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ABSTRACT This paper introduces a novel family of one-dimensional switching matrices, also known as
beamforming networks (BFNs), which can be sized for an arbitrary number of beams. It also describes the
associated numerical design method, supported by several design examples. The concept is further validated
with a full-wave model of a generic 5 × 5 switching matrix designed at 76 GHz. The proposed matrices are
obtained by cascading units consisting of a two-way coupler and a phase shifter in a parallel configuration,
providing theoretically lossless operation as a direct consequence of the orthogonal BFN topology and
equalized path lengths, expected to benefit the frequency bandwidth. The design method is general, also
including the configurations equivalent to Butler matrices when the number of beams is a power of two. The
obtained planar matrix designs combine some benefits of the well-known Butler and Nolen matrices, namely
the parallel topology and the arbitrary number of beams. The minimum number of cascaded units required by
the proposed topology, also corresponding to the number of layers, is found to be N , where N is the number of
beams, which is less than the number of cascaded units for the corresponding “parallel” Nolen matrix, for N
larger than three, thus providing a reduction in the number of layers of up to 38% for an 8-beam matrix. This
reduction is close to the theoretical upper boundary of 50%, reached for large values of N . This significant
reduction is expected to have a positive impact on RF performance, and in particular insertion losses, as
well as amplitude and phase dispersion over the operating band. Interestingly, the proposed switching matrix
configuration reduces to a standard Butler matrix when the number of beams is equal to 4, and demonstrates
a reduction in the number of layers of 20% over the corresponding planar Butler matrix for a design with
8 beams. The proposed matrix configuration is a promising solution for the design of low-cost single-layer
beam-switching matrices.

INDEX TERMS Beamforming network (BFN), Butler matrix, millimeter-wave, multiple beam antenna,
orthogonal beamformer, Nolen matrix, switching matrix.

I. INTRODUCTION
Multiple beam antennas are of interest for millimeter-wave
applications, including next-generation terrestrial communi-
cation systems, collision avoidance systems, and small-space
platform instruments. Beamforming networks (BFNs)
generate multiple fixed beams from the same array antenna
and are suitable for beam-switching microwave systems.
They implement discrete beamforming techniques obtained

with the interconnection of elementary components, such as
power dividers, couplers and phase shifters. Well-known BFN
solutions include Blass [1], Butler [2], and Nolen [3] matrices.
Blass and Nolen matrices are characterized by a series-fed
topology, while Butler matrices have a parallel-fed topology.
The latter provides stable frequency operation thanks to equal-
ized path lengths, while the former is naturally dispersive,
introducing significant beam squint with frequency, even over
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FIGURE 1. Standard Nolen matrix with series-fed topology (left) and
constituting unit (right) [3], [23].

narrow bandwidths [4]. The scattering matrices of Butler and
Nolen matrices are unitary, indicating they are theoretically
lossless [5]–[7]. Instead, Blass matrices are by definition lossy
as they require the use of termination loads, which dissipate
part of the signal. Of course, all matrices also have losses
linked to the practical implementation, such as ohmic losses.
Thus, a careful selection of the transmission line technology
is important, particularly at millimeter-wave frequencies [8].

Over recent years, BFN theory and techniques have re-
gained interest among researchers, mostly driven by 5G de-
velopments in the millimeter-wave range, as these solutions
provide cost-effective alternatives to phased arrays when im-
plemented in printed circuit board (PCB) technology [9]. In
its standard form, the number of beams of a Butler matrix
is limited to powers of two, while Blass and Nolen matrices
are capable of generating an arbitrary number of beams. A
generalized Butler matrix topology was proposed to produce
a number of beams that is not a power of two [10]. How-
ever, the need for more complex building blocks (e.g. 3-way
couplers) provides limited benefits over alternative solutions.
As a consequence, this solution has attracted little interest
from researchers, who have mostly reported 4 and 8 beam
designs [11]–[22]. A number of works have also been re-
ported on Nolen matrices in the past decade [23]–[29], as
they preserve the theoretically lossless operation and orthog-
onal multiple beams of the Butler matrix, while introducing
flexibility in the number of beams. In particular, the topol-
ogy investigated in [26] is appealing as it equalizes the path
lengths through a “parallel” arrangement, resulting in a broad
frequency band operation similar to that of a Butler matrix.

Standard Nolen matrices are composed of cascading units
or nodes with a series-fed topology characterised with vertical
array element transmission lines and horizontal feeding port
transmission lines, schematically shown in Fig. 1. The unit,
illustrated as an inset in Fig. 1, consists of a two-way coupler
and a phase shifter, enabling any amplitude imbalance and
phase difference between the two output ports of each unit.
It also corresponds to the elementary matrix with 2 beams.
The configuration of standard Nolen matrices for any number
of beams can be defined straightforwardly, thanks to their

FIGURE 2. Parallel Nolen matrix with equalized path length (top) and
constituting unit (bottom) [26].

simple series-fed topology, and a numerical design method is
available [23]. The general form of the Nolen matrix enables
to have a number of inputs, M, that differs from the num-
ber of outputs, N . However, theoretically lossless operation
in both transmit and receive requires M = N [7], which is
the configuration considered in this paper. Furthermore, the
number of cascaded units from a given input port to any given
output port varies. This is evidenced in Fig. 1 highlighting
the paths connecting the input port i1 to each output port on,
for n = 1. . .N , where the number of cascaded units varies
from 1 to N − 1. Thus, coupler delay compensation together
with path length equalisation was proposed to achieve broad-
band performance [26]. This alternative topology, referred to
as a “parallel” Nolen matrix configuration, is schematically
illustrated in Fig. 2 with its associated unit cell as an inset.
The unit is actually the same as in the standard case, only
the arrangement of the ports is different to adapt to the new
topology. The paths connecting the input port i1 to all output
ports on, for n = 1. . .N , are also highlighted in Fig. 2 to em-
phasise the benefits of the parallel arrangement. By analogy
with the fast Fourier transform [30], [31], Butler matrices are
the parallel-fed topology assumed to require the least number
of units. However, this leads to transmission line crossovers,
with their number increasing drastically with the number of
beams, making them less attractive for single-layer PCB im-
plementation.

In this paper, a modified Nolen matrix topology is
proposed. A general configuration cascading the units
for any number of beams is introduced, adapted from the
concept of chess networks [32], [33], used in the design
of overlapping sub-arrays with reduced field of view. The
proposed configuration provides a more balanced distribution
of components per input ports when compared to the
“parallel” Nolen matrix. It is found that the proposed
generalized switching matrix reduces to a Butler matrix when
the number of beams is equal to 4, and is more compact in
the case of an 8-beam matrix design. Also, the minimum
number of cascaded units from the input port side to the
output port side is provided as a function of the number of
beams, up to 8 beams, and is found to be smaller than that
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of the Nolen matrix when the number of beams is larger
than three, resulting in a reduction in the number of layers
for the analyzed matrices of up to 38% in a single-layer
implementation. Further reduction is achieved as the number
of beams increases, making the proposed configuration
particularly suitable for planar designs requiring a larger
number of beams. The paper is organized as follows. Sec-
tion II introduces the proposed generalized parallel matrix and
its design method. Design examples are detailed in Section III,
including a specific implementation of a 5 × 5 parallel matrix
designed at 76 GHz to validate the presented theory, as well
as a general matrix topology description with an even number
of beams. A detailed comparison with reference Nolen and
Butler matrices is also provided. Finally, some conclusions
and perspective of future works are gathered in Section IV.

II. GENERALIZED PARALLEL MATRIX CONFIGURATION
A. DESCRIPTION
The proposed matrix uses the same one-dimensional unit con-
sisting of a one-plane coupler and a phase shifter, as also
used in the standard and parallel Nolen matrices of Fig. 1 and
Fig. 2. The phase shifter is connected to the output port o1

for the purpose of this development. Equivalent results would
be obtained with a phase shifter connected to the output port
o2, as only relative phase matters. Throughout this paper, the
following convention is used: when feeding from port i1, i2 is
referred to as the isolated port, o1 as the direct port and o2 as
the coupled port.

The unit is characterized by its scattering matrix S. It is
assumed to have all ports perfectly matched, and the two input
ports, respectively the two output ports, mutually decoupled.
Assuming that all power applied at one input port is fully dis-
tributed to the two output ports, corresponding to the theoreti-
cally lossless operation discussed in the introduction, requires
the matrix S to be unitary. This can be written as ST · S∗ = I,
where ST and S∗ are the transpose and complex conjugate of
S, respectively, and I is the identity matrix. The unit is thus
fully characterized by the reduced matrix containing the trans-
mission coefficients, referred to as the transmission matrix T,
such that: [

o1

o2

]
= T

[
i1
i2

]
(1)

The matrix T is defined in a parametric form as follows

T =
[

cos θe− jφ − j sin θe− jφ

− j sin θ cos θ

]
(2)

where θ is the coupling factor and φ is the delay introduced by
the phase shifter. When θ = 0, the coupler sends all the power
to the direct port and reduces to two unconnected transmis-
sion lines. When θ = π/2, the coupler becomes a crossover
junction, meaning that all the input power is transmitted to
the coupled port. The value of θ is restricted to the interval
[0, π/2] without loss of generality, as any value of θ may be
reduced to that interval with an adequate phase correction of

FIGURE 3. Proposed generalized one-dimensional parallel switching
matrix (a) with four beams and (b) with five beams.

π either on the input or on the output ports to account for
negative values of cos θ , of sin θ , or of both simultaneously.
The two-way coupler is assumed to be a quadrature coupler,
meaning that the coupled port has a phase delay of π/2 with
respect to the direct port on top of the phase delay introduced
by the phase shifter.

The general configuration of the proposed parallel matrix is
different for even and odd numbers of beams. Fig. 3(a) shows
the general configuration of the matrix with four beams, or
4 × 4 matrix, as an example of even numbers of beams, while
Fig. 3(b) shows that with five beams, or 5 × 5 matrix, as an
example of odd numbers of beams. For an even number N of
beams, N/2 units are arrayed in an odd layer, and (N − 2)/2
units are arrayed in an even layer. The units in the odd layers
and those in the even layers are shifted by one port. For an odd
number N of beams, (N − 1)/2 units are arrayed both in odd
and even layers. The units in the odd layers and those in the
even layers are also shifted by one port.

Comparing the matrix configuration in Fig. 2 for N = 4
with the proposed matrix in Fig. 3(a), it is apparent that the
proposed geometry can achieve some reduction in the number
of layers. Indeed, comparing the paths highlighted in both
schematics, it appears that a minimum of 5 layers is required
in Fig. 2 to distribute the signal from any input port to all
output ports. The limiting input port is the first one, i1. With
the proposed matrix, the parallel topology enables to distribute
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the signal from any input port to all output ports after only
3 layers. More generally, for an even number of beams, the
proposed topology would require at least N − 1 layers to
distribute the power from any input port towards all output
ports, this minimum value being imposed by the diagonal
path, i.e. the path connecting the input port iN to the output
port o1, highlighted in Fig. 3(a), but also the path connecting
the input port i1 to oN , due to the symmetry in the topology.
This constrains the minimum achievable number of layers
for a given value of N , when N is even. A topology with
less layers would result in an overlapping sub-array design,
where each input port would feed only a subset of output
ports [32], [33]. For odd number of beams, the asymmetry of
the topology, evidenced in Fig. 3(b), requires an additional
layer to distribute the power from the last input port towards
all output ports, the constraint coming here also from the
diagonal path connecting the input port iN to o1. The corre-
sponding path is highlighted in Fig. 3(b). Thus, from a topo-
logical point of view, the number of layers cannot be smaller
than N − 1 for an even number of beams and N for an odd
number of beams. In practice, no solution has been found with
N − 1 layers when N is an even number. This is the reason the
matrix with 4 beams in Fig. 3(a) is illustrated with 4 layers.

B. DESIGN METHOD
Following the layer matrix approach also used in [34], we
introduce the transmission matrix Tl , where l is the index of
the layer, which varies from 1 to L, L being the total number
of layers, such that

al+1 = Tl · al (3)

where al and al+1 are the input and output vectors of the
considered layer, respectively. The transmission matrix TN×N

of a matrix with N beams, such that o = TN×N · i, where i and
o are the input and output vectors of the matrix, respectively,
can thus be written

TN×N =
L∏

l=1

Tl (4)

With the general description discussed in Section II.A and
Fig. 3, the definition of the layer matrices Tl , for l = 1. . .L,
as a function of unit parameters is straightforward and may
be defined in a generic way, distinguishing between odd and
even layers. These are reported in Appendix. This matrix for-
mulation provides a numerical representation of the proposed
parallel matrices.

The lossless condition constrains the transmission matrix,
which can be uniquely written as [6]

TN×N = 1√
N

⎡
⎢⎢⎢⎢⎣

1 1 . . . 1

ρ1 ρ2 . . . ρN
...

...
. . .

...

ρN−1
1 ρN−1

2 . . . ρN−1
N

⎤
⎥⎥⎥⎥⎦

N×N

(5)

where ρn, for n = 1. . .N , are the N distinct roots of unity.
Note that this formulation is based on relative phase values per
input port, and does not necessarily correspond to the absolute
phases of an actual matrix implementation. These parameters
may be conveniently written as

ρn = e+ j pn , for n = 1. . .N (6)

where pn, for n = 1. . .N , are the phase gradients for each
input port in. For an orthogonal matrix with dimension N × N ,
corresponding to a matrix with N beams, the phase difference
pk , for k = 1. . .N , takes the following values in a range from
−π to +π in the wave-number visible region [35]

pk = 2kπ

N
− (N + 1)π

N
, for k = 1. . .N (7)

Each value of pn, for n = 1. . .N , should uniquely corre-
spond to one value of pk , for k = 1. . .N , defining a bijec-
tion between the two sets of values carefully selected so that
the unit parameters θ and φ of the complete matrix may be
determined. Note that there is not a unique correspondence
between the two sets of values. However, this correspondence
may have an impact on the minimum achievable number of
layers. Owing to the generic form of the proposed matrices, a
number of permutations were found to achieve the minimum
number of layers reported. In fact, all possible permutations
were found to provide a numerical solution in the case of a
matrix with N beams and N layers for N ranging between
3 and 6. Further investigations are required to confirm this
remains valid for any value of N . Table I lists the specific
values of phase differences pn, for n = 1. . .N , with assign-
ment patterns, for N = 2. . .8, for which the values of θ and
φ in this paper have been determined. The assignment method
described by Moody for Butler matrices [35] only works when
N is a power of two. Nevertheless, some of the design rules
were found beneficial for the general configuration proposed
here. The first one is to take advantage of the symmetry and
assign phase differences with opposite signs to symmetric
ports. This is valid when N is even and applied by extension
also when N is odd, excluding the phase difference equal to
zero. The second design rule is to set pairs of phase differences
corresponding to the input ports of a same coupler of the first
layer such that the sum of their absolute values is equal to π

when N is even. This leads to a first layer with hybrid couplers
only, having a coupling factor θ with a value of 0.25π . This
is extended also to matrix designs with odd values of N by
pairing phase differences such that the sum is (N + 1)π/N .
Finally, the signs of the phase differences are set to alternate
as the index of the input port increases, starting with the lowest
positive and non-zero phase difference.

The unknown values of θ and φ in all the units are de-
termined numerically by solving a set of non-linear equa-
tions [33]. For the analyzed matrices, the minimum number
of layers achieved with the proposed method is N for all
values of N , independently if N is odd or even, excluding the
elementary case N = 2. Both the number of unknowns and the
number of non-linear equations are equal to N (N − 1), when
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TABLE 1. Values of pn for n = 1. . .N and N = 2. . .8

the number of layers is equal to N , thus the problem can be
solved and has a unique solution for a given permutation of the
phase gradients pn, for n = 1. . .N , when θ is restricted to the
interval [0, π/2]. The number of unknowns is a consequence
of the topology of the matrices, while the number of equations
is obtained with the condition on the phase differences be-
tween adjacent output ports for all input ports. As a curiosity,
the proposed matrix and the corresponding Nolen matrix have
the same number of units, also independently if N is odd or
even. Thus, the proposed solution does not increase the com-
plexity of the design, but instead, arranges differently the same
number of units to achieve a more compact configuration with
less layers. Section III provides numerical examples of the
proposed beam-switching matrix solution which support the
description of a general topology for the proposed matrices.

TABLE 2. Values of θ/π and φ/π in the Matrix With Four Beams

FIGURE 4. Simplified parallel matrix with four beams, including crossover
junctions and merged phase shifters.

III. NUMERICAL RESULTS
A. PARALLEL MATRIX WITH FOUR BEAMS
The minimum number of layers in the matrix with four beams
achieved with the proposed method is four. With that con-
figuration, the values of θ and φ in all the units, as shown
in Fig. 3(a), can be determined. The number of the unknown
values, θ and φ, and the number of non-linear equations are
both equal to 12. Table II lists the values of θ/π and φ/π for
the corresponding set of pn, for n = 1. . .4, given in Table I.

It is noted that Units 3 and 6 become crossover junctions.
The corresponding phase shifters only affect one path and
can thus be combined with the phase shifters of the units
before the respective crossovers and connected to input ports
i2, with the Unit notations provided in Fig. 2. For this specific
design, phase shifters 2 and 3 in Fig. 3(a) can be combined
into one phase shifter. Phase shifters 5 and 6 in Fig. 3(a)
can be combined as well. The values in Table II account for
this merge, and the phase shits of the crossovers are set to
zero. Fig. 4 shows the configuration including the crossover
junctions and merged phase shifters. Interestingly, this
configuration is equivalent to that of the well-known Butler
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TABLE 3. Values of θ/π and φ/π in the Matrix With Five Beams

matrix obtained by the conventional method relating to the
fast Fourier transform [2], [10], [35]. However, the positions
of the phase shifters and the values of the phase shifts are
different because of the generic Unit configuration. The phase
shifter 2, introducing a phase delay of −φ2 at the direct output
port in Unit 2, can be replaced with a phase shifter having a
phase delay of +φ2 placed at the coupled output port. Another
consequence of the selected Unit and associated generic trans-
mission matrix is that a crossover junction introduces a phase
delay of φ = π/2. In particular, the phase delays in Units
4 and 5 are solely compensating for the crossover junction
phase delay. Thus, with these phase shift equivalences, the
proposed matrix reduces to a standard Butler matrix in this
specific case. In a practical realization, differences among
transmission lines and couplers or crossovers in terms of
transmission phase should be compensated in each layer,
similarly to what was implemented in [26]. Adjusting the
topology by modifying some Units may also bring some
size reduction in practical implementations. For instance, the
phase shifters φ2 and φ5 in Layer 3, as per notations in Fig. 4,
may be implemented in parallel of the crossover junction in
Layer 4, thus leading to a more compact implementation,
similar to that of the 4 × 4 Butler matrix described in [18].

B. PARALLEL MATRIX WITH FIVE BEAMS
The minimum achieved number of layers in the matrix with
five beams is five. The corresponding topology is shown in
Fig. 3(b). The number of the unknown values of θ and φ is 20,
and the number of the non-linear equations is also 20. Table
III lists the values of θ/π and φ/π for the corresponding set
of pn, for n = 1. . .5, given in Table I. In this case, there are
no simplifications identified and the resulting matrix has the
generic topology illustrated in Fig. 3(b).

This numerical solution is not unique as different matrix
configurations were found to achieve the same minimum num-
ber of layers when permuting the phase gradients pn, for n =
1. . .N . In fact, there is a total of N! permutations, thus 120
possible cases when N = 5, as the reduction in permutations
with the considerations derived from the work of Moody [35]
are not really applicable when N is odd. Further investigations
would be required to find the optimum configuration leading

to the most compact and less dispersive matrix design. Due
to its generic configuration, this is however a good test case
to validate the presented method with a specific matrix design
and implementation in substrate integrated waveguide (SIW)
technology [8]. The only modification brought to the numer-
ical example in Table III is the phase shift value in Unit 1,
which is changed to −0.2π , resulting in a smaller value and
thus shorter phase shifter design. This is achieved by simply
swapping the phase gradients, p1 and p2, of ports 1 and 2. All
remaining Units are kept unchanged.

The complete full-wave model of the 5 × 5 parallel ma-
trix was developed using the frequency domain FEM solver
of Ansys HFSS. For a better comparison with the 4 × 4
parallel Nolen matrix described in [26], similar assumptions
are considered here. The design frequency is 76 GHz and
the substrate material has the characteristics of the Rogers
RT/duroid 6002 laminate, with a relative permittivity of 2.94,
tangent losses of 0.0012 and a thickness of 0.508 mm. For
the purposes of this validation, a design based on an equiva-
lent rectangular waveguide model is sufficient, with a broad
wall dimension a = 1.7 mm [8]. A Riblet coupler is used,
with the narrow wall waveguide aperture being adjusted to
achieve the desired coupling value. The phase shifters are
implemented varying the broad wall waveguide dimension of
the transmission lines connecting the couplers. This is suitable
for a compact implementation, in line with the constraints of
the parallel design. However, this is more dispersive than the
unequal length phase shifters used in [26] to achieve coupler
delay compensation, indicating that the reported performance
may be further improved. The key design parameters of a Unit
using these two components are defined in Fig. 5(a). Note
that the phase shifter may be implemented at the direct port
or at the coupled port or at both ports simultaneously, taking
advantage of the fact that only relative phases are important in
a BFN design to achieve the most compact and less dispersive
design. The phase shift may also be distributed across adjacent
layers when convenient for further integration, particularly
for the Units on the edge of the structure, reducing also the
length of the structure. A single step Riblet coupler is con-
sidered here to simplify the design and reduce the number of
parameters. A multiple step design may be implemented to
further enhance the performance of the matrix [26]. A single
step is sufficient for validation purposes. The final matrix
design is illustrated in Fig. 5(b) and the optimized values of
the design parameters are reported in Table IV. To maintain
the parallel and straight transmission lines design, some Units
had to be adapted to accommodate the phase shifter of the
adjacent Unit. This is the case for Unit 6 and Unit 8, adapting
to Unit 5 and Unit 7, respectively. When large phase shift
values were required, the phase shift was split between the
two output ports, with an increase of the broad wall dimension
on one side and a complementary decrease on the other, as
illustrated in Fig. 5(a), to reduce the overall length of the
phase shifting section. This was implemented in Unit 3 and
Unit 4. Interestingly, the functional area of this 5 × 5 parallel
matrix design is 6 cm × 1 cm, which is the same as that of the
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FIGURE 5. 5 × 5 parallel switching matrix at 76 GHz: (a) design
parameters of a Unit and (b) complete matrix.

TABLE 4. Values of the Design Parameters in the 5 × 5 Parallel Switching
Matrix at 76 GHz (in Wavelengths)

4 × 4 Nolen matrix with coupler delay compensation reported
in [26]. With dimensions normalized to the wavelength in the
dielectric material, the matrix has an area of 26.1×4.3λ2. For
comparison, the standard 4×4 Nolen matrix in [24] has a nor-
malized area of 8.7×6.7λ2, corresponding to a smaller area
by a factor of 2 when compared to the parallel configuration.
As anticipated, the standard design is more compact but has
significantly reduced operating bandwidth as evidenced here.

The numerical results of the final matrix design over the
frequency bandwidth 70 − 82 GHz, corresponding to a frac-
tional bandwidth of 15.8% centered at 76 GHz, are reported
in Fig. 6. The numerical results in amplitude are reported
from input port 1 to input port 5 in Fig. 6(a) to Fig. 6(e),
respectively. The Units were optimized separately for a
reflection coefficient and port-to-port isolation better than
−20 dB, while these parameters remain mostly below −15 dB
for the complete BFN, showing a stable and broadband re-
sponse. The transmission coefficients are also quite stable
over frequency, with a mean value of −7.98 dB at the design
frequency, compared to a theoretical value of −6.99 dB. The
difference is due to insertion losses, which are slightly higher
than the 0.7 dB reported in [26] because of the simpler struc-
ture with slightly higher reflections. The design at Ku-band of
a standard 4 × 4 Nolen matrix in [24] has average insertion
losses of 0.75 dB. However, they report a strong variation
per input port, with the worst case being up to 1.2 dB, while
the parallel design described in this section provides very
similar insertion losses for all ports. Compared to the parallel
design in [26], transmission coefficients show a slightly higher
amplitude dispersion, with a variation below ±0.5 dB over
the frequency bandwidth 75.1 − 77.9 GHz, corresponding to
a fractional frequency bandwidth of 3.7%. This amplitude
dispersion is equivalent to that reported for the standard Nolen
matrix in [24], which uses the same type of phase shifters. The
fractional frequency bandwidth may be extended to 11.9%
over the range 72.1 − 81.2 GHz considering an amplitude
variation better than ±1 dB. These variations are mostly the
consequence of the dispersive phase shifters, which affect
amplitude variation when signals are recombined with a phase
error translating into an amplitude error. These results may
be improved introducing phase shifters with wider bandwidth
characteristics.

The phase differences between adjacent ports are gathered
for all input ports in Fig. 6(f). Average phase differences at
76 GHz are −143.6◦, 73.7◦, 145.0◦, −70.0◦ and 0.1◦ for input
ports 1 to 5, compared to −144◦, 72◦, 144◦, −72◦ and 0◦
in theory. The average phase dispersion is better than ±12◦
within the frequency range 72.4 − 82.0 GHz, similar to the
simulated performance reported in [26]. The design presented
here shows stronger variations in the lower frequency range,
up to ±30◦ for port 3 at 70 GHz. This is mostly due to the
phase shifter design, which is more dispersive closer to cut-
off frequency. The designed matrix has a residual frequency-
dependence on the average phase difference, with a visible
positive slop in Fig. 6(f). This frequency-dependence is not
present in the 4 × 4 Nolen matrix with coupler delay compen-
sation [26], but is present in the standard Nolen matrix [24].
For comparison, a phase difference variation over frequency
of ±20◦ occurs over the frequency range 12.25 − 12.75 GHz,
corresponding to a fractional bandwidth of 4%. With the par-
allel design presented here, a similar variation is observed
over the frequency band 71.1 − 82 GHz, corresponding to a
fractional bandwidth of at least 14.2%, as the variation is still
within the limits at the upper frequency bound. This result
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FIGURE 6. S-parameters of the 5 × 5 parallel switching matrix full-wave model: (a)-(e) amplitude in dB (reflection coefficients in solid line, port-to-
port isolations in dotted lines and transmission coefficients in dashed line) and (f) phase difference between adjacent ports in degree (between
port 7 and port 6 in solid lines, between port 8 and port 7 in dashed lines, between port 9 and port 8 in dotted lines and between port 10 and
port 9 in dashed-dotted lines).
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FIGURE 7. General configuration of the proposed parallel matrix with
eight beams.

clearly demonstrates the benefits of the proposed parallel de-
sign, which may be further improved introducing the coupler
delay compensation described in [26]. Overall, the achieved
results are promising despite the simplifications considered. A
refined design of the couplers and phase shifters is expected
to also further enhance the response of the matrix or reduce its
dimensions.

C. PARALLEL MATRIX WITH EIGHT BEAMS
The minimum number of layers in the matrix with eight beams
is 8, as shown in Fig. 7. The number of the unknown values
of θ and φ is 56, and the number of the non-linear equations
is also 56. Table V lists the values of θ/π and φ/π for the
corresponding set of pn, for n = 1..8, given in Table I.

Units 5, 6, 7, 9, 10, 13, 20, 23, 24, 26, 27 and 28 take
the value θ = 0.5π , so they become crossover junctions. As
in Section III.A, phase shifters before and after a crossover
junction can be merged, as the amount of phase shift can be
summed. Fig. 8 shows the resulting configuration including

TABLE 5. Values of θ/π and φ/π in the Matrix With Eight Beams

TABLE 6. Minimum Number of Layers in Various Beam-Switching Matrices
and Reduction Achieved With the General Solution

the crossover junctions and merged phase shifters. Interest-
ingly, this particular matrix topology shows a distribution
of crossovers which differs from that of the standard Butler
matrix. A schematic representation of a standard 8 × 8 Butler
matrix is also provided in Fig. 8 for comparison. The proposed
matrix has 16 regular couplers and 12 crossover junctions,
while the standard Butler matrix has 12 hybrid couplers and
16 crossover junctions. This particular arrangement is also
found in the matrix with 6 beams using the corresponding set
of pn, for n = 1. . .6, given in Table I and may be extended to
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FIGURE 8. Simplified matrix with eight beams (left), including crossover junctions and merged phase shifters, compared to a standard 8x8 Butler matrix
(right), with parameters θ0 = π/4 and φ0 = −π/8 (the assignment of phase gradients pn, for n = 1. . .N, is the same for both matrices).

larger Butler matrices. This general topology is discussed in
Section III.D.

D. GENERAL PARALLEL MATRIX CONFIGURATION WITH
AN EVEN NUMBER OF BEAMS
While a general matrix configuration is not straightforward
for an odd number of beams, an interesting topology can be
identified when N is even. This derives from the observation
that the 8 × 8 matrix in Fig. 8 is the combination of two
parallel Nolen matrices of size 4 × 4, connected through a

first layer of hybrid couplers with some obvious symmetries
in the phase shifters due to the symmetry in the phase
differences assignment. The Nolen matrix on the left side is
constituted of the Units 8, 12, 15, 16, 19 and 22, while the
Nolen matrix on the right side is constituted of the Units 11,
14, 17, 18, 21 and 25. The interconnection between the two
parallel Nolen matrices and interleaved output ports lead to
the arrangement of crossover junctions observed in Fig. 8,
where the two matrices are highlighted with different colors
to facilitate their visualisation. This particular arrangement
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can be generalized to any size of matrices with an even value
of N , for N ≥ 6, as follows:

1) in layer 1, all units are hybrid couplers, with coupling
factors equal to 0.25π ;

2) in layer 2, all units are crossover junctions, with cou-
pling factors equal to 0.5π ;

3) in layer n, for n = 3. . .N
2 , the N

2 − n + 1 units located
at the center of the layer are crossover junctions;

4) in layer N
2 + 1, no crossover junctions are used;

5) in layer n, for n = N
2 + 2. . .N − 1, the n − N

2 − 1 units
located at the center of the layer are crossover junctions;
and

6) all couplers in layer N are crossover junctions.
In standard Nolen matrices, the number of layers increases

by two every time the number of beams increases by one, with
a number of layers that may be expressed as 2N − 3, for N ≥
2. Using Nolen matrices of size N/2, the corresponding num-
ber of layers is N − 3, to which 2 complete layers of crossover
junctions have to be added before and after the standard ma-
trices as well as a layer of hybrid couplers as first layer, thus
demonstrating that the proposed matrix has exactly N layers.

As the proposed matrices rely on the combination of two
Nolen matrices, the use of a parallel layout as described
in [26] (see Fig. 2) is expected to provide a similar broad-
band response. Further investigations are required to define
a systematic design procedure. It is anticipated that some
assignments of phase differences pn, for n = 1. . .N , may lead
to simpler designs in terms of phase shifters and coupling
factor imbalance required. The concept may also be extended
to matrices with an odd number of beams. The Section III.E
details the merits of the proposed matrices when compared to
standard Nolen and Butler matrices.

E. COMPARISON WITH NOLEN AND BUTLER MATRICES
To complete this discussion on numerical examples, Table VI
summarizes the minimum number of layers achieved with the
proposed numerical method for matrices having two to eight
beams where the values of θ and φ in all the units can be
determined. For comparison, the number of layers in parallel
Nolen matrices are also given. It is found that the minimum
number of layers with the proposed matrix topology is smaller
than that of Nolen matrices when the number of beams is
larger than three. The benefits of this reduction in the number
of layers were evidenced with the full-wave model described
in Section III.B as the 5 × 5 parallel matrix occupies the same
area as a 4 × 4 parallel Nolen matrix, both having 5 layers.
The numerical results reported in this paper demonstrate that
a number of layers equal to N is achievable for all the matrices
analyzed, indicating this may be achieved for any size of
matrix following the proposed design method. In fact, the
proposed general form when N is even requires exactly N
layers, and a similar general form may be found for odd values
of N . Thus, the reduction in the number of layers, which may
be expressed as N/(2N − 3), will converge towards 50% as N
becomes larger, which is a significant improvement. This re-
duction in the number of layers will naturally result in shorter

overall transmission line lengths, leading to lower insertion
losses. This is also expected to benefit the amplitude and phase
dispersion over the operating bandwidth through the equalized
path lengths and reduced number of components per electrical
path from one input port towards any output port.

Another point of interest is the comparison of the pro-
posed matrix with the well-known Butler matrix for number
of beams equal to powers of two. While the matrix with
four beams reduces to the standard Butler matrix, the matrix
with eight beams is found to require less layers than the
well-known configuration of Butler matrices defined with the
conventional method relating to fast Fourier transform [10],
requiring 10 layers [35] as illustrated in Fig. 8. The alternative
layout reported in [36] also requires 10 layers. Interestingly,
the standard Butler matrix requires only 12 couplers, while
the proposed structure implements 16 couplers, confirming
the topology equivalent to the fast Fourier transform is the one
leading to the least number of components, although there is
no known mathematical proof of it. Counting the crossover
junctions, the standard 8 × 8 Butler requires 28 units, the
same total of units as the proposed generalized matrix. How-
ever, our proposed arrangement leads to a reduced number
of layers. The numerical design can be adapted for matrices
with a number of beams larger than eight straightforwardly.
It is anticipated that further reduction is achievable for larger
matrices with a number of beams equal to a power of two,
extending the particular topology illustrated in Fig. 8 and de-
scribed in Section III.D. Other benefits of this newly proposed
topology may become apparent as investigations progress on
this topic.

IV. CONCLUSION
A novel family of generalized one-dimensional parallel
switching matrices with an arbitrary number of beams has
been presented. The minimum number of layers to determine
the values of the parameters of the units for the matrices
having two to eight beams has been provided as an illustration
of the design method. A general topology for even values of
beams was introduced, which requires exactly N layers, less
than the 2N − 3 layers of a standard Nolen matrix. As the
value of N increases, the achieved reduction in the number of
layers approaches a factor of two, which is significant and can
result in more compact implementations. It was also found
that the proposed matrix with eight beams requires less layers
than well-known configurations of Butler matrices in planar
implementation. Here as well, the reduction is expected to be-
come more significant as the size of the matrix increases. The
values of the parameters of the units for the matrices with four,
five and eight beams have been given as numerical examples
to illustrate the design method and confirm the potential of the
proposed approach. A matrix formulation of the problem is
also detailed, based on a layer matrix representation, enabling
a parametric definition of the problem, suitable for numerical
optimisation. The concept was further validated with a spe-
cific full-wave model of the 5 × 5 parallel matrix, confirming
the anticipated benefits.
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T1 =

⎡
⎢⎢⎢⎣

cos θ1e− jφ1 − j sin θ1e− jφ1 0 0

− j sin θ1 cos θ1 0 0

0 0 cos θ2e− jφ2 − j sin θ2e− jφ2

0 0 − j sin θ2 cos θ2

⎤
⎥⎥⎥⎦

4×4

(8)

T2q+1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

cos θ1e− jφ1 − j sin θ1e− jφ1 0 . . . 0 0

− j sin θ1 cos θ1 0 . . . 0 0

0 0 cos θ2e− jφ2 . . . 0 0
...

...
...

. . .
...

...

0 0 0 . . . cos θ N
2

e
− jφ N

2 − j sin θN
2

e
− jφ N

2

0 0 0 . . . − j sin θN
2

cos θ N
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

N×N

(9)

The method described is generic and can be advantageously
applied to any size of matrix, overcoming the well-known
limitation of standard Butler matrices. Thus, the proposed
solution can be seen as an extension of the Butler matrix to
any number of beams, and is considered a promising solution
for the design of low-cost single-layer beam-switching
matrices, particularly in the millimetre-wave range. The
parallel implementation, resulting in equalized path lengths,
combined with the reduction in the number of layers is
expected to benefit the RF response of the matrix. This will
be investigated further through specific designs in printed and
waveguide technologies.

APPENDIX A
MATRICES WITH AN EVEN NUMBER OF BEAMS
Using the schematic representation in Fig. 3(a) and equation
(2), the transmission matrix T1 of the first layer in a 4 × 4
matrix may be written as (8), shown at the top of the page.

This enables to identify the general form of the transmission
matrix Tl , for l = 2q + 1, q being an integer, corresponding
to odd layers when N is even, which may be written as (9),
shown at the top of the page.

Note that the indexes of the coupling factors and phase
delays are relative to the layer in the general notations and
do not correspond to the numbers reported in the schematic
representations in this paper, except obviously for the first
layer.

Similarly, the transmission matrix T2 of the second layer of
the 4 × 4 matrix in Fig. 3(a) may be written as follows:

T2 =

⎡
⎢⎢⎢⎣

1 0 0 0

0 cos θ3e− jφ3 − j sin θ3e− jφ3 0

0 − j sin θ3 cos θ3 0

0 0 0 1

⎤
⎥⎥⎥⎦

4×4

(10)

This enables also to identify the general form of the
transmission matrix Tl , for l = 2q, q being an integer,
corresponding to even layers when N is even, which may be
written as (11), shown at the bottom of the page.

Cascading alternating odd and even transmission layers,
one can produce a parametric representation of the complete
transmission matrix TN×N of the proposed generalized matrix
when N is even.

APPENDIX B
MATRICES WITH AN ODD NUMBER OF BEAMS
Using now the schematic representation in Fig. 3(b) and equa-
tion (2), the transmission matrix T1 of the first layer in a 5 × 5
matrix may be written as (12), shown at the top of the next
page.

This enables to identify the general form of the transmission
matrix Tl , for l = 2q + 1, q being an integer, corresponding
to odd layers when N is odd, which may be written as (13),
shown at the top of the next page.

T2q =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 . . . 0 0 0

0 cos θ1e− jφ1 − j sin θ1e− jφ1 . . . 0 0 0

0 − j sin θ1 cos θ1 . . . 0 0 0
...

...
...

. . .
...

...
...

0 0 0 . . . cos θN−2
2

e
− jφ N−2

2 − j sin θN−2
2

e
− jφ N−2

2 0

0 0 0 . . . − j sin θN−2
2

cos θ N−2
2

0

0 0 0 . . . 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

N×N

(11)
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T1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

cos θ1e− jφ1 − j sin θ1e− jφ1 0 0 0

− j sin θ1 cos θ1 0 0 0

0 0 cos θ2e− jφ2 − j sin θ2e− jφ2 0

0 0 − j sin θ2 cos θ2 0

0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎦

5×5

(12)

T2q+1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

cos θ1e− jφ1 − j sin θ1e− jφ1 . . . 0 0 0

− j sin θ1 cos θ1 . . . 0 0 0
...

...
. . .

...
...

...

0 0 . . . cos θ N−1
2

e
− jφ N−1

2 − j sin θN−1
2

e
− jφ N−1

2 0

0 0 . . . − j sin θN−1
2

cos θ N−1
2

0

0 0 . . . 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

N×N

(13)

T2 =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0

0 cos θ3e− jφ3 − j sin θ3e− jφ3 0 0

0 − j sin θ3 cos θ3 0 0

0 0 0 cos θ4e− jφ4 − j sin θ4e− jφ4

0 0 0 − j sin θ4 cos θ4

⎤
⎥⎥⎥⎥⎥⎥⎦

5×5

(14)

T2q =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 . . . 0 0

0 cos θ1e− jφ1 − j sin θ1e− jφ1 . . . 0 0

0 − j sin θ1 cos θ1 . . . 0 0
...

...
...

. . .
...

...

0 0 0 . . . cos θN−1
2

e
− jφ N−1

2 − j sin θN−1
2

e
− jφ N−1

2

0 0 0 . . . − j sin θN−1
2

cos θ N−1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

N×N

(15)

Similarly, the transmission matrix T2 of the second layer of
the 5 × 5 matrix in Fig. 3(b) may be written as (14), shown at
the top of the page.

This enables also to identify the general form of the
transmission matrix Tl , for l = 2q, q being an integer,
corresponding to even layers when N is even, which may be
written as (15), shown at the top of the page.

Cascading alternating odd and even transmission layers,
one can produce a parametric representation of the complete
transmission matrix TN×N of the proposed generalized matrix
when N is odd.
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