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Fuzzy Tracking Control for Markov Jump Systems
With Mismatched Faults by Iterative
Proportional-Integral Observers

Mouquan Shen”, Yongsheng Ma, Ju H. Park

Abstract—This article is devoted to the fuzzy fault-tolerant
tracking control of Markov jump systems with unknown mis-
matched faults. To reconstruct the faults and system states, a
sequence of proportional-integral observers are established via the
system outputs. With the help of a structure separation technique,
the proportional-integral gains and the observer gains are solved
by a unified linear matrix inequality framework. Resorting to the
rebuilt faults and states from an iterative estimation algorithm, a
backstepping-based fuzzy fault-tolerant tracking control scheme
against the mismatched faults is established to make the resul-
tant closed-loop system be uniformly ultimately bounded. Sim-
ulations are provided to verify the effectiveness of the proposed
methods.

Index Terms—7H ., control, linear matrix inequality (LMI),
Markov jump systems (MJSs), Takagi—-Sugeno (T-S) fuzzy systems.

I. INTRODUCTION

VER the last few decades, Markov process has been

deemed as a powerful tool for engineering systems to
describe abrupt changes incurred by component aging, operation
point shifting, and interconnection failure [1]. Some typical
applications are commonly founded in power systems and bio-
chemical processes [2]. As a consequence, theoretical studies on
Markov jump systems (MJSs) are fruitful, such as stability and
stabilization [3]-[6], Hs and H . [7]-[11], sliding mode control
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[12], [13], quantization control [14], [15], asynchronous control
[16], [17], and reliable control [18], just to mention a few.

Alternatively, owing to the powerful functional approxima-
tion ability, the Takagi—Sugeno (T-S) fuzzy model has been
employed widely in the nonlinear fields [19]. Accordingly,
interesting control issues for the T-S fuzzy systems have been
reported in [20]-[26] and the references therein. Regarding the
T-S fuzzy systems with Markov jumping parameters, a mode-
independent fuzzy stabilization strategy for nonlinear MJSs in
terms of linear matrix inequalities (LMIs) is obtained by allevi-
ating the coupling between the stochastic Lyapunov matrix and
the system matrices containing controller gains [27]. A coupled
Lyapunov function based systematic technique is developed by
[28] to get a stochastic fuzzy controller so that the required Lo
performance of the closed-loop MJSs can be ensured. Assumed
transition probabilities to be known, uncertain, and unknown,
a new controller synthesis method with less conservativeness
for fuzzy MIJSs is established in [29]. The work in [30] tack-
les the positive stabilization of fuzzy MJSs with two types of
membership functions via parallel distributed compensator and
switching strategies, respectively.

With the increasing demand of the safety and reliability
requirement for practical systems, fault detection, fault esti-
mation, and fault-tolerant control of T-S fuzzy systems have
gained lots of research interests [31]-[37]. Along this topic to
MJSs, an interval type-2 fuzzy approach is employed by [38] to
discuss the quantized fault detection of fuzzy semi-MJSs under
networked environments. By describing the intermittent data
dropouts as Bernoulli process, the asynchronous fault detection
of fuzzy MJSs is delivered in [39] by means of the dissipativity
theory and robust techniques. The fault detection of uncertain
fuzzy MJSs with state delays is delivered in [40] via an op-
timization algorithm to minimize the difference between the
reference model and the designed robust fault detection filter.
A rapid and accurate adaptive fault estimation approach for
fuzzy time-delay MJSs is presented by [41] in terms of LMIs.
Resorting to the cone complementarity linearization algorithm,
the existence of fault detection filter for nonhomogeneous MJSs
is developed in [42] to ensure the fault sensitivity and the
robustness of the external disturbances. Additionally, using two
sets of unrelated random variables to present actuator faults
and their failures, [43] considers an event-triggered reliable
control of fuzzy neural networked time-delay MJSs via the
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Lyapunov—Krasovskii functional technique. In contrast to these
fault detection or estimation results fallen in the robust frame-
work, [44] exploits a fuzzy logic system (FLS) based adaptive
fault-tolerant compensation scheme to treat MJSs against un-
known mismatched nonlinearity and simultaneous additive and
multiplicative actuator faults. This FLS scheme integrated with
the norm estimation approach is also employed by [45] to handle
the adaptive fuzzy tracking control of strict-feedback MIJSs
with simultaneously unpredictable actuator failures, unknown
nonlinearities, and unmodeled dynamics. Note that since faults
in [38]—[45] are matched to input channels, the obtained methods
cannot be applied to actuator faults occurred in batch processes
[46] and microgrids [47] which are spanned out of the input
space. Furthermore, the fault estimators in the aforementioned
references belonging to traditional one-step strategy ignored
the effect of input disturbances from the faults [34]. Although
a k-step approach has been employed in [34] and [35], the
integral of system outputs has not been adopted to improve the
estimate accuracy. Besides, the conservativeness is introduced
by the special form of Lyapunov matrix in [35]. Consequently,
it is meaningful to improve the existing k-step approach with
the better estimation and relax the special requirement for
stability analysis, especially for fuzzy MJSs with mismatched
faults.

Motivated by the aforementioned observations, the fuzzy
tracking control of MJSs with mismatched faults is addressed
in this article. A sequence of proportional-integral observers
(PIOs) are constructed from system outputs to estimate the
system states and faults with better estimation accuracy. To
get the observer gains in terms of LMIs, a structural separation
technique is employed to relax the special requirement on the
Lyapunov matrix. Resorting to the stochastic stability of the
observer error system, an iterative algorithm is supplied to get
the estimated states and faults. Combining a matrix conversion
technique to free the input matrix, the fault-tolerant tracking
scheme for fuzzy MIJSs is established via a backstepping ap-
proach to compensate the mismatched fault and ensure the
uniform ultimate boundedness of the closed-loop system. The
validity of the proposed estimation algorithm and fault-tolerant
control scheme is verified by two numerical examples.

The rest of this article is organized as follows. In Section II,
the formulation of the problem, some lemmas, and the proposed
PIOs are provided. Section III addresses the stability of the
proposed PIOs, the state and fault estimation algorithm, and the
backstepping-like fault-tolerant control scheme. Two examples
in Section IV show the effectiveness of the proposed schemes.
Finally, Section V concludes this article

Notation: Throughout this article, He(A) means A + AT. A
denotes the right pseudoinverse of A. [,, is a unit matrix with n
dimensions.

II. PROBLEM FORMULATION

Consider the nonlinear MJSs as the following fuzzy system
formulation:
Rule i: IF vy (t) is Fi,..., and v, (t) is i,

THEN
{x(t) = A;(st)x(t) + Bi(st)u(t) + Fi(se) f(t) + D;(s)d(t)
y(t) = C(st)z(t)
(1)

where z(t) = [z{ (t) x4 (t)]" with z1(t) € R™1, and z5(t) €
R7=2, u(t) € R"1+=2, and y(t) € R™ denote the system
state vector, the control input, and the system output, re-
spectively. f(t) € R™f denotes unknown faults. d(t) € R™
stands for exogenous disturbance with unknown bounds 0
(Il d(t) [|[<?) and belongs to Ls[0,00). vy(t),...,vn(t) are
available premise variables. Ffl(z =1,..,l,g=1,...,h) repre-
sent the fuzzy rules. A;(s;), Bi(s;) = [0 By, (s¢)]" (Bai(s¢) €
R"=2), C(sy) = [I,,Lw1 0], Fi(st) , Di(s¢) are known system
matrices with approximate dimensions. s; is a continuous-time
discrete state Markov process taking values in a finite set $ =
{1,2, ..., N'}. The transition probability matrix [[ = [7sp]s pes
satisfies

TspAt + 0(At),
1+ 7oy At + o(AL),

5#P

P(sipar =plse =) = {
S=0Dp

where At > 0, lima;—,0 0(At)/At = 0 is the probability and
Tep > 0for s # p, —mgs = Z;V:Lp#s Tsp-

Remark 1: In (1), due to the structure of B;(s;) =
[0 Bg,(s:)]", it means that the faults are spanned out of the
space of input channels, which can be found in batch processes
[46] and microgrids [47].

By using the standard fuzzy inference method [19], (1) is
rewritten as

l

i(t) = Zz‘:l vi(t){ Ai(se)x(t) + Bi(se)ult) + Fi(se) f(t)
+ Di(s¢)d(t)}
y(t) = C(se)z(t)

in which 2;(t) = [Th_, T, vi(t) = %

S ) =1,0<y(t)<1,i=1,2,..,1

Before further proceeding, a definition, a lemma, and three
assumptions are introduced first.

Definition 1. [3]: The autonomous system (2) (u(t) =0,
f(t) =0,d(t) = 0) is stochastically stable if

()
and the fact that

E {/OOO a:T(t)x(t)dtx(o)} < 00 3)

for every initial condition z(0).

Lemma 1. [48]: For all F = .77 € RV if € R is
given, then following statements are equivalent:

YT F¥ <0,foral ¥ +0,B8Y =0,

2) B FB+ < 0;

3) 3.7 € R € such that F + He(7 %) < 0.

Assumption 1: || f(t)||< @ (@ > 0), and f(t) belongs to
L2 [O, OO)

Assumption  2: rank(F;(st)) = Ngy < Ngy + Ny,
rank(C(s¢)Fi(s1)) = Ng,.

and
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Assumption 3: k(t) and £(t) are continuous and bounded,
where (t) is the preset tracking trajectory.

Remark 2: Assumption 1 means that the fault signal and its
first-order derivative are bounded, which is reasonable in many
practical applications, such as a class of continuous electroen-
cephalography signals that occurred in the finite time range
[49] and multiple faults in combinational networks [50]. Conse-
quently, this assumption has also been commonly employed to
study the fault estimation and fault tolerance in [35], [36], and
[41]. Assumption 2 is adopted to ensure the feasibility of fault
estimation and is vital for the later PIOs design.

Based on the above preliminaries, we construct iterative P1Os
with n steps to estimate the system states and the mismatched
faults as follows:

The Oth observer:

(1) = Ai()a () + Bils)u(t) + Fi(s) 1)
+ Lis(s)el) (1) + Bils) X[ (1)
i) = 0P 1) e (1) =30 —ut) @
(1) = Lai(s)el) ()
FOU) = Ei()ell (6) = M)l (1)
The j th observer (j =1,2,...,n— 1):
#91(1) = Ai()3 (1) + Bi(s)u(t) + Fi(s) V(1)
+ Lus(s)e (1) + Bi(s) X7 (1)
JU(t) = C(s)al (1), el (t) = gV (1) — y (1) )

XI[j] (t) = in(s)egj] (t)

(6 = M()e () + U0

() = Ei(s)el

The n th observer:
(1) = Ai(s)2)(t) + Bi(s)u(t) + Fi(s) f(t)

+ Lyg(s)ell () + Bi(s) XM (t)
g () = ()@ (8), e (1) = g0 —y(t) ()

X () = Las(s)el) (1)

F7IE) = Bu()elf (6) = M()el ) + fr e

where  201(¢) € Rmeitnes | 3Ul(t) € Rreatnes | and
2] (t) € R"=1 "2 indicate the Oth, jth, and nth estimation of
x(t), respectively, and so do the estimated faults f1°(t) € R"/,
fUl(t) ee R™, flrl(t) € R™, the output errors 6%0] (1),
eg] (1), e[y”] (t), and the integrators X}O] (1), Xy} (1), X}n] (t).
Lui(s) = Yicy v Lui(si),  Ei(s) = Yoy vi() Ei(s),
M(s) = M(s;), and Lo;(s) = S_, vi(t)Loi(s;) are the
iterative observer gains to be designed.

Remark 3: Compared with [34]-[36], the iterative observers
(4)—(6) contain integral terms related to system output. Due to
these terms, the estimation accuracy of the states and faults can
be further improved as shown in Section I'V.
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Following are the main objectives of this article:

1) for (2) and the proposed (4)—(6), seek conditions to make
the observer error systems be stochastically stable;

2) with the estimated states and faults, construct the fault
tolerant controller to ensure the closed-loop system to be
uniformly ultimately bounded.

III. MAIN RESULTS

A. Stability Analysis of the Observer Error Systems

In this section, the Lyapunov method is employed to give a
solution for 1) as the below details.

Set &8 (t) = &l (1) — (t), €(t) = fIMI(t) — f(t). and
egf U= 0foralln € N, and then the nth error dynamics system
is obtained

(1) = &(8) = () = (Au(s) + Lus()C(s)EL ()
+ Fi(s)g}”] (t) — D;(s)d(t) + Bi(S)XyL] (t)

&) = Ft)
+ (=M(s)C(s)Ai(s) + Hi(s)C(s))gg[Cn] (t)

— f(t) = =M(5)C(s)Fi(s) - £ (¢)

+ M(s)C(s)Di(s)d(t) — M(s)C(s) Bi(s) X" (1)

+&"
X, () = Lai(s)C(s)EM
(N
where H;(s) = E;(s) — M (s)C(s)Ly;(s).
For the above error system (7), set &M(t) =
X () €T () X)) and wll(t) =

[d7(t) fl""U" () — fT(¢)]", and then the main task is to
get iterative observers (4)—(6) such that the nth dynamic error
system (7) is stochastically stable with the H., performance
index ~y defined by

s{[Theno e al <2p{ [T 1ato? ).

®)

Resorting to the Lyapunov method and combining a structure
separation technique, a solution for the aforementioned task is
presented in Theorem 1.

Theorem 1: For a prescribed positive scalar v and a given
matrix Y, if there exist symmetric and positive definite matrices
Py (s), Py(s), Ps(s), Ps(s), P5s(s) and matrices Vy;(s), Vai(s)
, Vs(s), and Vy;(s) (i = 1,2,...,1, s = 1,2, ..., N) such that the
following LMIs hold:

I3, = * * * *

I35, Uiy = * * *

115, 1125, 117 * * *

H;Sl H232 H233 s <0 (9)
ia1 tigo Mg gy * *
0 IIf;, O 0 II%, =

s, 0 Mg 0 0 s

where

Iy, = He(Pi(s)Ai(s) + Vii(s)C(s) — YVai(s)C(s))
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N
+> mopPilp) + 1
p=1

Va(s)C(s) Ai(s) + Vai(s)C(s)

+ Z?TSPPQ

I, = FiT(S)Pl(S) -

e = — He(V?)(

I35, = Y Pi(s)Ai(s) + YTVM(S)C(S) — Vai(s)C(s)
N
+ Bl (s)Pi(s) + Y _ 7Y Pi(p)
52 =Y Pi(s)Fi(s) — B (s)C(s)V3' (s)

My = He(Y ' Py (s)

+ Z 7T5pP3

Iy = — D;(S)Pl(s)a I = D; (S)CT(S)VP, (s)
N
Iy = — D] Py(s)Y, Iy, = Zﬁspp4(p) -1
p=1
N
55y = Pa(s), 1355 = Zﬂsppts(p) -1
p=1
[T, = — bVai(s)C(s) — YT Pi(s) — Wi(s)Y"
s = — Ps(s) — Wils), iss = —b(Wils) + W;'(s))"
and
Py(s) * * * *
0 Py(s) = * *
P(s)=|Y Pi(s) 0 Ps(s) = * >0 (10)
0 0 0 Py(s) =x
0 0 0 0 Ps(s)

then the observer error system (7) is stochastically sta-
ble with the required H., performance index . Moreover,
Lyi(s) = Pi(s)"'Vii(s), M(s) = P3(s)"'V3(s),and E;(s) =
Po(8) " Vyi(s) + M(s)C(s)L1;(s).

: - _ (e’ ] " ] T T
Proof:  Setting 0= [&" (1) & (1) X;~ (t) d'(?)
AfT(#)]7, (7) is rewritten as
0= A0
where
G Fi(s) Bi(s) —=Di(s) 0
~ G Bl Gl Gy [
A= |LyC(s) 0 0 0 0 (11)
0 0 0 0 0
0 0 0 0 0
in which &%, = A;(s) + L1:(s)C(s), 6% = M(s)C(s)

Ai(s) + Hi(s)C, &y = —M(s)C(s)Fi(s), &y =
—M(5)C(s) Bi(s). and &35, = M(s)C(s)Dy(s).
Choose the candidate Lyapunov function as

V(t)=0"P(s)0 (12)

where
Py(s) * * * *
0 Py(s) * *
P(s)=|YTPi(s) 0 Ps(s) = * (13)
0 0 0 Pu(s) =
0 0 0 0 Ps(s)

Recalling the tasks (I) and (II), calculating the derivative
operation to (8) and (12) yields

E {V 1 EMT(1)El (1) — A2 T ln) (t)} — 0730

where
S
U2, * * * *
S S
Wi Wiag % * *
s __ s s s
Q7 = | Uiy Uisy Wiy *
S S S S
Wiy Wigo WUisg Wiy *
S S
0 ¥, 0 0 W,
in which

Wiy = He(Pi(s)Ai(s) + Pi(s)L1i(s)C(s)

+ Zﬂ-sppl

Uiy = Fi' (s)Pi(s) — Pa(s)Ms(s)C(s) Ai(s)
+ Pa(s)Hi(s)C(s)

— Pi(s)Y Lai(s

%00 = — He(Py(s)Ms(s)C )+ Zwsppz +1

Ve, =Y Py(s)Ai(s) + YTPl(s)Lli(s)C(s)
+ Ps(s)Lai(s)C(s) + B/ (s)Pi(s)

N
+ Z 7TSPYTpl (p)
s=1
f2 =Y Pi(s)F;(s) = B (s)CT (s)M " (5) P2 (s)

Usyo = He(Y " Pi(s) )+ Zwsppg

Uiy = — D (s)Pi(s), Wyy = D ()CT (5)M(s) " (5) Pa(s)
N

Wiz = — D] Pi(s)Y, Wy = ZWSPP4(I7) -7’1
p=1

Wiso = Pa(s), 155_Z7Tspp5 I

To ensure the required H ., performance (8) in (II), the main
task is to prove the fact & < 0.

On the other hand, according to Lemma 1, ® < 0 could be
guaranteed once the following inequality holds:

Fit He(SLB) <0 (14)
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where
i I 0 0 0 O]
0 I 0 0 O
B _ 0 0 I 0 O
s 0 0 0 I O
0 0 0 0 I
_—Lgi(S)C(S) 0 0 O O_
_\Ilfn * * * * * |
W Wi * * * *
Fi— Wisr Wi Wiy o * oK
° Uiy Ui Wis Wiy * *
0 Wi, 0 0 Wi, =
| 0 0 0 0 0 0]
FL=1(P(s)Y +YW;(s))" 0 (Ps(s)
+Wils))" 0 0 (0Wi(s)']"
B =]—Lau(s)C(s) 00 00 —1I].

Choosing  Vy;(s) = P1(s)L1;(s), ‘/21(8> = Wi(s)La;(s),
Vg(S) = P2(S>M(S), and V4Z-(s) = ( )H,( ) (14), with
some matrix operations, is rewritten as

I3, = * * * *

I35, Uiy = * * *

175, Uiy Mg * *

15y 16y 15 Ty, = * <0 (15)
0 I, 0 0 Il *

i, 0 s 0 0 Il

which is just (9). Namely, once (9) holds, it readily gets the fact

E {VW (t) + EMTOEM (1) (t) — 42T ()] (t)} <o0.
(16)
Therefore, the stochastic stability of the nth error system (7)
could be guaranteed by (16) when w!”(¢) = 0.
Integrating both sides of (16) from 0 to oo gives

/ E(V)["](t)dt+/ ET()E(t)dt
0
—7/ T (M (t)dt <0
which is also
/ ET / ol
< - / E(W)(t)dt.
0
Under the zero initial condition, one has
/ ET(E(t)dt — 2 / "7 ()™ (t)dt <0
0 0

which is just the index defined in (II). [ |
Remark 4: In contrast to [36] with special forms on the
Lyapunov variables, arelaxed strategy is employed in Theorem 1

w(t)dt
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and the introduced nonlinearity is conquered by a structure
separation technique based on Lemma 1. Consequently, the
conditions given in Theorem 1 are less conservative than those
in [36].

Remark 5: In Theorem 1, the number of LMI de-
cision variables .#;, and the number of LMI rows
Sy are [(nErelatnetD 4y (0 4o, +1) +
W)Jr(nml+(2+nf)nm2+1)~i]os+1 and
(ng, + Nz, +ny+4)-s-14, respectively. Referring to [24],
the computation times of LMIs in (9) are in polynomial with
proportional to A4 = A2 4. Fortunately, these LMIs are
solved offline.

Remark 6: Guaranteed by the stochastic stability established
in Theorem 1, as [34] and [36], the unknown system states and
the mismatched faults are reconstructed by

1(t) = = @) + - 2 (e)
ialt) = — £ @80 + -+ )
f) = == (M@ + -+ ey an

where 21" (¢), 21"/ (¢), and f](¢) are estimated by Algorithm 1
as follows.
Algorithm 1:
(S1) Obtain the values of Oth observer (2(%(¢), f1%(¢)) by
performing (4) and then take n = 1.
(S2) Get # (t) and f (] (t) from (6), and calculate

1]y _ 200 + @) + -+ f()
) = n+1
St gy = HO) + 2 S):l -+ ()

(S3) Fortgng = K > 0, selectasufficient small scalare > 0,
if

—o"(t) [[> ¢

Z ” Q[n-'rl]

where o")(t) = [pl"T(t) o7 (¢)]T. After that, set
n = n + 1 and come back to S2. Otherwise, output the
following estimation of x(¢) and f(t):

ft)=p

n+1

(), () = o).

Remark 7: According to the estimated ! (¢) and f["! (), the
upper bounds of £, and £y are individually selected as &, =||

S i €80 | and & =) A5 507 £ (1) | so that the
system (22) with the designed fault tolerant controller (27) in

Section III-B is uniformly ultimately bounded.

Deleting the integral part of (4)-(6), the observers for the
system states and the mismatched faults are the same as those
in [36] which are also given in the following:
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The Oth observer:
#00(t) = Ai(s)2PN(t) + Bi(s)u(t)
+ Fy(s) fOt) + Lui(s)el) (1)
(18)
(1) = C(s)2%t), el (1) = 90 (t) — (1)
79() = Ei(s Jell () — M(s)el (1)
The j th observer (j =1,2,...,n—1):
V() = Ai(s)2U)(t) + Bi(s)ul(t)
Fi()770) + Lus()ef 1)
, . (19)
JUl(t) = C(s)al) (1), el (t) = gV (1) — y (1)
F90) = Bis)ef ) = M(s)ell )+ fI-1(0)
The n th observer:
(1) = Ay(s)2") (1) + Bi(s)ul(t)
Fi(s) f1"(t) + Lui(s)el’ (1)
(20)

(1) = C()al" 1), e (0) = (1) — yit)

FUE) = Ei()ele) = M(s)el (0 + f ),

To ensure the stochastic stability with the required H., per-
formance for (18)—(20), deleting some rows and columns of (9)
yields the following corollary.

Corollary 1: For a positive scalar v, if there exist symmetric
and positive definite matrices P(s) and Q(s) and matrices
Whi(s), Wa(s), and Ws;(s) such that the LMIs given in the
following hold:

3211 Q * *
~D(9)P(s) Wa(s)C()Dy(s) 21+ | <0 @D
0 Q(s) 0 —?*I
for 1=1,2,...1, s=1,2,..,N, where Q=
He(P(s)A;(s) + Whii(s)C(s) +Zp 1 TspP(p) + 1,
Qo = F} (s)P(s) — Wa(s)C(s)Ai(s) + Wai(s)C(s), and

Qg = —He(W2(s)C(s)Fi(s)) +Zp 1 Tsp@(p) + 1. Then,
the dynamic error system (7) composed of the sequence
iterative observers in (18)—(20) without integral term is
stochastically stable with the required . performance.
Moreover, Li1;(s) = P(s) " 'Wyi(s), M(s) = Q(s) Wa(s),
and E;(s) = Q(s) *Ws,(s) + M (s)C(s)L1;(s).

Remark 8: The conditions given in Corollary 1 are different
from those in [36] where the Lyapunov variables for the esti-
mated fault error parts are constant. Additionally, a structure
separation technique is employed to get the observer gains.
Therefore, the proposed method is less conservative than that in
[36], which is verified via the numerical example in Section I'V.

B. Control Scheme Design

Based on the estimated system states and faults in (17), a
backstepping-like approach is exploited to establish the fault-
tolerant controller in this part.

Before proceeding, (2) is rewritten as

21(t) = A11:(8) w1 (t) + A12i(s)x2
+ Dq;(s)d(t)

Zo(t) = Ag1i(s)x1(t) + Agai(s)xs

+ Foi(s) f(t) + D2i(s)d(t).

Adopting matrix conversion technique in [23], (22) is equiva-
lently rewritten as

i1(t) = Ari(s)z1(t) + (Ara + Z1Uvi(s)Th)z2(2)
+ F1i(s)f(t) + D1i(s)d(t)

La(t) = Agni(s)z1(t) + Azzi(s)a2(t)
+ (By + ZaUsi(s)To)ult) + Fai(s) f(t)
+ Dai(s)d(t)

(t) + Fi(s) f(t)

(22)
(t) + Bai(s)u(t)

(23)

where

i=1 i=1

1 _
Zy = 5[ Aro Aig — Apno |

1 _
Zy = 5[ By -+ Bis — B2 |
Uii(s) = diag[ (1 —2u)I -+ (1 —2u)I ]
Usi(s) = diag[ (1 —2u)I --- (1 —2p)1 |
Ty=[1---1|"Ty=[I---T1].7

Remark 9: Like [36], (A12 + Z1U14(s)Ty)" should be full
row rank and By + Zo Us;(s)T5 is nonsingular so that the adap-
tive fault-tolerant tracking controller could be developed by
means of the backstepping-like approach.

On the basis of the above preparations, the fault-tolerant
controller is designed by two steps as follows:

Step 1: Assuming (1 (t) = x1(t) — x(t) and combining & ()
in (23) yields

Gi(t) = @1 (t) — A(t)
= A11i(8)x1 (t) + (A1a + Z1U14(8)T1 ) o (t)
+ F1i(s) f(t) + D1i(s)d(t) — i(2). (24
Choose the Lyapunov function for (24) as
Vi = 2 (0G0,
On the other hand, set (o(t) = @o(t) —mi(t) — (A2 +

Z1Uy;(s)T1) i (t) and ny (t) is selected as
m(t) = — (Aia + Z1U1i(s)T1) (k1 Ga (8) + Agyi(s)aa (t)

)0+ 3AG0)

in which k; is a designed constant, z is a known given constant,
and

A = (Ax + Z1Uvi(8)Th) oLy (Avo + Z1Ui(s)Th) "
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+ F1i(8)FY;(s) + Dy (s) D, (s)

where Iy = [0 I,,,_ |, ie., Z2(t) = l2Z(t).
Consequently, calculating Vi with (24) gives

Vi = Gi(t)Gi(t)

= — ki | Q@) |7 ¢ (A2 + Z1U1(5)T1) ¢ (1)
= (A2 + Z1U0i(s)T1) L& (1)
— (O Fu()E5(t) + ¢ (1) Dri(s)d(1)

I
- - (OAG ().

On the other hand, employing the fact 27 7% + & T2 <
2T + %7 in [48], one has the following inequalities:

— ¢ (1)(Arz + Z1Uvi(s)T1) €4 (t)

(25)

520 Oz + Z00(5) T ]
(A2 + V()T ()G () +
~ G (OFu(s)E5()

< - d OFFLEG0 + 287
~ T (ODu(s)d)

< oG (D)D) (1) + 50

<

52

[NCR RS

(26)

Substituting (26) into (25) supplies
Vi< =k | G@) 1P +¢ ) (A + Z1U(s)T1) G (t)

+ 526 (O + 20 TR (e
+ ZU1(9)T1) T + Fua(9)FL(5) + Dus() D7, (s)
GO+ 5E &+ - oG (DAG W)
= — k[ Q@) 17 +¢ (0 (Arz + Z1U1i(s)T1) G (t)
& &+,

Step 2: Recalling (2 (t) in Step 1, the derivative of (5 (¢) with
Zo(t) in (23) is

(o = &9 — 1 — (Ara + Z1Uwi(s)Th) i (1)

— (A12 + ZlUli(S)Tl)TF;(t).

Select the Lyapunov function as

Vs = 56 (0G(0)

and the controller u(t) is designed as

u(t) = — (Ba + ZoUsi(s)T2)  (k2a(t)
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+ Ao15(8)21(t) + (Ao + Z1Uy(s)Th) 2o (t)
+ Foi(8) f(t) + LLys(s)(9(t) — y(t))

+ I, B;(s5) X1 (1)
om on . om 3
~ 969 o 1()_aff(t)) (27)

where 2, (), #5(t), and f(t) are provided in (17) and k; is a
given constant. Then, one has

Vo = (3 (t)(—kaCa(t) — (12 + Z1Uni(s)T1) i (1))
= —ka [| () || =C3 ()(Arz2 + Z1Uni(8)T0) G (8).
Set V =V, + V5, then
V= V1 + VQ
< =k [[G() I =k || G(2) |

+o(E &+, (28)

Summing up two steps and combining the designed controller
(27) supply the following theorem to guarantee the uniform
ultimate boundedness of (2).

Theorem 2: For (2) under Assumptions 1-3, the resultant
closed-loop system is uniformly ultimately bounded with the
designed observer (4)—(6) and controller (27).

Proof: Integrating (28) with Assumptions 1-3 provides

&
V(t) <V(0)e ™ + n (29)
where k = min{2k;,2k,} and & = 2(E,> + &;” +9?), and
then the uniform ultimate boundedness is obtained. ||

IV. NUMERICAL EXAMPLES

In this section, two examples are supplied to show the validity
of the proposed methods over those in [36].

Example 1: A tunnel diode (TD) circuit borrowed from [2] is
shown in Fig. 1 and the property of TD is

itp(t) = 0.5vrp + a(t)vip(t)

where «(t) is the characteristic parameter and has two modes as

(30)

follows:
0.04, Mode 1
aft) =
0.05, Mode 2.
... - .. —05 0.5
The transition probability matrix is | 03 —0.3 ]

Selecting 21 (t) = ve(t) and zo(t) = i (t), the state-space
representation for Fig. 1 with (30) is

Ciy(t) = —0.521 (1) — oz’ (t) + z2(t) + f(1)
Lio(t) = —21(t) — Rao(t) +u(t) + d(t)
y(t) = Jx(t)

where z(t) = [x{ (t) x4 (t)]", u(t) is the input voltage source,
f(t) is the arc current fault caused by loose cable joints, poor

3D



SHEN et al.: FUZZY TRACKING CONTROL FOR MJSS WITH MISMATCHED FAULTS BY ITERATIVE PIOs 549

%

PTD TD
+ Vo —
f 1
—
1 C
u
— R :
i,

Fig. 1. Tunnel diode circuit

contacts, and broken wire insulations, and d(t) denotes the noise
voltage incurred by radio waves, respectively. J is the sensor
output matrix.

In this example, the detailed system parameters are C' = 10 F,
L=10H, R=109Q, and J =[1 0]. Moreover, supposing

x1(t) € [-1 1] and selecting the fuzzy membership functions
as
vi(z1(t)) = 1 — 25 (t)
{Vz(ffl(t)) = 21(t)
to (31) yields

Plant rule i: IF 1 () is v;(x1(t)), THEN

{i(t) = Ai(s)z1(t) + Biu(t) + Fi(s)f(t) + Di(s)d(t)

y(t) = C(s)z(t), i,s=1,2
where
A1) = -106915 Oi%o] 4(2) = [_06915 Oi%o}
= [058 5
= [243° 5)
Bi(1) = B1(2) = By(1) = B2(2) = [00.1]"
Di(1) = Dy(2) = Dy(1) = D2(2) = [00.1]"
Fi(1) = F1(2) = Fy(1) = F5(2) =[0.10]"
c(hy=c(@2) =[10]".

TABLE I
7 FOR DIFFERENT METHODS

Methods v
Theorem 1 0.0141
Corollary 1~ 0.0733

[36] /

Solving the conditions given in Theorem 1, Corollary 1, and
[36], respectively, the H,, performance indices are listed in
Table I.

Moreover, the corresponding observer gains for the former
two are obtained as follows.

Gains for Theorem 1:

0.1991 1.1909
Lin(1) = [1.1255} Li1(2) [ 0.9759 }
0.0946 1.2954
Lio(1) = [1.1255} L12(2) [ 0.9759 }
Lo1(1) = 0.1255, Lg1(2) = —0.0965, Lao(1) = 0.1255
L2s(2) = —0.0965, F;(1) = 0.1089, E1(2) = —0.4954
Ey(1) = 0.1089, E5(2) = —0.4954, M (1) = 0.7406
M(2) = 0.3986.
Gains for Corollary 1:
—0.0626 10.7736
Lu(1) = { 0.2696 } » Lu(2) [ 2.4843 }
—0.0622 10.7741
Lix(1) = { 0.2696 } » L12(2) [ 2.4843 }
Ei(1) = —0.4581, E1(2) = —1.4187, E5(1) = —0.4581
E5(2) = —1.4187, M(1) = 4.0670, M (2) = —0.1323.

In the viewpoint of solution, the proposed methods of Theo-
rem 1 and Corollary 1 are more effective than those in [36] where
the Lyapunov matrix for stability analysis has a special structure.
Furthermore, the H, obtained from Theorem 1 is smaller than
that of Corollary 1 since the former contains not just system
output but also its integral.

For the simulation purpose, it is assumed that d(¢) =
0.1sin(t), (t € [6s 8s]); otherwise, d(t) = 0. f(t) = 5sin(t),
(t € [12s 15s]; otherwise, f(t) = 0. Meanwhile, choose & =
1, ke =10, 2 = 0.5, and 21 (0) = 0, z2(0) = 0.1.

With the obtained gains and the initial parameters, some
curves are obtained in the framework of Theorem 1 for different
iterative times. Namely, Figs. 2—4 show the estimation com-
parisons of system states and fault for one iteration (normal),
four iterations, and ten iterations, respectively. Figs. 5 —8 shows
the estimation comparisons of system states, the fault, and the
tracking error on four iterations for Theorem 1 and Corollary 1.

According to Figs. 2—4, it is seen that the estimates of the itera-
tive observers for four iterations and ten iterations are almost the
same but better than those of one iteration. To make the tradeoff
between the real-time requirement and the implementation cost,
Figs. 5-8 exhibit the comparisons of the estimated system states
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‘ 0 =TN
--Z') 3 with 1 iteration osf --1(t) by the method of Corollary 1[|
()

A
& vith 4 iterations
ZZE Xr;gh 1[)l i::aﬁz; sl —1(t) by the method of Theorem 11|

k)

ol ] b » \/ 7
o
o
ol 1 oel- 05 7
P
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0 5 10 15 2 % @ 0 5 10 15 2 % @
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Fig. 2. Curves of 21 (t) for different iterations. Fig. 5. Curves of 21 (t) for different methods with four iterations.
I
o+ —(t) H o+ —y(t) H
e 3(t) with 1 iteration ~(t) by the method of Corollary 1
s - - &(t) with 4 iterations { of —y(t) by the method of Theorem 1
<&y (t) with 10 iterations|

s\ 4
‘ ‘ g ‘ ‘ ‘ ‘ ‘ ‘ ‘
b : 0 s « x ® b : 0 0 « = %
" "
Fig. 3. Curves of Z2(t) for different iterations. Fig. 6. Curves of Z2(t) for different methods with four iterations.
I
o — () H o — 1) I
- f() with 1 iteration - f(t) by the method of Corollary 1
| - - f(t) with 4 iterations I | — f(t) by the method of Theorem 1
) < £(t) with 10 iterations ‘
s , A i
o i i \ 7
02 04/
0 02
04 02 "
05 04 /
L wE e i L " i
e e e s
1 1 1 1 1 1 1 1 1 1
b p 0 s « 25 ® 0 : 0 0 P = )
M b
Fig. 4. Curves of f(t) for different iterations. Fig. 7. Curves of f(t) for different methods with four iterations.

and fault for Theorem 1 and Corollary 1 under four iterations.

From these comparisons, it is not difficult to conclude that the

iterative observers with the additional integral term (Theorem

1) are more exact than those without the term (Corollary 1). By (1)
In contrast to no solution for [36] in the first example, the full T

comparison for all methods is given in the following example. Dy(1) = D1(2) = Da(1) = D(2) = [0.10.1]
Example 2: Consider (1) with the following parameters: Fi(1) = F1(2) = Fy(1) = Fy(2) = [0.1 0'1]T

)

= [ 1708 e =[5 0]

By(2) = By(1) = By(2) = [00.1]"

O v IR R i cy=c@=[10]".
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I I I I
—tracking error z;(t) — k(t) by the method of Corollary 1
—tracking error z(f) — k(t) by the method of Theorem 1 ||

o8-

o8-

Fig. 8. Curves of 21 (t) — (t) for different methods with four iterations.

TABLE II
7 FOR DIFFERENT METHODS

Methods o

Theorem 1 0.2712
Corollary 1~ 0.8893
[36] 0.9123

Additionally, the membership functions, the transition prob-
ability matrix, the initial values of faults, and disturbance are

chosen as same as Example 1.

Solving the conditions given in Theorem 1, Corollary 1, and

[36], the H ., performance indices are listed in Table II.
The resultant observer gains are obtained.
Gains for Theorem 1:

1.2419 —6.4899
Lu(1) = {0.3956] » En(2) = {—0.1074}

~1.1580 —7.4899
Lip(1) = [ 0.3956 ]  L2(2) = [—0.4074}

E1(1) =0.0658, E1(2) = —0.4438, E5(1) = 0.0658
E5(2) = —0.443, M (1) = 1.5684, M (2) = 0.0608.
Gains for Corollary 1:

1.3579 —0.5674
Lu(1) = [0.4265}  Iu(@) = [ 0.3762 ]

—1.0420 ~1.5674
Lio(1) = [ 0.4265 ] s L12(2) = { 0.0762 }

Eq(1) =0.1229, E1(2) = —0.0795, E5(1) = 0.1229
E5(2) = —0.0795, M(1) = 0.7785, M(2) = 0.0582.
Gains for [36]:

1.6742 —0.7240
Lu(1) = [0.4334} » Iu(2) = [ 0.1678 ]

0.9742 —2.3240
L2(1) = [0.4334}  L2(2) = {—0.1321]

Ey(1) = 0.0914, E1(2) = —0.0132, Ey(1) = 0.0914
E,(2) = —0.0132, M (1) = 0.5250, M(2) = 0.0068.

Fig. 9. Curves of £ (t) for different methods.

Fig. 10.  Curves of Z2(t) for different methods.

by the method in [36]
by the method of Corollary 1
by the method of Theorem 1 ]

Fig. 11. Curves of f(t) for different methods.

Employing the above obtained gains and the prescribed initial
parameters, comparison curves are depicted in Figs. 9—15 to
show the estimated states and the faults, as well as the cor-
responding observed errors, for different methods with four
iterations.

From Figs. 9-11, the transient and the steady performance
of the estimated system states and the mismatched fault for
Theorem 1 are better than those of Corollary 1 and [36]. Besides,
the observer errors and the tracking error in Figs. 12-15 for
Theorem 1 is the smallest. Consequently, Table IT and Figs. 9-15
verified the effectiveness of the proposed methods over those in
[36].
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Fig. 14.

Fig. 15.

{0) by the method in [30]

(t) by the method in Corollary 1
|— £, (1) by the method in Theorem 1

~E.,(1) by the method in [36]

(t) by the method in Corollary 1
1) by the method in Theorem 1

Curves of &, for different methods.

288

26025

2602

T T
(1) by the method in [30]

- - &¢(t) by the method in Corollary 1

—&;(t) by the method in Theorem 1 H

H

Curves of £ for different methods.

; ; ; ;
- tracking error a1 (t) — (t) by the method in [36]
- - tracking error 2;(t) — £(t) by the method of Corollary 1[]
— tracking error z;(t) — £(t) by the method of Theorem 1|

Curves of tracking error 21 (t) — (t) for different methods.
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V. CONCLUSION

The mismatched fault-tolerant tracking control of Markov
T-S fuzzy systems was discussed in this article. A set of novel
iterative observers were constructed via making full use of
system outputs to improve the estimation accuracy. Resorting
to a structural separation technique, the stochastic stability of
the observer error system with the prescribed H, performance
was established in terms of LMIs. Based on the established
stability, the mismatched fault and the original system states
were estimated by an iterative algorithm. A backstepping ap-
proach to realize fault-tolerant tracking control was supplied to
guarantee the uniform ultimate boundedness of the closed-loop
system, which is verified by two examples. Note that the es-
tablished estimate and control scheme depended on the known
premise variable; therefore, how to overcome new challenges
caused by the unknown case will be explored in the future
work.
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