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ABSTRACT The mean (time-averaged) longitudinal force component (i.e. acting along the direction of
wave propagation) arising from the interaction of linearly-polarized plane progressive shear elastic waves,
incident upon a sphere embedded in an elastic medium, is considered. Exact partial-wave series expansions
are derived based on the integration of the radial component of the time-averaged elastodynamic Poynting
vector in spherical coordinates. The method is verified stemming from the law of energy conservation applied
to elastic scattering. The analytical modeling is useful and provides improved physical understanding of
shear-to-compressional (S → P) mode conversion, as well as shear-to-shear (S → S) and transverse-to-
transverse (T → T) mode preservation in the context of the mean elastic force. The elastic wave scattering
formulation based on Debye’s shear and transverse potentials is solved first, and used subsequently to derive
the mathematical expression of the mean force efficiency. Numerical computations illustrate the analysis with
particular emphasis on the components related to mode preservation, coupling and conversion separately. It is
shown here that the total force originates from individual interactions of scattering terms between the scattered
pure shear (S → S) and transverse (T → T) waves, in addition to shear-to-transverse (S ⇄ T) coupling, and
a shear-to-compression (S → P) mode conversion that contributes negligibly to the total mean force. The
benchmark solution presented in this analysis for the time-averaged elastic force of shear plane progressive
waves can be utilized to validate numerical methods (such as the FEM, BEM, FDTD or other). The results can
provide a priori information for the optimization and design of experimental setups in various applications
in biomedical ultrasound, elastography and elasticity imaging, shear-wave activation of implantable devices,
characterization of biological tissue, seismology and other related applications in elastic wave scattering and
radiation force.

INDEX TERMS Mean acousto-elastic force, linearly-polarized shear elastic plane waves, elastic scattering,
elastic sphere, linear elasticity, elastodynamic poynting vector (power flow density).

I. INTRODUCTION

SHEAR waves [1] propagating in an elastic solid and
scattered by an inclusion provide useful information

in various areas in geophysics and the study of seismic
waves [2], materials science and nondestructive testing [3],
[4], [5], biomedical ultrasound [6], [7], [8], [9], elastogra-
phy [10] and elasticity imaging [11] to characterize biological
tissue [12] to name a few examples.
When an incident shear wave-field interacts with an inclu-

sion [13] (Fig. 1), mode conversion occurs [14], [15], [16],
[17], [18], [19], [20], [21], [22], [23], [24], [25], [26] such that
compressional (in addition to shear and transverse) scattered

waves are generated in the elastic medium of wave propaga-
tion [27], [28]. Elastic resonances arise during the scattering
process, however, mode conversion/preservation is dictated
by an exact set of physical rules that can be understood
in terms of polarization [29]. In essence, an incident shear
wave-field of plane progressive waves (composed of both
S and T waves originating from Debye’s shear and trans-
verse potentials) only scatters mode-converted waves S →

P, while the remaining are mode-preserved S → S and T →

T scattered waves [29], [30] that are uncoupled in linear
elastic scattering. Due to the elastodynamic linear momentum
transfer from a time-harmonic incident shear wavefield of

128
This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/

VOLUME 3, 2023

https://orcid.org/0000-0002-1062-9246


Mitri: Mean Radiation Force of Shear Plane Waves on a Sphere in an Elastic Medium

FIGURE 1. Geometry of the problem. An incident elastic plane wave field composed of linearly-polarized shear plane
progressive waves, and characterized by its vector potential (described by the arrows ) is incident upon an elastic
sphere embedded in an infinite elastic matrix. The direction of wave propagation is along the longitudinal z-axis.

continuous elastic waves to the embedded sphere, a mean
(time-averaged) radiation force arises, which constitutes the
subject of the present study.

In this investigation, the mean elastic force exerted on
a solid sphere, encased in a homogeneous linearly-elastic
unbounded medium, is derived based on the integration of
the radial component of the elastodynamic Poynting vector
(known also as the power flow density vector) over a virtual
spherical surface of large radius R enclosing the particle. Ini-
tially, the elastic scattering of shear plane progressive waves
by a solid sphere is determined. The modal expansion method
in spherical coordinates [31] and adequate boundary match-
ing are used to compute the scattering coefficients [29], [30].
Then, integration of the power flow density vector component
and algebraic manipulation lead to the exact mathematical
expression for the mean force. Particular attention is paid to
elastic mode preservation and conversion in the framework
of linear elasticity. A quantitative verification and validation
of the method (applicable only for progressive waves) is
also accomplished based on the expressions of the extinc-
tion efficiency and the scattering asymmetry parameter. Note
that the method based on the elastodynamic Poynting vector
formalism is general and applicable to other wavefronts of
arbitrary shape, and will be presented in forthcoming works.

Computations for the dimensionless mean radiation force
efficiency and its components related to mode preservation
and conversion provide useful information and fundamental
physical understanding of the theoretical analysis. More-
over, it is important to note that the derived equations for
the radiation force efficiency are exact, not restricted to a
particular range of frequencies, and obtained without any
approximations.

II. ELASTIC WAVE SCATTERING BY A SPHERE
A wave-field, composed of plane progressive shear waves,
with its incident vector displacement potential polarized
along the y-axis (with ey being the unit vector along the
y-axis) propagates along the z-axis of a system of coordinates
centered on a solid sphere (Fig. 1). Notice that the incident
particle displacement vector is polarized along the x-axis.
The medium of wave propagation is assumed to be linearly-
elastic, homogeneous, lossless and isotropic. The incident
elastic shear plane progressive wave-field is expressed by a
vector displacement potential as [29],

9S
inc,pr = ψ0ei(kS z−ωt)ey

= ∇ ×

(
rψS

inc,pr

)
+ ∇ ×

[
∇ ×

(
rχTinc,pr

)]
, (1)
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whereψ0 is the displacement potential amplitude, kS = ω
/
cS

is the wavenumber of the shear wave-field in the elastic
lossless matrix, ω is the angular frequency, cS is the speed
of sound for the shear propagating waves, r is the posi-
tion vector, and ψS

inc,pr and χ
T
inc,pr are the two scalar (Debye)

potentials describing the incident shear wave-field with a
linear polarization state established a priori.
Using spherical wave functions, the scalar potentials in

Eq.(1) are expressed by means of partial-wave series expan-
sions as [29],(

ψS
inc,pr
χTinc,pr

)
= −ψ0e−iωt

+∞∑
n=1

in
(2n+ 1)
n (n+ 1)

jn (kSr)

× P 1
n (cos θ)

(
cosφ(

i
/
kS
)
sinφ

)
, (2)

where jn (·) is the spherical Bessel function of the first kind
and P 1

n (·) are the associated Legendre functions of the first
order, and θ and φ are the polar and azimuthal angles,
respectively.

The solid sphere is perfectly bonded to the elastic matrix
in which the scattered elastic waves propagate. As discussed
previously in Section I, and shown explicitly in [29] and [30],
the scattered propagating fields are related tomode-converted
waves S → P, while the remaining ones are mode-preserved
S → S and T → T scattered waves. Their associated dis-
placement potential functions are expressed using three scalar
potentials as [29],8S→P

sca,pr
ψS→S
sca,pr
χT→T
sca,pr

 = −ψ0e−iωt
+∞∑
n=1

in
(2n+ 1)
n (n+ 1)

P 1
n (cos θ)

×

 SS→P
n h(1)n (kPr) cosφ
SS→S
n h(1)n (kSr) cosφ

ST→T
n

(
i
/
kS
)
h(1)n (kSr) sinφ

 , (3)

where h(1)n (·) is the spherical Hankel function of the first
kind of order n, kP (= ω/cP) is the wavenumber of the
compressional wave in the elastic lossless matrix and cP is
the speed of sound of the compressional wave. SS→P

n is the
scattering coefficient for the waves resulting from shear-to-
compressional mode conversion, while SS→S

n and ST→T
n cor-

respond to shear-to-shear and transverse-to-transverse mode
preservation.

The elastic waves transmitted inside the embedded elastic
sphere are described by the potentials [29]8

S→P
int,pr

ψS→S
int,pr

χT→T
int,pr

 = −ψ0e−iωt
+∞∑
n=1

in
(2n+ 1)
n (n+ 1)

P 1
n (cos θ)

×

 SS→P
int,n jn

(
kint,Pr

)
cosφ

SS→S
int,n jn

(
kint,Sr

)
cosφ

ST→T
int,n

(
i
/
kint,S

)
jn
(
kint,Sr

)
sinφ

 ,
(4)

where the scattering coefficients SS→{P,S}

int,n , ST→T
int,n , and the

wavenumbers kint,{P,S} = ω
/
cint,{P,S} are for the compres-

sional, shear and transverse waves propagating in the sphere
material, respectively.
The continuity of the displacement and stress components

at the interface lead to a linear system of equations written
as [30],

d11 d12 d13 d14
d21 d22 d23 d24
d31 d32 d33 d34
d41 d42 d43 d44



SS→P
n

SS→S
n

SS→P
int,n

SS→S
int,n

 = −ℜ


d12
d22
d32
d42


[
d55 d56
d65 d66

]{
ST→T
n

ST→T
int,n

}
= −ℜ

{
d55
d65

}
, (5)

where the matrix elements dij are listed explicitly in
Appendix B of [30], and ℜ {· · ·} denotes the real part of a
complex number.

III. MEAN ELASTIC LONGITUDINAL RADIATION FORCE
Adequate derivation of the mean (time-averaged) elastic radi-
ation force on a particle in an elastic medium is accomplished
using the integration of the radial component of the elas-
todynamic Poynting vector over a virtual surface enclosing
the object. This procedure was applied successfully for the
case of a cylindrical inclusion [32], [33]. Stemming from
the expressions of the incident and scattered scalar potentials
given in Section II, the mean elastic force of shear waves is
obtained as,

FS = −
1
cS

∫∫
Γ

(∏S

tot
· er

)
d0, (6)

where the overbar symbol · · · denotes time-averaging over a

cycle of the harmonic wave,
∏S

tot = −
1
2ℜ

{
iω uS∗

tot ·
↔
τ
S
tot

}
,

is the mean total (incident + scattered) power flow density
vector [34], [35] (which is the elastodynamic counterpart
of the Poynting vector in electromagnetic theory), uStot and
↔
τ
S
tot are the total (incident + scattered) displacement vector

and elastic stress tensor, respectively, the superscript ∗ is
the complex conjugate, er is the radial unit vector, d0 is
the differential spherical surface vector and Γ is a spherical
surface of large radius R≫ a enclosing the sphere of radius a.

Because the incident plane shear wave-field is propagating
along the z-direction, only the longitudinal component of
the mean elastic is obtained. A longitudinal dimensionless
radiation force efficiency (or function) for shear (S) elastic
plane progressive waves is defined as,

Y Spr =
FS · ez(
πa2

)
ES0

=
1(

πkSa2ρω3 |ψ0|
2)
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×

2π∫
0

π∫
0

[
ℜ

{
iω
(
uS∗
tot,rτ

S
tot,rr + uS∗

tot,θτ
S
tot,rθ

+uS∗

tot,φτ
S
tot,rφ

)}
×R2 sin θ cos θ dθ dφ

]
, (7)

where ES0 =
1
2cS
ρkSω3 |ψ0|

2 is a characteristic energy
density factor, and ez is the longitudinal unit vector along
the z-axis. The parameter ρ is the mass density of the
elastic matrix, and uStot,r , uStot,θ , u

S
tot,φ, τ Stot,rr , τ

S
tot,rθ ,

and τ Stot,rφ are the radial, polar and azimuthal compo-
nents of the total (incident + scattered) displacement
vector and elastic stress tensor, respectively, given in
Appendix A of [30]. Notice that the double integral in Eq.(7),
with terms involving products of the incident field, i.e.,(
uS∗

inc,rτ
S
inc,rr + uS∗

inc,θτ
S
inc,rθ + uS∗

inc,φτ
S
inc,rφ

)
vanish, as there

is no mean force if the sphere is absent.
The substitution of the potentials into the expressions of

the displacement vector and stress tensor components into
Eq.(7) leads after some algebraic manipulation to the exact
partial-wave series expansion for elastic shear plane progres-
sive waves as,

Y Spr = −
2

(kSa)2

×

+∞∑
n=1

1
(n+1)

{
n (n+2)

[
αS→S
n +αS→S

n+1 +αT→T
n +αT→T

n+1

+ 2
(
αS→S
n αS→S

n+1 + βS→S
n βS→S

n+1 + αT→T
n αT→T

n+1

+βT→T
n βT→T

n+1

)]
+
(2n+ 1)

n

[
αS→S
n + αT→T

n

+2
(
αS→S
n αT→T

n + βS→S
n βT→T

n

)]
+2

(
cP
cS

)(
αS→P
n αS→P

n+1 + βS→P
n βS→P

n+1

)}
, (8)

where α
{S→P,S→S,T→T }
n = ℜ

{
S{S→P,S→S,T→T }
n

}
,

β
{S→P,S→S,T→T }
n = ℑ

{
S{S→P,S→S,T→T }
n

}
, respectively,

and ℑ {· · ·} is the imaginary part of a complex number.
To further highlight the different contributions, Eq.(8) is

decomposed into the sum of four individual components as,

Y Spr = Y (S→S)
pr + Y (T→T )

pr + Y (S→S,T→T )
pr + Y (S→P)

pr . (9)

The components Y (S→S)
pr and Y (T→T )

pr related to mode
preservation are given, respectively, as,

Y (S→S)
pr = −

2

(kSa)2

+∞∑
n=1

1
(n+ 1)

{
n (n+ 2)

[
αS→S
n + αS→S

n+1

+ 2
(
αS→S
n αS→S

n+1 + βS→S
n βS→S

n+1

)]
+
(2n+ 1)

n
αS→S
n

}
, (10)

Y (T→T )
pr = −

2

(kSa)2

+∞∑
n=1

1
(n+ 1)

{
n (n+ 2)

[
αT→T
n + αT→T

n+1

+ 2
(
αT→T
n αT→T

n+1 + βT→T
n βT→T

n+1

)]
+
(2n+ 1)

n
αT→T
n

}
. (11)

The component Y (S→S,T→T )
pr , which is related to shear and

transverse mode coupling, is expressed as,

Y (S→S,T→T )
pr = −

4

(kSa)2

×

+∞∑
n=1

(2n+ 1)
n (n+ 1)

×

(
αS→S
n αT→T

n + βS→S
n βT→T

n

)
. (12)

Finally, the component Y (S→P)
pr related to shear-to-

compression mode conversion is given as,

Y (S→P)
pr = −

4

(kSa)2

(
cP
cS

)
×

+∞∑
n=1

1
(n+ 1)

(
αS→P
n αS→P

n+1 + βS→P
n βS→P

n+1

)
.

(13)

From a mathematical analysis, Eq.(13) shows a depen-
dence on the factor 1

/
(n+ 1) that approaches zero as n

increases. This dependence will predict the behavior of a
negligible mode conversion as will be shown subsequently.

The decomposition of Eq.(8) as written by Eq.(9) reveals
important information regarding the factors that contribute to
the mean elastic force of shear plane progressive waves. One
notices some regularity in the expressions given by Eqs.(10)
and (11). Those components are related to pure shear and
transverse mode preservation and contribute directly to the
total force efficiency. Interestingly, Eq.(12) shows that shear
and transverse mode coupling occurs, and contributes sepa-
rately to the mean elastic force efficiency. Although the linear
elastic resonance scattering theory involving shear elastic
plane progressive waves [29] does not predict a coupling of
shear and transverse waves, it is however manifested in the
mean elastic radiation force because it is a quadratic (second-
order) observable. On the other hand, the shear and transverse
wave coupling was not manifested in the formalism of the
mean elastic force of incident shear elastic plane progressive
waves for a cylinder embedded in a solid at normal inci-
dence [32], [33] (obtained in 2D). Lastly, Eq.(13) shows the
contribution of mode conversion to the elastic radiation force
efficiency.

IV. VERIFICATION AND VALIDATION BASED UPON THE
EXTINCTION ENERGY EFFICIENCY, AND SCATTERING
ASYMMETRY PARAMETER
A different method to evaluate the elastic force of plane shear
waves on a lossless particle can be employed, which is based
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on the expressions of the extinction (or scattering) energy
efficiency and the scattering asymmetry parameter. This
method was presented in seminal works in acoustics [36],
[37], [38] for a sphere (and a cylinder; see Eq.(18) in [39])
submerged in a non-viscous fluid, and later extended for an
elastic medium [40]. In essence, the dimensionless longitudi-
nal mean force efficiency for elastic shear plane progressive
waves can be expressed as,

Y Spr = QSext − QSsca ⟨cos θ⟩ , (14)

where QSext is a dimensionless observable corresponding to
the extinction energy efficiency. This quadratic quantity is
the sum of the scattering and absorption energy efficiencies,
and QSsca ⟨cos θ⟩ is the dimensionless scattering asymmetry
parameter, where the symbol ⟨· · ·⟩ denotes spatial averaging
(along the longitudinal direction, i.e. ⟨cos θ⟩).

The dimensionless extinction energy efficiency for a
sphere embedded in an elastic solid medium is determined
as [34], [35],

QSext = −
1(

πa2
)
W S

0

∫∫
Γ

(∏S

is
· er

)
dΓ

= −
2

(kSa)2

+∞∑
n=1

(2n+ 1)
[
αS→S
n + αT→T

n

]
, (15)

where
∏S

is = −
1
2ℜ

{
iω

(
uS∗

inc ·
↔
τ
S
sca + uS∗

sca ·
↔
τ
S
inc

)}
, and

W S
0 =

1
2ρω

3kS |ψ0|
2 is a characteristic power coefficient.

In a similar approach, the scattering asymmetry parameter
is calculated based upon the expression of the scattering
energy efficiency [34], [35], for which the integral expression
is given by,

QSsca ⟨cos θ⟩=
1(

πa2
)
W S

0

∫∫
Γ

(∏S

sca
· er

)
cos θ dΓ, (16)

where
∏S

sca = −
1
2ℜ

{
iω uS∗

sca ·
↔
τ
S
sca

}
.

Upon the substitution of the displacement and stress tensor
components into Eq.(16) using the expressions of the poten-
tials, a partial-wave series expression for the dimensionless
scattering asymmetry parameter is obtained as,

QSsca ⟨cos θ⟩

=
4

(kSa)2

+∞∑
n=1

1
(n+ 1)

{
n (n+ 2)

[
αS→S
n αS→S

n+1

+βS→S
n βS→S

n+1 + αT→T
n αT→T

n+1 + βT→T
n βT→T

n+1

]
+
(2n+ 1)

n

[
αS→S
n αT→T

n + βS→S
n βT→T

n

]
+

(
cP
cS

)[
αS→P
n αS→P

n+1 + βS→P
n βS→P

n+1

]}
, (17)

Similarly to Eq.(9), QSsca ⟨cos θ⟩ is expressed as the sum of
four components as,

QSsca ⟨cos θ⟩ = Q(S→S)
sca ⟨cos θ⟩ + Q(T→T )

sca ⟨cos θ⟩

+ Q(S→S,T→T )
sca ⟨cos θ⟩ + Q(S→P)

sca ⟨cos θ⟩ ,
(18)

where the mode preservation components are given as,

Q(S→S)
sca ⟨cos θ⟩ =

4

(kSa)2

×

+∞∑
n=1

n (n+ 2)
(n+ 1)

×

[
αS→S
n αS→S

n+1 +βS→S
n βS→S

n+1

]
, (19)

Q(T→T )
sca ⟨cos θ⟩ =

4

(kSa)2

×

+∞∑
n=1

n (n+ 2)
(n+ 1)

×

[
αT→T
n αT→T

n+1 + βT→T
n βT→T

n+1

]
.

(20)

The component related to shear and transverse mode cou-
pling is expressed as,

Q(S→S,T→T )
sca ⟨cos θ⟩ =

4

(kSa)2

×

+∞∑
n=1

(2n+ 1)
n (n+ 1)

×

[
αS→S
n αT→T

n + βS→S
n βT→T

n

]
,

(21)

and the contribution from mode conversion to the scattering
asymmetry parameter is expressed as,

Q(S→P)
sca ⟨cos θ⟩ =

4

(kSa)2

(
cP
cS

)
×

+∞∑
n=1

1
(n+ 1)

×

[
αS→P
n αS→P

n+1 + βS→P
n βS→P

n+1

]
. (22)

The substitution of Eq.(15) and (17) into Eq.(14) leads
to the expression of the dimensionless longitudinal elastic
radiation force efficiency as,

Y Spr = −
2

(kSa)2

+∞∑
n=1

(2n+ 1)
[
αS→S
n + αT→T

n

]
+

2
(n+ 1)

{
n (n+ 2)

[
αS→S
n αS→S

n+1 + βS→S
n βS→S

n+1

+αT→T
n αT→T

n+1 + βT→T
n βT→T

n+1

]
+
(2n+ 1)

n

[
αS→S
n αT→T

n + βS→S
n βT→T

n

]
+

(
cP
cS

)[
αS→P
n αS→P

n+1 + βS→P
n βS→P

n+1

]}
, (23)

which is apparently different from the expression given by
Eq.(8) using the integration of the elastodynamic Poynting
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vector in the far-field. Comparison of the two expressions,
and further algebraic analysis andmathematical manipulation
demonstrate that,

+∞∑
n=1

1
(n+ 1)

{
n (n+ 2)

[
αS→S
n + αS→S

n+1 + αT→T
n + αT→T

n+1

]
+
(2n+ 1)

n

[
αS→S
n + αT→T

n

]}
=

1
2

(
3αS→S

1 + 3αS→S
2

+3αT→T
1 + 3αT→T

2

)
+

3
2

(
αS→S
1 + αT→T

1

)
+

1
3

(
8αS→S

2 + 8αS→S
3

+8αT→T
2 + 8αT→T

3

)
+

5
6

(
αS→S
2 + αT→T

2

)
+ . . .

= 3αS→S
1 + 3αT→T

1 + 5αS→S
2 + 5αT→T

2 + 7αS→S
3

+ 7αT→T
3 + . . .

=

+∞∑
n=1

(2n+ 1)
[
αS→S
n + αT→T

n

]
. (24)

It has been also verified that the series are equivalent when
the coefficients αn are replaced by βn in Eq.(24). Hence, the
equality is also valid for the scattering coefficients and can be
written as,

+∞∑
n=1

1
(n+ 1)

{
n (n+ 2)

[
SS→S
n + SS→S

n+1 + ST→T
n + ST→T

n+1

]
+
(2n+ 1)

n

[
SS→S
n + ST→T

n

]}
=

+∞∑
n=1

(2n+ 1)
[
SS→S
n + ST→T

n

]
. (25)

Keeping the equality given by Eq.(24) in mind, adequate
substitution into Eq.(23) and algebraic manipulation shows
that the series are equal and commensurate with the same
result.

V. ASYMMETRY PARAMETER
The asymmetry parameter ⟨cos θ⟩ is a factor that provides
quantitative information about the directivity of the scattered
energy. If ⟨cos θ⟩ → 1, the scattered energy from the sphere
is directed along the direction of wave propagation. However,
if ⟨cos θ⟩ → –1, the scattered energy is direct along the
opposite direction of wave propagation.

Because the solid lossless sphere is embedded in an elastic
mediumwith no attenuation, the absorption energy efficiency,
QSabs =

(
QSext − QSsca

)
= 0. Consequently, Eq.(14) is rewrit-

ten in terms of the scattering energy efficiency as,

Y Spr = QSsca (1 − ⟨cos θ⟩) , (26)

where [34], [35],

QSsca =
1(

πa2
)
W S

0

∫∫
Γ

(∏S

sca
· er

)
dΓ

=
2

(kSa)2

+∞∑
n=1

(2n+ 1)

×

[
αS→S2
n + βS→S2

n + αT→T 2

n + βT→T 2

n

+
1

n(n+1)

(
cP
cS

) (
αS→P2
n + βS→P2

n

) ]
. (27)

Using Eq.(17) and (27), the mathematical expression of the
asymmetry parameter ⟨cos θ⟩ assuming shear plane elastic
waves can be obtained as the ratio of two partial-wave series
expansions. Also, it is noticed fromEq.(27) that the individual
contributions to the scattering energy efficiency originate
from mode preservation S → S and T → T, as well as mode
conversion S → P. By inspecting the component related to
mode conversion S → P, it is anticipated that its contribution
is minimal because of the factor 1

/
[n (n+ 1)] that decays

substantially as the integer n increases. Furthermore, Eq.(27)
shows that there is no coupling between the shear and trans-
verse waves, in contrast to what has been established for the
total mean force efficiency Y Spr and the scattering asymmetry
parameter Qsca ⟨cos θ⟩.

VI. NUMERICAL RESULTS AND DISCUSSIONS
The theory is now illustrated by performing numerical com-
putations of Eq.(8), which is the main contribution of this
work. Furthermore, the individual components of the mean
radiation force efficiency are evaluated as well to provide an
improved interpretation of the results.

First, a solid sphere implanted in a soft elastic gel matrix
with perfect bonding is considered. The physical parameters
of the materials are the mass densities of the sphere chosen
as brass (chosen as an example), ρint = 8100 kg

/
m3 and

the elastic host medium, ρ = 1100 kg
/
m3, where the com-

pressional and shear sound speeds are given, respectively,
as cint,P = 3830m/s, cint,S = 2050m/s, cP = 1550m/s,
and cS = 100m/s [41]. Truncation of the series was done at a
maximum limit largely exceeding kSa to ensure convergence,
such that Nmax = round[kSa+ 4.05 3

√
kSa+ 5]. The choice of

the maximum truncation limit was obtained by increasing the
partial-wave index n while computing the relative numerical
error (in the order of ∼10−12) and checking the stability of
the curves.

The corresponding results for the mean elastic force effi-
ciency and its components are shown in the plots of Fig. 2.
Clearly, one large resonance peak arises in the plot of the lon-
gitudinal radiation force function Y Spr near kSa ≈ 0.85, which
mainly corresponds to a dipole (n= 1) mode vibration of the
sphere. This corresponds to a rigid-body translational motion
of the sphere within the gel matrix, despite the fact that the
elastic scattering is transversal for n = 1. By analyzing the
elastic shear and transverse Debye potentials, it is evident
from Eq.(3) the dependence on the associated Legendre func-
tions of the first order. For n= 1, P 1

1 (cos θ) = 0 for θ = 0
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FIGURE 2. The plots for the mean elastic radiation force efficiency and its individual components, assuming shear (S) elastic plane
progressive waves incident upon an elastic brass sphere in a soft gel matrix.

FIGURE 3. The plots for the mean elastic radiation force efficiency and its individual components, assuming shear (S) elastic plane
progressive waves incident upon an elastic soft gel sphere embedded in a brass elastic matrix.

or θ = π . As such, the elastic dipole scattering is purely
transversal in the (xy)-plane, with maxima along the direc-
tions θ = ± π /2 and φ = 0 or π for S→S scattering, and

φ = ± π /2 for T→T scattering, respectively. However, other
modes of different amplitudes contribute to the total elastic
scattering field. Notice that Y Spr is always positive, suggest-
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ing that the mean force always acts along the longitudinal
z-direction of elastic wave motion. In the bandwidth kSa< 2,
it is shown that the shear-to-shear (S→ S) mode preservation
dominates such that Y Spr ≈ Y (S→S)

pr . As kSa increases beyond

this value, the positive contribution of Y (T→T )
pr to the total

force efficiency becomes more prominent, while the compo-
nent related to the coupling Y (S→S,T→T )

pr contributes nega-
tively. The plot for Y (S→P)

pr ≈ 0, regardless of the value of kSa,
suggesting that themode conversion component has a negligi-
ble effect on the total mean force, and hence, can be ignored.

Additional calculations are performed now for the contrast-
ing case of a soft gel sphere encased in a brass elastic matrix.
The dimensionless size parameter was varied in the range 0<
kSa ≤ 3 and the results are displayed in Fig. 3. In contrast
with the plots in Fig. 2, a series of sharp resonance maxima
andminima peaks are excited, except for themode conversion
component, with its amplitude oscillating around zero. Again
for this case, the contribution of Y (S→P)

pr to the total efficiency
Y Spr is negligible. The shear-to-shear component Y (S→S)

pr is

always positive, whereas Y (T→T )
pr can take negative values

between two consecutive resonance peaks. Furthermore, the
coupling factor Y (S→S,T→T )

pr is mainly negative, while it can
reverses it sign at some of the resonances. In essence, the
change in the physical/mechanical properties of the elas-
tic matrix alters the contributions of the sear-to-shear and
transverse-to-transverse mode preservations and their cou-
pling, while the mode conversion contribution Y (S→P)

pr to the
total force function Y Ppr is negligible.

VII. CONCLUSION
In this analysis, the time-averaged elastic radiation force
induced by shear, linearly-polarized plane progressive waves
on a solid sphere, embedded in an elastic medium is inves-
tigated, in contrast with the case of compressional elastic
waves [42]. A theoretical analysis stemming from the elastic
shear-wave scattering is developed and exact partial-wave
series expressions are provided without any approximations.
The analysis is based on integrating the time-averaged radial
component of the power flow density vector (or the elastody-
namic Poynting vector) to obtain the longitudinal component
of the mean force. Separation of the total force efficiency
into individual components shows the distinct contributions
of shear-to-shear, transverse-to-transverse mode preservation
as well as their coupling, in addition to mode conversion.
Adequate verification and validation based on the expression
of the extinction and scattering efficiencies in conjunction
with the asymmetry parameter leads to an equivalent solution
for the mean elastic force efficiency. Numerical simulations
and computational results for the dimensionless radiation
force efficiency and its individual components show the sig-
nificance of the contribution of each component to the total
force efficiency. In essence, for the examples chosen here for
a stiff solid sphere in a soft elastic matrix, or a soft sphere
in a stiff elastic matrix, the contribution of mode conversion
S → P can be considered negligible. This effect is explained

by mathematical analysis of the partial-wave series expan-
sion of the scattering energy efficiency, and the component
related to mode conversion which decreases significantly as
the partial-wave number nincreases. For a stiff sphere in a soft
matrix, the component related to S → S mode preservation
dominates and contributes the most to the total mean force
efficiency for kSa < 2. In contrast with the case of compres-
sional waves [42], the dimensionless radiation force function
is larger for shear progressive waves. For a soft sphere in a
stiff elastic matric, both S→ S and T→ Tmode preservation
and their coupling contribute individually to the mean force,
especially at the resonances. The component related to the
coupling between S → S and T → T waves is mainly nega-
tive, suggesting a weakening of the total efficiency. In other
words, the component related to the S → S and T → T cou-
pling has the tendency to create generally a pulling negative
force component; however, the total mean force efficiency
remains positive. Notice that metamaterials may have the
ability to suppress mode conversion [43], and potential modi-
fication of the present formalism can be applied to investigate
the mean elastic force for such unconventional media. The
present theory and analytical formalismmay find some appli-
cations in elastography and elasticity imaging applications,
activation/triggering of implantable devices [44], [45], [46],
[47], [48] using shear-waves, and possibly other areas in
soft matter and condensed matter physics. It must be also
noted that mode preservation, coupling, and conversion can
be found in electromagnetic theory, especially in materials
exhibiting rotary polarization (known also as circular dichro-
ism) as shown in related works in electromagnetic/optical
scattering, radiation force, and torque [49], [50], [51], [52].
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