m IEEF Journal of
& Microwaves

Received 7 November 2022; revised 15 February 2023; accepted 4 March 2023. Date of publication 20 March 2023;
date of current version 7 April 2023.

Digital Object Identifier 10.1109/JMW.2023.3254135

The Impact of Antenna Array Calibration
Errors on MIMO and Multi-Channel
Synthetic Aperture Radar Imaging

JOHANNA GEISS *“ (Student Member, IEEE), ERIK SIPPEL *“, MICHAEL BRAUNWARTH “,
AND MARTIN VOSSIEK *“ (Fellow, IEEE)

(Regular Paper)
Institute of Microwaves and Photonics, Friedrich-Alexander-Universitit Erlangen-Niirnberg, 91058 Erlangen, Germany
CORRESPONDING AUTHOR: Johanna Geiss (e-mail: johanna.geiss@fau.de).

This work was supported by Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) under Grants VO 1453/42-1 and
GRK 2680 — Project-ID 437847244.

ABSTRACT In radar imaging, any lateral resolution is either attained using antenna arrays or by synthetic
aperture radar (SAR) principles. Recently, the combination of both approaches to a multi-channel SAR (MC-
SAR) has gained increased attention. However, antenna arrays are impaired by unknown calibration errors,
particularly phase errors, amplification deviations, mutual coupling, and phase center position deviation of
the antenna element. Since, first, established calibration procedures are often non-ideal and, second, the
calibration parameters usually vary over time due to aging and changes in temperature, calibration errors
distort the measurements during the radar operation. Therefore, current research focuses on finding new
practical calibration procedures. However, hardly any research has been conducted to analyze the basic
effects which erroneous calibration parameters have on the reconstructed image in MCSAR or MIMO
radar. In this work, we analyze the effects of multiple calibration error types on MCSAR and MIMO radar
imaging. Both measurement principles lead to periodic error patterns, resulting in deterministic distortions.
The derived relations can be used to precisely predict the position and number of ghost targets caused by
calibration errors for known measurement setups and targets. For this, no information about the actual
calibration errors is required. Furthermore, worst-case distortion levels are provided for different bounded
errors allowing rough estimates of the impact of different error types on the image’s distortion level. The
findings are validated via measurements using a 76 GHz FMCW MIMO radar.

INDEX TERMS Antenna array, automotive radar, calibration errors, ghost targets, radar, SAR.

I. INTRODUCTION

Today, imaging radar sensors are used in many applica-
tions ranging from remote sensing [1], [2], [3] over non-
destructive testing [4] and security scanning [5] to the broad
area of automotive radar [6], [7], [8]. Generally, imaging
radar collects cross-range information by utilizing either an-
tenna arrays in a single-input multiple-output (SIMO) or
multiple-input multiple-output (MIMO) manner [9], [10], or
by moving a single antenna to create a synthetic aperture
radar (SAR) [2], [11]. The combination of both approaches,
i.e., moving complete antenna arrays, leads to the principle of

multi-channel SAR (MCSAR), either implemented as SIMO-
SAR or MIMO-SAR. MCSAR has been investigated primar-
ily in remote sensing to further increase the imaging resolution
and relax the demand on the pulse repetition frequency
(PRF) [3], [12], [13], [14]. In the automotive radar field, the
MIMO concept is established to create large apertures with
limited sensor size. In contrast, SAR imaging is a topic that
has only emerged in the past years but has gained increasing
interest because of its high-resolution possibilities [7], [8],
[15], [16], [17], [18]. Especially for radars with a side-looking
arrangement, the car’s movement can be exploited to directly
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apply the SAR principle. While most of this research focuses
on single antenna SAR for now, the extension to MCSAR is
a logical next step, which has already been investigated in
e.g. [19], [20], because most automotive radars are already
equipped with MIMO antenna arrays.

When using antenna arrays, the imaging performance is
generally deteriorated due to mismatches between the chan-
nels caused by gain and phase errors, shifted antenna phase
centers, and mutual coupling between the antennas [21].
Therefore, antenna arrays should be calibrated to eliminate or
reduce these effects. Calibration procedures usually require
measurements to targets at known positions in a multipath-
free far-field environment, such as an anechoic chamber [22],
[23], [24]. Using elaborated approaches, as in [25], [26], al-
lows to reduce the high requirements on the calibration setup.
Nevertheless, radar sensors, especially in the automotive sec-
tor, typically suffer from some residual calibration error
because no sufficiently frequent recalibration is performed to
maintain high imaging quality [27]. As reported in e.g. [28],
[29], [30], such remaining mismatches between the antennas
in a MCSAR setting and even in single MIMO measurements
lead to replicas in the radar image, generally referred to as
ghost targets, because channel specific errors are repeated
over the full aperture. To provide a visual intuition on the
examined research content of this paper, this creation of ghost
targets is illustrated in Fig. 1. Here, a SIMO-SAR measure-
ment using a 76 GHz frequency-modulated continuous-wave
(FMCW) MIMO-radar with 8 receive channels was per-
formed to an automotive target scene shown in Fig. 1(b).
The MIMO array is shown in Fig. 1(a). For the SIMO-SAR
measurement, only the leftmost TX antenna was used. The
measurement was performed such that a synthetic aperture of
the length 12 cm was sampled uniformly. Then, radar images
were reconstructed via backprojection [31]. First, the calibra-
tion data found via the offline calibration proposed in [25] was
used and second, additional phase errors of £20° were added
to the individual channels during the reconstruction. The re-
sulting images are shown in Figure 1(c) and 1(d), respectively.
While the scene in Fig. 1(b) is well reconstructed in Fig. 1(c),
the radar image in Fig. 1(d) is strongly degraded via numerous
ghost targets. These ghost targets occur as replicas of the
true targets within regular distances, thereby, forming distinct
patterns. Such artifacts within the radar image, which can also
be caused by multipath or interference, are a relevant safety
issue in autonomous driving. Therefore, on the one hand, the
identification and reduction of these ghost targets is subject
of current research [32], [33]. On the other hand, there is a
need to detect occurring errors in the calibration, which can
be caused by aging, temperature change, and deformation, to
initiate re-calibration of the sensor [34]. Nonetheless, only lit-
tle research has been conducted to analytically investigate the
effects of calibration errors on MCSAR radar imaging and the
corresponding creation of ghost targets. In [35], the authors
discuss the impact of phase and amplitude errors on the radar
image’s ambiguity level in the radar image without discussing
the ghost target positions. [30] exemplarily shows this relation
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FIGURE 1. Example of a SIMO-SAR radar measurement to an automotive
target scene shown in (b) using the antenna array shown in (a). The
measurements were reconstructed using ideal calibration in (c) and with
phase errors in (d). (a) Antenna array of the used 76 GHz FMCW MIMO
radar. Only the leftmost TX antenna was used to simulate a SIMO radar.
(b) Automotive target scene comprising a car and three metal posts with
the radar on a linear unit, which provides the movement to create the
synthetic aperture. (c) Reconstructed SIMO-SAR radar image using a
calibrated radar. (d) Reconstructed SIMO-SAR radar image with phase
errors of +20° added to the channels. Exemplary ghost targets caused by
the calibration errors are indicated via white arrows.

for a two antenna array but not forarbitrary arrays arrays.
Furthermore, neither [35] nor [30] discuss the influence of
mutual coupling, which is relevant in most automotive radar
sensors using closely spaced antennas either in the receiver
(RX) or the transmitter (TX) array.

In MIMO radars, a virtual aperture is created by the con-
volution of the RX and TX subarrays [36]. They are often
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realized as uniform linear arrays (ULAs), leading to a periodic
evaluation of the repeated subarray during the formation of
the virtual aperture. In most scenarios of SAR measurements,
including automotive applications, a constant position shift of
the radar between consecutive measurements is assumed due
to a fixed radar velocity and pulse repetition frequency [17],
[18]. Then, both MIMO and MCSAR can be regarded as a
spatial sampling process with periodically occurring errors
due to the periodic evaluation of the channels. An almost
equivalent sampling process is conducted by time-interleaved
analog-to-digital converters (ADCs), where M ADCs with
identical sampling rates are combined in a time-interleaving
architecture to one ADC with M times the sampling rate [37],
based on the theory of the generalized sampling expansion [3],
[38]. Here, amplitude, timing, and further mismatches of the
sub-ADCs lead to deterministic spurious signals, which are
equivalent to the discussed ghost targets in radar images. For
time-interleaved ADCs, these effects are very well analyzed
and documented, e.g. in [39], [40]. The applicable findings
will be applied and extended in this paper to analyze the
impact of different calibration errors on MCSAR imaging.
Thereby, the creation of calibration error caused ghost targets
as in Fig. 1(d) will be explained thoroughly. A closed form
solution will be given to predict the number and the position
of occurring ghost targets in the case of calibration errors,
without requiring any knowledge about the type of errors.
Furthermore, for known errors, a relation for the height of the
ghost targets will be derived. Based on this, we will provide
rules for the worst-case distortion level in the case of unknown
but bounded errors. To validate these theoretic findings in a re-
alistic scenario, measurements using a 76 GHz FMCW MIMO
radar are shown, illustrating the predicted effects and, thereby,
demonstrating the good applicability of the derived relations.

The remainder of this paper is organized as follows: The
considered error types of antenna arrays are modeled in Sec-
tion II. The derivation of the erroneous SIMO-SAR signal
model including extensions for MIMO-SAR and MIMO radar
is shown in Section III. Section IV discusses the impact of
a resampling step for non-uniform sampling on the error
propagation. Based on the previous findings, boundaries for
the worst-case signal-to-distortion ratios assuming different
error types are derived in Section V. Section VI comprises
a summary and discusses implications for future research.
Finally, measurements are shown to validate the findings in
Section VII, followed by a conclusion.

Notation: Continuous signals are written as f(¢), whereas
discrete signals are written as f[n] = f(nT). Vectors and
matrices are written in bold lower and upper case letters,
respectively. The nth entry of a vector x is given by x[n].
The transpose of a vector or matrix is given by (-)T and the
inverse of a quadratic matrix by (-)~!. ap) denotes the modulo
operation ¢ modulo b, and ® denotes the operator of the
Kronecker product. 6(x) denotes the Dirac delta function. The
mean-value calculation is expressed by the operator ~ . Z(-)
calculates the angle of a complex number. Finally, [-] and |-|
denote the ceiling and floor function, respectively.
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FIGURE 2. Ideal SIMO radar imaging concept comprising 4 RX antennas
and a target located in the far-field under the angle 6,.

Il. CALIBRATION ERROR MODELS

In this section, different calibration errors will be described
and their respective transfer function will be formulated. In
this work, we limit the discussion to the linear phase and
amplitude errors, phase center displacement and mutual cou-
pling. To establish the signal model, a SIMO radar, compris-
ing N; RX antennas is assumed with its RX antennas located
along the x-axis at the positions x,,, n, € [1, N;] and the TX
at x = 0. This basic measurement principle is illustrated in
Fig. 2. For the sake of simplicity, all derivations will be made
for a continuous wave (CW) radar emitting a transmit signal

six(t) = cos 2m fet), (1)

with the carrier frequency f.. Nevertheless, the general
findings within this paper can be easily applied to common
radar types, such as the FMCW radar. This will be
demonstrated in Section VII, where the findings within
this work are validated using a 76 GHz FMCW MIMO radar.

The transmit signal si(#) is reflected at a target and
received by the n;th RX antenna with a delay t;, which
depends on the target and antenna position. Generally, the
received signal will be evaluated at the carrier frequency fc.
Thus, the ideally received frequency domain signal of the nth
antenna can be written as

Sideat.n, (fe) = Age¥0e 12T feTilinr), 2)

where ¢g introduces an additional phase shift caused by the
target reflection and Ag includes the path attenuation and the
attenuation caused by the reflection at the target.

Next, 7.(x,, ) is expressed as a continuous function 7,(x)
along the x-axis, which is evaluated at the location of the
active antenna to obtain

Sideal.n; (fo) = Age!Pe e @g(x — x, . 3)

Then, the phase change over the aperture can be used to
define a spatial angular frequency

d
k) = - (2m fenr (X)) - “4)

In the following, the standard far-field assumption will
be used. Thereby, the impinging signal is described by
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an incident angle 6y and has a constant spatial frequency
k(x) = —kg. Here, kg is defined as

2w .
ko = — sin 0y, (@)
Ac
with the carrier wavelength A, = ”—2, where ¢y denotes the
speed of light. k(x) = —ko was chosen to establish a positive
spatial frequency for the positive angle 8y in Fig. 2. A received
signal caused by multiple targets in the far-field is created by

superposition.
In the presence of errors, the received signal can be stated as
Srzr (fc) = I'Ierror,nr (kO’ fC)Sideal,nr (fc), (6)

where the channel-specific error transfer function Herror,n,
may depend partly on the spatial angular frequency and will
be split up further in the following to represent the different er-
ror sources. First, phase errors are considered, which represent
the dominating error source of antenna arrays. This is caused
by the use of small wavelengths, which are necessary to enable
a high measurement sensitivity of the overall system but result
in large errors even for small differences in the length of
the waveguides. Generally, the phase error depends on the
frequency but it reduces to a constant phase ¢, per channel
for the fixed frequency f = f, such that it can be modeled as

['Ip,nr (fc) = el¥mr, (7)
Since, in most cases, relative phases are evaluated in radar
imaging, only phase mismatches influence the imaging
process, whereas absolute phase errors can be ignored.
Hence, we can further assume without loss of generality that

Nr
> n =0. ®)

ne=1

Second, amplitude errors are caused by differences of the
antenna elements’ gain and the attenuation within the channel
processing chain. The channel gains at f. will be modeled
with a fixed amplitude A, per channel as

I'Ia,nr (fc) = Anr . (9)

Again, only amplitude mismatches are relevant for the
reconstruction.

As a third error type, mutual coupling will be modeled.
Mutual coupling at RX arrays occurs when an impinging
signal is reflected at one antenna n, and then received at
another antenna n,. Further coupling is caused by the leakage
between the transmission lines within the radar electronics.
To describe the impact of the n/th antenna’s signal onto the
ncth antenna’s, a transfer function h,,r,,,; is introduced, which
models this specific coupling path as

g (1) = € B = Ty ), (10)

with a delay 7, ., and an attenuation factor C;/z,,n" In (10),
it is assumed that the first reflection between the antennas
dominates coupling since multiple reflections will lead to
negligible signal amplitudes. This model for mutual coupling
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is typically used in band-limited systems for a simplified
discussion [24]. In the frequency domain at f;, the coupling
transfer function is then given as

P
Hnr,n;(fc) = Cn“n;e ¢

/
nr,np

Y

where the constant phase shift introduced by the delay at a
fixed frequency is included in the adapted, now complex, cou-
pling factor ¢, ,/, where ¢, », = 1 holds. Then, applying (11)
to write the mutual coupling impaired receive signal (6) as

= Cnr,n;a

Ny
Snr(fc) = Z Cnr,nésideal,né(fc)v

}’lr/:1

12)

allows to express mutual coupling using the familiar matrix
notation

S(fc) = CSidea](fc)»

with the coupling matrix C, whose entries are given by c,,
the true receive signal vector S(f.) = (S1(fc), ..., Sn, (fc))T
and the equivalently formed ideal receive signal vector
Sideal (fc)- Note that here exclusively, the vectors S(f.) and
Sideal (fc) are written as upper case bold letters, not following
the notation introduced in Section I, because they denote
signals in the frequency domain.

Finally, to model the influence of displaced phase centers,
we define an ideal 2D antenna position as p,, = (x,,, 0) and
a displaced true phase center position p;, = (x», + ey, , ey, )-
The transfer function then depends on the incident angle and
follows as

13)

Hap, (k. fo) = e 176 Adne ) (14)

with the distance difference caused by the displacement

Ady, (0) = \/ez i sin? 6y + e%nr cos? 6.

Xn,

5)

For the combination of the discussed error types, they are
assumed to occur in the order phase center displacement,
mutual coupling, phase, and amplitude error. Hence, for an
impinging wave with ko, (6) can be stated with the individual
error transfer functions as

Sne(fe)
= Ha,nr(fc)H ,nr(fc)

Ny
" Hyp g (f)Ha gy (Ko, fo)Sideat,m, (fe)

nr/:I

Nr
; _i2m ;
= Anre](p"' E Cnyon© Ve Adn; (90)6'116036"é
T

nr/=1
Ne 22 :
=A, eInr Z cn n,e_JKAdné(QU)eJkO()‘"r"‘Axn;)
T 1y
nr/=1
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FIGURE 3. MCSAR measurement principle with a setup comprising an
N; = 4 element antenna array and a far-field target under the angle 6,.

Ny
. ; 2 .
=14, el¥ne § Coo eJ (ko AX,,; - f Adn; (60)) eJkOxur
T Tl

nr/zl
= Up, (ko )ejk()xnr
= Oy, (ko )Snr.ideal (fc)y

with the distance Ax,; = x,; — X, between the n;th and the
nyth antenna. (16) shows that for a fixed spatial frequency
ko the influence of all error types can be expressed by a
single constant complex error factor oy, (ko) per antenna.
Furthermore, note that phase and amplitude errors form a
constant error factor independent of the spatial frequencies.

We will limit our discussion to amplitude, phase, and
coupling errors for the remainder of this paper. However,
the impact of phase center displacement is closely related
to mutual coupling because both cause a spatial frequency
dependent phase shift and can be incorporated into o, (ko),
as shown above.

(16)

IIl. SIGNAL MODEL FOR ERRONEOUS MCSAR

This section will first derive the signal model for an erroneous
SIMO-SAR. The extension to MIMO and MIMO-SAR will
be presented later in the section. The basic MCSAR mea-
surement principle is depicted in Fig. 3 for a SIMO-SAR. To
derive the signal model of SIMO-SAR with calibration errors,
the following assumptions are made: First, the radar is moved
along the x-axis with constant speed to create the synthetic
aperture. We will assume that the synthetic aperture is ex-
tended infinitely for mathematical simplicity. Measurements
are taken with a distance of L, hence, at the mth measure-
ment point, the TX antenna is located at x; = (m — 1)Ly,
and the n;th RX antenna is located at x,, = x; 4+ [,,, where
I, denotes the constant distance between the n.th RX and
the TX antenna, see Fig. 3. Second, as before, the target is
assumed to be located in the far-field with an incident angle
6o, so (5) holds, and all derivations will be made using k.
Note that an infinitely long synthetic aperture contradicts the
far-field assumption but simplifies the subsequent derivation.
All relations found in this work are also valid if only a few
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measurements are performed or the far-field condition is not
fully met, as will be demonstrated by the simulations within
this section and the measurements in Section VII. Third, the
transmit signal S;(f) is assumed to have a limited bandwidth
such that (13) and, thus, (16) holds [25], which should be valid
for most radar systems.

A. DERIVATION OF THE SIGNAL MODEL

The received signal of the n,th antenna with calibration errors
expressed by the error factor o, (ko) is formulated generally
as a continuous function of the TX position along the aperture
as

S(x, f) = an, (ko)Hp, (x)H (x)Sc(f). a7

Here, the RX and TX transfer functions H, (x;) and H;(x,) are
given by

Hy, (x) = elfotwthe) (18)

Hi(x) = ko, (19)

and describe the impact of the time delay caused by the path
between the target and the RX and TX antenna, respectively.
Additional constant phase and attenuation factors were dis-
carded for simplicity. Because the evaluation of the received
signal along the aperture is usually performed at fixed evalua-
tion frequencies, the form of the band-limited transmit signal
S¢(f) does not influence further discussions and will be dis-
carded in the following. Hence, all derivations will be made
solely using the transfer functions, which fully contain the
measured information of interest. The SAR measurement can
then be modeled as a spatial sampling process with the spatial
angular sampling frequency ks = %, yielding the sampled
continuous signal as

ys,nr (xt)
o
= o (ko) Gt )eon N7 50— mLgy)
m=—00
o . Iny
—an o) Y O E) s mrg. 0)

m=—oQ
In contrast to the single SIMO or MIMO case, where the
TX antennas are static, both the TX and the RX antenna
positions are moved during a SAR measurement, yielding the
actual measured signal frequency k\MCSAR = 2kq. Hence, in
SIMO-SAR, the incident angle 6y can be determined from the
measured signal frequency via

KMCSAR 5
@y = arcsin ( m —c> ,
21

which shows that an effective sampling spatial frequency of

% is required to unambiguously reconstruct the angle range

fo €[-Z.%]. Therefore, it is suitable to define equivalent an-

ey

tenna positions 1"7‘, which allow considering the bi-static RX-
TX measurements as equivalent mono-static measurements,
where the sampling positions during the mth measurement
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position are given by mLg,: + Z”T‘ [3], [41]. Then, applying the
Fourier transform (FT) along the spatial dimension x; to (20)
yields

Yo, (j6)

2 (fe—p 21| e
= k k — ko — p—— J( pLsar) 2
saranl( 0) Z < 0 pL )e s

sar

(22)

with spectral replicas of the continuous spectrum with a spac-
ing of the spatial sampling frequency Ii—:{

Following [39], [40], all N; receive signals are combined
to get the full measurement, which according to the general-
ized sampling expansion will increase the effective sampling
frequency to N; L” [38]. Hence, considering (21), an un-
amblguous reconstruction of all frequencies resulting from
0o €[-%.%] should be possible, as long as the SAR shift be-
tween two subsequent measurements is limited to

A

Lear < Nrf (23)

To combine the signals, the discrete sampling sequences are
concluded from (20) as

J2ko (mLsa1+ - )

Vs.ny [m] = Ay, (ko)e s (24)
upsampled by the factor N;, such that [39]
L\, ifk =0, &N, 22N, ...
j;nr[K] = yS,nr [Nr] ne . ' ! k] (25)
0 otherwise

and combined in an interleaved manner to achieve a single
sequence with sampling rate N; f—”, yielding
sar

Ny
= Z yn,[/{ — (n;

ne=1

- DIl (26)

The FT of the combined sampled signal can then be stated
using (22) as

N

1 k(. — r
ZIVZ —jk(nr l)NY (k)

r

Y(jk)

n=1
S Sy
=i 2 2w

p=—00n;=1 !

e k=D 5 (k — 2k —

Iny

i(k—p-22 ) e
an (el (725 )

2
P Lsar) - @D

Due to arbitrary antenna positions [, and SAR shifts Lg,,
the combined sampling positions are non-uniform, see Fig. 3.
Therefore, analogous to the signal model of time-interleaved
ADC:s [39], the equivalent mono-static antenna positions %,
introduced before, will now be expressed by the positions
(ny — I)L*ar which would yield uniform sampling in a SIMO-
SAR scenano, and a deviation A/, from this position, such

640

that

lnr

2

Then, the current sampling position Is(m, n;) of the n.th an-
tenna at the mth radar measurement position is given by

= (n

- (28)

qar

ls(m, ny) = mLgyr + (n; — 1)

—AlL,. (29

Inserting (28) into (27) then leads to
Ys(jk)

Lsar Z Z_“nr(ko)e P%)((nr 1)k — Aln,)

—00 np=1

_Jk(nr—l) s‘"a (k — 2ko — pLG )

sar

2 5 ] % (ko)e 12koAl —ipn—1)3%
= — — oy (Ko)e re v
N T

Lsar P

()
=

n=1

27
S\ k—2ky — )
( Pl
2 2
s 5<k—2ko—pL”), (30)
sar

where at a) the sampling property of the Delta dirac func-
tion was used [42]. At b), the sum over n, was interpreted
as a discrete Fourier transform (DFT) [39], [43], showing
that the spectral replicas’ weighting factors 8, are given by
the Fourier coefficients of the channel properties, namely
ay, (ko Yei2koAln Ag g consequence of the DFT, these weight-
ing factors are periodic so that we can state

IBP(kO) = IBIJ(M) (k())
Ny

1 ; ip(ne—1)2%
N > oy, (ko)e 2ol TP =D
T

ne=1

€2y

B. INTERPRETATION
The established relation (30) describes the combined receive
spectrum of all antennas. For uniform sampling and ideal
calibration, i.e. when Al, =0 and «, =1 holds for all
ny, this combined spectrum is equivalent to one caused by
ideal sampling with a N; times increased sampling frequency.
Otherwise, spectral replicas of the ideal continuous receive
spectrum emerge. Two main effects cause these spectral rep-
etitions. These are the non-uniform sampling via e 3202k in
(31), which is a well-known effect and discussed, e.g. in [3],
and the calibration errors per channel via o, (ko) in (31). Both
of these effects cause peaks at the same frequencies
2
kp = 2ko + [)L—,

sar

(32)

which are only defined by the chosen SAR shift Ly, and
the spatial frequency ko caused by the true target. These
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spatial frequencies k), can directly be interpreted as incident
angles 6 using (21). Here, the spectral repetitions caused
by non-uniform sampling generate ghost targets, when sim-
ple matched-filter-based reconstruction methods like fast FT
or backprojection (BP) [31] are used. Also, inversion-based
reconstruction methods, such as MUSIC and compressed
sensing, are susceptible to modeling errors. They often fail
due to instability or yield wrong solutions if such spectral rep-
etitions occur. However, the effects of non-uniform sampling
are generally invertible, e.g. via resampling, since the antenna
geometry is usually known [3]. The effects of non-uniform
sampling and this resampling step on the calibration error
propagation will be discussed in the following subsection in
detail.

In comparison to non-uniform sampling, the calibration er-
rors are unknown. Hence, reconstructions cannot compensate
the effects of the unknown calibration errors and, therefore,
will lead to ghost targets in the final image. Naturally, the
mismatches will cause N; ghost targets within the spatial fre-
quency band k € (—%:ar, %;r] However, in radar imaging,
the frequencies of interest result from the hypothetical angles
0 e (—%, %]. In practice, these two intervals do not necessar-
ily coincide, especially in automotive radar, where the driving
speed influences the SAR step size. To determine the number
of ghost targets in this frequency band, (32) and (21) allow us
to formulate the condition

A
l7rep_2LC +sinfy| <1 (33)

sar
for a spectral replica with index pyep to be located inside this
interval. Hence, the relevant pye, are given by

Prep € [Prep,1> Prep,ul N Zr, (34)

with Z* denoting integer numbers without 0, because p = 0
in (30) belongs to the true target and is not considered a ghost
target. The lower and upper bounds are

. 2L,
Prep,] = [—(1 + s1n90)—qar—‘
Ae

2L,
Prepu = {(1 — sin eo>ﬂJ : (35)
Ac
Consequently, this leads to a total of Nyep = Prep,u — Prep,!
ghost targets, which are located at the incident angles

(36)

sar

A
Oprep, = arcsin <sin(90) + Prep f)

and their amplitudes are given by B, (ko) according to
(31). Note that the desired target amplitude at p = 0 is also
weighted by By (ko).

To illustrate the effects, simulations were performed as-
suming a SIMO-radar with N, = 8 RX antennas arranged
as a ULA with %C spacing, i.e. the antennas are located at
Ly, = (ny — 1)%. The same RX array will be used in the
other simulations for the remainder of this work for an easy
comparison. Here, the radar was moved to 64 measurement
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FIGURE 4. Examples of simulated receive spectra of two SIMO-SAR
measurements to a single target at g = 15°. An 8-element uniform RX
array was assumed, which is impaired by phase calibration errors. In (a),
the SAR shift was chosen to achieve uniform sampling. In (b), the

SIMO-SAR aperture was sampled non-uniformly. (a) Lsar = Ny S yielding
uniform sampling. (b) Lsar = 0.55N, ¢ yielding non-uniform oversampling.

positions for a SIMO-SAR measurement with two different
SAR step sizes. The resulting spectra are shown in Fig. 4. The
frequency axis is exchanged by the corresponding #-axis. For
the calibration error, only phase errors were assumed, with
@n, evenly distributed in (= {5, {g)- In Fig. 4(a), the SAR step
size 1S Lgyr = Nr%, leading to ideal uniform sampling. Here,
the spectral replicas are solely caused by calibration errors. In
Fig. 4(b), Lgyr = O.SSNI% was chosen, which leads to over-
sampling of the relevant frequency interval. As a consequence,
there are fewer spectral replicas visible because some spec-
tral replicas occur at frequencies outside the reconstructed
interval 6 € (—%, 7]. For an even stronger oversampling with
Loy < % all spectral replicas will lie outside the reconstruc-
tion interval & € (-7, 1. This corresponds to the case where
a single antenna would be sufficient to satisfy the Nyquist
criterion within the SAR measurement. Furthermore, the SAR
shift Ly, = 0.55Nr% leads to non-uniform sampling, and the
spectral replicas are, therefore, caused by both calibration
errors and sampling errors.

C. IMPLICATIONS FOR MIMO RADAR AND MIMO-SAR

In MIMO radar, the virtual antenna array is created by the
convolution of the TX array with the RX array [36]. Usually,
the arrays are arranged such that one has small spacing ensur-
ing unambiguous measurements, whereas the other is widely
spaced, creating a large aperture. Without loss of generality,
we assume the RX array to be closely spaced, as illustrated
in Fig. 5(a). Then, a single MIMO measurement can be inter-
preted as an equivalent SIMO measurement with a single TX
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FIGURE 5. lllustration of the effective error patterns occurring during the
sampling process in MIMO radar and MIMO-SAR. Each varying color and
symbol refers to a sampling point associated with a channel-specific RX
and TX error factor, respectively. (a) Single MIMO measurement, assuming
a calibrated TX array. (b) MIMO-SAR measurement with LYIMO = N, N ¢

at the first TX’s position and a NiN; sized virtual RX array,
which consists of N, repetitions of the actual RX array at the
TX antenna positions. A single MIMO measurement does not
lead to an interpretable image if both the TX and RX array suf-
fer from significant calibration errors. However, for TX arrays
with uniform structure, channel mismatches within the RX
array yield a similar error pattern structure as the discussed
SIMO-SAR case whenever calibration errors within the TX
array are negligible. This effect is illustrated in Fig. 5(a),
which shows the error pattern within the virtual array resulting
from a MIMO array with a calibrated TX array. Note that
the widely spaced TX array is much easier to calibrate than
the closely spaced RX array because coupling effects can
be neglected; hence, the assumption of a well-calibrated TX
array often is justified in practice.

Now, the same derivations as for SIMO-SAR can be made
to find identical distortion effects occurring in single MIMO
radar measurements. The derivation is very similar, with the
only difference that for a single MIMO measurement the
measured frequency is kY™O = k instead of kM SAR = 2k
for SIMO-SAR as in (21). This is caused by the fact that the
MIMO array’s virtual TX antenna is stationary compared to
the moved TX antenna of a SAR. However, the unambiguous
spatial frequency band is also doubled and the angle can be
reconstructed from the measured frequency AM™O via

Ac
6 = arcsin (kMIMOZ ) (37)
T
Therefore, the MIMO ghost targets appear at
. . A
9%313’10 = arcsin (sm(@o) + preth—i) . (38)

Often, a MIMO radar is designed to yield a uniformly dis-
tributed equivalent SIMO array with % spacing. To do so,

the RX distance is %C, whereas the TX distance is chosen as
L = Nr% to create uniform sampling at the Nyquist border.
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FIGURE 6. Example of a receive spectrum of a MIMO-SAR measurement to
a single target at 6, = 15° for an ideally calibrated as well as a phase error
impaired TX array. The simulated radar has the same eight antenna RX ULA
used in Fig. 4, which was extended by a four antenna TX ULA, such that a
uniform virtual array is achieved. In both cases, the RX array is impaired by
the phase calibration errors used in Fig. 4.

Thus, a MIMO measurement is equivalent to a SIMO-SAR
measurement whenever L = 2L, holds, see (23).

Using the equivalent SIMO assumption for a MIMO radar,
the extension to a MIMO-SAR measurement is also straight-
forward. For the general case of calibration errors on both
arrays, a virtual SIMO array with N;.N; elements can be as-
sumed, such that all previous findings for the SIMO-SAR
case can be applied without any adaptions. This is verified
by a simulation shown in Fig. 6. Here, the same RX ULA
including the same error pattern was used as in Fig. 4. How-
ever, the RX array is now extended to a MIMO radar using a
N; = 4 element TX ULA with L = Nr% spacing. Here, the
black spectrum shows the N./V; artifacts caused by additional
phase errors on the TX array, which are evenly distributed in
(=15 1) Yielding a total of NN; = 32 ghost targets. How-
ever, a special case occurs if again the TX is calibrated to
the degree that their remaining error factors are negligible.
The resulting error structure is illustrated in Fig. 5(b). For
a calibrated TX array, the repetition frequency of the error
factors along the synthetic aperture is increased by the factor
N;. Hence, only every Nith artifact will be non-zero due to
the DFT, which determines the artifact heights. Thereby, the
error pattern of the MIMO-SAR measurement is identical to
the SIMO-SAR case, as it is visible by the resulting spectrum
in Fig. 6.

IV. COMPENSATION OF NON-UNIFORM SAMPLING
As discussed before, in radar imaging, typically reconstruc-
tion methods are used, which require uniformly spaced sam-
pling points [3], [44], [45]. Therefore, first, a resampling step
must be performed. Several resampling approaches were pro-
posed in literature as in [3], [45], [46], whereas most are based
on a reinterpretation of the generalized sampling expansion
given in [47]. We will now discuss the resampling in a very
general manner and analyze the consequences of the impact
of calibration errors on the reconstructed spectrum.

For the resampling process, we reformulate the SIMO-SAR
measurement process in matrix-vector notation, assuming N,y
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SAR measurement positions as

Ynu = CxHxy,, 39)

where xy, € CVarVr denotes the discrete representation of
the impinging receive signal’s continuous spectrum and
H € CNsarVixNsarr denotes the ideal measurement matrix de-
scribing the sampling process as given by the RX and TX
transfer functions (18) and (19), as well as the inverse discrete
Fourier transform (iDFT). The diagonal block matrix Cx =
Iy, ®C € CMarNexNsarls "with the identity matrix Iy, of the
dimension Ny, applies the coupling matrix to all sampling
points. Note that in this representation, phase and amplitude
errors are assumed to be included in C. Finally, y,, € CNsarNe
contains all non-uniform sampling values of all channels as
given by (26). We now define a corresponding vector of the
non-uniform sampling positions I, for this measurement vec-
tor. In (29), the sampling positions were described by the
index m of the radar position and the index n, of the receive
antenna. Now, the sampling positions are expressed by a sin-
gle index p, such that the pth entry of [, is given by

Lsar
lnu[P] =p N; - Alp(]vr)
= pAly — Alpy, (40)

where Al, = % is the sampling point spacing, which would
. r . . .

lead to uniform sampling with the same sampling rate and

Alp,y,, are the respective periodic deviations. Furthermore, we

define a vector of uniform sampling positions /,,, assuming the

same sampling rate as in the non-uniform case, where the pth

sampling position is given by
lu[p] = pAlu-

The goal is now to find an alternative receive signal ypi,
which contains the sampling values corresponding to the
uniform sampling positions /. To do so, the SIMO-SAR
measurement equation in (39) is reformulated as

(41)

Ynu = CKHxYC
a)
= CKI{restunixYC

b
:) CKHres.)’uni,ideal ’ (42)

where at a), the measurement matrix is divided into a uni-
form sampling matrix H,;, which describes the sampling
process at the uniform sampling positions /,, and is essentially
an iDFT matrix, thereby causing no information loss, and a
resampling matrix H . Consequently, in b) we can define
an ideal uniform receive signal yyni ideal Without the influence
of calibration errors. This demonstrates that H s represents
the required linear combination of uniform sampling values to
form the corresponding non-uniform sampling values. During
the resampling process, this transformation is reversed by tak-

ing the inverse' H! to get the reconstructed uniform receive

'In the presented derivation, all matrices are square since the sampling
rate remains unchanged by the resampling process. Furthermore, H s will
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signal yypj rec Via
-1
Yuni,ree = H o¥nu
-1
= Hres CKHreSyuni,idea]

= Cresy uni,ideal - (43 )

For an error-free measurement, Cis becomes an identity
matrix and, hence, the uniform signal can be reconstructed
perfectly. Otherwise, a comparison of (42) and (43) shows that
both non-uniform sampling and calibration errors cause the
measured signal to be a linear combination of ideal samples
caused by uniform sampling, demonstrating an analogy of
both error sources. The linear combination then causes cor-
relations within the spectrum and, therefore, spectral replica.
To further analyze the impact of calibration errors af-
ter resampling, the matrices’ structures are exploited. Since
Yuni.ideal 18 the result of an iDFT, it can be expanded in a cyclic
manner. Recalling the periodic structure of the non-uniform
sampling positions in (40) shows that H ¢ is a block-circulant
matrix as in [48], where each block is of the size N; x N;.
Since this structure is preserved under inversion [48], the
same holds for H r_esl Then, Cyes in (43) is the product of a
cyclic block matrix and a diagonal block matrix and, hence,
also a cyclic block matrix [49]. Therefore, the measurement
error caused by calibration errors has a periodic structure,
even if a resampling step is performed. The pth resampled
measurement value of yyi rec can then be written as

NS&]'NY ,
s jkol
yuni,rec[p] = Z C;:bp/e] olulp]
=l
NSHTNT
— Z cres ejk()(lu[p/]*lu[P])ejkOlu[p]
p.p
p=l
NsarNr . ,
= Yuni,ideal[P] Z C;ii/e]k()(p “PAL
=l

= o, (ko)Yuni,ideal [P], (44)

where c;fjn, denotes the (p, p')th entry of C.. Here, an er-
ror factor per sampling value is defined equivalently to (16).
Using the periodicity of the mismatches, which were shown
before, only the first N; factors must be calculated because

o, (ko) = ol (ko) (45)

holds. Hence, the error factors after the resampling step again
only depend on the active antenna and can therefore be used
identically to «,, (ko) in the previous section. This is further
illustrated by the simulation shown in Fig. 7. Here, for an

have full rank, i.e. the inverse exists, if the generalized sampling expansion is
valid. This is true as long as no sampling points coincide, which is assumed
to be the case. However, if sampling points coincide, the sampling rate is
effectively reduced slightly, and the inverse would have to be replaced by the
pseudoinverse. Finally, note that the reconstruction quality strongly depends
on the eigenvalue distribution of H .
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FIGURE 7. Receive spectrum of the non-uniformly sampled SIMO-SAR
with phase errors, which was used in Fig. 4(b) before and after performing
a resampling step to compensate the non-uniform sampling.

easy comparison, the black spectrum shows the SIMO-SAR
spectrum from Fig. 4(b), which occurred for an erroneous
RX array and a SAR shift of O.55Nr%, thereby causing
non-uniform sampling. The orange spectrum shows the same
signal after applying a resampling step onto uniform sampling
positions. While the height of the ghost targets is reduced
due to the corrected sampling errors, the remaining calibra-
tion errors still cause ghost targets to appear at the predicted
positions because the periodic pattern is preserved during the
resampling step.

Since we have shown that non-uniformly sampled signals
yield the same error structure as uniform sampling, for the
sake of simplicity, in the remainder of this work, we limit all
further derivations to the case of uniformly sampled signals.
Consequently, Al, = 0, Vn,, is assumed and (31) can be sim-
plified, yielding

N,
I i —1)2E
Bp(ko) = Bpy,, (ko) = N E oy, (ko)e A (46)
T

nr=1

V. IMPACT ON SIGNAL-TO-DISTORTION RATIO

In this section, the level of distortion caused by calibration
errors is analyzed by determining worst-cases for different
error types. To do so, first, a signal-to-distortion ratio (SDR)
is defined as

SDR (ko)

Ps
== IOIOglo —
Ni—1

= 101logyq (|Bo(ko)*) — 101ogyo [ Y 1Bs ko)* | . (47)

n=1

with the signal power Ps and the distortion error power Pp.
These can be directly calculated using (46) by recalling that
Bo contains the desired signal, whereas all 8, with py,, # 0
contain the unwanted distortion error power. The signal and
distortion power are now reformulated to find an alternative
representation. First, the signal power can be expressed using
oy, (ko) as [40]

Ps(ko) = |Bo(ko)I*
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2
1 &
— Y ay (ko)
T

ny=1

Ny Ny :
_|L > Re(ay, (k ))+'i > Im(ar, (ko))
= 2 n: (KO JNr ne \KO

ne=1 ny=1
L7+ 7 (48)

where at a) the definition of the absolute of a complex number

was used with |x| = v/Re%x 4+ Im?x, and the real and imagi-
nary parts’ mean are denoted Y1 and , respectively. They can
also be expressed as

Ny
VI = 1% Z ot (ko)| cos(Laty, (ko)) (49)

ny=1
1 &
% — [Vr Z |anr(k0)| sin(lotn, (kO))

ne=1

(50)

Second, the distortion power is given by the total power minus
the power of the desired signal as

Nr
Po(ko) = Y |Bu.(ko)I* — Ps(ko)

ne=1
Ne

> latn, (ko)|* = Ps(ko)

n=1

) Erm— —2  —2
Llan k)P = (1" +7°).

o1
2

(51

where at a) Parseval’s theorem was used [40], and at b), the
previously found alternative expression for the signal power
was inserted. Hence, the SDR follows as

V2 + v2°
— (=2, —2\
letn, (ko)1= — (17 + 2

SDR = 10log,, (52)

Next, the worst-case scenarios for different error types,
namely isolated amplitude and phase errors, combined phase
and amplitude errors, as well as coupling errors will be
discussed. Worst-case SDRs will be derived, which allow es-
timating the level of distortion occurring in the radar image
for a maximum expected error of the different error types.
For example, large temperature differences, which lead to the
circuit board’s contraction or expansion, will change of the
line lengths of the different channels and, thereby, cause phase
errors. With the worst-case SDRs derived in the following,
the expected distortion level can be calculated for a maximum
expansion and, thereby, a maximum phase error. The worst-
case analysis for isolated amplitude and phase errors is closely
related to the one made for gain and timing mismatches of
time-interleaved ADCs in [40]. Therefore, the derivation of
these two cases will be rather compact. Furthermore, note that
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when only amplitude and phase errors are considered, while
coupling is neglected, the dependency on kg can be discarded.

A. AMPLITUDE ERRORS

First, only amplitude errors will be discussed. For this
purpose, they are defined as AA, =A, —A, with
|AA,| <A,. Then, the error factors are given by
ap, = A, + AA,,, where AA, =0 holds. By inserting
this relation in (48) and (51), the related SDR follows as

SDRA = IOlOglo < (53)

A )
—————— _2
(Anr + AAnr )2 - Anr
To find a worst-case SDR, AA,, is assumed to be bounded
by a maximum value AApax With |AAmax| < A_,,r . Then, [40]
showed, that the worst-case SDR, indicated by the superscript

wc, occurs, when all AA, equal £AAp.. The worst-case
SDR can then be simplified to

(54)

AA
SDRY® = —201og,, < A“‘“) :

nr

B. PHASE ERRORS

The derivation of the worst-case SDR for phase errors is
similar and for an extensive derivation the reader is referred
to [40]. Again, phase errors are defined as Ay, = @, — @n,,
whereas we recall that <p_nr = 0 holds. Then, the error factors
follow as «,, = el®¢n and the SDR for only phase errors
SDRp can be found by inserting this in (49), (50), and (52),
leading to

V2 + 72
—2 —2
1 - (Vl + )

1
= —10log (T_l>
O\ + 7

1
—10log;, 5
cos Ay, + sin Ag,

SDRP == IOIOglo

2-1). (55)

Again, for the worst-case scenario Ag, is assumed to be
bounded by a maximum error A@max. Then, the minimum

SDR can be found, by minimizing both cos A(p,,r2 and

sin A(pnrz. cos A(pnrz can be minimized if for all errors
|[A@p, | = A@max holds. sin A(pnrz is minimized to its minimal
value zero, if either all Ag, = 0 or the same number of errors
equal plus and minus Agpn,x, respectively, causing pairs of
Sin A@max and sin(—A@max) = — sin A@max, which add up to
zero [40]. Hence, the latter yields the worst-case SDR for only
phase errors, which is then given by

SDR}® = —101log,, ( (56)

1
_——1).
€052 A@max
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C. COMBINED AMPLITUDE AND PHASE ERRORS

Combined amplitude and phase errors are modeled as o, =
(A, + AA,, )el®¢n . The SDR is then given by

SDRAP == _1010g10 - 1

Ay, + AAL)?

+

— 2 — 2
(Ap, + AA, ) cos Agy,, + (A, + AA,,) sin Ag,
(57)
Finding the amplitude and phase errors, which cause a

worst-case SDR in this case corresponds to finding the so-
lution of

— 2
(Ay, + AA, ) cos Ay,
(An, + AA,)?

argmin
A(/Jnr 5 AAnr

— 2
L (£ Ady)sinAg,
(A, + AAL)?

(58)

For now, it is assumed that, for the solution of (58), the second
summand is minimized to its minimal value being zero. Then,
the optimization task is reduced to

— 2
(Ay, + AA, ) cos Apy,
(An, + DA, )?

argmin
A‘pnr 5 AAnr

(59)

Independent of the amplitude errors AA,, (59) is min-
imized by choosing |A@p | = Agmax, such that cos Agy,
is minimal. Then, cos Ag, is constant and, consequently,
(A, + AA,,)cos Ag,, in the numerator of (59) will also be
constant since AA, = 0 holds. This allows to further reduce
(59) to

1

argmln =,
(Ap, + AA,)?

AAy,

(60)

which is solved by choosing pairwise AA,, = £AApnax. The
found relations AA,, = £AApnx as well as [Agy, | = A@max
solve (58) as long as the second part of (58) equals zero. This,
in turn, can be assured by further choosing conjugate phase
errors =A@max for channel pairs with the same amplitude
errors. Hence, by inserting o, = (A_,,r + AAHm)ejiA“’max and
Uy = (Ap, £ AAmax)ITA9max in (57), the worst-case SDR for
combined phase and amplitude errors is calculated as

SDRYS

(A_nr + AAmax)2 + (A_nr - AAmax)2
—101log;q -1

—
Ap, c08? A¢max

—2
A AA2
= —10log,, <_”2+—”“" - 1) . (61)

Ap, c08% A@max
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FIGURE 8. Worst-case SDRs of a 8-channel uniform array for a given

combination of maximum phase errors Agmax and maximum amplitude

errors % normed to the mean channel amplitude. Values higher than
'n,
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In order to illustrate the impact of calibration errors, sim-
ulations were conducted assuming a uniform antenna array
with N; = 8 receive channels with % spacing, which, if e.g.
operated at f. = 76 GHz, would correspond to a typical au-
tomotive radar. Ly = Nr% was chosen to achieve uniform
sampling. Fig. 8 shows the worst-case SDRs for certain maxi-
mum values for phase and amplitude errors along the channel,
demonstrating that even small errors can significantly degrade
performance. For example, if only phase errors occur, the
SDR is reduced by up to 20dB for a maximum phase error
of 5.7°, whereas a sole maximum relative amplitude of 10%
leads to the same performance degradation. Furthermore, to
verify the applicability of the worst-case SDRs as bound-
aries, 5000 combinations of phase and amplitude errors per
channel were randomly generated within the limits defined by
Ymax = 8° and Amax 10%, respectively, for an 8 antenna

RX array. This wansr repeated for only phase, only amplitude,
and combined errors. Fig. 9 shows histograms of the accord-
ing SDRs and the worst-case SDRs as dashed lines. For all
simulated cases the worst-case SDRs clearly limit the occur-
ring histograms, and the mean SDRs are approximately 5.7 dB
higher in all cases. Furthermore, for combined errors, the SDR
is lowered and the histogram becomes narrower because the
combination of multiple random variables has an averaging
effect.

D. COUPLING ERRORS

In the following, the impact of coupling errors will be dis-
cussed. For this purpose, a coupling matrix is assumed whose
main diagonal equals one. All other entries, representing the
actual coupling, have amplitude values that are fixed, known,
and symmetric, meaning |c,, .| = ¢, 5, | holds. Thereby, we
account for the fact, that the coupling amplitude is mainly
given by the antenna distance, and, therefore, can be assumed
to be approximately known and symmetric [24]. It was dis-
cussed in [25] that the assumption of constant coupling is
valid in typical radar systems with limited bandwidth such as
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FMCW radar. In special cases, where the above assumptions
are not justified, the following derivation of a worst-case SDR
may still be useful to provide a rough estimate of the expected
image distortion caused by mutual coupling. The phase values
of the coupling entries c¢,, ,; can take any value in [—7, 1),
i.e. they are completely random. Furthermore, a fixed incident
angle, i.e. a fixed spatial frequency ko is assumed. Then, the
error factors «,, (ko) can be calculated as

Ne

2.

ny=1,n,%#n;

jko Ax,
Cnr’n;ej 02 Xn

oy, (ko) = 1+ (62)

This shows, that, unlike amplitude and phase errors, cali-
bration errors cause an additive error on o, (ko). For any
worst-case scenario, all error factors will have the greatest
possible amplitude. This will occur, when the coupling factors
czfn; are added with an identical phase during the calculation

of the worst-case error factors o, “ (ko ), such that

N

we  jkoAxn,
Z S © !

ny=1,n,#n;

(ko) = 1+

N

2

ny=1,n,#n;

=1+ |Cn, ] |e_]k0Aan/ eivn glko Ay
My

Ne

2

ny=1,ns#n;

=1+eVn

|Cnr,n; |

=1+e¥n|c,l, (63)

with a, yet to determine, worst-case phase per channel ¥/,'
and a fixed total coupling amplitude |c,, |. The worst-case SDR
caused by coupling SDR{® is then given by (64), shown at the
bottom of the next page. Note that SDRX® is not a function of
the spatial frequency, and, therefore, the following worst-case
analysis is generally valid.

Due to the different coupling amplitudes per channel in
(64), the values for xp,‘,f ¢ are difficult to find. Therefore, we will
instead define an approximate SDR{, by assuming |c,, | ~
|c|, with a fixed value |c|. This approximation is mostly jus-
tified for the common case of ULAs. Then, the assumption is
valid for the array’s inner antennas, because coupling occurs
mainly between adjacent antennas. For other antenna arrange-
ments, this may still serve as an approximate value, which will
be used here for simplification of the subsequent derivation
of the worst-case SDR. Hence, |c_,,r| = |c| allows to rearrange
(64) to yield

SDR{, = Ii}’fl\{lrcl 101og;,

nr

1 4 2 wWe we2 T we 2
BE + jgcos Y€+ cos Y + sin gy

2 = 2
1 —cos Ve —siny,ye

VOLUME 3, NO. 2, APRIL 2023



IEEE Journal of

@ Microwaves

800 800 800
i SDRY® = 20.0dB : SDR¥® = 17.0dB : SDRY$ = 15.2dB
600 : SDRa = 25.7dB 600 | SDRp = 22.7dB 600 || SDRap = 20.8dB
17 I W) I w2 I
£ 400 : -| 5400 : E 400 |1 _
o 1 ) 1 ° 1
Q 1 o 1 Qo 1
200 : - 200 : 200 |1 .
d d d
0 0 ! 0 LL
15 20 25 30 35 40 15 20 30 35 40 15 20 25 30 35 40

SDR, in dB
(@)

SDRp in dB

SDRp in dB
(b) (©)

FIGURE 9. SDRs for a relative maximum amplitude error of % = 10% and a maximum phase error Agmax = 8°. The dashed lines show the worst-case

ny
SDRs. The histograms show the SDRs of 5000 randomly generated phase and amplitude errors drawn from a uniform distribution between
[~ A@max> APmax] and [— AAmax, AAmax], respectively. The resulting worst-case and mean SDRs are shown in the corner. (a) Only amplitude errors. (b) Only

phase errors. (c) Combined phase and amplitude errors.

1 2 ——Twe
o m+mcosw},’:c+l
= min 10log;, 5 5 — 1
Vi 1 —cos e — sin e

(65)

As shown in the Appendix, the worst-case SDR can again
be found by choosing all ¥, to match plus/minus a, for

now unknown, value ¥%¢ and Yo = 0, such that (65) can
be reformulated to yield

1 wce 2
(m—i-cosdf )

SDRE® = min 101 -_ 66
¢ Il/I/I"lvlcl 0810 T o082 yrwe (66)
whose derivative can be used to find analytically
Y™ = arccos(—|c|). (67)
Then, the worst-case SDR for coupling errors is given by
2
(% + el
wcC
SDR{ = 10log)g ——, (68)

1 —cf?

which is shown in Fig. 10 for different values of |c|.

Next, a closer look is taken at the specific coupling struc-
ture of ULAs, which represent an important and often used
special case of antenna arrays. Because of the uniform an-
tenna arrangement, the coupling matrix is usually assumed
to have a Toeplitz structure; hence, it is fully described
by Ny — 1 complex factors ¢ |, With ny # n. and C =
toeplitz(1, ¢y, 1, . .., ci,n,—1). Note that in this work, a Toeplitz
matrix is defined as a symmetric matrix, not a Hermitian

40

20

SDRYS, |/ in dB

—20
0

FIGURE 10. Worst-case SDR in the case of coupling for different values of
the accumulated coupling amplitude.

matrix. The error factors are then given by

N

2

ny=1,n,#n;

ko Axy
Ct,Ing—nl|€ v,

oy, (ko) =1+ (69)

and it can be seen that the above-discussed worst-cases for
coupling can not occur in ULAs. In fact, for large arrays
and ¢ |p, | — O for increasing |ny — n;|, all inner oy, (ko)
will be identical. In this case, the distortion power caused by
coupling is almost completely canceled out by the Toeplitz
structure, demonstrating a favorable property of ULAs. For
smaller arrays, where most ¢ |, are greater than zero,
note that within the sum in (69) the ¢ |,, | has a symmetric

influence along the array, whereas efodm, conjugate sym-
metric. Recalling that the phase-only worst-case discussed
above occurs when Za,,, is pairwise =A@max and that Lo, =
0 holds, shows that the worst-case SDR for Toeplitz struc-
tured coupling matrices occurs when for all coupling factors
Z¢ |n—n,| = 0 holds and the phase error is solely introduced

2 . 2
(1 + |y, | cos ,‘{I’C) + lcp, | sin e

SDR{ =min  10log, 5
v (1 2] | COS YR+ [ P — ((1 +TemTC0s Pp°)? + [emTsin Y ))
2 - 2
) L+ 2y, [ cos Y€ + |cn, | cOS Y + [cp, | sin ¢
= I’I/Ifl}vrcl 101og;q 3 : 5 (64)
i en P = (TeaTeos V" +Ten Tsin )
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SDRc = 15.2dB
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FIGURE 11. SDRs caused by coupling errors simulated by arbitrary and
Toeplitz coupling matrices for an 8 (top) and a 16 (bottom) antenna ULA.
The worst-case SDR for both matrix types are shown as a dashed orange
(arbitrary) and dotted blue (Toeplitz) line, respectively.

by the conjugate symmetric odums The corresponding SDR
can then be calculated using (69) and (52).

To conclude this section, simulations were performed to
illustrate the impact of coupling errors. For this purpose,
the same exemplary ULA as for previous simulations
was assumed. To estimate the amplitudes of the coupling
matrix for this exemplary array, a field simulation of an
array of 8 rectangular linear polarized patch antennas
at 76 GHz with X./2 distance was performed. Based
on this simulation, the coupling matrix was chosen as
|C| = toeplitz(1, 0.12, 0.06, 0.04, 0.03, 0.02, 0.01, 0.01).
Furthermore, a second ULA comprising Ny = 16 antennas
was considered, where |C| was expanded by zeros, i.e. by
vanishing coupling for large antenna distances. To analyze
the impact of fully Toeplitz-structured coupling matrices
compared to arbitrary coupling, two different simulations
were performed for both array sizes. For an arbitrary coupling
matrix the phases of all non-diagonal entries Zc,,_,, and for a
Toeplitz matrix Ny — 1 phases Z¢q |, | Were drawn from a
uniform distribution U (—s, 7 ]. This was repeated 5000 times
for both array sizes and both realizations forms to simulate
randomly generated coupling errors. Each time the resulting
SDRs were calculated. The distributions of these SDRs are
shown in Fig. 11 as histograms for the 8-antenna array at
the top and the 16-antenna array at the bottom. Furthermore,
the worst-case SDRs are shown as dashed and dotted lines
for the arbitrary and Toeplitz-shaped coupling matrices,

. N
respectively. Here, |c¢|=) wo—1 |Cnmyl =1 was  chosen
= :
as the mean maximum coupling amplitude per channel to
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calculate the worst-case SDR in (68). For both the arbitrary
and the Toeplitz arrays, the distance between the mean SDRs
and the worst-case SDRs is approximately the same. The
histograms of the arbitrary arrays are narrower because more
random variables are combined, which has an averaging
effect. Generally, as expected, the SDR is much higher
when the Toeplitz assumption is met. Comparing the 8- and
16-antenna array shows a further increase of the Toeplitz
SDR because more coupling distortion power is canceled
out. For the arbitrary array, both the mean and worst-case
SDR decrease when the larger array is used. This is caused
by the increase in the mean coupling amplitude |c| since it
comprises more inner antennas, which receive high coupling
power from both directions of neighboring antennas, thereby
increasing the distortion power.

VI. SUMMARY OF THE FINDINGS AND IMPLICATIONS
FOR FUTURE RESEARCH

In the previous sections, we analyzed the impact of calibra-
tion errors on MCSAR and MIMO systems. In these imaging
systems, the signal of the receive and/or transmit array is
evaluated periodically during the spatial sampling process of
the incoming signal. In the case of erroneously calibrated
arrays, this leads to a periodic error function on the measured
signal, which then leads to repetitions of the true spectrum
within the measured spectrum and causes the error power in
the final image to accumulate in a few distinct ghost targets.
The positions of these ghost targets are independent of the
underlying calibration error type. They can be predicted only
based on the true target position and knowledge about the
radar movement. Furthermore, the artifacts’ heights can be
calculated for known errors as the periodic error function’s
Fourier coefficients. The respective equations are summarized
in Table 1. We also proposed a simple measure for the distor-
tion power caused by calibration errors in the form of an SDR
and provided worst-case SDRs for bounded errors of different
types. Again, these are summarized in Table 1.

The described effects will arise in naturally in many radar
imaging applications of both MIMO and MCSAR. For ex-
ample, in automotive radar, MIMO arrays are already used
and SIMO-SAR raises increased interest for e.g. the search
for parking spaces [20]. As another example, radar-based per-
sonnel scanners at airports use large MIMO arrays [5], where
errors in individual arrays will cause the established ghost
target patterns. In these safety-critical imaging applications,
targets with a high dynamic range should be detectable. Often,
classifying algorithms are used to find and identify target clus-
ters as e.g. in [50], [51], [52]. However, the deterministic ghost
target positions will lead to replicas of these full target clusters
within the image. Hence, these repetitions will have the same
characteristic features as the original target clusters and, thus,
will be classified accordingly by respective algorithms. This
impedes any feature-based identification of ghost targets as
in [53].

This work’s findings about ghost target formation may
be used for automatic classifications of detections as actual
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TABLE 1. Summary of the Key Equations to Predict Ghost Target Positions and
SDR and Worst-Case SDRs for Different Error Types

Heights in MCSAR and Single MIMO Measurements, and to Estimate the

ghost target angles Op,.,,
SIMO-SAR/MIMO-SAR

(Nyv = N:Ny )

(target at o)

- . . A
Op,ep, = arcsin (sm(@o) + Prep ﬁ)

ghost target heights Bp,,,,

(known error factors ., )

. 2Lgar . 2Lgar
[—(1+sm00) 3 “ < prep < {(1—51n00) X J
. s _ 27
Bprep = 1\} Zilvv:1 any (ko)e 2R Alny ¢ pv DRy

ghost target angles O,
single MIMO measurement

(with calibrated TX array)

(target at o)

Oprep = arcsin (sin(@o) + prepL’\—:X)

ghost target heights Bp,,,,

(known error factors )

[ — (1 +sin ) L;ﬂ < prep < {(1 — sinfy) L;:rJ
. —j —1)2x
Bprep = NL 227::1 oim, (ko)e~1F0Alns ¢ p(ne—1) 3E

SDR

SDR = 1010, (| (ko)) — 101ogo (A2 Bu. (ko))

amplitude errors

An,, — AAmax < Anr

<

An, + AAmax

SDRY®

—201ogq (A::max )

phase errors

worst-case SDR —Apmax < Apn, < Apmax

SDRY°=— 10log, (7@52 v )

phase and amplitude errors

Anr - AAII]&X S Anr S A"r + AAmax

—Apmax < Aéonr < A‘Pmax

Ay +AA2,

SDR}{} =—10log; <A 5

)

ny cos? ASDmax

coupling errors

(approx. total coupling amplitude |c|)

(ﬁﬂcl)2

SDRE=101log1o ~ -z —

targets or ghost targets, based on e.g. finding the character-
istic artifact pattern within the image. Furthermore, it can be
used to find novel metrics for the calibration quality based
on the artifacts’ amplitudes, thereby allowing an evaluation
of the radar performance at runtime and notifying the user
whether there is a need for re-calibration. Additionally, the
accumulation of error power in small and known parts of
the radar image may be used to establish novel calibration
procedures. In conventional online calibration concepts, the
unknown scattering scene usually does not allow a clear dis-
tinction of the correct and the erroneous signal, since the error
power is assumed to be distributed over the full image. Using
this paper’s findings, artifact positions containing mainly error
power can be identified. Therefore, a calibration cost function,
e.g. some variation of the established SDR, can be created
only based on the artifact’s positions while discarding the
remaining unknown image. This simplifies online-calibration
in unknown environments drastically. Offline calibration ap-
proaches, as in [25], [26], already exploit the sparsity of an
unknown target scene to perform simultaneous calibration and
imaging. By exploiting the formation of ghost targets in a
proper measurement setup, the known separation of signal and
error power may significantly lower the requirements on the
imaging part of such a calibration.

VII. EXPERIMENTAL VERIFICATION

In order to validate the theoretical findings within this
work, measurements were performed in a realistic automo-
tive imaging scenario. The measurement scenario is shown
in Fig. 12. Here, a commercial MIMO radar using FMCW
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radar on linear unit
e 23 :

FIGURE 12. Measurement scenario used for validation of the theoretic
findings with the MIMO radar mounted on a linear unit to provide the
motion reference for the SAR.

measurements with a carrier frequency f. =76GHz and
a bandwidth of 1GHz was mounted on a linear unit,
which provided the motion for SAR measurements. The
MIMO array consisted of N; = 8 element RX ULA with an
antenna distance of % and a N; = 4 element TX ULA with an
antenna distance of 7%. Since, in the case of SIMO-SAR and
MIMO-SAR, the targets are partly located in the near-field of
the synthetic aperture, a backprojection algorithm was used
for reconstruction. The radar was calibrated using the concept
proposed in [26], which provides separate coupling matrices
for the TX and RX array. To validate the findings of this work,
this calibration was downgraded during the reconstruction to
produce calibration errors.
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FIGURE 13. SAR images of the measurement scene in Fig. 12, reconstructed using backprojection. The dashed colored lines mark positions of equal
range to the two poles and the highest reflection at the car. The colored dotted lines indicate the expected artifact angles for the two poles and the
highest reflection of the car. (a) Calibrated SIMO-SAR reconstruction. (b) SIMO-SAR reconstruction with added 20° phase error. (c) MIMO-SAR
reconstruction with added 20° phase error at both the RX and TX array.
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FIGURE 14. Azimuth profiles for SIMO-SAR measurement acquired by backprojection along the dashed red line through pole 1 in Fig. 13(b) for the cases
that the radar is calibrated, phase error, amplitude error, and coupling error impaired. The expected ghost target positions are shown as red lines.

A. SIMO-SAR MEASUREMENT

First, a SIMO-SAR measurement was performed by moving
the radar to 30 positions separated by Ly = Nr%, thereby
creating a uniformly sampled synthetic aperture of 23 cm.
For the SIMO radar measurements, only the first TX was
used. The reconstructed, fully calibrated 2D-SIMO-SAR im-
age is shown in Fig. 13(a), clearly showing the reconstructed
poles and the target cluster representing the car. To down-
grade the calibration, first, a 20° phase error was added to
the main-diagonal entries such that for half of the antennas
Ag,, = 20° and for the other half of the antennas Ag, =
—20° holds. Thereby, the worst-case condition, as discussed
in Section V-B is fulfilled. The reconstructed image with
additional phase errors is shown in Fig. 13(b). Here, addi-
tionally, the predicted angles based on (36) are plotted for
each marked target in Fig. 12 as dotted lines as well as
the arc of equal range as a dashed line. The comparison of
the calibrated with the erroneous reconstruction demonstrates
the deterministic formation of ghost targets due to the cal-
ibration errors, which occur at the predicted angles at the
same range as the actual target. This verifies the theoretical
findings in Section III. In the case of the car, Fig. 13(b) clearly
illustrates how entire target clusters are repeated within the
image leading to replicas of the entire car target pattern.

To further analyze the impact of different calibration er-
rors on actual measurements, the azimuth profiles of both the
calibrated and phase error impaired reconstruction along the
dashed green through pole 1 are shown in Fig. 14 together
with their corresponding SDRs and the expected artifact an-
gles as red lines. An additional azimuth profile was created to
demonstrate more error scenarios, where coupling errors are
manually introduced by applying only the main diagonal of
the RX calibration matrix during reconstruction. Furthermore,
Fig. 14 also shows a reconstruction, in which a 15% amplitude
error was added similarly to the phase errors before, such that

for half of the array % = 0.15 and for the other half of
the array % = —0.15 holds. Thereby, again, the worst-case

nr

scenario, as discussed in Section V-A, is fulfilled. The azimuth
profiles show that, independent of the error type, all artifacts
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arise at the predicted angles. Artifacts under large angles,
however, are wider and have a lower amplitude. This is caused
by the violation of the far-field assumption due to the close
target and large synthetic aperture in combination with the
range resolution of approximately 0.15m due to the FMCW
principle.

Finally, the SDRs are analyzed. Both amplitude and phase
errors were added such that they fulfill the respective worst-
case SDR conditions. In case of phase errors, the resulting
SDR is 10.9dB whereas the worst-case SDR was predicted
via (56) to be SDRy“ = 8.8 dB. In case of amplitude errors the
measured SDR is 17.1 dB compared to a predicted worst-case
SDR via (54) of SDR}° = 16.5dB. Hence, both measured
SDRs match the expected worst-case well and only show a
slightly smaller distortion. However, as discussed above, some
difference is also expected since the artifacts at high angles
are slightly decreased due to FMCW range resolution. Hence,
this demonstrates a good agreement of the true distortion
power with the predictions. Furthermore, the SDR caused
by non-compensated coupling in the used ULA is 21.6dB,
which closely matches the mean value 22.3 dB for a 8-element
ULA patch antenna array with a Toeplitz structured coupling
matrix, which was simulated in Fig. 11 and is very similar to
the radar used within the measurements. The SDR is in the
expected order, thereby demonstrating both the predictions’
applicability and the justification of the Toeplitz assumption.

B. MIMO-SAR AND MIMO MEASUREMENT

Second, a MIMO-SAR measurement was performed to the
same scene shown in Fig. 12. Here, only N, = 7 RX antennas
were used to ensure uniform sampling during MIMO and
MIMO-SAR evaluation. The radar was moved to 10 positions
separated by LMMO = NN %, thereby creating a uniformly
sampled synthetic aperture of 27 cm. To simulate calibration
errors, again, £20° phase errors were added to both the TX
and RX array during the reconstruction. The resulting re-
constructed image is shown in Fig. 13(c). Even though the
amplitude per artifact is smaller than in the SIMO-SAR mea-
surement, it can be seen clearly that the artifact positions
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FIGURE 15. Azimuth profiles for MIMO-SAR measurement acquired by
backprojection along the dashed red line through pole 1 in Fig. 13(c) for
different error scenarios. In the calibrated case, the SDR is 13.6 dB, with
only RX phase error 9.7 dB, and with both TX and RX phase error 5.9 dB.
The expected ghost target positions mainly associated with RX errors are
shown as solid red lines, whereas all other expected ghost target positions
are shown as dashed red lines.
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FIGURE 16. Azimuth profiles for a single MIMO measurement acquired by
backprojection along the dashed red line through pole 1 in Fig. 13(c)
calibrated and with phase error added to the RX array. In the calibrated
case, the SDR is 8.8 dB, with RX Phase error 5.2 dB.

match the predicted positions indicated by the dotted lines.
In Section II-C, we predicted that sole errors on the RX array
only lead to specific artifacts. For further analysis, azimuth
profiles through pole 1 were reconstructed, where the phase
errors were applied to only the RX and to both the TX and RX
array, respectively. The results are shown in Fig. 15, where the
solid red lines show the expected artifact positions, which are
mainly influenced by the RX calibration error, and the dashed
red lines show the remaining artifact positions. Again, the
measurements closely match the predicted behavior, further
validating this work’s theoretical findings.

Finally, a single MIMO measurement was performed with
phase errors added to the RX array while the TX array
remained calibrated. Fig. 16 shows the resulting azimuth
profiles. Again, most of the distortion power caused by the
calibration error is accumulated at the predicted positions,
demonstrating that the discussed effects also occur within
single MIMO measurements with only 4 TX antennas and,
hence, 4 repetitions of the RX array.

In summary, the measurements validated the predicted for-
mation of artifacts at the expected positions in all discussed
imaging setups SIMO-SAR, MIMO, and MIMO-SAR. Also,
the good applicability of the proposed worst-case SDR es-
timations was demonstrated. Furthermore, for MIMO-SAR,
the impact of a partial calibration on the TX side on differ-

ent artifacts was demonstrated. The reconstructed images of
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a realistic scene in Fig. 13 showed the applicability of the
theoretic findings also on complex scattering clusters, which
may e.g. lead to the multiple detections of the same objects
or road users even within elaborated detection algorithms in
automotive applications.

VIIl. CONCLUSION

In this paper, it was shown that calibration errors form peri-
odic repetitions of the spatial spectrum in all imaging systems,
which repeatedly evaluate the identical array. In the radar
image, this causes the error power to be accumulated at few
known positions, thereby creating artifacts whose amplitudes
depend on the calibration errors. Hence, it is possible to
predict and recognize calibration error-induced ghost targets
during the radar operation without knowing the actual calibra-
tion errors. This work derived the necessary equation tool-set
to describe these effects fully and provided means to estimate
the worst-case distortion level for bounded errors of different
error types. Thereby, it provides the groundwork for future
research enabled by the findings in this work, which should
mainly focus on ghost target identification, calibration quality
monitoring, and offline and online calibration.

APPENDIX

In this appendix, it is shown, that the worst-case SDR in the
case of coupling errors can be found by choosing all ¥, to
be £¢V¢, while wWC = 0. Finding the worst-case corresponds

to the finding the solution to the minimization problem from
(65)

\CI + Mcos I/IWC +1
min
Yn' 1 —cos 1//,‘;"5 — sin 1//,‘[50
+ =cos wwc +1
2 min i "' (70)

—=£,/1 —cosyy°

where the identity cos? x + sin?x = 1 was used at a), while
taking into account the possibly positive and negative square
root. Next, we substitute x,, := cos ¥, while limiting x,, to

Ve 1 — cos wWC
nr

be within [—1, 1]. This yields the equlvalent problem
- 1+ e + 1
min
Xny —=
1 =X, —£/1—x2
subject to Xy, € [—1,1]. 71)

Next, assuming that X, = k holds for the solution of (71), it
can be written as

) ‘C‘k +1
min 5
Xny

1—k2—=+ /1—x,%r
subject to Xp, € [—1,1]

(72)
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Since for the SDR > 0 holds, (72) can be inverted to yield the
equivalent maximization problem as

_
1—k?— £ /1 —x2
™ Y
ny T + Td +
subject to Xp, € [—1,1]
T =k (73)

Discarding all constant terms and negating the remaining term
again leads to

—_—
; 2
Ifclnlrn /1 —x;,
subject to Xp, € [—1,1]
Xn, = k. (74)

Because of its quadratic form, the minimal possible value of
the objective function is zero. Now, we assume that for all
ny xp, = k holds. Then, (74) becomes zero by choosing pair-
wise the negative and positive root value, thereby providing
a solution to the optimization, which does not depend on
the value of k. Hence, re-substituting x,, = cos I/f,‘xc shows
that a worst-case solution occurs for any given k, when both
Y, = Earccosk and y,'¢ = 0 hold. Finally, for a concise
representation, we substitute V¢ = arccos k, which allows to
reduce the original optimization to

1 we 2
(ﬂ + cos ¢ )

1 — cos? yve

min (75)

-l//WC
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