repre-
sented by a 5 × 5 sample with the parameters corresponding
to the best F-value, the transmission spectra in viscous water
as well as the band structure for the corresponding infi-
nite crystal with inviscid water are calculated. The results
for the region of frequencies near 100 kHz are represented
by Fig. 7.
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FIGURE 9. Original data for the geometry types with the highest NR (left), NNR (center) and the lowest F (right).

TABLE 2. The best nonreciprocity NR (maximizing), normalized
nonreciprocity NNR (maximimzing), and diode efficiency F
(minimizing) from the dataset with model predictions and
COMSOL validated values for the optimized parameters.

Since the 100 kHz frequency lies within the band gap,
the transmission in the infinite crystal is zero in both direc-
tions. Moreover, it was shown in Ref. [6] that the dispersion
relation, being a complex function in a viscous environ-
ment, remains an even function ω(k) = ω(−k), i.e.,
the dissipation-induced nonreciprocity is a finite-size effect
which gradually disappears with sample length. Due to the
finite size of the crystal, viscosity of water, and sound hard
boundaries on the left and right boundaries of the finite
crystal, the asymmetry in the transmission is clearly mani-
fested. For one direction (downward, when source is above
the crystal) of the wave propagation, the transmission coef-
ficient is high enough to detect it. For the other direction
(upward, when source is below the crystal), there is a good
suppression of the sound intensity, which indicates block-
ing a signal. Moreover, an even better value for F can be
achieved at 101 kHz where F = 12.7% and the transmission
coefficient of the acoustic diode in the forward direction
exceeds 40%.

IV. MULTIPLE PARAMETERS OPTIMIZATION
The next step in the generalization of a prototype is to con-
sider asymmetric scatterers composed of several sectors of
60◦ each with variable radius r and variable orientation of
the sector characterized by angle β. Ten different geometries
shown in Fig. 8 were analyzed. The angle β characterizes
orientation of the scatterer as a whole. In Fig. 8 the rotation
by angle β is shown for the cross-sections (1) and (10). All
other scatterers are displaced for β = 0.
The original dataset is created calculating transmissions for

each type of geometry with a radius in the range of 1 mm and

TABLE 3. The highest (lowest for F) nonreciprocity, normalized
nonreciprocity and diode efficiency from the dataset.

7 mm with a step of 1 mm and with a rotational angle in the
range of 0◦ and 180◦ with a step of 10◦. The limitation for
the radius is due to the size of the unit cell (a = 15mm). The
geometries with angles 180◦ < β < 360◦ do not provide
any new information about the transmission coefficient and
are, therefore, not numerically calculated in COMSOL. More
than 5000 transmission values are calculated including those
for viscous and inviscid water in the upward and down-
ward directions. For visualization and predictions, a polar
representation is chosen which accounts for the periodic
behavior of the data (Fig. 9). In this approach, cosβ and
sinβ are considered as features along with the radius r
for NR and NNR models. Since the F-value function has a
period ofπ (Eq. 5), double angled trigonometric functions are
used.

Examining Fig. 9 (right), it is evident that we might
expect even lower F-values for higher radii of the scatter.
Additional data was calculated for r = 7.2 mm and r =

7.4 mm using COMSOL and included in the extended dataset
(Table (3)).
Using a similar approach as in Section III, the values

for NR, NNR, and F are predicted for all possible r and β

values in the range between 1 mm and 7 mm (7.4 mm for
F) for the radius and 0◦ and 180◦ for the angle (Fig. 10).
DNN models for NNR were either underfitted (provide poor
predictions with training data) or overfitted (cannot be used
for new predictions). In other words, because the highestNNR
value (33.5%) is much greater than the remaining data, all
tested machine learning models either considered it an outlier
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TABLE 4. The highest (lowest for F) nonreciprocity, normalized
nonreciprocity and diode efficiency from the dataset and
predictions as well as COMSOL validated values for the
optimized parameters. The best values are highlighed and the
corresponding radius and rotation angle are provided.

FIGURE 10. Nonreciprocity optimization. Loss (mean squared
error) as a function of a number of epoch (top) and predictions
of the DNN models of NR (bottom). The model consists of
4 hidden layers with 17 nodes each.

or fitted too closely to it to the point at which the model
perfomed poorly on validation and testing data (unseen by
the model). The 3-fold rotational symmetry in Fig. 9 (center)
is due to the corresponding symmetry of the scatterer, where
all maxima correspond to technically the same geometry. The
model for nonreciprocity has relatively small final loss and is
not overfitted. Predictions have two regions with high values
that are located around 4 mm and 30 (210) degrees, which

FIGURE 11. Diode efficiency optimization. Loss (mean squared
error) as a function of a number of epoch (top) and predictions
of the DNN models of F (bottom). The model consists of
5 hidden layers with 1000 nodes and a 15% dropout rate in each
layer.

FIGURE 12. Transmission spectra through the 5 × 5 sample with
the parameters providing the highest value of nonreciprocity
NR. The parameters of the scatterer are given in Table 4. Note
that the narrow transmission band lying between two bandgaps
(marked as shaded areas) is well-resolved, unlike similar
transmission band in Fig. 8.

correlates to the original data. The highest nonreciprocity
prediction, which is 9% higher than the one from the dataset,
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is validated with COMSOL. Direct calculations prove the
correctness of the model (Table 4).

After optimization of the diode (Fig. 11), it is found that
the lowest F-value is 5.3%, which means that the ratio of the
transmissions in the forward and reverse direction is almost
20. The calculated transmission spectra for the optimized
5 × 5 sample are shown in Fig. 12. Just like the spectra in
Fig. 7, the best contrast between the forward and reverse
transmission lies within the bandgap calculated for the cor-
responding infinite crystal. This is one more manifestation
of asymmetry, which means that the destructive interference
leading to the formation of a bandgap in an infinite crystal
is sensitive to the direction of wave propagation (forward or
reverse). Of course, the asymmetry vanishes with the size
of the sample, but for the finite-length samples it may be
explored for the rectification of acoustic signals. In partic-
ular, the phononic crystal with the parameters given in the
last column of Table 4 can be used as an acoustic diode at
100 kHz.

V. CONCLUSION
In conclusion, we calculated the transmission for a 5 ×

5 phononic crystal with different shapes of scatterers placed
in a waveguide and optimized the scatter geometry to achieve
the highest nonreciprocity, normalized nonreciprocity and
diode efficiency. It is shown that viscosity-induced nonre-
ciprocity strongly depends on the shape of scatterers. Its
contribution to the transmission difference between the for-
ward and backward wave propagation is comparable to the
reciprocal contribution due to asymmetry, which exists in an
ideal fluid background. The asymmetric and nonreciprocal
contributions to the transmission may mutually enhance or
weaken each other. The geometry of the scatterers when
these contributions enhance each other along one direction
and weaken along the opposite direction is obtained at a
given frequency of 100 kHz and validated with COMSOL
software. This geometry is optimal for the sample to serve
as a linear non-resonant passive acoustic diode. Although the
highest transmission coefficient is essentially lower than 1,
it is sufficient for secure signal transmission in the forward
direction and strongly suppressed signal transmission in the
reverse direction. A passive acoustic diode with higher trans-
mission in the forward direction at a resonant frequency was
proposed in Ref. [11]. The high asymmetry in transmission is
achieved due to different symmetry (even/odd) of the eigen-
modes propagating on the left and right wings of the proposed
elastic waveguide. For active acoustic diode the transmission
in the forward direction may be close to 1 due to the presence
of external sources of energy [13]. In a passive nonlinear
acoustic diode, the transmission may be close to one since
the samples are relatively short and the rectification is due to
the nonlinearity of the material [18]. With a machine learning
approach of optimization we were able to slightly adjust
scatterer’s geometry to predict and achieve parameters for
better values of NR, NNR, and F . When the best values from

the original dataset are outliers (a big difference between its
closest neighbors), models exhibit underfitting or overfitting.
However, if the data distribution is relatively even, we get an
improvement in the corresponding quantities. Our final data
shows that the best values of NR, NNR and F are achieved,
when the corresponding frequency is close to the edge of the
band gap calculated for the corresponding infinite crystal and
inviscid environment. The proposed structure may be used as
a passive acoustic diode, serving without an external source
of energy.
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