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ABSTRACT This paper introduces a coupling matrix synthesis method tailored for a class of tunable
bandpass filters (BPFs) with reconfigurable filtering characteristics. The filter has symmetric transmission
zeros (TZs) which can be reconfigured on the real or imaginary axis of the complex plane. Different filtering
characteristics can be obtained by merely tuning resonant frequencies of certain resonators. The frequency
tuning and reconfigurable states of the filter can be achieved simultaneously. The synthesis procedure mainly
includes three steps. First, a transversal coupling matrix is synthesized according to the design specifications
of one of the reconfigurable states. Second, the matrix is transformed to an intermediate configuration, in
which some of the coupling coefficients on the mainline couplings are designated as the key coefficients.
Tuning these key coefficients alone can change the locations of TZs to realize reconfigurable filtering
characteristics. In this intermediate configuration, the coupling matrix is optimized based on the synthesized
values to make all reconfigurable filter states meet their design requirements. Finally, the key coefficients are
rotated to the diagonal entries of the coupling matrix, so that reconfigurable TZs are realized by merely tuning
the resonant frequencies of certain resonators. The reconfigurable mechanism and the maximum number of
TZs under different filter orders are investigated in detail for a variety of coupling diagrams. Two synthesis
examples are presented to show the novel reconfigurable filter optimization procedure. For experimental
verification, a fourth-order tunable BPF with a pair of reconfigurable symmetric TZs was fabricated and
measured. The filter states with TZs on the real or imaginary axis of the complex plane can be switched
solely by tuning resonant frequencies, which validates the proposed synthesis approach of tunable filters.

INDEX TERMS Coupling matrix, dual-mode, reconfigurable, transmission zeros, tunable bandpass filter.

I. INTRODUCTION
Tunable filters are important alternatives to traditional filter
banks thanks to their wide frequency coverage, flexible
reconfigurable capability, and compact size. They play an
ever-increasing critical role in emerging terrestrial and space
wireless communication systems in response to the trendy de-
velopment of multi-network convergences and multi-function
applications such as space-air-ground integrated network,

cognitive radio, and software-defined radio (SDR). Different
methods for designing tunable filters with transmission
zeros (TZs) on the complex plane have been proposed in
recent decades [1]–[15]. Symmetric TZs on the appropriate
positions of the real axis of the complex plane can improve
the in-band group delay response, which are usually created
by an in-phase cross-coupling in a cascaded quadruplet (CQ)
topology [16]–[21]. On the other hand, symmetric TZs on the
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imaginary axis of the complex plane can improve near-skirt
selectivity, which can also be generated by the CQ coupling
diagram but with a negative cross-coupling [22]. For the phys-
ical realization of cross-coupled filters, positive couplings are
usually realized as inductive coupling irises, whereas negative
couplings are created through different realizations, which
have been widely investigated [8], [22]–[26]. For example,
a capacitive coupling probe in waveguide structures [8] or
balanced microstrip lines with a pair of metallic via-holes
in a substrate integrated waveguide (SIW) structure [22] can
introduce a negative coupling. Multilayered topologies [23]
and [24], and higher-order modes with properly designed
coupling irises [25] and [26] can also produce negative
couplings.

It is well-known that the phases of different paths in cross-
coupled topologies determine the type of TZs. Therefore,
reconfigurable filtering characteristics can be realized by re-
versing the signs of cross-couplings. In this way, a versatile
internal coupling circuit design that can tune coupling co-
efficients from positive to negative was presented [6], [27]–
[29]. In [6] and [27], an appropriate combination of mag-
netic and electric couplings was realized by soldered varactor
diodes. Two inter-resonator coupling structures, namely the
negative microstrip line and the positive inductive iris, are
integrated in [28]. Dual-mode resonators with perturbation
technology were reported to introduce a coupling phase rever-
sal equivalently [29]. However, there are three drawbacks in
the previous designs of tunable bandpass filters. First, all these
approaches require relatively complicated circuit structures,
which demand for time-consuming simulation and high preci-
sion fabrication. Second, the tuning range of internal coupling
coefficients is limited by the tuning elements designed to
control the coupling strength. It may not be able to completely
cover the required tuning range of the filter in question. Third,
the internal coupling coefficients and the resonant frequen-
cies are controlled independently, which would increase the
number of tuning elements. Although numerous efforts and
attempts related to tunable bandpass filters involving the re-
location of TZs have been presented, theoretical guidance on
reconfiguring symmetric TZs on the complex plane has not
been reported or discussed so far.

In this paper, an approach of synthesis for tunable bandpass
filters with reconfigurable symmetric TZs is proposed. The
complex internal coupling structure design can be replaced by
simple inductive coupling irises, which is theoretically inter-
preted through coupling matrix rotations. At the same time,
the symmetric TZs reconfigurability on the real or imaginary
axis of the complex plane can be managed together with a
center frequency control by merely tuning the resonant fre-
quencies to decrease the number of tuning elements. Besides,
the reconfigurable mechanism and the maximum number of
controllable TZs under various coupling diagrams are investi-
gated in detail for different filter orders.

The subsequent sections are organized as follows. The pro-
posed synthesis procedure of tunable bandpass filters is in-
troduced and explained in Section II. The optimization steps

are provided in Section III. Two synthesis examples are pre-
sented in Section IV to show how to implement the opti-
mization steps. In Section V, a fourth-order tunable bandpass
filter prototype is fabricated and measured to experimentally
validate the proposed method. Finally, the conclusion is drawn
in Section VI.

II. SYNTHESIS PROCEDURE OF TUNABLE FILTERS
In this section, the synthesis procedure of tunable filters is
detailed and discussed. Realizing reconfigurable symmetric
TZs on the complex plane is the primary concern in this work.
The synthesis procedure can be divided into five steps:

1) Synthesize a normalized coupling matrix. A transver-
sal coupling matrix can be synthesized according to
the design specifications for realizing the generalized
Chebyshev filtering characteristics [30].

2) Transform the coupling matrix. The transversal cou-
pling matrix is first transformed to a folded canoni-
cal form. Then the folded coupling matrix is further
rotated to an intermediate cascaded topology, where
some mainline couplings are chosen as the key coeffi-
cients. Tuning these key coefficients alone can realize
reconfigurable filtering characteristics. How to choose
key coefficients depends on the cascaded blocks in the
intermediate topology, which will be explained in the
following sections.

3) Make the cross and mainline couplings positive. If a
cross-coupling is negative, multiplying the whole row
and column by −1 would reverse its sign. Subsequently,
this process is repeated and applied to the mainline
couplings except for those key coefficients.

4) Optimize the coupling matrix. The initial coupling ma-
trix is synthesized based on one possible set of TZs. It
may not produce acceptable performances for other re-
configurable filter states, which are obtained by sweep-
ing the key coefficients. All the other coupling matrix
entries need to be optimized to make different reconfig-
urable filter states meet the requirements. Details about
the optimization are given in Section III.

5) Rotate the key coefficients to the diagonal entries of the
coupling matrix. As a result, the effect of tuning the
key coupling coefficients is equivalently achieved by
shifting the resonant frequencies of certain resonators.
Originally, all the resonators must be tuned to shift the
center frequency of the filter. Therefore, after the key
coefficients are transformed to diagonal positions of the
coupling matrix, reconfigurable filter states can be real-
ized without increasing the number of tuning elements.

After introducing the synthesis procedure, the reconfig-
urable mechanism and the maximum number of controllable
TZs for different filter orders will be investigated in detail.
Two sub-topologies are introduced to explain how to recon-
figure the state of a filter, as shown in Fig. 1. The quad and
hexa sub-topology can control one and two pairs of TZs,
respectively, according to the positions of key coefficients
which are marked with red solid lines. However, there seems
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FIGURE 1. Sub-topology in the intermediate topology. (a) Quad
sub-topology. (b) Hexa sub-topology. Black circles: resonaors. Black
solid lines: constant couplings. Red solid lines: constant couplings
chosen for these key coefficients.

FIGURE 2. Coupling topology of a fourth-order filter. (a) Folded
configuration after coupling matrix synthesis. (b) Quad-section
configuration after eliminating M23. Black circles: resonators. Hollow
circles: terminals. Solid line segments: positive coupling. Dash line
segments: negative coupling. Red arrows: resonant frequencies
shifting.

to be no regular pattern of coupling matrix rotations to transfer
a folded configuration to a sub-topology-based configuration.
Therefore, each order needs to be considered individually. The
different coupling diagrams can be classified into three cate-
gories, namely quad-section, hexa-section, and mixed-section.

A. MULTIPATH COUPLING DIAGRAM OF QUAD-SECTION
The quad sub-topology is shown in Fig. 1(a). Every four res-
onators can be employed to control a pair of symmetric TZs
in the quad sub-topology. The minimum order to realize the
quad-section topology is four. The coupling diagram is shown
in Fig. 2(a) and the corresponding coupling matrix takes the
following form

M =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 MS1 0 0 0 0
MS1 0 M12 0 M14 0

0 M12 0 M23 0 0
0 0 M23 0 M34 0
0 M14 0 M34 0 M4L

0 0 0 0 M4L 0

⎤
⎥⎥⎥⎥⎥⎥⎦

. (1)

The fourth-order configuration is a special case since the
folded configuration is the same as the quadruplet configu-
ration. If the sign of M14 is negative, the second row and
column are then multiplied by −1 to make it positive. Similar
procedures can be applied to make mainline couplings MS1

and M12 positive. Eventually, the only possible negative value
in the coupling matrix is M23.

TABLE 1. Relationship Between Value of M23 and Location of TZs in the
Fourth-Order Filter

The locations of TZs should satisfy the condition whereby
the equation of S21 is equal to 0 [31].

S21 = P (s)

εE (s)
= 2

√
RSRL

[
y
]

N1 = 0, (2)

where P(s) and E(s) are two polynomials with respect to the
complex frequency variable s. ε is a real factor to normalize
the highest-order coefficients in the two polynomials. RS and
RL are the reference impedance of source and load, respec-
tively. [y’] is the nodal admittance matrix. From (2), we can
find that the positions of TZs should satisfy the following
condition,

s2 + M23

(
M23 − M12M34

M14

)
= 0. (3)

s has a pair of pure real or imaginary roots depending on
whether M23 is positive or negative. In the generalized Cheby-
shev filters, M2

12/M14 � M23, which means that the TZs can
be switched between pure real and pure imaginary, as sum-
marized in Table 1. The key coefficient M23 changes its sign
to reconfigure filtering characteristics, but the other reconfig-
ured states may not meet the design requirements because the
coupling matrix is initially synthesized based on one possible
set of TZs. Hence, optimization is necessary, which will be
explained in detail in Section III.

At last, the coupling matrix rotations [16]–[18] can be ap-
plied to rotate the key coefficient M23 in (4).

M (n+1) = R · M (n) · RT (n = 1, 2, 3, ..) , (4)

where the new matrix M(n+1) has the same eigenvalues and
eigenvectors as M(n). The rotation matrix R is defined by the
pivot [i, j], and the rotation angle θ r. RT is the transpose of R.
In R, all the diagonal entries are 1 and off-diagonal entries are
0, except for Rii = Rjj = cosθ r and Rji = −Rij = sinθ r (i, j �
1 or N + 2, and i � j).

The rotation angle θ r1 can be calculated through

θr1 = 1

2
tan−1

(
2Mi, j

M j, j − Mi,i

)
. (5)

Substituting M22 = M33 = 0 into (5) yields θr1 = ±π/4.
After applying (4) to the coupling matrix in (1), the coupling
matrix becomes

M =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 MS1 0 0 0 0
MS1 0 M12√

2
−M12√

2
M14 0

0 M12√
2

M23 0 M34√
2

0

0 −M12√
2

0 −M23
M34√

2
0

0 M14
M34√

2
M34√

2
0 MS1

0 0 0 0 MS1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (6)
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FIGURE 3. Coupling topologies of eighth-order filter. (a) Cascaded
quadruplet (CQ) configuration after coupling matrix rotations. (b) Final
configuration after eliminating M23 and M67.

This step aims to eliminate the coupling between resonators
2 and 3. At the same time, it creates non-zero elements on the
diagonal of the coupling matrix, which can control the loca-
tion of TZs. In this process, the reconfiguration mechanism
of the filter is transformed from internal coupling coefficient
tuning to resonant frequency tuning. The quad-section topol-
ogy corresponding to the coupling matrix in (6) is depicted
in Fig. 2(b). Tuning the resonant frequencies of resonator 2
and resonator 3 can reconfigure the state of the filter. This
is the important step to realize center frequencies tuning and
reconfigurable responses at the same time by merely tuning
resonant frequencies.

To independently control two pairs of TZs, cascaded quad-
section topologies can be used with a minimum filter order
of eight. Similar to the fourth-order topology, the eighth-order
filter can be synthesized in a folded configuration with cross-
couplings M36 and M27, then the topology can be transformed
into a CQ configuration by coupling matrix rotations. The
detailed procedures of rotations are given in [16]. The CQ
topology is drawn in Fig. 3(a) with the corresponding cou-
pling matrix, shown as

M =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 MS1 0 0 0 0 0 0 0 0
MS1 0 M12 0 M14 0 0 0 0 0

0 M12 0 M23 0 0 0 0 0 0
0 0 M23 0 M34 0 0 0 0 0
0 M14 0 M34 0 M45 0 0 0 0
0 0 0 0 M45 0 M56 0 M58 0
0 0 0 0 0 M56 0 M67 0 0
0 0 0 0 0 0 M67 0 M78 0
0 0 0 0 0 M58 0 M78 0 M8L

0 0 0 0 0 0 0 0 M8L 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(7)

In (7), all the coefficients can be made positive by the afore-
mentioned procedures, except for the possible negative values
of M23 and M67. The TZs satisfy the following condition
based on (2).

[
M14s2 + M23 (M14M23 − M12M34)

]
∗[

M58s2 + M67 (M67M58 − M56M78)
] = 0. (8)

The values of M23, M12, M14, M34 and M67, M56, M58, M78,
shown in blue and red in (7), respectively, can individually
control a pair of TZs. M23 and M67 are chosen as the key
coefficients to control the locations of TZs. For instance, if
M23 or M67 is positive, the solutions of s are pure real because
the mainline couplings are larger than those cross-couplings
in the generalized Chebyshev filters (i.e., M14M23-M12M34 <

0, M67M58-M56M78 < 0).
The final step is to annihilate the coupling coefficients M23

and M67 in (4) and (5). The two key coefficients are rotated
to the diagonal entries of the coupling matrix with the same
absolute values but opposite signs, shown as

M =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 MS1 0 0 0 0 0 0 0 0
MS1 0 M12√

2
−M12√

2
M14 0 0 0 0 0

0 M12√
2

M23 0 M34√
2

0 0 0 0 0

0 −M12√
2

0 −M23
M34√

2
0 0 0 0 0

0 M14
M34√

2
M34√

2
0 M45 0 0 0 0

0 0 0 0 M45 0 M56√
2

−M56√
2

M58 0

0 0 0 0 0 M56√
2

M67 0 M78√
2

0

0 0 0 0 0 −M56√
2

0 −M67
M78√

2
0

0 0 0 0 0 M58
M78√

2
M78√

2
0 M8L

0 0 0 0 0 0 0 0 M8L 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(9)

The coefficients corresponding to the resonant frequencies,
i.e., resonators 2 and 3, resonators 6 and 7, can independently
control a pair of symmetric TZs. Hence, four (22) different
states in total can be achieved in the 8th-order filter. (6) and (9)
show that the topology in Fig. 3(b) consists of two cascaded
quad-section configurations, and their matrix coefficients are
asymmetric about the principal diagonal.

In a 12th-order filter, the same synthesis technique can be
applied. However, the coupling matrix rotations become much
more complicated because three cascaded quad-sections need
to be reconfigured. A detailed procedure is described in the
Appendix, and three pairs of TZs can be independently con-
trolled by tuning resonant frequencies. There are eight (23)
different states in terms of the reconfigured locations of TZs.
The pivots and rotation angles for the 12th-order filter of cas-
caded quad-section topology are listed in Table 2. It is worth
pointing out that a pair of symmetric TZs can be controlled
by every four resonators in filters of other orders (≥4). For
example, 7th-order and 9th-order topology can have one and
two pairs of independently controlled TZs, respectively. Their
target topologies can be chosen with reference to the synthesis
procedures of 4th-order and 8th-order topologies.

B. MULTIPATH COUPLING DIAGRAM OF HEXA-SECTION
The hexa sub-topology is shown in Fig. 1(b). Compared with
a quad sub-topology, a hexa sub-topology can control more
TZs, but its tuning mechanism is more complicated. In a hexa-
section, the six resonators can dependently control two pairs
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TABLE 2. Pivots and Rotation Angles for 12th Filter Order With
Quad-Section Topology

FIGURE 4. Coupling topologies of sixth-order filter. (a) Folded
configuration after coupling matrix synthesis. (b) Six-section configuration
after coupling matrix rotations. (c) Final configuration after eliminating
M23 and M45.

of symmetric TZs. The synthesis procedure of a hexa-section
also starts from a folded topology, as shown in Fig. 4(a). The
transformation of the folded coupling matrix to a hexa-section
form [16], [32] is illustrated in Fig. 5. Here, all the nonzero
entries are indicated with ‘X’; the newly created entries are
represented by ‘�’; and the eliminated entries are marked as
‘©’. The first rotation angle θ1 has an unknown value with the
pivot [2], [4]. This operation aims to eliminate M25 and M34

simultaneously in the next step. The second rotation uses an
angle θ2 with the pivot [3], [5]. θ2 can be calculated by (10).

θ2 = −tan−1
(

M j,k

Mi,k

)
, (10)

FIGURE 5. Coupling matrix rotations from a folded topology to a
hexa-section topology. (a) Rotation with unknown angle θ1. (b) Rotation to
eliminate M25, M34 simultaneously. ‘©’ denotes eliminated coefficients
after rotations. ‘�’ denotes newly created coefficients after rotations. ‘X’
denotes nonzero coupling coefficients.

where i = 3, j = 5, k = 2. This step eliminates M25 and M34

simultaneously. To determine θ1, coupling coefficients in rows
i and j and columns i and j are calculated since only they will
be changed by the rotation. In the following derivations, the
simplified notations are adopted: c1 = cosθ1, t1 = tanθ1, and
s1 = sinθ1. After the coupling matrix rotations, M ′

i j represents
the matrix coefficient after the first rotation, etc. The details
are shown below:

1) AFTER THE FIRST ROTATION:

M ′
12 = c1M12

M ′
23 = c1M23 − s1M34

M ′
34 = s1M23 + c1M34

M ′
45 = s1M25 + c1M45

M ′
25 = c1M25 − s1M45

M ′
14 = s1M12 (11)

2) AFTER THE SECOND ROTATION:

M ′′
25 = s2M ′

23 + c2M ′
25

M ′′
34 = c2M ′

34 − s2M ′
45

(12)

To enforce M ′′
25 and M ′′

34 in (12) to be zero simultaneously,

t2 is set to be
−M ′

25
M ′

23
or

M ′
34

M ′
45

. Then, substituting into (11), t1 can

be expressed as follows:

t2
1 (−M23M34 − M25M45)

+ t1
(
M2

23 − M2
34 + M2

25 − M2
45

)
+ (M23M34 + M25M45) = 0. (13)

As all the coefficients in (13) are known at the beginning,
t1 can be solved. The topology after the rotations is shown in
Fig. 4(b). The locations of TZs can be calculated with (3) and
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FIGURE 6. Possible coupling topologies of mixed-section. (a) Two
quad-section topologies in parallel. (b) Cascading of a quad-section
topology and a hexa-section topology.

the simplified equation is

M16
(
s2 + M2

45

) (
s2 + M2

23

) − M12M36M23
(
s2 + M2

45

)
− M14M56M45

(
s2 + M2

23

) = 0. (14)

It is difficult to directly obtain the relationship between
the coupling coefficients and the locations of TZs from (14).
However, two points are clear. First, the solutions of s can
be pure real, pure imaginary, and conjugate complex values.
Only the solutions of pure real and pure imaginary values (on
the axes) will be discussed in this paper. Second, the solutions
of s can be controlled by the key coefficients M45 and M23 to
change the locations of TZs. Theoretically, there are up to four
different states, but the total number of states is limited by the
coupling values in (14).

Finally, through (4) and (5), coupling coefficients M45 and
M23 are rotated to the diagonal entries of the coupling matrix
with coefficients M22, M33, M44, and M55. In other words,
the reconfigurable filtering characteristics will be realized by
tuning the resonant frequencies of resonators 2, 3, 4, and 5.
The final hexa-section topology is shown in Fig. 4(c).

The 12th-order filter can have two cascaded hexa-sections.
Each hexa-section can control two pairs of TZs independently.
Hence, the 12th-order filter has up to sixteen (24) different
states. The coupling matrix transformation from the folded
topology to the cascaded hexa-section topology is very com-
plicated. 21 rotations are needed to reconfigure the coupling
matrix. The pivots and the rotation angles of the hexa-section
topology are listed in Table 3 for different filter orders. Like
the quad-section topology, each pair of symmetric TZs can
be controlled using similar coupling matrix rotations. For in-
stance, the 7th-order topology can control two pairs of TZs
referring to the 6th-order topology’s rotation.

C. MULTIPATH COUPLING DIAGRAM OF MIXED-SECTION
As discussed above, the quad-section and hexa-section can be
used as building blocks to control one and two pairs of sym-
metric TZs, respectively. They can be connected in different
ways to extend the diversity of responses and realizations.
In Fig. 6, some coupling topologies consisting of different
sub-sections are illustrated to realize different characteristics.

TABLE 3. Pivots and Rotation Angles for Hexa-Section Topology for
Different Filter Orders

In Fig. 6(a), two quad-sections in parallel have the same re-
sponses as the cascaded quartet topology, though their cou-
pling diagrams are different, leading to better flexibility in
the physical design. Additionally, the quad-section topology
is cascaded with the hexa-section topology to control three
pairs of TZs in total, as shown in Fig. 6(b), which is a hybrid
form between the pure quad- and hexa-section topologies. The
mixed-section topology provides a tradeoff between these two
topologies to realize the same number of symmetric TZs with
a lower order of the filter.

III. OPTIMIZATION
Since the initial coupling matrix is synthesized based on one
possible set of TZs, the performance of other reconfigurable
states, especially, the return loss level, may deteriorate when
the key coefficients change their signs or values. Hence, the
initial coupling matrix needs to be optimized to make a trade-
off among all states with respect to the design specifications.
The optimization procedure mainly contains four steps:

Step 1: Change the value of the key coefficient to reconfigure
filter characteristics.

Following the procedure described in Section II, a coupling
matrix with an intermediate topology has been synthesized.
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The positions of key coefficients are given in Fig. 1 to re-
configure the locations of TZs. The final values of the key
coefficients are determined to optimally satisfy the system
requirements on the reconfigurable filter, such as return loss
level, group delay flatness, and out-of-band rejection, etc. For
example, the following cost function can be used to evaluate
the filter performance in terms of the in-band return loss and
the stopband rejection as:

C = max
{
dB (S11) in passband,−rin

}
+ w · max

{
dB (S21) in stopband,−rout

}
, (15)

where rin and rout are the prescribed in-band return loss level
and stopband rejection level, respectively. w is a predefined
weight factor. The reconfigurable states are determined with
a set of key coefficient values that can minimize C. Note
that the initial coupling matrix should be synthesized for the
reconfigurable states with the most challenging specifications.

Step 2: Check whether the performances of all reconfigurable
states meet design requirements. If not, synthesize a cou-
pling matrix for each reconfigurable state.

Usually, it is the return loss levels of reconfigurable states
that do not meet design specifications. If the performances of
some reconfigurable states are not satisfactory, then for each
state, resynthesize a coupling matrix based on the calculated
locations of TZs of that state. So if there are N reconfigurable
states, there will be N synthesized coupling matrices. Note
that all the N coupling matrices should be reconfigured to
the same intermediate coupling topology as the initial matrix
obtained in step 1.

Step 3: Fine-tune the coefficients to obtain the final coupling
matrix.

N coupling matrices are synthesized in step 2. However, we
can use only one final coupling matrix to guide and enable
the physical realization of the filter. The final coupling ma-
trix should make a compromise among all the reconfigurable
states. Therefore, each of its coefficients is fine-tuned within
the range whose the lower and upper bounds are determined
by the minimum and maximum values in the corresponding
positions of the N coupling matrices obtained in step 2. Direct
optimization of all the coefficients to construct a new coupling
matrix that can give satisfactory performance for all reconfig-
urable states is time-consuming due to too many optimization
variables. Therefore, we introduce a simple approach to derive
the final coupling matrix. The final coupling matrix MF is
determined by the weighted sum of all the matrices obtained
in step 2 as follows,

MF = a1 ∗ M1 + a2 ∗ M2 . . . + ai ∗ Mi . . . + aN ∗ MN ,

(16)
where ai is the weight factor for the coupling matrix Mi,
and Mi is the synthesized coupling matrix for the ith recon-
figurable state. The values of ai satisfy a1 + a2 + . . . + ai +
. . . + aN = 1, and ai ≥ 0.

FIGURE 7. Flowchart for coupling matrix optimization.

With (16), the optimization variables are converted from
the non-zero coefficients in the coupling matrix to the weight
factors a1 to aN. In this way, the number of optimization vari-
ables can be reduced because the number of states N is often
smaller than the total number of non-zero coefficients in the
coupling matrix. The optimal solution stemmed from the op-
timization procedure can be found because it is a brute-force
method by sweeping all the variables in the corresponding
dynamic range. An appropriate set of weight factors can be
determined by an exhaustive parameter sweep to make all the
reconfigurable states of MF have close return loss levels. Then,
MF gives the best performance of all states. According to our
experience, it is not necessary to optimize all the ai’s values.
Usually, the lower and upper bounds of all the coupling coeffi-
cients are determined by only two matrices, whose TZs are all
on the real axis and the imaginary axis of the complex plane,
respectively. Satisfactory results can be obtained if we set all
the ai’s zero, except the two for the above two matrices. Then
the number of non-zero weight factors is decreased to two to
reduce the amount of calculation.

Step 4: Repeat steps 1 to 3 until all the states meet the design
requirements.

If sweeping ai in (16) fails to make all reconfigurable states
meet the design requirements, we can resynthesize the cou-
pling matrices with a higher return loss level at the beginning.
Then repeating steps 1 to 3, until all the states meet the design
specifications. The flow chart of coupling matrix optimization
is shown in Fig. 7. The whole procedure can be programmed
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FIGURE 8. Coupling matrix of a fourth-order filter obtained by an
analytical synthesized procedure. (a) Simplified coupling matrix with
folded topology synthesized from the Chebyshev filtering function.
(b) The second matrix synthesized from the Chebyshev filtering
function with the return loss of 23 dB and the TZs of ±2.2681j rad/s.
(c) The optimized matrix with weight factor of 0.3 and 0.7 according to the
matrices in (a) and (b), respectively. (d) The final matrix after rotating
coefficient M23, where M23 = −0.8181 in the matrix before rotation.

using scientific computational tools, such as MATLAB, to
optimize the final matrix.

In the following sections, two synthesis and one design
examples are illustrated to show how to implement the op-
timization steps.

IV. SYNTHESIS EXAMPLES
A. A FOURTH-ORDER FILTER WITH TWO
RECONFIGURABLE STATES
A fourth-order reconfigurable filter with one pair of TZs is
taken as the first example. The return loss levels of both recon-
figurable states should be better than 22 dB. One of the states
gives group delay equalization over 70% of the passband.

Step 1: The initial matrix is synthesized from the Chebyshev
filtering function with the prescribed TZs at ±1.7 rad/s and
a return loss of 22 dB. The initial coupling matrix is shown
in Fig. 8(a).

As analyzed in Section II, the pair of TZs can be controlled
by tuning the key coefficient M23 in the quad sub-topology.
As seen in (3) and Table 1, there are two reconfigurable states
corresponding to a positive and a negative value of M23. The
coupling matrix with a positive M23 (i.e., 0.6526) is initially

FIGURE 9. The responses by sweeping the key coefficients M23.
(a) S-parameters. (b) Group delay.

synthesized from the Chebyshev filtering function, as shown
in Fig. 8(a). The location of TZs is placed on the real axis
of the complex plane in this state. The other state can be
found by sweeping the negative values of M23 to minimize the
cost function (16). The S-parameters under different values
of M23 are plotted in Fig. 9(a). It is seen that the in-band
return loss level is affected by the value of the key coefficient
M23. The best return loss level of the second reconfigurable
state is 20.7453 dB, which is obtained by a negative M23 (i.e.,
−0.8653). The positions of TZs on the imaginary axis of the
complex plane are also changed with different negative values
of M23, which can be calculated by (3). Substituting M23 =
−0.8653 into (3), the values of TZs are ±2.2681j rad/s.

At the same time, the group delay flatness is also affected
by tuning M23, as shown in Fig. 9(b). When the location of
TZs is switched from the real axis to the imaginary axis of the
complex plane, the near-skirt selectivity of the filter becomes
better, but the in-band group delay flatness becomes worse.

Step 2: It is seen that the state with TZs on the imaginary
axis of the complex plane has deteriorated return loss per-
formance. Hence, the coupling matrix needs to be resyn-
thesized for the second reconfigurable state. In general, the
return loss levels of reconfigured filter states will be slightly
lower than that of the initially synthesized state. Therefore,
the return loss level used in the analytical synthesis proce-
dure can be chosen slightly higher than the required level.
In this example, the coupling matrix is resynthesized based
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TABLE 4. Performance of Two States After Fine-Tuning the Key Coefficient
and Locations of TZs

FIGURE 10. The responses of two states for the fourth-order filter after
optimization. (a) Magnitude of S-parameters. (b) Group delay. State1:
TZs on the real axis of the complex plane. State2: TZs on the imaginary
axis of the complex plane.

on the TZs of ±2.2681j rad/s and the return loss of 23 dB,
in order to meet the return loss requirement of 22 dB. The
synthesized coupling matrix is given in Fig. 8(b). The next
step is adjusting all the coefficients in the coupling matrix.

Step 3: Implementing the simplified adjustment-based
method, the final matrix is given in Fig. 8(c). It is obtained
with the weight factor of a1 = 0.3 and a2 = 0.7 according
to the matrices in Fig. 8(a) and Fig. 8(b), respectively. Re-
peating steps 1 to 2 with the matrix in Fig. 8(c), the return
loss level and the locations of TZs are updated in Table 4.
Finally, the return loss levels of both states are better than
22 dB. The magnitude and group delay responses of both
states are shown in Fig. 10(a) and (b), respectively. The
group delay equalization of the first state with TZs on the
real axis of the complex plane is over 70% of the passband.

With the coupling matrix in the intermediate topology, the
states can be reconfigured by merely tuning the key coefficient
M23. The last step is to rotate the intermediate coupling matrix
using (4) and (5). The resultant matrix is given in Fig. 8(d),

TABLE 5. Coefficients of S-Parameter Polynomials

which is eventually transformed to the quad-section based
topology. Now different reconfigurable filter states can be
realized by tuning the resonant frequencies of resonators 2
and 3 without modifying any other coefficient. The center
frequency tuning and the reconfigurable states controlling can
be realized by tuning all resonant frequencies simultaneously.

B. AN EIGHTH-ORDER FILTER WITH FOUR
RECONFIGURALBE STATES
An eighth-order reconfigurable filter with two pairs of TZs
is taken as the second example. In this example, the return
loss of all states should be better than 23 dB, and one of the
states gives out-of-band rejection better than 85 dB when the
normalized frequency > 2 rad/s.

Step 1: The initial values of TZs are ±2j and ±3j rad/s, and the
return loss level is 23 dB. The transfer and reflection char-
acteristics can be synthesized from the generalized Cheby-
shev filtering function. The coefficients of the polynomials
are given in Table 5. The simplified coupling matrix in
the folded topology is obtained and shown in Fig. 11(a).
Rotating the folded topology to the cascaded CQ topology
has been introduced in [16]. The first rotating angle is cal-
culated that tanθ = −0.0926 or −0.0354. After completing
the matrix rotations, the matrix in the CQ topology is shown
in Fig. 11(b). As can be seen, all the coefficients are positive
except for M23 and M67.

As analyzed in Section II, these two pairs of TZs can be
independently controlled by sweeping the key coefficients
M23 and M67 in the quad sub-topology. There are four recon-
figurable states based on the locations of TZs. In this case,
it can be seen from (8) that these four states are obtained
by positive and negative values of the key coefficients M23

and M67 (positive M23, positive M67; positive M23, negative
M67; negative M23, positive M67; negative M23, negative M67).
The coupling matrix with negative M23 and negative M67

is given in Fig. 11(b). The coupling matrices corresponding
to the other three states can be found by sweeping the key
coefficients M23 and M67 to minimize the cost function (16).
The four reconfigurable states are summarized in Table 4. As
can be seen, the return loss level of states 2 to 4 are slightly
worse and do not meet the design requirements.
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FIGURE 11. Coupling matrix obtained during synthesized procedures.
(a) Simplified coupling matrix with folded topology synthesized from the
Chebyshev filtering function. (b) Topology transformed after coupling
matrix rotations. (c) Optimized coupling matrix with coefficients
fine-tuning. (d) Final coupling matrix after rotating coefficients
M23 and M67.

Step 2: Three coupling matrices for states 2 to 4 are resynthe-
sized based on the values of TZs of states 2 to 4 in Table 4
and the return loss of 23 dB.

Step 3: Fine-tune all the coefficients in the coupling matrix
using the simplified sweeping-based method. Each coeffi-
cient has a dynamic range determined by the corresponding
minimum and maximum values in the four matrices. For
instance, M12 � [0.8658, 0.8727]. It can be observed that
the matrices of states 1 and 4 determine the coefficients’
dynamic range. All the coefficients in the matrices of states
2 and 3 are within the corresponding range. Therefore,
a2 and a3 are set to zero, and the constraint on weight
factors is simplified to a1 + a4 = 1. Implementing the
sweeping-based method, the final matrix is obtained with
weight factors of a1 = 0.65, a2 = 0, a3 = 0, and a4 =
0.35 according to the four matrices corresponding to states
1 to 4, as shown in Fig. 11(c). Repeating steps 1 to 2, the
return loss levels and the locations of TZs after fine-tuning
coefficients in the matrix are updated in Table 4. The return
loss levels of different states are close to each other and
are all better than 21.2 dB. The S-parameters and the group

FIGURE 12. Comparison of states after coupling matrix optimization.
(a) S-parameters responses after optimization. (b) Group delay responses
after optimization corresponding to the curves in Fig. 12(a) using the same
color.

delay responses are plotted in Fig. 12(a) and in Fig. 12(b),
respectively. As can be seen, the locations of the TZs have a
great impact on the filtering characteristics. The more TZs
distributed on the imaginary axis of the complex plane, the
better the out-of-band suppression is. On the contrary, the
more TZs deployed on the real axis of the complex plane,
the flatter the group delay is.

Step 4: Repeat steps 1 to 3 until all the states meet the design
requirements. Even all the return loss levels are better than
21.2 dB, they are not meet the target. A higher level of
return loss can be used to synthesize matrices, such as 25
dB at the beginning. Because the rest of the procedure is
very similar, leave it to the readers to complete.

Till now, in the intermediate topology, the responses can
be reconfigured by controlling the key coefficients M23 and
M67. The last step is to rotate the intermediate coupling matrix
using (4) and (5). The resultant matrix is given in Fig. 11(d),
which is eventually transformed to the quad-section based
topology. Now the filter states can be reconfigured by tuning
the resonant frequencies of resonators 2, 3, 6, and 7.

V. EXPERIMENTAL VALIDATION
To experimentally validate the proposed theory and tech-
niques, a fourth-order reconfigurable bandpass filter is fab-
ricated and measured. It has two states and both states can
be tuned from 9.5 GHz to 10.6 GHz. The filter is initially
designed with center frequency of 10.56 GHz and a bandwidth
of 300 MHz. It has two symmetric TZs located at ±4.5j, and
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FIGURE 13. Normalized coupling matrices corresponding to different
topologies. (a) Simplified coupling matrix corresponding to topology in
Fig. 1(a) after Chebyshev filtering function synthesis. (b) Rotated
coupling matrix corresponding to topology in Fig. 2(b) with angle
−0.7854 rad/s.

TABLE 6. Comparison of Filter Performance Before and After Optimization
With Related Coefficients and Locations of TZs

the in-band return loss is 28 dB. The choice of a higher level of
return loss is mainly done by considering the deterioration of
filter performance after the center frequency tuning to a lower
frequency.

A. COUPLING MATRIX SYNTHESIS
First, the coupling matrix is synthesized from the general-
ized Chebyshev filtering function. After simplification, the
obtained coupling matrix is shown in Fig. 13(a). The only
negative coupling is M23 = −0.8387, and all the other inter-
resonator couplings are positive.

Second, sweep the key coefficient M23 to find reconfig-
urable states by minimizing the cost function in (16). There
are two states. One state with the negative value of M23 (i.e.,
−0.8387) is initially synthesized. The other state is found by
sweeping the positive values of M23. The value of M23 is
0.7840, which gives a return loss of 28.5138 dB. The corre-
sponding return loss performance and locations of TZs with
the suitable values of M23 are summarized in Table 7. As can
be seen, both states meet the design requirements. Therefore,
the fine-tuning coefficients in the matrix is not necessary in
this example. The final matrix MF is the same as the initial
matrix in Fig. 13(a).

TABLE 7. Corresponding Return Loss Performance and Location of TZs
With Suitable Value of M23

FIGURE 14. 3-D electromagnetic model of demonstrated bandpass fiter.
(a) Perspective view. (b) Top view. Dimensions: w1 = 900, l1 = 520, w2 =
1000, l2 = 1000, w3 = 100, w4 = 165, w5 = 250, w6 = 150, w7 = 170, R1 =
100, wint = 324, wext = 433, wc = 350, h1 = 400. Unit: mil.

Third, the mainline coupling M23 is rotated by applying (4)
and (5) to the coupling matrix in Fig. 13(a). The non-zero co-
efficients distributed along the diagonal entries of the coupling
matrix are shown in Fig. 13(b). Afterwards, to reconfigure the
filtering characteristics, the previous internal coupling tuning
is completely converted to resonant frequencies tuning.

B. FILTER DESIGN
In this work, a 3D electromagnetic model of the filter is built
in the ANSYS High-Frequency Structure Simulator (HFSS).
The geometry is shown in Fig. 14. Resonators 1 and 4 are
realized as the fundamental modes in two rectangular wave-
guide cavities, whereas resonators 2 and 3 are realized as dual
modes in a large square waveguide cavity. The electric field
distribution of the two diagonal modes is simulated by an
eigenmode analysis in ANSYS HFSS and shown in Fig. 15.
Each diagonal mode is equipped with a pair of tuning screws
at the two magnitude peaks. The advantage of this filter is that
all the internal and external coupling, no matter positive or
negative, are realized through H-plane irises at the center of
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FIGURE 15. Electric field distribution of two diagonal modes with via1 =
93.7, via2 = 170.5, via3 = 169.1. Unit: mil. (a) Diagonal mode 1.
(b) Diagonal mode 2.

TABLE 8. Correspondence Between Geometrical Parameters and Coupling
Matrix Coefficients

the wall. Tuning screws are provisioned in the cavity where
the electric field is the most intensive to tune the resonant
frequencies of the corresponding modes. The depth values of
tuning screws for the fundamental mode, diagonal mode 1,
and diagonal mode 2 in the cavity are defined as via1, via2,
and via3, respectively. The tuning screws in the middle of
the irises can precisely control the coupling coefficients after
fabrication, which are fixed after adjusting coefficients.

The internal coupling irises wint should be deployed in the
middle of the wall to consider the performance of each state.
To achieve the same internal coupling coefficient for both
diagonal modes, two diagonal corner cuts [33], [34] in the
square cavity are introduced. The correspondence between
geometrical parameters and coupling matrix coefficients is
summarized in Table 8. In the model, the fixed parameters are
designed first. Then, the tuning parameters are swept to realize
reconfigurable states and frequency-tuning performance.

The filter is tuned with the assistance of the synthesized
coupling matrix and the help of the model-based vector fitting
method [35]–[37]. The simulated and the synthesized cou-
pling matrix responses are plotted together in Fig. 16. Ac-
cording to the synthesized coupling matrix, M22 = −0.8387
and M33 = 0.8387 realize a state with TZs on the imaginary
axis of the complex plane, and M22 = 0.7840 and M33 =
−0.7840 realize the other state with TZs on the real axis of the
complex plane. In switching between the two kinds of filter

FIGURE 16. Comparison of states between synthesized coupling matrix
and simulated electromagnetic model. (a) S-parameters. (b) Group delay.
State1: TZs on the real axis of the complex plane. State2: TZs on the
imaginary axis of the complex plane.

TABLE 9. The Corresponding Values of via1, via2, and via3 at Different
Center Frequencies as Well as States in Fig. 17

states, all the other coupling coefficients are kept constant.
During the simulation, we keep via1 = 93.7 mil and only
tune values via2 = 176.4 mil, via3 = 163.0 mil and via2 =
170.5 mil, via3 = 169.1 mil to switch from state1 to state2.
It can be seen from Fig. 16(a) that the simulated results are
consistent with synthesized coupling matrix states. The group
delay responses between the two states given in Fig. 16(b)
have a similar enhancement compared to the simulated and
synthesized results. Noted that the physical locations of TZs
can be deployed closer to the passband by enhancing the
coupling between resonator 1 and resonator 4 [23].

Tuning screws via1, via2, and via3 can be used to achieve
the tunable performance of this filter. The simulated results of
the filter are shown in Fig. 17 and the corresponding values
of via1, via2, and via3 at different center frequencies as well
as states are given in Table 9. It can be observed that at the
same center frequency, the value of via1 is the same and the
states can be switched by changing the values of via2 and via3.
The frequency-tuning performance of both states can be real-
ized by adjusting the values of via1, via2, and via3 together.
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FIGURE 17. Simulated S-parameters responses of the prototyped
tunable bandpass filter. (a) Tunable responses of State2. (b) Tunable
responses of State1. State1: TZs on the real axis of the complex plane.
State2: TZs on the imaginary axis of the complex plane.

FIGURE 18. Photograph of the fabricated prototype.

Both states have a tuning frequency range from 9.5 GHz
to 10.6 GHz. The performance becomes worsen when the
resonant frequencies shift far away from the designed center
frequency because all the physical coupling irises are fixed,
which are set to introduce a mismatch in this scenario. In
Fig. 17, there are small peaks on the upper stopband whose
magnitude is lower than -28 dB. They result from the spurious
resonant modes excited by the tuning screws.

C. FABRICATION AND MEASUREMENT
The photograph of the fabricated tunable bandpass filter is
shown in Fig. 18. The filter is made of a piece of aluminium.

FIGURE 19. Measured responses of the fabricated filter. (a)
S-parameters of both states. (b). Measured group delay responses.
State1: TZs on the real axis of the complex plane. State2: TZs on the
imaginary axis of the complex plane.

All the tuning screws are accessible on the top cover. It is
measured with a vector network analyzer Keysight N5224A.
The measurement results are shown in Fig. 19. The measured
bandwidth, insertion loss (IL), and return loss (RL) of the
state with TZs on the imaginary axis of the complex plane
are 290 MHz, 1.2 dB, and 22.9 dB, respectively, when the
filter is tuned to the center frequency of 10.46 GHz. Then,
the resonant frequencies of the dual modes can be tuned by
changing values of via2 and via3. The response is reconfigured
to the other state with TZs on the real axis of the complex
plane operating at the same band. The IL and RL are 1.5 dB
and 23.3 dB, respectively. The peaks beyond the passband
in Fig. 19(a) results from the interference modes excited by
tuning screws in both states. The group delay curves of these
two different states are given in Fig. 19(b), confirming that
the TZs on the real axis of the complex plane is beneficial for
achieving a better group delay response.

The tunable performances of both states are measured and
shown in Fig. 20. The deeper the turning screws are in the
cavities, the lower the operating frequency is. The measured
tuning ranges of both states are from 9.4 GHz to 10.5 GHz
with the insertion loss ranging from 1.2 dB to 2.5 dB. Table 10
provides the comparisons of our work with some other related
designs. It can be seen that the tunable performance and recon-
figurable filter states (at the same operating frequency) can be
realized simultaneously with the same physical structure.
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FIGURE 20. Measured S-parameters responses of the tunable bandpass
filter. (a) Tunable responses of State2. (b) Tunable responses of State1.
State1: TZs on the real axis of the complex plane. State2: TZs on the
imaginary axis of the complex plane.

TABLE 10. Comparisons With Other Related State-of-the-Art Designs

ML: Microstrip Line; SIW: Substrate Integrated Waveguide; WG: Waveguide;
FBW: Fractional Bandwidth; F-T: Frequency Tuning; Pct.: Percentage. Ref.: Ref-
erence. No. of TZ: Number of TZ.

VI. CONCLUSION
In this paper, the synthesis method for tunable filters with
reconfigurable symmetric TZs on the real or imaginary axis
of the complex plane has been proposed. The reconfigurable
TZs can be realized together with the center frequency control
by merely tuning the resonant frequencies of the cavities.
The synthesis procedure of these tunable filters for differ-
ent orders with a variety of coupling diagrams is theoreti-
cally interpreted by coupling matrix rotations. The theoretical
guidance on reconfiguring symmetric TZs on the complex
plane is highlighted because it cannot be directly synthesized
through an existing coupling matrix method. Afterwards, the
optimization steps for the coupling matrix are given, which
make a trade-off among all states’ performances of the filter,

FIGURE 21. Coupling matrix rotations for 12th-order filters. (a) Pivot: M48.
(b) Pivot: M57. (c) Pivot: M68. (d) Pivot: M79. (e) Pivot: M8,10.

as demonstrated using a synthesized eighth-order filter. For
experimental verification, a fourth-order tunable bandpass fil-
ter prototype with a pair of symmetric TZs has been designed,
fabricated, and measured. The responses of the fabricated
filter can be switched between two states, which has validated
the proposed synthesis and design method of the tunable fil-
ters. Moreover, this approach can provide a foundation for
guiding a flexible design of multi-band and bandstop recon-
figurable filters in the future.

APPENDIX
The procedures of the coupling matrix rotations for a 12th-
order filter using a quad-section topology are given step-by-
step from the folded configuration. Fig. 21 shows the nonzero
entries in the coupling matrix after rotations [16]. The follow-
ing notations are adopted, such as c1 = cosθ1, t1 = tanθ1,
etc. After each coupling matrix rotation, the notation M ′

i j
represents the matrix coefficient after the first rotation, etc.
The details are shown below:
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1-1) After the first rotation:

Pivot: M48

M ′
34 = c1M34

M ′
45 = c1M45 − s1M58

M ′
78 = c1M78

M ′
89 = s1M49 + c1M89

M ′
47 = −s1M78

M ′
49 = c1M49 − s1M89

M ′
38 = s1M34

M ′
58 = s1M45 + c1M58

1-2) After the second rotation:

Pivot: M57

M ′′
45 = c2M ′

45 − s2M ′
47

M ′′
56 = c2M ′

56 − s2M ′
67

M ′′
67 = s2M ′

56 + c2M ′
67

M ′′
78 = s2M ′

58 + c2M ′
78

M ′′
47 = s2M ′

45 + c2M ′
47

M ′′
58 = c2M ′

58 − s2M ′
78

1-3) After the third rotation:

Pivot: M68

M ′′′
56 = c3M ′′

56 − s3M ′′
58

M ′′′
67 = c3M ′′

67 − s3M ′′
78

M ′′′
78 = s3M ′′

67 + c3M ′′
78

M ′′′
89 = c3M ′′

89

M ′′′
58 = s3M ′′

56 + c3M ′′
58 = 0

M ′′′
38 = c3M ′′

38

M ′′′
36 = −s3M ′′

38

M ′′′
69 = −s3M ′′

89

1-4) After the fourth rotation:

Pivot: M79

MIV
67 = c4M ′′′

67 − s4M ′′′
69

MIV
78 = c4M ′′′

78 − s4M ′′′
89

MIV
89 = s4M ′′′

78 + c4M ′′′
89

MIV
910 = c4M ′′′

910

MIV
49 = s4M ′′′

47 + c4M ′′′
49 = 0

MIV
69 = s4M ′′′

67 + c4M ′′′
69 = 0

MIV
47 = c4M ′′′

47 − s4M ′′′
49

MIV
710 = −s4M ′′′

910

1-5) After the fifth rotation:

Pivot: M810

MV
310 = s5MIV

38 + c5MIV
310 = 0

MV
710 = s5MIV

78 + c5MIV
710 = 0

c1, s1, c2 and s2 can be calculated using the above five rota-
tions, and they should satisfy the following conditions,

c2
(
M ′

38M ′
910M ′

49M ′
56 − M ′

310b
)

+ s2
(−M ′

38M ′
910M ′

49M ′
67 − M ′

310a
) = 0

c2s2

[
M ′

49
(
M ′2

56 − M ′2
67 + M ′2

58 − M ′2
78

)
−M ′

89
(
M ′

45M ′
58 − M ′

47M ′
78

)
]

+ s2
2

[
M ′

49
(−M ′

56M ′
67 − M ′

58M ′
78

) + M ′
89M ′

45M ′
78

]
+ c2

2

[
M ′

49
(
M ′

56M ′
67+M ′

58M ′
78

)−M ′
89M ′

47M ′
58

] = 0

where

a = M ′
45M ′

56M ′
78 − M ′

45M ′
67M ′

58 − M ′
89M ′

49M ′
67

b = M ′
47M ′

56M ′
78 − M ′

47M ′
67M ′

58 + M ′
89M ′

49M ′
56

Until now, the first two rotation angles can be calculated
using scientific computational tools, such as MATLAB, etc.
Eliminating M811 in the sixth rotation is easy, and the nonzero
M912 will be created. The remaining steps are similar to the
case of an 8th-order filter.
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