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ABSTRACT Cylindrical or circular rod-type waveguides are of much interest in applications such as
measurement of flow, temperature, material properties in harsh environments, and also inmedical diagnostics.
However, multiple waveguide modes exist in such systems, out of which only some are of interest to certain
applications. For example, L(0,3) longitudinal mode excitation can optimally transmit elastic waves into
the test specimen and help in better sensing and measurement when compared to other modes within the
family of longitudinal guided waves. This paper demonstrates the up-conversion of longitudinal modes
within the family of guided ultrasonic rod waves (from L(0,2) to L(0,3)), which is of interest to certain
waveguide transducer applications. The mode up-conversion is demonstrated using numerical simulations
and experiments. An analysis is used to bring more insights and guide the design of the metamaterial in this
process.

INDEX TERMS Metamaterials, periodic structures, rods, mode filter, guided waves, longitudinal modes,
graded elastic metamaterial rods, ultrasonic waveguides.

I. INTRODUCTION

WAVEGUIDES are extended structures used for con-
fining and guiding elastic and other types of waves,

initially studied widely in the context of measurement of flow
[1], [2]. Today they find applications in the remote moni-
toring of temperature [3], viscosity [4], [5], environmental
parameters [6], material properties [7], [8], setting of concrete
[9], [10], [11] and curing of composites [12], especially
when the vulnerable transducers and piezoelectric elements
need to be isolated from harsh environments. Examples are
the measurement of thickness at temperatures >500◦C [13],
thickness of hot plates andmolten metals up to 960◦C and on-
line monitoring of polymer extrusion [14]. Another example
is the development of distributed temperature sensor for
measurement of temperatures of the order 900◦C from multi-
locations as many as 18, using a single wire waveguide
[15], [16]. The underlying physics in those methods is;

waveguide sensors measure changes in time of flight of a
guided ultrasonic wave mode caused due to the changes
in the material properties of the waveguide as a function
of temperature. Ultrasonic guided waves are elastic waves
propagating in extended structures such as plates, pipes and
rods [17], [18], [19], [20]. Guided waves are attractive for
rapid inspection of infrastructural assets such as pipelines,
pavements and storage tanks. This is primarily because
fundamental guided waves can propagate long distances from
a single location and also have a through-thickness signature.
However, each guided wave family consists of multiple
modes differing in their sensitivity towards the position and
nature of the defect. It is, therefore, a challenging task in
ultrasonics to filter out such additional modes.

In the case of cylindrical rods used as waveguides for
guided ultrasonic wave propagations, multiple modes such
as families of torsional, longitudinal, and flexural modes
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exist. To overcome this difficulty, researchers typically (see,
for example, Sandeep et al. [21]) proposed filtering out
certain modes from the above with the help of metamaterials
and using the most suitable one for specific applications.
Metamaterials are artificially engineeredmaterials displaying
exotic behaviour not found in nature. Over the last two
decades many applications of novel metamaterials have been
demonstrated, but not limited to, i.e., focusing/ controlling
of waves [22], [23], subwavelength resolution imaging
[24], [25], [26], sensing [27], cloaking [28], [29], negative
refraction [30], [31], negative Poisson’s ratio [32], [33],
[34], [35], seismic wave protection [36], vibration and sound
suppression [37], [38], [39], [40] etc. Another interesting
feature of metamaterials is their ability to create bandgaps,
i.e.; frequency bands within which the propagation of elastic
wave is prohibited. There are mainly two types of bandgaps,
viz; Bragg and locally resonant bandgaps. The destructive
interference of two waves induced by the periodicity of unit
cells of the order of wavelength is the main mechanism
of Bragg bandgap, whereas, the mechanical resonance of
scatterers embedded inside a host matrix at wavelengths of
orders much longer than the lattice constant of a unit cell is
the mechanism of the locally resonant bandgap.

Graded metamaterial structures are typically used
for energy localisation and energy harvesting purposes.
De Ponti et al. [41], [42] investigated both numerically and
experimentally of the surface elastic Rayleigh wave trapping
in a graded metamaterial and its application in real energy
harvesting performances. The graded array of resonating rods
is employed to manipulate the wave propagation, by means
of wavenumber transformation along the structure. On one
hand, the waves are slowed-down and the interaction time
between the wave and the harvester is increased, which
is the blueprint of the rainbow effect. On the other hand,
the wavenumber transformation is accompanied by a strong
amplification inside the rods. Leveraging the interplay of
these two effects, they illustrated that, the mechanical delay
line is able to harvest six times the energy of a single harvester
when compared to the normal case. Jo et al. [43] proposed a
graded structure, by varying the height of the circular stub,
with double defects for broadband energy localization and
harvesting purposes. This method leads to localizing elastic
waves in the vicinity of each defect at the designed different
defect band frequencies and harvesting of energy.

In another study De Ponti et al. [44] experimentally
achieved wave-mode conversion and rainbow trapping in an
elastic waveguide loaded with a graded array of resonators
with variable length. By breaking the geometrical symmetry
of the waveguide with respect to the shear center of the
waveguide, the impinging flexural waves are mode converted
to torsional waves traveling in the opposite direction. Most
studies reported so far focused on the conversion from one
family of modes to another (longitudinal to transverse [45],
Lamb to shear waves [46], [47], flexural to torsional [48] etc.)
in plate-like structures. More recently, Colombi et al. [49]
demonstrated how forests could act as a seismic metamaterial

offering protection from earthquakes. Researchers from the
same group later demonstrated experimentally the conversion
and enhancement of Rayleigh waves into bulk shear waves by
using metasurfaces in the ultrasonic regime [50]. Tian et al.
demonstrated ‘rainbow trapping’ of guided ultrasonic waves
in chirped phononic crystal plates, whereby guided wave
energy gets concentrated at different axial locations at
different frequencies [51]. Recently, the author’s group
experimentally demonstrated deep subwavelength ultrasonic
imaging using holey-structured metamaterial lenses [52],
[53], wavefront manipulation using metamaterial [54] plates,
focusing of ultrasound using ‘material contrast’ lenses [55]
and frequency filtering [56], [57]. The mode conversion
within the same family of modes in plate-like structures
was also demonstrated. For example, Bavencoffe et al. [58]
showed the coupling between two Lamb wave modes and
an energy transfer from the incident mode to the converted
mode in a plate with a periodic grating. However, to the
best of our knowledge, there are very few reports on mode
conversion within a given family of guided ultrasonic wave
modes in rod-like structures, a phenomenon that is of
much interest for waveguide transducer development [59].
This paper discusses a metamaterial technique (called a
‘graded metamaterial rod’ or GMR) for ‘up-conversion’
within the family of axisymmetric longitudinal rod-guided
ultrasonic wave modes, L(0,n), which was impossible using
conventional waveguides.

The advantage of such selective excitation of certain
guided wave or waveguide modes is a major requirement
in many non-destructive evaluation (NDE) applications,
as discussed, for example, in a recent research article see
[59] by the authors, for the generation of longitudinal
bulk ultrasonic waves inside a sample using waveguide
transduction. In that study, longitudinal guided waves, L(0,n),
n = 1,2,3,4, were excited using magnetostrictive strips in
a cylindrical waveguide for measurement of temperature in
a rectangular block. It was proven both numerically and
experimentally that the transmission ratio (ratio of amplitude
of transmitted bulk ultrasonic waves into the specimen to the
amplitude of excitation wave) is highest for L(0,3) compared
to other modes. This high transmission ratio was attributed to
the symmetric and unidirectional (positive) nature of L(0,3)
wave mode across the cross-section of the waveguide. They
also studied the quality of the signal transmitted to the
specimen for all modes. Signal to noise ratios (SNR) in dB,
obtained experimentally from ratios of the signal reflected
from the free rear end of the test specimen to an averaged
value of the noise signal from the A-scans for each of the
excitation modes, showed the best for L(0,3) as against
others.

However, using patch transduction for such applications
(as was done in [59]) has its own drawbacks, including the
necessity for special types of excitation such as magnetostric-
tion. Here, we propose a metamaterial-based a ‘mechanical
filter’ approach, as illustrated in Fig. 1 below, to selectively
enhance the L(0,3) mode in circular rod waveguides.
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FIGURE 1. Schematic showing the possible application of the
proposed GMR, enabling the up-conversion of L(0,2)
longitudinal wave mode to L(0,3) longitudinal wave mode for
enhanced sensing of high temperature sample.

To the best of the authors’ knowledge, the main contribu-
tions of this study include:

1) Earlier works of researchers focused on mode con-
version from one family of modes to another (longitudinal
to transverse, Lamb to shear waves, flexural to torsional
etc.), but not within the same family of modes, in plate-like
structures.

2) This paper demonstrates the up-conversion of longi-
tudinal modes within the family of guided ultrasonic rod
waves (from L(0,2) to L(0,3)), which is of interest to certain
waveguide transducer applications.

This article is organized as follows. Firstly, a numerical
simulation of longitudinal elastic wave propagation in a GMR
showing the mode conversion is discussed, followed by the
presentation of experimental validation results. An analysis
is then used to bring more insight into the process. The paper
concludes with directions for future work.

II. METHODS
A. PROBLEM STUDIED
We consider a 10mm diameter Aluminium cylindrical rod
waveguide of 1m length. In this waveguide, the possible
guided ultrasonic wave modes are obtained by using
DISPERSE software [60], as shown in Fig. 2. It should
be noted that DISPERSE is used for generating disper-
sion curves of guided wave modes in uniform cylindrical
waveguides (waveguides of constant diameter throughout the
length).

We can observe from Fig. 2 that multiple modes exist at the
operating frequency of 0.5 MHz. The aim of the present work
is to convert some of these modes to other mode within the
family of waves using the proposed GMR of inner diameter
10mm as shown in Fig. 3. This design is inspired by the use
of similar concepts with varying ‘baffle’ heights as proposed
in the context of flat or plate-like structures in literature
[48]. In Fig. 3, t = 0.5mm and L = 2.5mm throughout
the waveguide, and the value of annular ring (or ‘baffle’
henceforth) width (H ) is varied from 2.5mm to 0.5mm span-
ning 40 Nos of baffles in the direction of wave propagation.
Since elastic wave velocity is dependent on the diameter
of circular rods, repeated variation of the cross-sectional
area will induce a change in wave propagation velocity.
Similar phenomenon was earlier used for mode conversion
in the plate-type waveguides [49], [50]. Inspired by this

FIGURE 2. Group velocity dispersion curves generated using
DISPERSE [60] software for a φ10 mm aluminium cylindrical rod
indicating different guided wave modes of interest.

FIGURE 3. 3D CAD model of the proposed GMR concept,
showing geometric parameters in the inset.

idea of using graded metasurfaces, 3D Finite Element (FE)
simulations were performed for various cases and arrived
at the above dimension. As already mentioned above, gen-
erating dispersion curves for such non-uniform waveguides
cannot be done using DISPERSE. For each of the baffle of
finite length and fixed diameter in our GMR, we have used
DISPERSE for generating the dispersion curve and finally
used an approach via group delay calculation for arriving at
the dispersion relation for the whole GMR. These results,
presented in Section III-B below, support the 3D FE results.

B. NUMERICAL SIMULATION
In order to understand the wave propagation in the GMR,
a three-dimensional explicit time FE model was created
in a commercial package [61]. The model was meshed
using 4-node bilinear axisymmetric quadrilateral elements
(CAX4R) with a size of 0.1 mm. An excitation was given in
the form of nodal forces as a Hanning windowed tone-burst
with central frequency at 0.5 MHz, and the displacements
were monitored at the other end of the rod. Here we focus on
a mid-frequency of 0.5 MHz since this is of much interest to
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FIGURE 4. Schematic of the Experimental Setup used to
demonstrate the up-conversion of L(0,2) to L(0,3) modes.

the development of waveguide ultrasonic sensors [59]. The
model was computed for a total time of 400 µs with a step
time increment of 1ns. The time traces (A-scans) obtained
from these simulations were further analysed by obtaining the
frequency spectrum, as discussed below in Section III-A.

C. EXPERIMENTS
Guided ultrasonic wave experiments with the circular rod-
guided, ultrasonic wave mode L(0,2) were conducted on
a sample with the proposed waveguide concept with the
goal of converting this mode to useful L(0,3) mode at the
target frequency 0.5 MHz. The GMR is made of Aluminium
with surface baffles manufactured by turning operation in
Computer Numerical Control (CNC) machine.

The experimental set-up shown in Fig. 4 consists of
two contact transducers (V101-0.5MHz Panametrics Inc.,
Waltham, MA, USA), located at either end of the rod
waveguide acting as the transmitter and receiver, respectively.
Guided ultrasonic waves of the longitudinal family were
generated using a commercially available transducer of a
central frequency of 0.5 MHz. A 10-cycle toneburst Hanning
windowed pulse was generated by the pulser-receiver (RPR-
4000 RITEC Inc., Warwick, Rhode Island, USA) in the
pitch-catch configuration. The signals obtained from the
transducer connected at the receiving end were displayed and
recorded using a digital storage oscilloscope (DSO-X-4104A,
Keysight Technologies, USA). The same experiments were
also repeated on a plain aluminium rod without baffles for
comparison. The A-scans obtained from the experiments
were further analysed by obtaining the frequency spectrum
(see below).

III. RESULTS AND DISCUSSION
A. GMR FOR UP-CONVERSION OF L(0,2) TO L(0,3)
MODE
1) 2D FFT ANALYSIS OF SIMULATION DATA ALONG THE
AXIS
From the numerical analysis discussed in Section II-B, time-
domain signals were collected along the axis at different
points before the baffles and beyond the baffles along the

FIGURE 5. Schematic of the simulation set-up for data
acquisition for 2D FFT analysis.

direction of wave propagation as in Fig. 5. A similar exercise
of signal extraction was done from the same points in the
bare rod also. 2D Fast Fourier Transform (2D FFT) analysis
was done for signals obtained from both the cases and the
plots were overlaid on the frequency-wavenumber (f − k)
dispersion curves for a bare rod of 10mm diameter obtained
from DISPERSE [60] software as shown in Fig. 6 (a)-(d).
Note that the negative wavenumber corresponds to the modes
present in the reflected waves observed at those points.

Fig. 6(a) refers to the 2D FFT plot obtained from data
monitored at points at the incident side ‘X’ as in Fig. 5.
Both L(0,2) and L(0,3) modes pass through the monitoring
points without any reflections in this case. In Fig. 6(b), the
monitoring points are moved after the baffle section and we
can see that the L(0,2) mode is reflected from the other end
‘Y’ (in Fig.5). Whereas, in the case of GMR in Fig. 6(c)
the monitoring points are before the baffles at the incident
side ‘X’. Both L(0,2) and L(0,3) modes pass through the
monitoring points and a small amount of reflections of both
the modes from the baffles can be observed. And in Fig. 6(d)
the monitoring points are beyond the baffles. Any remaining
L(0,2) mode passing through the baffles are converted to
L(0,3) mode and we cannot see the reflection L(0,3) mode
since it is a slow mode compared to L(0,2). These results
clearly show the up-conversion of L(0,2) mode to L(0,3)
mode at the centre frequency 0.5 MHz.

2) STFT OF SIMULATION AND EXPERIMENTAL DATA
The time-domain signals obtained from the numerical
simulations in Section II-B were further analysed by plotting
the time-frequency spectrogram (See Fig.7 (a) and (b))
obtained by applying the Short-Time Fourier Transformation
(STFT, see [62] and [63] and citations therein for more details
on this technique). The group velocity dispersion curves (see
Fig. 2) obtained from DISPERSE [60] were converted to
time-frequency dispersion curves and then overlaid on the
spectrogram, as shown in Fig. 7(a). The dark spot in the
spectrogram indicates the presence of only L(0,3) mode.
A similar analysis was performed for a bare rod (without
the baffles), and the results are shown in Fig. 7(b). We can
observe in Fig. 7(b) that L(0,1), L(0,2) and L(0,3) modes exist
in this case. The absence of L(0,2) mode in Fig. 7(a) clearly
shows the up-conversion of L(0,2) mode to L(0,3) mode.
A similar exercise was carried out on the experimental results
obtained in Section II-C. The results in Fig. 8(a) and (b)
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FIGURE 6. Frequency-wavenumber dispersion plot of bare rod of
10mm diameter overlaid on 2D FFT plot of without GMR and
with GMR cases. Without GMR (a) before baffle, (b) beyond
baffle; with GMR (c) before baffle, (d) beyond baffle, clearly
showing the up-conversion of L(0,2) mode to L(0,3) mode in
presence of GMR at 0.5 MHz.

corroborate the mode conversion phenomena observed in
simulation results.

FIGURE 7. Time spectrogram plot obtained from simulation
(a) with GMR, (b) without GMR.

B. DISCUSSION
The up-conversion of L(0,2) mode to L(0,3) mode at
0.5 MHz, achieved using the proposed GMR concept,
is studied analytically in this section. Firstly, the group delay
frequency spectrum of longitudinal wave modes L(0,n) in the
GMR is calculated in Section III-B.1. From the group delay,
the frequency spectrum of the group velocity for each mode
is arrived at in Section III-B.2. The procedure to derive the
frequency-wavenumber relation for the GMR is discussed
further in the same section. Finally, the mode conversion is
explicitly shown to arise from the physics behind the above
relation.

1) GROUP DELAY CALCULATION
The dispersion relation for longitudinal waves in circular
rods of radius ‘a′ is given by Pochhammer frequency
equation [64],

2p
a
(q2 + k2)J1(pa)J1(qa) − (q2 − k2)2J0(pa)J1(qa)

− 4k2pqJ1(pa)J0(qa) = 0, (1)

where Jm(.) is the Bessel function of the first kind of orderm;

p =

√
ω2

c2L
− k2, q =

√
ω2

c2T
− k2; cL and cT are dilatational

longitudinal bulk wave velocity and shear bulk wave velocity,
respectively.

The roots of (1) provide the frequency spectrum for
longitudinal waves in circular rod-type waveguides. It is
used for deriving the frequency-dependent phase velocity and
group velocity of all the modes in the family of longitudinal
guided wave modes. However, the dispersion relation for
the GMR introduced in this paper is not known. Hence,
we may need to utilize the concept of group delay to identify
the dispersion relation for complex shaped, anisotropic
waveguides. Group delay is the time of travel for a wave
propagating along a waveguide of diameter (D) for a given
frequency (f ), and this concept can be used in anisotropic
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FIGURE 8. Time spectrogram plot obtained from experiment
(a) with GMR, (b) without GMR.

FIGURE 9. Illustration of waveguide for group delay calculation.

waveguides with a varying thickness within the same family
of waves.

The group delay of the waveguide with a varying
cross-section (as shown, for example, in Fig. 9 above) is
given by [65],

GD(f ) = 6n
i=1

1xi
Cg(Di, f )

(2)

where Cg(Di, f ) =
dω
dk is the group velocity of a waveguide

of diameter Di for frequency f . Cg(Di, f ) is calculated
from the Pochhammer frequency equation in (1) for dif-
ferent modes of axisymmetric longitudinal waves L(0,m),
m = 0,1,2, etc.
Using (2), group delays of a waveguide of varying cross-

section discussed in this paper are calculated for the L(0,1),
L(0,2), and L(0,3) modes, and the results are shown in Fig. 10
below.

2) DISPERSION CALCULATION
From group delay, the group velocity of each mode at
different frequencies is calculated by dividing the total length
of the waveguide by group delay.

CL(0,m)
g (f ) =

Length
GDL(0,m)(f )

, (3)

FIGURE 10. Group delay as a function of frequency for the
proposed GMR discussed in this paper.

where CL(0,m)
g (f ) is the group velocity of the waveguide for

the longitudinal mode L(0,m) at frequency f ; GDL(0,m)(f ) is
the corresponding group delay.

Our objective is to find the frequency-dependent phase
velocity relation so as to check any mode conversion
occurring within the frequency band of interest. Prior work
reports the indication of mode conversion when an equality
of wavenumber may occur at a given frequency. For ex:
Meeker et al. [66] predicted that a guided wave motion in one
mode becomes extremely susceptible to coupling to another
mode at frequencies where the two modes have equal phase
velocities. Morvan et al. [67] argued that propagation of
Lamb waves in a plate with an engraved periodic grating
results in conversion to other modes. Each intersection of
the curves, corresponding to wavevector versus frequency
of the converted wave, with a Lamb wave dispersion
curve indicates a possible conversion of the incident wave.
Puthillath et al. [68] studied the energy transfer and mode
conversion of ultrasonic guided wave propagation across
waveguide transitions (say waveguide ‘A’ to waveguide ‘B’).
They observed that wherever the phase velocity dispersion
curves overlap, the incident mode in waveguide ‘A’ will get
mode converted to the overlapped mode in waveguide ‘B’,
resulting in strong energy transfer across the transition. Along
the same lines, here we seek to derive the expression for phase
velocity for different longitudinalmodes from (3) to check the
possibility of mode conversions.
CL(0,m)
g (f ) corresponding to all values of m are inversed to

find dk
dω

, and polynomial fitting is done in terms of variable
frequency f .

dkL(0,m)

dω
= 6N

n=0anf
n. (4)

The truncation of the series is suitably done for minimum
error for each mode.

Integrating (4) with respect to f ,

kL(0,m) = 2π6N
n=0an

f n+1

n+ 1
+ C, (5)

where the constant C is determined from the limiting value
of CL(0,m)

g (f ) as follows. The generalised group velocity (Cg)
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and phase velocity (Cp) relation is,

1
Cg

=
1
Cp

−
ω

C2
p

dCp
dω

. (6)

From the dispersion curve of normal cylindrical rods,
when ω takes higher values dCp

dω
→ 0 as Cp converges to a

constant value. This approximation is valid on the basis of
many reported literatures [69], [70].

For limiting value of ω → ∞, Cg ≈ Cp. Then,

dkL(0,m)

dω
≈

k
ω

(7)

kL(0,m) ≈ ω
dkL(0,m)

dω
(8)

Comparing (5) and (8),

C = f
dkL(0,m)

df
− 2π6N

n=0an
f n+1

n+ 1
, as ω → ∞ (9)

The constant, C , is found from (9) for modes L(0,1),
L(0,2) and L(0,3). Using (5) and (9), the dispersion relation
is obtained for all three modes, as shown in Fig. 11 below.

FIGURE 11. Dispersion of tapered waveguide showing L(0,1),
L(0,2) and L(0,3) modes. Inset view shows the detailing of
up-conversion of L(0,2) to L(0,3) mode at 0.5MHz.

We can observe that whenever the phase velocities in the
pair of modes considered are the same, mode conversion
can occur [66], [67], [68]. In this case, the phase velocities
of L(0,2) and L(0,3) are the same at 0.5 MHz in Fig.11,
indicating the conversion of L(0,2) mode to L(0,3) mode
at this frequency. This model helped the authors optimize
the parameters of the GMR, leading to the successful
demonstration through experiments as discussed above.

IV. CONCLUSION
This paper demonstrates the novel application of graded
metamaterial rods (or GMR) for up-conversion of modes
within the longitudinal family of guided ultrasonic rod
waves, best suited for optimal transduction of bulk ultrasonic
waves in the specimen sample for sensing/ measurement
applications. Finite element simulations and experimenta-
tion followed by analytical modelling elucidate the mode
conversion of L(0,2) to L(0,3) for novel applications of

such waveguide metamaterials in practical NDE applications
such as transduction and remote measurement of material
and environmental properties. Our analytical model can also
be used as a framework for quick understanding of mode
conversions in cylindrical rods of any diameters without
recourse to laborious numerical analysis. Further work at
our Laboratory is focused on the study of similar waveguide
metamaterials tunable for any mode conversion of ultrasonic
waves in selective applications.
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