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ABSTRACT This paper proposes a method to develop an analytical model and/or numerical resolution of the
quality factor of quarter-wavelength n-section coaxial stepped impedance resonators (SIRs). The topology is
based on cascaded coaxial sections nested within each other. Thanks to the SIR effect, this type of geometrical
arrangement offers practical degrees of freedom to modulate the size of the resonator in both longitudinal
and transverse dimensions. Moreover, in an air-filled configuration, it provides interesting quality factor,
although this depends on its shape factor at any given frequency. In this paper, we show the added value of
using an analytical model or numerical resolution for the quality factor, to be able to optimize the topology.
To demonstrate the advantages of this model and the numerical method, comparisons of two- and three-
section coaxial SIRs at two different frequencies are proposed and discussed. To validate the analytical
model and numerical resolution, the values are compared with ones obtained in eigenmodes ANSYS HFSS
with electromagnetic simulation tool.

INDEX TERMS Analytical model, coaxial resonator, numerical resolution, quality factor, stepped impedance

resonator.

I. INTRODUCTION

There is a continually growing need for small-sized mi-
crowave filters with good electrical performances: insertion
losses, amplitude flatness, phase linearity, wide band rejec-
tion, and power handling. In terms of manufacturing, low
sensitivity and low cost are also highly valued. For trans-
mission filters operating at high power, volumic technologies,
based, for example, on cylindrical or rectangular resonators
are required [1], [2]. Such topologies also offer a very
high quality factor, which can be easily calculated using
well-known formulas. Although they do not eliminate the
electromagnetic simulation of the filter, these analytical for-
mulas are very useful to quickly design a filter that best meets
a given specification. Although these solutions are often used
in C, Ku, or Ka bands, they are not well suited for lower
frequency bands for which the wavelengths are much larger.
For example, at low frequencies, when the required quality

factor is a few thousand, other less cumbersome topologies,
such as coaxial ones [3], may be preferentially used. One of
the main advantages of the coaxial waveguide or resonator is
that it can support TEM mode, which means that it can be
considered as a transmission line. In terms of filter design,
this has significant advantages. Moreover, due to its particular
geometric construction, there is an exact analytical formula
for the quality factor. This configuration offers a degree of
freedom enabling the best values to be chosen by adjusting
the transverse dimensions. The length or the longitudinal di-
mension of a coaxial resonator is conditioned by the working
frequency, the dielectric permittivity of the possible filling
material, and of the chosen quarter- or half-wavelength con-
figuration. Obviously, when high quality factors are required,
the resonators are filled with air. To adjust to specific size
constraints, it is necessary to modulate the dimensions of the
structure. For the longitudinal dimensions, a very convenient
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solution is to use a stepped impedance configuration. The
ultimate of these consists in nesting the different sections
of the coaxial resonator. This solution has the advantage of
combining the nesting effect, i.e., a division of the length by
the number of sections, and the SIR effect. Another advantage
is the number of degrees of freedom associated with the num-
ber of interleaved sections, which allows the positions of the
transmission zeros and harmonic frequencies to be adjusted
with respect to the fundamental frequency. However, the ar-
rangement of the coaxial sections has an impact on the value
of the quality factor, for which there is no model.

Many studies on the modeling of TEM resonators, imple-
mented in different topologies, are available in the literature.
For instance, [4] presents the expression of the quality factor
of a quarter-wavelength coaxial resonator. After proposing the
topology of SIR coaxial resonators and their use in filters,
Yamashita, Makimoto et al. and Giovanni et al. developed
models of their quality factor [5], [6], [7], [8]. However, they
did not consider nested coaxial sections, and the number of
sections was limited to two. Some other studies on coaxial
SIR filters based on multi-layer printed-circuit board (PCB)
technology also present interesting information on the quality
factors of these resonators, but without models [9].

The aim of this paper is to propose a method to develop
an analytical model and/or numerical resolution of the qual-
ity factor of nested two- and three-section coaxial stepped
impedance resonators.

Il. PRESENTATION OF THE STRUCTURE

The structure is a quarter-wavelength resonator, filled with
a material with relative permittivity €,,. It is composed of n
coaxial sections consisting of n 4 1 cylinders (Fig. 1(a) and
(b)). Each section is fitted inside another on the same level.
From an electrical point of view, the equivalent model can
be seen in Fig. 1(c) as a succession of coaxial sections in
cascade, where the ground conductor of one section is the
central core of the next, and vice versa. The coupling of
one TEM coaxial section to the adjacent one is done at their
open-end extremities, through coupling areas of lengths [,
assumed to be small compared with the section lengths /;. It is
represented electrically by an ideal transformer with a ratio of
—1. This study was conducted assuming weak discontinuities.
In this case, the lengths /; of each section are assumed to
be identical with a length equal to /. For each section i, the
external and internal diameters are defined by D; and d;. The
propagation constant is represented by y; = «; + jBi, where
«; and f; are the attenuation and phase constants of section
i, respectively. Under these conditions, the electrical length
0; and characteristic impedance Z; of the coaxial section are
defined by:

0; = Bil e))

1 D;
Zi=— |[H (2 )
2w\ e ey d;
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FIGURE 1. n-section coaxial SIR.

where gy and o are vacuum permittivity and permeability,
respectively. For this study, the dielectric is air so ¢, = 1.
The SIR effect, which is defined by M;;, depends on the ra-
tio of the characteristic impedances Z; and Z; of two adjacent
coaxial TEM sections:
My = = )
i,i+1 = Zi+1

1Il. NUMERICAL RESOLUTION

A. GENERALITIES

Fig. 2(a) represents the equivalent circuit of a section of index
i. A piece of line of infinitesimal length A, can be modeled as
a lumped-element circuit (Fig. 2(b)) where voltage and current
are defined by:

ui(z) = Aje "  + Bj et 4
1
ii(z) = —(Aje """ — Bi &%) ®)
Z
where, A; and B; are complex amplitudes:
A=A+ jAY,
{B,- — B+ B ©
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(a) Representation of a transmission line of index

zz(z) R.A. LA, ’LZ(Z =+ Az)

p ;szA; ui(z + Az)

""""""""" 2z

u;(2)

(b) Lumped-element equivalent circuit

FIGURE 2. Equivalent circuit for an infinitesimal length of transmission
line.

In the lumped-circuit element (Fig. 2(b)), R and L are
the series resistance and the inductance per unit length (in
Q.m~! and H.m™"), respectively, and G and C are the shunt
conductance and the capacitance per-unit-length (in S.m~!
and F.m~!), respectively. The shunt conductance G is due
to dielectric losses in the material between the conductors.
In this structure, as the dielectric is air, the parameter G is
zero. The terms o, fj, and w( represent the conductivity of the
metal, the fundamental frequency of the quarter-wavelength
coaxial SIR, and the fundamental pulsation, respectively. The
other quantities defined, at the fundamental frequency, for
each section are:

T} D;
Li=5; ln(d[>,
Ci_ 21 eg

)

Ri=£(5+7). ™
Yi=~JwoCi (R + jawoL),
a; = N(y),
Bi = 3(vi)
where R; is the surface resistance defined by:
Rs = /“’g (‘; 0 ®)

The quality factor Q of a resonator can be defined, at
the fundamental frequency, by the ratio between the average
stored energy and the energy loss per second, multiplied by
the fundamental pulsation.

For a coaxial SIR, the average stored energy can be defined
as the sum of the average stored energy Ef of each line i, and
the energy loss per second is the sum of the energy loss per
second P/, of each line i [6].

The quality factor of a coaxial SIR is defined by:

Q=00 i 3
Zi:l Ptlat

G

~
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The average stored energy of each line E§ is the sum of the
stored magnetic and electric energies, and can be defined in
terms of voltage and current by:

l

El = lc~<u»( )2>+1L~<i-( Y >|d

s 21 i(Z 2[ i\Z Z
0

1 1
=7 /0 [C: R (2)?) + S(ui(z)?))

+ Li(M(i:(2)*) + S(ii(2)*))] dz (10)

where < u;(z)> > and < i;(z)*> >, as defined by (11), are the
time average value of the square of the voltage and current at
a fixed abscissa z.

1
< f(x) >= 2 (X)) +3(f () (1)

The energy loss per second of each line P/, represents the
sum of the energy loss by joule effect in all the line P/, and

the energy loss in the short circuit P! :

l
P = / Ri < ii(z)? > dz
0

1 Lo .

= R; / N(i:(2)*) + Sii(2)H))dz (12)

0
1 (% R
. 2 K .
P‘chziﬁl‘ m<l,‘(1=00rl)2>dr

1 Rs . 2

=—-— <ii(z=0o0rl)" > In(D;/d;) (13)
221w

B. RESONATOR ANALYSIS

1) CONTINUITY CONDITIONS

The continuity conditions between transmission lines are rep-
resented in Fig. 3. The coupling of one TEM coaxial section
to the adjacent one is represented electrically by an ideal
transformer with a ratio of —1. The continuity of currents and
voltages from one section to another between each line can be
formalized mathematically using the ideal transformer ABCD

matrix:
i)y _ (-1 0 u;(0)
i) ) 0 —1 i;(0)
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Consequently, the voltage (or the current, respectively) at
the end of the line at a length z; | = [ of the section Z; |, will
be the opposite of the voltage (or the current, respectively) at
the beginning of the line, i.e., z; = 0, of the section Z;. This
condition is easily written as a system:

{ uip1(l) = —u;(0),
iir1(1) = —i;(0)

By combining the system (15), with the (4) and (5), the
amplitudes A;;| and B4 can be written as functions of the
amplitudes A; and B;:

5)

Ajrl = —% eViril (Ai + B, + ﬁ(Ai - Bi)) )

1 =yl 1 (16)
Bit1 = —5 e Vit (Ai +Bi — g (A —Bi))
2) INITIAL CONDITIONS
It is possible to distinguish two initial conditions.
The first of these concerns the section Z;, which fixes the
relation between the pair of amplitudes (A1, B1) and the length
of the resonator By = f1(Ay, /). This condition corresponds
to the termination of the first section at the end of the line
(z1 = I). If this termination is a short circuit as in this topol-
ogy, the conditionis u1 (/) = 0,s0 B] = —A; e~ 21! This first
pair allows us to determine the set of amplitude pairs of each
line as a function of the length / and the different coefficients
M,'j, using the system (16): (A2, B2) = faA1, 2, 1, M12),....
(Aus By) = fu(Ar, L, M2, %4, - - Mn—l,n)~
The second condition concerns the last section Z,, at the
beginning of the line at z, = 0. This study offers the possibil-
ity to treat the open circuit case #,(0) = 0, which results in a
relation between the pair of amplitudes A, and B,;:

An =B, (17)

Previous studies [10], [11], and [12] consider an approxi-
mation of low losses dedicated to high Q. These papers have
shown that it is possible to define an identical relation for
a quarter-wavelength coaxial SIR, regardless of the number
of sections, which at the fundamental frequency links the
electrical length 8 = B[ of each section of the resonator to
the equivalent impedance ratio M,;:

tan(B 1) = (18)

1
A% Ml’lS
M, is defined as an equivalent impedance ratio that de-
pends only on the coefficients M;;, and whose formulation is
different according to the number of sections n. For example,
the expressions of the equivalent impedance ratios for two and
three-section resonators are ([11], [12]), respectively:

{Mzs = M,

19
M3 =My + M3 + MjaMo3 (19)

For more simplicity, the equivalent impedance ratio M,,; will
be noted M whatever the number of sections.

In the approximation of low losses, after development, the
relation (17) correspond to the relation (18). The method

VOLUME 2, NO. 4, OCTOBER 2022

Fixed Data
| n, f07 g, Dl, dn, lc» T |

Variable Data
|di,D¢ v Ziy M wa M |

|

Initialisation -» ézzzt;i?tlions
For Z{ e » A1, B
For Z, > ]

For each line
Eq(7) ................. > Y

Eq (16) ................. > Ai,Bz
LA L) PE— > Ei
Eq.(12) weeeeeeeeseeeeens > P
N ) J— > PP

'

Quality Factor
Eq.(9)  eeeeeenees » Q

FIGURE 4. Principle of numerical resolution.

described in this paper [12] to determine the value of the
equivalent impedance ratio is generalizable to a number of
sections greater than 3, and can be done numerically using
Matlab software.

The relation (18) allows us to determine the length I of each
section of the resonator for a fixed fundamental frequency and
equivalent impedance ratio.

C. PRINCIPLE OF THE NUMERICAL RESOLUTION

Fig. 4 shows the principle of the numerical resolution devel-
oped with Matlab software. The first step, ”Data”, consists in
determining the geometrical dimensions of the resonator. It is
of course possible to generate diameters in a totally random
way, in order to directly calculate the quality factor of an
isolated structure. However, for filters for which the funda-
mental frequency is fixed and the size is often a constraint,
it is sometimes necessary to work at a constant footprint, by
fixing the external section Dj.

Thus, the input parameters are the fundamental frequency
fo, the number of sections n, the electrical conductivity of the
metal o, and some geometrical quantities such as the external
diameter of the first section D; (Fig. 1), the internal diam-
eter of the n'" section dy, the length of the discontinuity /.,
and the thickness of each cylinder 7. Therefore, a numerical
resolution in Matlab software makes it possible to generate,
depending on the number of sections, the set of possible
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diameters (D;, d;) of the whole structure, which more specif-
ically fixes a set of possible characteristic impedances Z;
and all the coefficients M;;. A numerical resolution based on
ABCD matrix cascading and polynomial resolution is then
used to calculate the equivalent impedance ratio M.

The second step is to define the initial conditions for the
first and n'” sections. This step generates a relation between
the complex amplitudes B and Ay, and sets the length [ of the
resonators.

The third step computes the set of parameters y; and com-
plex amplitudes A; and B; for each line, using the system
(7) and continuity conditions (16). These expressions of the
complex amplitudes A; and B; allow to calculate (for each
section) the integrals of the time average value of the square
of the voltage and current (< ui(z)? > and < i;(z)* >) on the
length of the coaxial line. Equations (10), (12), (13) allow us
to calculate the stored and lost energies in each line.

Finally, the last step gives the value of the quality factor for
several cases with fixed volume and fundamental frequency.

IV. ANALYTICAL MODELING

A. EXAMPLE OF A THREE-SECTION COAXIAL RESONATOR
The analytical modeling corresponds to the analytical devel-
opment of the previous procedure, which can quickly become
very cumbersome. For this reason, only the cases of two- and
three-section resonators are studied in this section. Further-
more, we will show that the two-section case can be seen as
a specific case of the three-section resonator. So, the three-
section resonator case is presented first.

For this development, it is necessary to consider an ap-
proximation of low losses dedicated to high Q. In this case,
the coefficient «; is supposedly very low (¢; < 1) and the
following hypotheses are validated:

AUl 1~ (20)

1—e 2%l x20;1 (1)
21 fo .

Vi ~jBRY (22)

1) INITIAL CONDITIONS

The first line of the resonator is a transmission line with char-
acteristic impedance Z; and a terminal short circuit, which
implies:

wm)=A e’ +B e’ =0 (23)

This condition allows us to express the complex fraction
B;.
14_1.
B
Ay
The last line of the resonator is a transmission line with
characteristic impedance Z, and a terminal open circuit, which
implies:

=—e ! (24)

. 1
i3(0) = Z(As —B3)=0= B3 =A3 (25)

730

2) COMPLEX AMPLITUDES

First, it is necessary to express the amplitudes (A;, B;) of
each section in terms of the complex amplitudes A; and B
referring to (16). Then, for each expression, the first ini-
tial condition (24) enables us to replace the fraction f—i by

— e~ 271 After development, the complex amplitudes A,, By,
A3z, and B3 of the second and third sections are:

1 1
Ay=—Ae (1— e 4 — (14 2! 26
2 5 e ( e +M12( + e ) (26)

1 1
Bi=—Are 7! [1— e o — (14 ) (27
2 5ALe ( e Mlz( +e ) @D

Ay _ 14 e 2!
Az = —eﬂ[cosh( 1)((1— e 2V’)+—>
) Y MM
Lsinh (y 1) (i(l ey o e—zyl))}
Mo M3
(28)
At - l|: oy, 14!
By = — ¢ 7" |cosh( l)((l—e R
2 v Mi2M>3

1 1
+sinh (y 1) <—(1 + e —(1- e—ZV’))}
O\u 12 M»3
(29)
By combining expressions (28) and (29) of the complex

amplitudes A3 and B3, with the condition (25), we obtain the
relation of a quarter-wavelength three-section coaxial SIR:

1
cosh?(y 1) + — sinh 2(y 1)
M3My; M3

1
+ (1 + —) sinh (y [)cosh (y 1)
M
=e ! (—; cosh?(y 1)
MM

_M%s sinh 2(y l)+<1+Ml_12) sinh (y 1) cosh (y z>>
(30)

Using trigonometric properties, and the low loss assump-
tions (22), this expression is simplified to become:

1 1

tan%(B 1) = = —
My + My +MixM»z M

€2y

The second part of the relation corresponds to the inverse of
the equivalent impedance ratio M for a three-section resonator
(19), defined in our previous study [12] and validating the
relation (18).

This last relation allows us to express the set of complex
amplitudes in terms of equivalent impedance ratio. For this, it
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is necessary to use the following trigonometric equivalences.

cos (B 1) =cos (arctan (%)) = \/7

sin (B 1) = sin (arcta \/LM)) = M T (32)
cos (2B 1) = cos (2 arctan (ﬁ)) = %—;i,
sin (28 1) = sin (2 arctan (ﬁ)) = %ﬁl

o

All the complex amplitudes are now
(33).

efined in the system

— P 2/M
B —Al( M+1 +J M+1>
_ L (YM
o=~k (#+).
By, = —A YMCMyp—M+1)+) (Mlz(M D+2 M)
Miy(M+1)v/M ’

A3=Bs=A1ﬁ(1+m)<1+J’W>

(33)

3) STORED AND LOST ENERGIES

By using the trigonometric properties (32), and the low loss
approximation (20) and (21), the average stored energy and
the energy loss per second Pli of each line can be expressed in
terms of complex amplitudes and equivalent impedance ratio.

Ei = ¢ (14422 e +|B»|2€2ail !
s\ 2 2
1
=G (14> + |Bi)?)

Pl = l& |A-|21 —e2el! + |B.|Ze
! 2Zi2 ! 2w ! 2w

(34)

2(11'1 _1

sin (28 1)

2B
cos(2B81)—1
T

— 2(A; B} + Al B})
+2(A] B; — A} B!)

I R,

=577 (A +1Bi%) 1
i

NOENY (A7 B; — A} B))

+vVM(A, B, + A/ B,f’)]]

For the energy loss in the short circuits, we distinguish two

cases. The first is Pglc, which corresponds to the short circuit of

the first section at z; = [, and all the other short circuits P! ,
which are systematically placed at the beginning of the line
at z; = 0. In the case of the three-section resonator, there are
three cases of short circuit, which are represented on Fig. 6.
G D14|Al|2
273 2m

(35)

(36)

For i different from 1:
. 1 Ry, D,

i = — 1 ==L [JA? + Bi> — 2(A} B, + A} B!
o= a7 g (A B - 24 B+ 4] B)]

(37)
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4) QUALITY FACTOR
For a three-section resonator, the quality factor results from
all the different energies and powers stated above.

E' +E2+E}

e=o CPIA PP+ P +PL+PL+P

(38)

Using the expressions (33) to (37), the quality factor can be
presented in the following form:

0 =2wy/eo poM (M2 + 1)/
R R, , R3 2
—Miy(M+ 1)+ —Mp, + M)+ ——Mxy(Mip+1)
7 Zn 73

VM
arctan(f) M+1)

R
( MM + 1)

Ry R3 2
— = Mi2(M12 +2)— M) — ~Mx3(M2 + 1)
22 Z3

M w414 M (Mt
12 M+ 1 Mi>

2Rs B
arctan ( \/7)
. (M — M) <M23 + 1) )}
MM +1)2 \ Mny
B. TWO-SECTION RESONATOR
It is possible to view the case of the two-section resonator as
a specific case of three-section resonator by deleting all the
terms Mp3.

With this condition, the equivalent impedance ratio be-
comes M = My, and the quality factor is:

0 =2 wo /€0 o/

(39)

Ry n R, n M R1 R
Zi 72 arctan (L) M+1) Z2
NITi
4R
G ARE [=0 (40)

mctan(m) Ho

This expression is the same as the one we should obtain by
the procedure in the Section IV-A, from the expression of the
quality factor for a two-section resonator :

E! + E?

=« " PI¥ PP+ PL+P2

(41)

V. VALIDATION OF MODELS
To validate the analytical and numerical resolution, we com-
pared four different cases of resonators: two sets of two-
section resonators at 150 MHz and 1.5 GHz, and two sets of
three-section resonators at 150 MHz and 1.5 GHz.

For all cases, the external section D is fixed at 30 mm, the
internal diameter of the n'” section d,, at 2 mm, the coupling
length [, at I mm, the thickness of each cylinder 7" at 0.5 mm,

and the metal is silver with a conductivity of 61 MS.m ™!
731
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TABLE 1. Comparison of Analytical Model and Electromagnetic Simulations of Two-Section Coaxial SIRs at 150 MHz

Dy di Dy d2  lwrss 21 Z Q Q A

M mm mm mm mm mm Q Q HFSSTM Analytic %
0.18 20.00 19.00 371.20 0.18 0.98 804 857 6.5
0.36 15.00  14.00 327.80 0.30 0.85 951 1000 5.2
0.54 30 12.00  11.00 2 297.80 0.40 0.74 991 1030 4.0
1.06 8.00 7.00 245.10 0.57 0.54 937 984 5.0
1.76 6.00 5.00 205.20 0.70 0.40 863 901 4.5
2.58 5.00 4.00 176.60 0.78 0.30 801 833 4.0
4.97 4.00 3.00 133.90 0.88 0.18 713 738 35

TABLE 2. Comparison of Analytical Model and Electromagnetic Simulations of Two-Section Coaxial SIRs at 1.5 GHz

Dy di Do d2  lurss 721 Zs Q Q A

M mm mm mm mm mm Q Q HFSSTM Analytic %
0.20 9.64 9.14 29.20 0.19 0.96 2417 2510 3.9
0.45 6.64 6.14 25.10 0.35 0.79 2966 2800 5.6
1.24 3.64 3.14 16.70 0.62 0.50 2719 2541 6.5
3.06 2.34 1.84 14.50 0.81 0.26 2209 2071 6.3
4.65 30 2.04 1.54 2 12.53 0.87 0.19 2013 1880 6.6
7.23 1.84 1.34 10.30 091 0.13 1833 1709 6.8
10.14 1.74 1.24 8.70 0.94 0.09 1725 1596 7.5
17.28 1.64 1.14 6.50 0.96 0.06 1591 1439 9.6

TABLE 3. Comparison of Analytical Model and Electromagnetic Simulations of Three-Section Coaxial SIRs at 150 MHz

D, di D2 da D3 d3  lurss 21 Za Z3 M2 Ma3 Q Q A
M/FM mm mm mm mm mm mm mm Q Q Q HFSSTM Analytic %
1/0.14 24.72 23.72 18.63 17.63 250 0.08 0.11 0.95 0.80 0.11 475 495 4.2
1/1.07 22.79 21.79 10.95 9.95 250 0.12 0.30 0.70 0.40 0.43 700 730 4.3
1/333 24.83 23.83 9.26 8.26 250 0.08 0.41 0.62 0.20 0.67 688 715 3.9
3/0.11 13.90 12.90 9.10 8.10 166 0.33 0.15 0.61 2.20 0.25 888 924 4.1
3/4.64 18.19 17.19 4.92 3.92 166 0.22 0.54 0.29 0.40 1.86 680 699 2.8
3/11.67 30 22.27 21.27 4.79 3.79 2 166 0.13 0.65 0.28 0.20 2.33 656 682 4.0
10/ 0.01 12.73 11.73 10.71 9.71 97 0.37 0.04 0.69 9.40 0.06 897 929 3.6
10/ 0.05 6.75 5.75 4.67 3.67 97 0.65 0.09 0.26 7.20 0.34 775 796 2.7
10/ 0.15 6.32 5.32 3.94 2.94 97 0.68 0.13 0.17 5.20 0.77 646 663 2.6
10/ 0.58 6.94 5.94 3.64 2.64 97 0.64 0.21 0.12 3.00 1.75 547 563 2.9
10/3.33 9.88 8.88 3.52 2.52 97 0.48 0.40 0.10 1.20 4.00 525 537 2.4

In the case of the analytical model, the expression of the
equivalent impedance ratio M is known with the relations
(19). It is then interesting to compare the quality factor as a
function of the equivalent impedance ratio M for a two-section
resonator and the form factor FM, which is the fraction %—ﬁ
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for a three-section resonator. It is important to note that the
same equivalent impedance ratio M can correspond to several
sets of M;; for a resonator made of more than two sections.
For the cases of two-section resonators, the quality factor is
plotted directly as a function of the impedance ratio M =
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TABLE 4. Comparison of Analytical Model and Electromagnetic Simulations of Three-Section Coaxial SIRs at 1.5 GHz

D dy Do da Ds ds  lgrss 71 Z Z3 Mz Moag Q Q A
M/FM mm mm mm mm mm mm mm Q Q Q HFSSTM Apalytic %
17042 22.74 21.74 13.69 12.69 20.50 0.12 0.20 0.80 0.60 0.25 1837 1911 4.0
1/3.33 24.83 23.83 9.26 8.26 20.50 0.08 0.41 0.62 0.20 0.67 1979 1990 0.6
3/0.04 17.64 16.64 13.57 12.57 14.50 0.23 0.09 0.80 2.60 0.11 2060 2117 2.7
3/0.11 1390  12.90 9.10 8.10 14.50 0.33 0.15 0.61 2.20 0.25 2314 2315 0.1
3/4.64 30 18.19 17.19 4.92 3.92 2 14.50 0.22 0.54 0.29 0.40 1.86 1939 1844 4.9
10/ 0.01 11.03 10.03 9.00 8.00 8.70 0.43 0.05 0.60 9.20 0.08 2094 2056 1.8
10/ 0.13 6.32 5.32 3.99 2.99 8.70 0.68 0.13 0.17 5.40 0.72 1736 1608 74
10/ 0.58 6.94 5.94 3.64 2.64 8.70 0.64 0.21 0.12 3.00 1.75 1554 1400 9.9
10/ 2.56 9.21 8.21 3.53 2.53 8.70 0.51 0.37 0.10 1.40 3.58 1512 1347 10.9
10/ 3.35 9.88 8.88 3.52 2.52 8.70 0.48 0.40 0.10 1.20 4.02 1510 1348 10.7

‘ ‘
1

(a) 3D views

(b) Top cross-sections

(c) Longitudinal cross-sections

FIGURE 5. Two- and three-section coaxial SIRs.

M,. Conversely, for the cases of three-section resonators, the
equivalent impedance ratio depends on the impedance ratios
M, and M3, so there are several pairs (M2, M»3) resulting
from the same equivalent impedance ratio M. Therefore, to
distinguish the different cases for the same M, the curve is

VOLUME 2, NO. 4, OCTOBER 2022

FIGURE 6. Position of short circuits in the case of a three-section
resonator.

plotted as a function of the form factor FM, which is the
fraction %—?Z

Tables | to 4 and Figs. 7 to 10 summarize all these
cases. Each figure presents a comparison of the quality factor
results obtained by numerical resolution or by analytical for-
mula with those obtained by simulation in eigenmode of the
resonator with the ANSY S HF SS electromagnetic simulation
tool. All the figures show a good agreement between the
values obtained by eigenmode simulation and the two models
(analytical and numerical). In order to evaluate and compare
the different possible configurations, a representation of the
topologies for the most extreme cases and the theoretical
length (obtained with (18)) of each resonator (dashed line)
studied are plotted in Figs. 7 to 10.

The results of each simulation performed under
ANSY S HFSS are listed in the tables and compared with the
values of the quality factor obtained under the same conditions
with the analytical formula. In addition, the relative difference
between these two values is indicated in the last column of
each table. First, the relative percentage difference never
exceeds 11%, which allows the different models to be
validated. Second, the comparisons show a better agreement
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Qvs M
B Analytical HFSSTM——Numerical length 1
1200 400
350
1000
300
800
250
Q length 1
g
600 200 (mm)
150
- ——
I 100
200
50
0 0
0 1 2 3 - 5 6
M
FIGURE 7. Quality factor vs. equivalent impedance ratio M for two-section coaxial SIRs at 150 MHz.
QvsM
W Analytical 4 HFSS ——Numerical = lengthl
3500 40
3000 23
30
2500
25
2000
Q 20 lengthl
1500 (mm)
15
1000
10
500 5
0 0
0 2 4 6 8 10 12 14 16 18 20

M

FIGURE 8. Quality factor vs. equivalent impedance ratio M for two-section coaxial SIRs at 1.5 GHz.

for the 150 MHz frequency than the 1.5 GHz case, whatever  presents an additional discontinuity (Fig. 5(c)) compared with
the number of sections. Finally, the two-section case shows the two-section resonators, which explains the few notable
smaller deviations than the three-section case. All these differences between the results of the two topologies. At the
conclusions are due to discontinuity effects, mainly at the same time, whereas the length /. is fixed at 1 mm in all cases,
extremities. In fact, the case of the three-section resonator the length of the resonators is 10 times greater for those at
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Qvs FM
1200 300
1000 250
800 200
Q
600 150 length 1
(mm)
400 100
—M-=1 - Numerical ~—~M=3 - Numerical ——M=10 - Numerical
200 « M=1 - Analytical M=3 - Analytical = M=10 - Analytical 50
+ M=1-HFss™ + M=3-HFSS™ + M=10-HFss ™
----- M=1 - length | ~=M=3 - length 1 e M=10 - length 1
0 0
1.E-04 1.E-03 1.E-02 1.E-01 1.E+00 1.E+01
FM

FIGURE 9. Quality factor vs. logarithm of factor FM for equivalent impedance ratios equal to 1, 3, and 10 for three-section coaxial SIRs at 150 MHz.

Qvs FM
2500 30
25
2000
20
Q 1500
15 lengthl
(mm)
1000
10
500 ——M-=1 - Numerical ——M=3 - Numerical ——M=10 - Numerical
* M=1 - Analytical M=3 - Analytical = M=10 - Analytical 5
+ M=1-HFss™ M=3-HFSS™ 4 M=10-HFSS ™
----- M=1 - length 1 --~-M=3 - length 1 ~a-M=10 - length 1
0 0
1.E-04 1.E-03 1.E-02 1.E-01 1.E+00 1.E+01
FM

FIGURE 10. Quality factor vs. logarithm of factor FM for equivalent impedance ratios equal to 1, 3, and 10 for three-section coaxial SIRs at 1.5 GHz.

150 MHz (around 150 mm) than for those at 1.5 GHz (around
15 mm), which reduces the effects caused by discontinuities
for the first ones. This illustrates the limitation of the model,
which remains valid for topologies with very small lengths
Ic compared with the length 1 of the resonator. In the case
of strong discontinuities, the model becomes more complex,

VOLUME 2, NO. 4, OCTOBER 2022

making it necessary, for example, to take into account an
additional transmission line at each discontinuity as shown in
the study [11].

The study of these curves allows us to optimize the topol-
ogy very quickly in terms of quality factor. Indeed, each curve
makes it possible to identify the topology with the maximum
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Q=2417 Q=2970 Q=1591 »
w
(=]
© 8
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30 mm
1
| |
29.2 mm

(a) Top and front views of two-section coaxial SIRs

Q=2314

Q=1979

: 20.5mm

(b) Top and front views of three-section coaxial SIRs

FIGURE 11. Quality factors (HFSS) and shape factors of two- and three-section coaxial SIRs at 1.5 GHz.
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(a) Top and front views of two-section coaxial SIRs

Q=656 Q=888 Q=897

30 mm
$30 mm

< >
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(b) Top and front views of three-section coaxial SIRs

FIGURE 12. Quality factors (HF SS) and shape factors of two and three-section coaxial SIRs at 150 MHz.

quality factor, and those for a given fundamental frequency
and external section width. Figs. 11 and 12 compare several
geometries of two- and three-section resonators for frequen-
cies of 1.5 GHz or 150 MHz. These figures indicate that
the quality factor increases with the frequency. However, the
comparison of topologies for the same frequency does not
allow us to extract a trend of the quality factor in terms of
the number of sections or length of the resonators. The use of
an analytical model or numerical resolution makes it possible
to immediately identify the maximum quality factor and cor-
responding topology for a fixed fundamental frequency and
external section.

VI. CONCLUSION

In this paper, we have proposed a general method to calculate
the quality factor of a quarter-wavelength n-section coaxial
SIR. For filter design, knowledge of the quality factor of the
resonators involved is an essential parameter to help evaluate
the electrical performance that will be obtained. The proce-
dure makes it possible to obtain an analytical model for the
simplest cases, based on two or three sections. For a larger
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number of sections >3, a numerical resolution is possible.
A comparison of different examples, notably at two different
frequencies and with different sets of nested sections, mostly
showed good agreement with results obtained in eigenmode
with the ANSY S HFSS electromagnetic simulation tool. In-
deed, for two and three sections, the relative error percentages
do not exceed 11%. As the formalism is general, this method
can be applied to structures with a higher number of nested
sections, keeping in mind that discontinuity effects will im-
pact the accuracy of the results. An important aspect of future
work should be the integration of these effects into the models
in order to push their limits when the number of sections
increases.
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