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ABSTRACT In this paper we introduce the use of several different Infinite Mapping Layers to model open
boundaries in the 2-D Finite Element Method for the computation of transmission line parameters. The
transformation maps a semi-infinite interval to a finite interval, thereby providing a simple and accurate
description of open boundaries while keeping the size of the computational domain very compact. The
method has been evaluated and tested on a variety of common transmission line geometries appearing in
the literature and its accuracy is validated by comparing the results with canonical cases having closed
expressions and with arbitrary geometries computed with commercial software tools. Various geometrical
transformations have been developed and tested, and their performances evaluated in terms of accuracy and
efficiency. Finally, the possibility of using a radial Infinite Mapping Layer has also been considered.

INDEX TERMS Electrostatics, finite element method (FEM), geometric transformation, open boundaries,
transformation optics, transmission lines.

I. INTRODUCTION
Electrostatics is a field of great interest in computational
applied physics due to its appearance in many practical prob-
lems [1]. In microwave engineering, electrostatic analysis
is mainly devoted to the characterization of transmission
lines [2], [3], [4], some of which have open boundaries (i.e.
their fields are not entirely confined within conductors). Prob-
lems in which open boundaries are present are often found
in both power systems [5] and conventional communication
systems [6], [7], in which transmission line parameter compu-
tation is a typical post-processing analysis.

Open boundaries in electrostatics represent a challenge
from an analysis standpoint. In classical texts, Conformal
Mapping in general [2], and the Schwarz-Christoffel trans-
formation in particular, were first identified as suitable tools

for the analysis of transmission lines with open boundaries,
obtaining very satisfactory results for arbitrary geometries
containing infinitely thin conductors [8].

When considering open transmission line characterization
through the Finite Element Method (FEM) [9], [10], in order
to make the problem solvable, a technique to truncate the
computational domain is required. In this case, the usefulness
of the Schwarz-Christoffel transformation becomes limited,
since special care must be put in the meshing process to ensure
that the discretization in the transformed domain does not
lead to significant numerical errors [11]. Thus, other specific
solutions to treat the open boundary problem in electrostatics
were developed, such as the infinite elements [12], [13], the
multipole expansion [14], and the well-known FEM-BEM
(Boundary Element Method) technique [15]. Each of them has
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its pros and cons, and very often the choice of the technique
depends strongly on the problem under study. In the case of
electrodynamics, other commonly used tools to mathemati-
cally approximate open boundaries in FEM are the Absorbing
Boundary Conditions (ABC) [16], and Perfectly Matched
Layers (PML) [17].

In this work we will model open-bounded electrostatic
problems with Infinite Mapping Layers (IML) [18], [19],
which are based on a coordinate transformation originally
proposed in [20] with an inverse tangent expression to better
describe evanescent fields in the frame of mode compu-
tation with Maxwell’s equations. The coordinate transfor-
mation, which shares some similarities with transformation
optics [21], [22], [23], has the purpose of mapping an infinite
extent to a finite domain through an anisotropic electrical
permittivity that sets the equivalence between the original
problem in the original reference frame and the transformed
one after the mapping. This approach can be an interesting
alternative for electrostatics, and is introduced here for 2-D
transmission line problems, although it can be easily extended
to 3-D problems.

In [19], IML were initially explored in the context of me-
chanics, electrostatics, and deep wave propagation, with test
examples based on structured meshes. For this work, in order
to quantify the advantage of the proposed approach for trans-
mission lines, several geometries and transformations have
been developed and analyzed. Some observed advantages of
the discussed formulation over other techniques include its
straightforward FEM implementation, simplicity, and excel-
lent performance, as demonstrated later. This is due to the
method not necessitating any alterations to the FEM formu-
lation, shape functions, and mesh elements.

Contrary to what is commonly found in the literature,
meshes in IML do not need to be structured. The conver-
gence of the line parameters is shown to greatly improve as
compared to simple domain truncation, and the computational
domain can always be kept very compact, leading to a greater
reliability of the results and a significant reduction in com-
putational time. Importantly, it has also been found that IML
require a certain mesh density, although they can be placed
very close to the problem geometry. Finally, a new type of
radial IML has also been implemented and tested.

The organization of the paper is the following: we first
briefly recall the formulation of the electrostatic problem re-
lated to transmission line parameter computation, and then
we introduce FEM discretization together with the coordinate
transformation. Finally, we discuss the results obtained, with
several comparisons with available data and a study of con-
vergence.

II. THE ELECTROSTATIC PROBLEM
A. MATHEMATICAL DEFINITION
Transmission line parameters can be obtained by solving the
2-D Laplace equation for the potential with Dirichlet-type
boundary conditions in a system with perfect conductors (σ =

FIGURE 1. Problem under analysis. (a) Electrostatic problem in which the
open boundaries are assumed to be from x = x1 to infinity, and to y = y1

to infinity. (b) Equivalent problem, in which the open boundaries have
been modeled as an artificial material dependent on a geometrical
transformation.

∞). Letting � = �(x, y) be the potential function, we can
define the problem as

∇ · (ε̄r ∇�) = 0, in� (1)

with the following boundary conditions{
� = 1, on ∂�1

� = 0, on ∂�0
(2)

∂�1 being the boundary on which we apply unit voltage,
∂�0 the ground boundary (zero voltage), and ε̄r = ε̄r (x, y)
the relative electric permittivity double tensor [see Fig. 1(a)].
The Laplace equation is applicable both in case of homo-
geneous materials, for which rigorous Transverse Electro-
Magnetic (TEM) propagation takes place [2], and in case of
non-homogeneous materials (for instance piecewise homoge-
neous) for which the so called quasi-TEM propagation regime
is a valid approximation up to some GHz [24], [25].

The solution of (1) allows to compute the capacitance C per
unit length (p.u.l.) as

C = ε0

∫
�

∇� · ε̄r∇� d�. (3)
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The inductance L p.u.l. can be obtained by L = μ0ε0/C0, with
μ0 being the absolute permeability of vacuum, ε0 the absolute
permittivity of vacuum and C0 the capacitance p.u.l. when the
material is replaced by vacuum. The characteristic impedance
Zc is obtained as

Zc =
√
μ0ε0

CC0
. (4)

Finally, the effective relative permittivity εr,eff and the propa-
gation phase constant β can be obtained through

εr,eff = C

C0
β = ω

√
μ0ε0εr,eff (5)

where ω is the angular frequency. Note that Zc and β fully
characterize a transmission line in the lossless case [2].

This procedure can also be performed if the problem ex-
hibits more than two independent conductors (with different
potential functions). In this case, one can define a capacitance
matrix, whose coefficients are computed by a very similar
technique [26].

B. SOLVING THE PROBLEM USING FEM
One of the most popular ways to solve Laplace equation is the
Finite Element Method (FEM). We define the solution to (1)
and (2) in a weak sense, by looking for � such that∫

�

∇� · ε̄r∇� d� = 0

� = 1, on ∂�1

� = 0, on ∂�0 (6)

for each � belonging to H1(�), the space of functions that
are square integrable in � together with their gradient. The
potential function � is then approximated as

�(r) =
N∑

i=1

viϕi(r) +
M∑

m=1

ϕ̄m(r) (7)

where the ϕi’s are standard FEM basis functions of interpo-
latory type on subdomains (typically triangles), the vi’s are
unknown coefficients and the ϕ̄m’s are analogous interpolatory
functions in�whose sum is 1 at each point on ∂�1. Functions
ϕ̄m are thus used to impose the essential boundary condition
on ∂�1. The essential boundary condition on ∂�0 is imposed
simply by avoiding to include in the sum (7) the functions ϕn

with non-zero trace on ∂�0. Equation (6) is then tested with
the same set of basis functions {ϕi} to find the matrix equation

Kv = u (8)

where

v = [v1 v2 . . . vN ]T u = [u1 u2 . . . uN ]T . (9)

The generic element Ki j of the [N × N] matrix K is

Ki j =
∫
�

∇ϕi · ε̄r∇ϕ j d�. (10)

We have then that the generic element ui of the known term is
given by

ui = −
M∑

m=1

∫
�

∇ϕi · ε̄r∇ϕ̄m d�. (11)

After solving (8) and obtaining v = K−1u, the capacitance per
unit length is then found from (3) as

C = ε0
(
vTKv − 2vTu + w

) = ε0(w − vTu) (12)

where

w =
M∑

m=1

M∑
n=1

∫
�

∇ϕ̄m · ε̄r∇ϕ̄n d�. (13)

III. MODELING OPEN BOUNDARIES AS AN ANISOTROPIC
MATERIAL
To illustrate how the geometrical transformation is performed,
we will use x, y as the coordinates of the original domain with
infinite region, sketched in Fig. 1(a). Variable x, y, or both,
extend to infinity according to the subregion they belong to.
Referring to Fig. 1(a) and for simplicity to x coordinate only,
the transformation used maps the semi-infinite domain x1 ≤
x < ∞ to the finite domain x′

1 ≤ x′ < x′
2 (where x′

1 = x1) [see
Fig. 1(b)].

According to the type of region, one can transform either
variable or both using a generic coordinate transformation
(x, y) → (x′, y′), depending on the semi-infinite domain in-
volved in the solution process. The transformation should
ensure continuity of the function and the first derivative, to
get a smooth transition from untransformed to transformed
domain.

As an effect of the geometrical transformation, an equiv-
alent electrostatic problem can be defined by introducing an
anisotropic inhomogeneous permittivity derived from the Ja-
cobian matrix of the transformation itself [23]. Using ε̄r to
indicate permittivity in the original domain and ε̄′

r to indicate
the new artificial material originating from the transformation,
one gets the following, where J̄ is the Jacobian matrix of the
transformation:

ε̄′
r = J̄ ε̄r J̄T

det(J̄)
J̄ =

[
J̄xx J̄xy

J̄yx J̄yy

]
=

[
∂x′
∂x

∂y′
∂x

∂x′
∂y

∂y′
∂y

]
. (14)

Note that, if a formulation were to be developed for problems
with inhomogeneous magnetic permeability, an equivalent ex-
pression to (14) for μ̄r could be easily found [20]. It should
be kept in mind that either x or y or both can undergo the
transformation, so that the expression of the Jacobian matrix
depends on the specific region in Fig. 1. For instance, if only
x is transformed we will have ∂y′/∂y = 1.

The new equivalent artificial material represented by (14)
is inserted into (10), (11), and the solution obtained is the-
oretically equivalent to that of the original problem in an
infinite domain. Moreover, letting �′ be the solution in the
transformed domain �′ and � the solution in the original
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domain � we have∫
�

∇� · ε̄r∇� d� =
∫
�′

∇′�′ · ε̄′
r∇′�′ d�′ (15)

for which a proof is given in the Appendix.
Equation (15) ensures that the capacitance p.u.l. obtained

by solving the transformed equation is equal to the capaci-
tance in the original infinite domain.

IV. SOME POSSIBLE TRANSFORMATIONS FOR IML
The method here discussed does not impose any restrictions
on the shape of the transformation nor in the discretization
of the stretched region. However, monotonously decreasing
functions for which it is possible to obtain (14) are found to
be most suitable. For the problem of transmission lines we
have considered three interesting coordinate transformations,
here defined for a generic axis u, which map the range (u1,∞)
to (u′

1, u′
2), with u1 = u′

1 (i.e., for u′ ≥ u′
1). They are:

u′
A = 2

π
(u′

2 − u′
1) arctan

(
u − u1

u′
2 − u′

1

π

2

)
+ u′

1 (16)

u′
B = u′

2 − (u′
2 − u′

1) exp

(
− u − u1

u′
2 − u1

)
(17)

u′
C = u′

2u − u2
1

u + u′
2 − 2u1

. (18)

For these coordinate transformations we can obtain compact
expressions for their derivatives (for u′ ≥ u′

1):

∂u′
A

∂u
= cos2

(
u′ − u1

u2 − u1

π

2

)
(19)

∂u′
B

∂u
= u′

2 − u′

u′
2 − u1

(20)

∂u′
C

∂u
=

(
u′

2 − u′

u′
2 − u1

)2

. (21)

In Cartesian coordinates, u = {x, y}. With these expressions
the the Jacobian matrix can be directly obtained. For example,
taking (16) and for the upper-right region (x′ ≥ x′

1 and y′ ≥
y′

1) in Fig. 1(a) we would have:

J̄ =
⎡
⎣cos2

(
x′−x1
x2−x1

π
2

)
0

0 cos2
(

y′−y1
y2−y1

π
2

)
⎤
⎦ . (22)

Similar expressions can be obtained for the other presented
transformations. If the transformation domain is symmetric
(i.e. both −∞ < x ≤ −x1 and x1 ≤ x < ∞, −∞ < y ≤ −y1

and y1 ≤ y < ∞ are transformed), then the Jacobian can con-
veniently be expressed as, in this case for the transformation
in (18):

J̄xx =
⎧⎨
⎩

(
x′

2−x′
x′

2−x1

)2
, for|x′| ≥ x′

1

1, otherwise

J̄yy =
⎧⎨
⎩

(
y′

2−y′
y′

2−y1

)2
, for|y′| ≥ y′

1

1, otherwise

J̄xy = J̄yx = 0. (23)

The procedure here described can easily be replicated with the
transformations in (16) and (17).

For a radial transformation in (ρ, φ), we again start from
the expressions in (16)–(18) and take u = ρ. The geomet-
rical transformation is now defined as (ρ, φ) → (ρ′, φ′), in
which φ = φ′. Since the Laplace equation is being solved with
FEM through a Cartesian coordinate system, it is additionally
needed to derive the Jacobian of the desired radial transforma-
tion in Cartesian coordinates before solving the problem.

V. RESULTS
To check the validity and effectiveness of the transforma-
tion we have considered many geometries of commonly used
transmission lines, summarized in Fig. 2, where it is assumed
that the dimensions not specified extend to infinity (i.e., they
have open boundaries). They all present Transversal Elec-
troMagnetic (TEM) or quasi-TEM mode behavior [2], being
characterized by at least two conductors. The dimensions of
the geometries will be assumed to be normalized from now
on since the units are not relevant in the computation of C and
Zc. Please note that, in the presented plots in this section, the
label “arctan” refers to the transformation in (16), “exp”, to
the transformation in (17), and “quadratic”, to the one in (18).

A. VALIDATION
The first example is the microstrip line [Fig. 2(d)], for which
we have open boundaries at the top, left and right end of
the domain. We selected a substrate with εr = 4, h = 0.254
and T = 0.0355. Various line widths are considered in the
range w ∈ (0.254, 0.762). Our results are compared with the
built-in model in LineCalc, the tool embedded in the com-
mercial software Keysight ADS studio [27] for all presented
transformations. LineCalc uses closed form approximations
that have been extensively tested and it assumes an infinite
size of the box. In Fig. 3(a), we can see a very good agreement
in the value of Zc between LineCalc and this work. In this
example, a 10 × 10 box was used with its lower side centered
on the line and lying on the ground plane of the microstrip,
with IML of width 2 extending from the left, right, and top
sides of the box.

Similar results were found for the stripline [Fig. 2(e)],
shown in Fig. 3(b). The parameters were set to the same values
as in the microstrip case, with a substrate of εr = 4 height h =
0.508. Also in this case, our results were compared against the
ADS model, obtaining an excellent agreement. In the case of
the stripline, only the x coordinate can be transformed. Again,
we considered a box of width 10, in this case with the height
of the stripline, with a transformed domain of 2 on each lateral
side.
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FIGURE 2. Examples of transmission lines with open boundaries characterized with the proposed technique: (a) bifilar line, (b) bifilar line with ground
plane (c) coplanar line, (d) microstrip line, (e) stripline, and (f) slab line.

FIGURE 3. Line impedance against microstrip width, LineCalc model and
our work. (a) Microstrip line with h = 0.254, T = 0.0355, εr = 4. (b)
stripline with εr = 4, T = 0.0355.

B. CONVERGENCE AGAINST UNTRANSFORMED DOMAINS
To test the effectiveness of the IML for the computation of
transmission line parameters, we first considered the coplanar
line [Fig. 2(c)]. We have imagined this geometry enclosed in a
square box and increased the size of the box towards infinity.
In this case, all four directions around the line undergo the
coordinate transformation.

In Fig. 4(a), we plot the value of the characteristic
impedance as a function of the box size in four cases: no
transformation, and with a transformation that is set in each
direction to a 33% of the box side length l in all four directions
[p = 0.33 in all sides as defined in the inset of Fig. 4(a)]
for all the presented expressions (inverse tangent function,
exponential function, and quadratic function). In this example,
the coplanar line has a width w = 0.508 and a gap g = 0.508.
The line height is set to T = 0.035. The dielectric has a width
of h = 0.254 and a relative permittivity εr = 4. All values for
each box size have been computed with the same mesh.

Note that, in Fig. 4(a), as the box size increases all curves
tend to converge towards a set value, very close to the one
given by LineCalc, but applying the transformation makes
the convergence much faster. In this regard, we can observe
how the quadratic expression for the transformation gives the
best results, followed by the inverse tangent and exponential
functions.

In Fig. 4(b), the same procedure was applied to a bifilar
transmission line [shown in Fig. 2(a)], which has a well-
known exact expression for its impedance:

Zl = η0

π
cosh−1

(
d

r

)
(24)

where η0 = √
μ0/ε0 is the vacuum characteristic impedance.

In this case, the radius was chosen as r = 0.254, with a sepa-
ration d = 0.762. Again, p = 0.33. In subsequent figures, the
colored area defining p is omitted for the sake of clarity, since
the criterion for its establishment will be identical to the one
presented in Fig. 4.

The resulting curves show a very good agreement of
the transformed curve with the analytical values, with the
quadratic transformation function again giving the best per-
formance. Interestingly, the inverse tangent and exponential
functions give similar performances, the former being slightly
better. Moreover, we can see how the untransformed problem
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FIGURE 4. Box size and transformed area against computed line
impedance. (a): coplanar line with w = 0.508, g = 0.508, h = 0.254,
T = 0.035. The result given by LineCalc is displayed for reference. (b):
bifilar line with r = 0.254, d = 0.762. The exact result given by (24) is also
displayed for reference.

has has a slow convergence, due to the fields being less con-
fined than in the previous case, thus requiring a larger box to
achieve accurate values.

C. CARTESIAN VS RADIAL TRANSFORMATION
Now, we intend to evaluate whether a radial IML might be
more suitable than a Cartesian one in some cases. For that
purpose, we have taken again the case of the bifilar line in
Fig. 2(a) with the parameters specified in Fig. 4(b), for which
its impedance has been computed in both cases using the same
procedure as in Section V. In this experiment, both domains
(the one with square shape as in Section secV, and the one in-
troduced in this section with circular shape) must have similar
mesh density.

In Fig. 5 it can be seen how the case with no transformation
and circular domain has the worst convergence. However,
applying the transformation yields very similar results for
both of the transformed cases, in which the convergence is
similar. For this case, only the transformation from (16) was
studied. We come to the conclusion that IML can successfully

FIGURE 5. Box size and transformed area against computed line
impedance using radial and Cartesian IML for the same bifilar line as
described in Fig. 4(b).

be applied to a radial transformation and, even though the
results are problem-dependent, it does not necessarily present
a relevant advantage over its Cartesian counterpart. Further-
more, the radial transformation yields less smooth results due
to the discretization of the circular IML, whereas the Cartesian
transformation smoothness in the results is only subject to the
relative variation of the mesh density.

D. MESH CONVERGENCE OF THE TRANSFORMATION
To check the effect of the mesh density on the transformation,
we take the slab line in Fig. 2(f). It has a radius of r = 2.54,
which is placed in the middle of two metallic planes separated
l1 + l2 = 2l1 = 10.16 between them. In this experiment we
take a box of width 6, taking a transformation of size 2 on
each side. The problem was simulated for different number
of Degrees of Freedom (DOF) inside the IML, while keeping
the dimensions and the mesh inside the untransformed domain
the same in all cases. Both the domains with and without IML
have the exact same box size. Examples of the meshes are is
shown in fig. 6(b), 6(c).

In Fig. 6(a), it can be observed that the results for the
untransformed case (blue line) barely change when increasing
the mesh density on the IML area (in this case without apply-
ing an IML). On the other hand, for the transformed case, a
finer mesh in the IML area is needed to obtain convergent re-
sults (which are expected to be closer to the actual impedance
of the structure in comparison to the untransformed case).
This difference in mesh convergence is due to the artificial
material ε̄r

′ from (14), which needs a certain amount of DOFs
to be accurately discretized. As for the transformations, it is
interesting to note that, again, the quadratic transformation
has the better convergence rate on a coarse mesh, while the
exponential function is the worst performer, even on a very
fine mesh.

E. LIMITS OF THE TRANSFORMATION PROCEDURE
The starting point of the transformation (x1, y1) is a key pa-
rameter that must be chosen reasonably, since, as an effect of
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FIGURE 6. (a) Computed line impedance against number of total DOFs for
the untransformed and transformed case. The fixed box size does not lead
to an accurate characteristic impedance for the untransformed case. The
number of DOFs is increased only in the IML subdomain, both for the
transformed and untransformed case. (b) Mesh corresponding to the
leftmost values in Fig. 6(a). (c) Mesh corresponding to the second to the
leftmost values in Fig. 6(a).

FEM discretization, there is a limit on how close to the finite
metals and dielectrics this procedure can be applied to. At the
same time, the thickness of the transformed region should not
be too small.

To analyze this combined effect, we have chosen the case of
the geometry in Fig. 2(b), and we consider the problem with
an even or odd symmetry (i.e., boundary conditions associated
to a perfect electric or magnetic conductor) along the center
line. The dimensions for the line are r = 0.254, d = 0.762
and h = 0.762.

Fig. 7 shows the usual convergence plot in which the box
size is gradually increased and the IML are set as a per-
centage of the box side length l , namely 33%. Starting from
a minimum box size, we compare the results obtained by
transforming the region beyond the minimum size to those
obtained by not transforming it. When the box size is min-
imum (3.0) the results with and without transformation are
non-convergent. By increasing the size of the box, the conver-
gence of the transformed geometry is much faster than that of
the untransformed one. Note that, in Fig. 7, the impedance for
the odd mode varies a 0.4% throughout the graph, while the
impedance for the even mode varies approximately 4%. This
is due to the field distribution, which depends on the geometry
of the problem, and is one of the reasons why IML should
be considered when looking for reliable, convergent results in
electrostatic problems.

FIGURE 7. Box size and transformed area against computed line
impedance for a grounded bifilar line with (a) odd and (b) even
symmetries in the center axis. Dimensions: r = 0.254, d = 0.762 and
h = 0.762 [see Fig. 2(d)].

Fig 8 shows results obtained by a different type of anal-
ysis: the box size is kept fixed to l = 4.5 and the size of
the transformed region is changed gradually from p = 0 to
p = 3.5. The odd mode impedance is shown in Fig. 7(a) (the
most accurate value is around 42.85 �), while the even mode
impedance is shown on Fig. 7(b) (the most accurate value is
around 61.90 �). When the transformation area is very thin,
all transformations yield similar results. They have different
convergence rates, as can be seen in in the middle part of the
graphs, but should yield the exact same convergent results. For
the both the even and odd line impedances in Fig. 8 we cannot
identify a limit on the transformation procedure (values do not
become incoherent on the right side of the plot). However, for
the even line impedance, convergence is not reached in this
experiment, which means that a larger box size is needed (as
it was shown in Fig. 7).

As a rule of thumb, one should ensure that a few FEM
elements (not just one) are present in the transformed region
and a few FEM elements (not just one) are present between
the conductors and the transformed region. Although this is a
rather coarse rule, its application is very easy to check and to
implement.
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FIGURE 8. Side of transformed domain against computed line impedance
for a fixed box size (l = 4.5) for the grounded bifilar line described in
Fig. 7. (a) Odd line impedance and (b) even line impedance. The value of p
is increased without modifying l , which can yield non-convergent results,
as is the case in (b).

F. VISUALIZING THE TRANSFORMATION
To visualize the transformation in terms of potentials � and
�′ and vector fields E and E ′ = (J̄T)−1E with the Jacobian
J̄ given by (14), we have taken the slab line case, displayed
in Fig. 2(f). In this case, the transformation is performed only
on the x direction (the infinite boundaries are in x → ±∞),
which simplifies the visualization of the potential functions.
In Fig. 9, we have taken a slab line of radius r = 2.54, which
is placed in the middle of two metallic planes separated l1 +
l2 = 2l1 = 10.16 between them. Fig. 9(a) shows the potential
� and field pattern E in the untransformed domain, while for
Fig. 9(b) �′ and E ′ are displayed, with 3 transformed on each
side using the technique described in this work (using the
quadratic transformation), whose subdomains can be easily
identified in the figure, as they have straight vertical bound-
aries with the untransformed part of the domain.

In can be seen how, close to the limits towards ±x, the
electric field for the untransformed case still has a noticeable
magnitude even though it should be close to null (the proce-
dure yields an impedance of approximately 108 �). However,
for the transformed case, we can observe a rapid decay of the
potential function once the IML starts, having, as desired, a
close to null electric field towards the end of the domain in

FIGURE 9. Visualizing the effect of the transformation in the problem of
the slab line in Fig. 2(f) (l1 + l2 = 2l1 = 10.16, r = 2.54): (a) � and E field
(white arrows) in the original domain. (b) �′ and E ′ field (white arrows) in
the transformed domain. In the real problem, the box dimension in the
horizontal axis extends to infinity.

±x (the obtained impedance is now 111 �). This is represen-
tative to how the IML is “compacting” the space through the
geometrical transformation.

VI. CONCLUSION
The use of geometrical transformations and Infinite Mapping
Layers to model open boundaries in the two-dimensional
Finite Element Method for transmission line problems is pre-
sented for both Cartesian and radial transformations. It is
based on solving an equivalent finite domain problem where
the material has the transformation mapping taken into ac-
count. The application is demonstrated by fully characterizing
(in line parameters and fields) the TEM and quasi-TEM modes
for several open transmission lines. The advantages in terms
of reliability of the results are very significant, thanks to the
compactness of the domain of analysis, as it has been shown
with several examples commonly used in the microwave
arena. The approach does not need any changes in either the
FEM formulation or the mesh, which can be unstructured.
Moreover, it has been found that the proposed quadratic-like
transformation is the most suitable for this problem, and that
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a certain mesh density is required to obtain accurate results
when implementing Infinite Mapping Layers.

APPENDIX
PROOF OF (15)
Let’s consider a 2-D transformation r → r′(r) that admits a
unique inverse r = r(r′). For an arbitrary function ψ (r) we
have that∫

�

ψ (r)dxdy =
∫
�′
ψ[r(r′)] det

(
∂r
∂r′

)
dx′dy′ (25)

and

det

(
∂r
∂r′

)
=

[
det

(
∂r′

∂r

)]−1

= (
det J̄

)−1
. (26)

Letting then ψ (r) = �(r) = �′[r′(r)] and being ∇� =
J̄T∇′�′, we have ∇� · ε̄r∇� = ∇′�′J̄ · ε̄rJ̄

T∇′�′. Thus, we
conclude that (15) follows.
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