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ABSTRACT This contribution presents a novel, computationally efficient approach to radar imaging of lay-
ered dielectrics with sparse MIMO arrays. Our concept does not impose any constraints on the array topology
and at the same time promises to be more efficient than the state-of-the-art backprojection algorithm because
it can make use of k-space reconstruction schemes. Experimental results with a sparse, non-equidistantly
sampled array are provided. These demonstrate the feasibility of the approach and that the computational
burden could be reduced by several orders of magnitude in a given practical example related to radar based
non-destructive testing.

INDEX TERMS Array signal processing, millimeter-wave imaging, MIMO, nondestructive testing, radar
imaging.

I. INTRODUCTION
Multiple-input-multiple-output (MIMO) radars are state of the
art in radar imaging for security screening and other applica-
tions. In contrast to the synthetic aperture radar (SAR) tech-
nique where an antenna is moved to span a synthetic aperture,
MIMO exploits spatial diversity using many antennas, which
makes it real-time capable. MIMO arrays are often designed
as sparse periodic arrays so that their effective aperture equals
a full array [1], [2]. This offers the same image resolution as
full arrays but requires much less antennas and hardware.

For image reconstruction, the measurement data can be
processed in the space domain or the spatial frequency
domain (also termed wavenumber domain or k-space). The
backprojection algorithm (BPA), as described in e.g., [3], is
a space domain solution to the linearized inverse scattering
problem. It can be applied to any kind of array topology and
yields highly focused images but it is very time-consuming
because the signals of all transmitter (TX) and receiver (RX)
combinations have to be processed separately. For monostatic
imaging systems, the reconstruction can more efficiently take
place in the wavenumber domain [4]. Typical reconstruction
algorithms include the Phase Shift Migration (PSM) [5]
and the Range Migration Algorithm (RMA) [6], which
originate from geophysical remote sensing but are easily

adoptable to monostatic radar imaging [7], [8]. However,
for MIMO systems, a wavenumber domain reconstruction
is not that easy. This is because the PSM and RMA use a
two-way propagation term which accounts for the identical
location of TX and RX, but obviously cannot be applied to
multistatic or MIMO systems. A number of reconstruction
concepts have been proposed to address this issue, seeking
to make MIMO image reconstruction faster by introducing
wavenumber-domain techniques as well. However, most of
them represent either approximations or impose constraints on
the topology of the MIMO array. Among such techniques are
multistatic-to-monostatic-conversion schemes [9], [10] that
calculate a hypothetical monostatic aperture and compensate
the resulting phase error by a reference term. Publication [11]
suggested a subsampling scheme in k-space followed by a
fusion into one image. An adjustment of the PSM and RMA
to MIMO arrays was presented in [12] and [13], respectively.
Here, a reorganization of the 4D-MIMO data in kx,TX, ky,TX,
kx,RX, ky,RX to a common 2D data set in kx and ky is proposed.
The resulting accumulated data are processed with the usual
steps of the PSM or RMA. However, for fusing the data,
the TX and RX arrays must have the same length and step
size [14]. Other approaches include the ones proposed in
[14] or [15], which impose constraints on the topology of
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FIGURE 1. Illustration of different MIMO imaging scenarios:
Single-medium background (left) and multilayer scenario where the
refracted wave propagation needs to be taken into account for an
undisturbed image reconstruction (right).

the MIMO array, e.g., that arrays have to fulfil the Nyquist
sampling criterion [15] or that the receive data have to be
equidistantly sampled [14]. For non-equidistantly sampled
data, a reconstruction algorithm based on a non-uniform fast
Fourier transform (NUFFT) was presented in [16]. However,
NUFFTs are generally cumbersome in calculation.

We build our approach on the ones presented in [14] and
[17]. Here, a reconstruction concept for MIMO systems is
presented that operates in the Fourier domain for as much as
possible. The general idea is to partition the multi-transmitter
system into a sum of single-transmitter systems. The re-
ceive data of each single transmitter are processed together in
the wavenumber domain using fast k-space techniques. This
makes the computation more efficient than the BPA because
only the transmitters have to be processed separately, whereas
the receivers can be treated as an array in the Fourier domain.
Parallelization is possible, which promises to make this kind
of reconstruction fast [17].

In contrast to [14], which requires the RX array to be
equidistantly sampled, the reconstruction algorithm in [17]
can be used to any kind of array topology, e.g., it is also appli-
cable with sparse arrays that are not equidistantly sampled.
Therefore, this approach, which will be elaborated in Sec.
II, is the basis for our reconstruction concept. However, the
concept in [17] only deals with free-space propagation of the
electromagnetic waves. Such a scenario is well suited for e.g.,
security screening of persons where the clothing is hardly in-
terfering with millimetre-waves. But it is not suited for imag-
ing structures of layered dielectrics, which is a typical sce-
nario in non-destructive testing (such as, e.g., radome testing)
or ground penetrating radar. The focus of this paper is directed
towards this application area and for the first time a solution
to overcome the previously mentioned limitations is presented

When introducing a multi-material background, the
image reconstruction becomes considerably more complex
compared to the classical image reconstruction that assumes
free-space propagation of the electromagnetic waves. In a
multi-material background, changing phase velocities and
resulting wave refraction, as illustrated in Fig. 1, need to be
taken into account.

The backprojection algorithm can readily be extended to
multilayered media. When doing so, a ray tracing step has
to be introduced [18] in order to include the refracted optical
paths from TX to target and back to RX, which makes the
algorithm still more costly with respect to computation.

For monostatic systems, also the PSM algorithm is easily
adjusted to a multilayer scenario with planar material bound-
aries [19]. Its computation is much faster than adjusting the
BPA to multilayered media. However, while PSM has been
adopted to MIMO systems in e.g., [12] and [14], still there
has not been a concept for arbitrary MIMO arrays because
the proposed techniques will only work with certain array
topologies as mentioned above.

Therefore, the contribution of this paper is a reconstruc-
tion algorithm that yields high-resolution images of layered
dielectrics, making use of the efficient Fourier imaging and
being applicable to any kind of MIMO array.

The rest of the paper is organized as follows: In Sec. II
the proposed reconstruction algorithm is derived based on the
strategy from [17]. Sec. III presents experimental results. In
Sec. IV, the concept is compared to the state of the art w.r.t.
computational cost. Finally, Sec. V draws a conclusion.

II. IMAGE RECONSTRUCTION CONCEPT
A. FFT-BASED IMAGE RECONSTRUCTION FOR SPARSE
MIMO ARRAYS
Consider the linearized electromagnetic scattering problem
for a MIMO system when the aperture is rectangular along
the x and y directions, at z = 0:

Escat (xTX, yTX, xRX, yRX, z = 0, ω)

=
∫∫∫

o(x, y, z0) exp

{
− jk

√
(x−xTX)2+(y−yTX)2+z2

0

}

exp

{
− jk

√
(xRX − x)2 + (yRX − y)2 + z2

0

}
dxdydz (1)

In (1), Escat (xTX, yTX, xRX, yRX, z = 0, ω) is the scattered
field at specific transmitter and receiver locations, denoted
by indices “TX” and “RX”, and frequency ω. Furthermore,
o(x, y,z0) denotes the object distribution, and the exponential
terms equal the Green’s functions (neglecting amplitudes),
which describe wave propagation from transmitter to target
and from target to receiver, respectively.

Obtaining an image o′(x, y,z0) of the object distribution
means solving the inverse scattering problem,

o′(x, y, z0) =
∫ ∫ ∫ ∫ ∫

Escat (xTX, yTX, xRX, yRX, 0, ω)

exp

{
+ jk

√
(x− xTX)2 + (y − yTX)2+ z2

0

}

exp

{
+ jk

√
(xRX − x)2 + (yRX − y)2 + z2

0

}

dxTXdxRXdyTXdyRXdω. (2)

The exponential terms in (2) equal the complex conjugate
of the Green’s functions in TX and RX.

Solving the MIMO imaging problem (2), is possible by the
backprojection algorithm in the space domain when directly
implementing (2) with sums. Obviously, this is computation-
ally demanding. The more efficient, k-space-based concept
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will be described in the following. For a detailed derivation
we refer to [14] or [17].

For each i-th transmitter, the corresponding receive data are
treated separately. The first step then is to Fourier transform
the RX data to k-space along the lateral dimensions xRX and
yRX:

Escat
(
xTX,i, yTX,i, kx, ky, 0, ω

)
= FT

{
Escat

(
xTX,i, yTX,i, xRX, yRX, 0, ω

)}
(3)

In (3), FT denotes Fourier transforms w.r.t. x and y, which
will be implemented as fast Fourier transforms (FFT).

The k-space data are then backpropagated from the aperture
plane z = 0 to the range of the target, z0, by multiplication with
a propagator term which is equal to the complex conjugate of
the RX Green’s function in k-space

E (xT X,i, yT X,i, kx, ky, z0, ω)

= Escat
(
xT X,i, yT X,i, kx, ky, 0, ω

) · GRX
(
kx, ky, z0, ω

) ∗.
(4)

The k-space Green’s function GRX(kx, ky, z0, ω) can be ob-
tained either by Fourier transforming the RX Green’s func-
tion’s space domain formulation (the lowermost term in (1))
or directly in the wavenumber domain. Again neglecting am-
plitude terms, the wavenumber domain Green’s function for
the RX path is

GRX
(
kx, ky, z0, ω

) = exp {− j kz z0} , (5)

where kz can be deduced from the dispersion relation for one-
way propagation:

kz =
√

k2 − k2
x − k2

y . (6)

Here, k is the wavenumber and kx and ky are the wavenum-
ber components in x and y directions corresponding to the RX
array.

It is important to mention that a Fourier transform of non-
equidistantly sampled receive data can be performed neverthe-
less when filling the non-sampled positions with zeros in order
to create a pseudo-equidistant sampling [17]. This approach
is termed “special zero-padding” in [17] and will be termed
“spatial zero padding” in this paper to underline its meaning.
Of course, with this approach we will only obtain a good
image if the sparse array is reasonably designed, i.e., so that
its effective aperture is full or at least provides a point spread
function with low sidelobe level.

In addition to backpropagating the RX data, the propagation
of the electromagnetic wave from the transmitter to the target,

gTX
(
x, y,xTX,i, yTX,i, z0, ω

)

= exp

{
− jk

√
(x−xTX,i )2 + (y−yTX,i )2 + z2

0

}
(7)

(cf. (1)) has to be considered for the i-th transmitter. (7) is the
space domain formulation of the TX Green’s function since
this term must be accounted for in the space domain, cf. [14]
or [17]. Therefore, an inverse Fourier transform is first per-
formed to the backpropagated receive data from (4) and then
the complex conjugate of the term in (7) is multiplied to it.

FIGURE 2. Geometry for determination of refracted wave propagation
according to [22].

To focus an image, all frequency steps and all transmitters
are then summed up.

In sum, the reconstruction reads as

o′(x, y,z0) =
∑
TX

∑
ω

gTX(x, y,xTX,i, yTX,i, z0, ω)∗·

IFT{Escat (xTX,i, yTX,i, kx, ky, 0, ω) · GRX(kx, ky, z0, ω)∗}
(8)

where IFT denotes the two-dimensional inverse Fourier trans-
form w.r.t. kx and ky.

B. EXTENSION TO MULTILAYERED MEDIA
Eq. (8) can be used for a single-medium imaging scenario.
For a heterogeneous background, however, the Green’s func-
tions for the TX and RX paths have to be adjusted. The RX
Green’s function for multilayered media with planar material
boundaries is

GRX
(
kx, ky, z j, ω

) = exp
{− j kz, j (z j − z j−1)

}
(9)

i.e., the wavenumber is adjusted to the wavenumber of the j-th
medium:

kz, j =
√

k2
j − k2

x − k2
y . (10)

and the field data are propagated to the respective material
boundaries zj for each layer. Note that (9) is valid only for
planar material boundaries.

The TX Green’s function, (7), however, is a space domain
formulation. In that case, the refracted path from the i-th trans-
mitter to the target with the material boundaries in between
has to be considered, see Fig. 1.

To the seemingly simple problem of finding the refracted
path from antenna to target, in general, there is no analytic
solution. The wave propagation path (also termed optical
path) has to be found numerically, using ray tracing methods
[20], [21].

Only for a planar material boundary separating two half-
spaces, an analytic formulation for the optical path can be
found [22]. For that we regard the corresponding geometry
in Fig. 2. Since the incident and refracted waves are copla-
nar [23], the 3D problem can be recast into a 2D problem
in that plane. Its lateral coordinate is denoted x′ in Fig. 2,
where x′

1 denotes the distance between the TX antenna’s lat-
eral coordinate and the unknown refraction point. Further, x′

2
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FIGURE 3. Geometry for determination of refracted wave propagation
according to [24].

is the (known) distance between the antenna and the image
voxel. The depths of the material boundary and the voxel
which we want to focus are zB and zV, respectively. The terms
n1 and n2 denote the refractive indices of the media, which
for dielectric materials equal the square roots of the relative
permittivities.

The refracted optical path has to satisfy Snell’s law of
refraction (assuming object dimensions much larger than the
wavelength so that geometrical optics can be used),

n1 · sin α = n2 · sin β. (11)

Expressing (11) in the variables x′
1 and x′

2 yields

n1
x′

1√
z2

B + (x′
1)2

= n2
x′

2 − x′
1√

(zV − zB)2 + (x′
2 − x′

1)2
, (12)

a fourth-order equation in x′
1 [22]. Solving this equation for

x′
1 will determine the optical path. However, a fourth-order

equation will obviously yield four solutions. Thus, such an
approach can be used since only one solution is sensible, but
it requires the extra step of finding the correct solution out of
four possible ones.

Another solution to finding the optical path for a sys-
tem consisting of two half-spaces can be found in [24]:
Here, an empirical approximation is proposed, onto which
we build in this paper. The corresponding geometry is
shown in Fig. 3. As in Fig. 2, the 2D geometry repre-
senting the plane of the incident and refracted waves is
depicted.

Again, we want to retrieve the refracted wave path be-
tween transmit antenna, material boundary and voxel (orange
in Fig. 1). The path is determined by the refraction point
x′

r . For the refraction point x′
r , [24] proposed the empirical

approximation

x′
r = x′

max + n1

n2
(x′

min − x′
max) (13)

where x′
min and x′

max represent the coordinates shown in Fig. 3,
which correspond to the two extreme paths possible: when
there is no refraction (x′

min) and when there is maximum
refraction (x′

max). The terms n1 and n2 again denote the re-
fractive indices of the media.

With the approximation in (13), the refraction point and
thus the refracted optical path can be found. The results are

the basis to form the TX propagation term as

gTX
(
x, y,xTX,i, yTX,i, z0, ω

)

= exp

{
− jk

[
n1

√
(xr,i − xTX,i )2 + (yr,i − yTX,i )2 + z2

1

+ n2

√
(x−xr,i )2 + (y−yr,i )2 + (z2 − z1)2

]}
(14)

For a two-layer medium the overall reconstruction formula
then is

o′(x, y, z0)

=
∑
TX

∑
ω

exp

{
+ jk

[
n1

√
(xr,i−xTX,i )2+(yr,i−yTX,i )2+z2

1

+ n2

√
(x−xr,i )2 + (y−yr,i )2 + (z2 − z1)2

]}

· IFT
{
Escat

(
xTX,i, yTX,i, kx, ky, 0, ω

)
· exp

{+ jkz,1z1
} · exp

{+ jkz,2(z2 − z1)
}}

. (15)

A flow diagram of the proposed algorithm is shown in Fig. 4
to illustrate the procedure.

The approximation in (14) as well as the solution to the
fourth-order equation in (12) are applicable to two-layer me-
dia (i.e., air and one dielectric). Other approximations for such
a scenario were proposed in [25] and [26]. For multilayered
media, a ray tracing step is needed. Among commonly em-
ployed techniques are ray shooting and ray bending [27] or
Eikonal solvers [28] based on the Fast Marching Method [29].

III. EXPERIMENTAL VERIFICATION
A. TEST SETUP
To demonstrate our concept, we imaged a Siemens star behind
a PVC (polyvinylchloride) plate. A Siemens star is an object
often used to evaluate the resolution of imaging systems. The
test object employed in our measurements is shown in Fig. 5.

Thus, when scanning the test object, we obtain a two-media
background consisting of air and PVC with the Siemens star
as target to be imaged.

As a scanning system we used a Rohde & Schwarz QAR
scanner (see [30]). QAR is a MIMO radar consisting of 3 × 4
sparse subarrays with spacing in between (see [30]). Because
of the small size of the test object, only 3 × 3 blocks of
the QAR are evaluated. The array topology of the resulting
MIMO system is shown in Fig. 6. It consists of 9 blocks of
2 times 47 transmitters and 2 times 47 receivers each, which
are orientated as in Fig. 6. Thus, 846 TX and 846 RX chan-
nels contribute to the measurements. The spacing between the
antennas within one block is 3 mm.

The applied transmit signal is a 64-point stepped-
frequency-continuous-wave (SFCW) signal, from 74 GHz to
79 GHz.

For the measurement, the PVC plate was placed parallel to
the array, at a distance of 60.5 cm. With the plate thickness of
3 cm, the star is located 63.5 cm from the aperture plane.
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FIGURE 4. Flow diagram of the proposed MIMO image reconstruction
algorithm.

FIGURE 5. Test object: Siemens star on PVC plate. Plate dimensions: 20 cm
x 15 cm, depth 3 cm. Star dimensions: diameter 6 cm, thickness 1.5 mm.
The object is scanned so that the Siemens star is on the plate’s backside,
not facing the antenna array (i.e., photograph displays rear view of
scanning scene). The Siemens star was stuck to the PVC plate with
adhesive tape (white rectangular area in the picture). Due to the small
thickness of the adhesive tape, it has no noticeable effect on the imaging
result.

FIGURE 6. Employed MIMO array topology.

FIGURE 7. Amplitude of receive data at TX no. 423 and frequency step no.
1 after spatial zero padding. The amplitude values are w.r.t. the QAR’s
internal normalization calibration.

The complex baseband signal measurement data from the
QAR were then transferred to a PC for further processing and
the evaluation of our proposed algorithm.

B. RECONSTRUCTION
According to Sec. II, the data are partitioned to form sub-
datasets for all transmitters. For each transmitter individually,
the sparse receive array data are filled with zeros at the spaces
in between antenna positions. This is illustrated in Fig. 7,
where the dataset for an exemplary TX position for one fre-
quency step is shown. In the figure, the dataset that will be
processed for the particular TX and frequency step is shown.
As can be seen, there are non-zero entries at all receiver
positions (cf. Fig. 6). All other entries are zero because there
is no RX antenna at the corresponding positions. Nonetheless,
an image reconstruction is fully possible as will be shown in
the following section.

The reconstruction was then performed according to
Sec. II-B with wave propagation through air and PVC (re-
fractive index nPVC ≈ 1.6). The wavenumbers kx and ky are
retrieved from the spacing in the pseudo-equidistantly sam-
pled aperture. In our measurement the spacing between an-
tennas (and zeros) is 3 mm in both directions and accordingly,
the wavenumber axes range from -π /3mm to +π /3mm. The
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FIGURE 8. Image reconstruction (normalized) with the proposed concept.

FIGURE 9. Image reconstruction (normalized) assuming free-space
propagation.

approximation in (13) and (14) was used to calculate the TX
Green’s function.

C. RESULTS
Fig. 8 shows the image reconstructed with the proposed con-
cept in the range of the Siemens star. As can be seen, the
Siemens star behind the PVC plate is depicted clearly, which
verifies the proposed reconstruction algorithm. For compar-
ison, an image reconstruction according to the scheme in
[17] (assuming free-space propagation of the electromagnetic
waves) is shown in Fig. 9. The Siemens star now appears
blurred and is not recognizable, which underlines the im-
portance of including the material properties into imaging of
layered media as proposed.

IV. COMPUTATIONAL EFFICIENCY
Obviously, using a free-space-based reconstruction is not sat-
isfying. To obtain an image of equally high quality as with
our algorithm, the BPA could be used. Its computational cost,
however, is much higher. To quantify this, the computational
complexities of the single steps in Fig. 4 are compared to the
BPA (cf. (2)). The results can be found in Tables 1 and 2,
respectively. Here, we assume a scenario as in the example in
Sec. III, i.e., two layers and one target range to be imaged.

TABLE 1. Computational Complexity of Proposed Algorithm

TABLE 2. Computational Complexity of Standard BPA

In the considerations, the sorting step of the RX data is
omitted because it can be implemented directly in the mea-
surement when storing the captured data in a pre-allocated nu-
merical array whose dimensions equal the pseudo-full antenna
array dimensions.

The use of one FFT and one IFFT has a computational
complexity of Nx·Ny·Nf log2(Nx·Ny·Nf) each, where Nx and Ny

are the number of sampling points in the x and y directions and
Nf is the number of frequency steps. Additionally, the phase
shift has a complexity of Nx·Ny·Nf each for the two layers. The
computation of the TX Green’s function with (13) needs to be
performed for all TX and all voxels in the image plane.

In contrast, when using the BPA, all receivers are treated
separately, like the transmitters. Therefore, the RX Green’s
functions will have to be calculated from (13) too. This step is
termed “Compute optical paths” in Table 2.

As could be seen, the TX part is equal in both algorithms.
The advantage of our concept lies in the treatment of the
receivers as an array in the Fourier domain. The brute-force
reconstruction in the BPA needs to be performed for all anten-
nas, voxels and frequencies resulting in a much higher com-
putational load. As an example, in the measurement presented
in Sec. III, the numbers of transmitters and receivers are
NTx = NRx = 846, the numbers of sample points in x and
y are Nx = Ny = 235 and the number of frequency steps is
Nf = 64. With these numbers, the total cost of computation for
the BPA is in the range of around 1013 operations, whereas our
proposed concept only requires approximately 3.5·108 opera-
tions. These results impressively show the dramatic reduction
in computational effort by several orders of magnitude that
is achieved by the proposed reconstruction concept without
impairing the imaging quality. The image quality is not im-
paired in any way compared to the previously known brute
force methods.
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V. CONCLUSION
We presented a novel, highly efficient approach to subsur-
face imaging of multilayered dielectrics with large sparse
MIMO arrays. The proposed MIMO imaging scheme evalu-
ates the complete RX data in the k-space for each TX sep-
arately, thus augmenting computational efficiency compared
to the backprojection algorithm. Arbitrary sparse arrays can
be treated when applying a spatial zero-padding step to the
sparse array data. To account for changes in the background
material, commonly used techniques from subsurface imaging
were introduced into the reconstruction algorithm. With the
proposed concept, high-resolution imaging was successfully
demonstrated.
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