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How to Vary the Input Space of a T–S Fuzzy Model:
A TP Model Transformation-Based Approach

Péter Baranyi , Member, IEEE

Abstract—The motivation behind 15 years of continuous devel-
opment within the topic of the tensor product (TP) model trans-
formation is that the greater the number of parameters or compo-
nents of the Takagi–Sugeno (T–S) fuzzy model one can manipulate,
the larger complexity reduction or control optimization one can
achieve. This article proposes a radically new type of extension
to the TP model transformation. While earlier variants of the TP
model transformation focused on how the antecedent—consequent
fuzzy set system of a given T–S fuzzy model could be varied, this
article, in contrast, focuses on how the number of inputs to a given
T–S fuzzy model can be manipulated. The proposed extension is
capable of changing the number of inputs or transforming the non-
linearity between the fuzzy rules and the input dimensions. These
new features considerably increase the modeling power of the TP
model transformation, allowing for further complexity reduction
and more powerful control optimization to be achieved. This article
provides two examples to show how the proposed extension can be
used in a routine-like fashion.

Index Terms—PDC control design, TS fuzzy model, TP model
transformation.

I. INTRODUCTION

THE MAIN motivation behind 15 years continuous de-
velopment within the topic of the tensor product (TP)

model transformation has been to modify as many parameters or
components of Takagi–Sugeno (T–S) fuzzy models as possible,
in order to achieve greater complexity reduction and better
control optimization. The TP model transformation is capable
of deriving the absolute minimal number of fuzzy rules by
modifying the shape of the antecedent fuzzy sets and the related
consequent sets or the elements of the vertex systems. At the
same time, many of the linear matrix inequality (LMI) based
control design techniques are highly sensitive to such kinds of
modifications. Thus, finding the proper fuzzy rules may lead to
considerably better control performance.

Previous extensions of the TP model transformation focus
on the internal parameters and components of the T–S fuzzy
models, such as antecedents and consequents. In contrast, this
article focuses on external parameters such as the number and
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nonlinearity of the inputs that lead to a further reduction in the
number of fuzzy rules and lets us further manipulate the T–S
fuzzy model for control optimization.

This article proposes an extension to the TP model transfor-
mation capable of transforming a given T–S fuzzy model to an
alternative T–S fuzzy model with the following benefits.

1) The transformed T–S fuzzy model can have a different
number of inputs.

2) Inputs of the transformed T–S fuzzy model can be
specified as a function of the original inputs.

This article shows that we can further decrease the rank of the
dimensions if nonlinear inputs or additional inputs are defined.
This automatically decreases the possible minimal number of
antecedents. At the same time, it defines a conceptually new
convex hull of the vertexes to which the LMI design techniques
are typically sensitive, hence, it leads to further dimensions in
optimization. Thus, in pursuing better control performance we
can modify the antecedent-consequent pairs, namely the shape
of the convex hull of the vertexes, using the previous variants
of the TP model transformation. However, additionally, we can
even modify the number and nonlinearity of the inputs using
the currently proposed extension of the TP model transforma-
tion, which leads to the modification of the dimensions of the
parameter vector of the convex hull as well, thereby projecting
the manipulation of the convex hull defined by the vertexes to a
new space.

A. Preliminaries

The very first idea of the higher order singular value decom-
position (HOSVD) based handling of T–S fuzzy models was
invented by Yam [1]. A further variant was proposed in [2]. This
idea motivated the development of the TP model transformation
and still gives the core of its different variants.

Assume a given T–S fuzzy model with the following symbolic
notation:

y = fTS(x,a, c, r) (1)

where x ∈ Ωx ⊂ RN and y ∈ Ωy ⊂ RO represent the inputs
and outputs, a and c represent the antecedents and the conse-
quents, further, r represents the fuzzy rules.

1) Approximation - complexity tradeoff: The first variant of
the TP model transformation was proposed as a complex-
ity reduction technique of T–S fuzzy models [2], [3]. It
transforms (1) to

∀x : fTS(x,a, c, r) ≈ε f
TS(x,ar, cr, rr) (2)
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where ar, cr, rr represent the new antecedent sets, con-
sequents, and fuzzy rules, respectively. This method was
developed to find the minimal number of rules at ε = 0.
In this regard, the HOSVD-based canonical form of T–S
fuzzy models was published in [4]. In order to have further
complexity reduction, it was capable of performing a
tradeoff between the number of rules and approximation
accuracy while εwas under control. Further investigations
about the approximation properties of the transformation
can be found in [5] and [6]. The TP model transformation
was soon formalized and positioned to transform given
functions f(x) to T–S fuzzy model representation, so that
the transformation determined a, c, and r as

∀x : f(x) = fTS(x,a, c, r). (3)

Computationally relaxed variants were investigated in [7]
and [8].

2) Varying the components of the T–S fuzzy model: Further
extensions of the TP model transformation were published
to yield T–S fuzzy models having antecedent fuzzy sets
with specific characteristics

∀x : f(x) = fTS(x,aco, cco, rco). (4)

Here, “co” means convex. The resulting antecedent fuzzy
sets are expressed as a Ruspini partition (convex combina-
tion of the consequent sets). The first methods capable of
deriving antecedent fuzzy sets with special characteristics
were published in [1] and [2]. Various further extensions
were developed, where the size of the convex hull defined
by the resulting consequent vertices were also considered
[6], [9]–[11]. As a consequence, the TP model transforma-
tion was capable of deriving an infinite number of different
proper T–S fuzzy models which define exactly the same
mapping between the inputs and outputs

∀x : f(x) = fTS(x,ak, ck, rk) (5)

where k = 1 . . .∞.
3) Generalized TP model transformation: The multi-TP

model transformation, published in [12] and [13], is capa-
ble of even transforming a set of functions that may have a
different number of outputs to a common antecedent and
rule system

∀x, i : fi(x) = fTS(x,a, ci, r) (6)

where i = 1 . . . I . The pseudo TP model transformation
[12], [13] was developed to transform a given function or
a T–S fuzzy model to a predefined antecedent fuzzy set
system b, such that the consequent sets are determined
accordingly

∀x : f(x) = fTS(x,b, c, r). (7)

The multi- and pseudo-TP model transformation were
combined with various practical extensions and intro-
duced as the generalized TP model transformation in
[12] and [13]. The next extension proposed in [14] was
executable on a set of functions having a different number
of inputs

∀i,xi : fi(xi) = fTS(xi,a, ci, r) (8)

where input vectors xi can have a different number of
dimensions as xi ∈ RNi .

4) TP model transformation in control design: The early vari-
ants of the TP model transformation were already utilized
in control design theories [15]. The latest extension of the
TP model transformation in [16] focuses on state-space
dynamic model structures and aims to extract both the
quasi linear parameter varying (qLPV) structure [17], [18]
and the T–S fuzzy model of the parameter varying system
matrix. Thus, it starts with the dynamic model

ẋ(t) = fx(x(t),u(t),p(t)) (9)

y(t) = fy(x(t),u(t),p(t)) (10)

wherex(t),y(t),u(t), andp(t) are the state, output, input,
and parameter vectors, respectively, and ends up at[

ẋ(t)
y(t)

]
= S(p(t))

[
x(t)
u(t)

]
(11)

with T–S fuzzy model

∀p(t) ∈ Ω : S(p(t)) = fTS(p(t),a, c, r). (12)

Note that, this final extension holds all the advantageous
properties of the generalized TP model transformation.
One of the most widely applied control design concept, the
parallel distributed compensation design technique [17],
starts with the T–S fuzzy model

fTS(x,a, c, r) (13)

then, derives feedback to each consequent system as
shown in a symbolic form here

Design(c) → f . (14)

Finally, the feedback gains f are substituted into the T–S
fuzzy controller as

−fTS(x,a, f , r)x (15)

where the antecedent fuzzy sets and the rules are inherited
form the T–S fuzzy model (13).
As discussed previously, we can have infinite number of
variants of the T–S fuzzy model by varying the antecedent
fuzzy sets. Obviously, the consequent sets will change
accordingly, such that the following equality is kept:

∀x, k : fTS(x,a, c, r) = fTS(x,ak, ck, rk) (16)

which leads to an infinite number of controllers to the same
model

Design(ck) → fk (17)

u = −fTS(x,ak, fk, rk)x. (18)

Thus, in the end, we have an infinite number of different
solutions by varying the antecedents fuzzy sets of the
T–S fuzzy model we started from. This demonstrates
that the design technique may be very sensitive to the
shape of the antecedent fuzzy sets. This is in full accor-
dance with the conclusion drawn from the sum of squares
(SOS) based control design theories introduced by Tanaka
et al. [19], [20].
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Fig. 1. Input space variations of the same model.

This optimization capability behind the TP model trans-
formation was utilized in a number of publications solving
engineering tasks. A summary is given in [6]. [21]–[23]
revisit this optimization possibility and show in a com-
prehensive and detailed analysis that transforming the
shape of the antecedents via the TP model transformation
strongly influences the entire design process, and a sub-
optimal choice of antecedents can lead to a bad solution,
while a suitable selection of antecedents can lead to a very
good solution under the same design process. These results
are summarized in [12]. Finally, it was concluded that it is
necessary to manipulate the shape of the antecedent fuzzy
sets when pursuing the best control solution.

B. Novel Contribution of this Article

The abovementioned points highlight the fact that both com-
plexity reduction and control design theories motivate the further
development of the TP model transformation. Previous variants
of the TP model transformation focus on how to manipulate the
antecedent-consequent fuzzy set system. This article, in contrast,
focuses on how to manipulate the input space, and extends the TP
model transformation with a further capability to transform the
given function or T–S fuzzy model to a different combination
of inputs. Of special interest is the case when the number of
inputs can be decreased or increased to achieve considerable
advantages in complexity reduction and control design. This
article picks up the key idea discussed in the Section V and
example 4 of [16]. That key idea was discussed in the context of
dynamic models from which the LPV structure is extracted. This
article develops this idea further and revises the entire TP model
transformation to incorporate this feature at a generic level,
such that it can be executed in a wider spectrum of problems.
Fig. 1 shows an example of an alternative T–S fuzzy model
in which the number of inputs is changed and the inputs are
functions (combinations) of the original inputs. It is important
to emphasize that both T–S fuzzy models represent the same
mapping between inputs and outputs.

This article shows that the proposed transformation can re-
move the nonlinearity from the T–S fuzzy models, by defining
new inputs, which are functions of the original ones. This leads
to a considerable simplification of the given T–S fuzzy model.
For example, a well-selected input space can even linearize a
T–S fuzzy model or, on the other hand, it can even embed

various nonlinearities depending on what is required. A removal
of nonlinearity can decrease the rank of the T–S fuzzy model
(see the HOSVD-based canonical form of T–S fuzzy models)
that helps perform additional tradeoffs between the number of
inputs, complexity, and accuracy.

The examples in this article consider complex qLPV models,
such that the T–S fuzzy model represents the parameter varying
system matrix and the inputs of the T–S fuzzy model are the
parameters. This article shows that selecting an alternative pa-
rameter space leads to a completely different T–S fuzzy model
(representing the same dynamics) and, hence, leads to a different
design and controller.

C. Related Literature

Most recently, a very powerful Nested TP model transfor-
mation was developed in [24] to derive multilevel TP model
structures. Very effective convex hull manipulation methods
were incorporated into the TP model transformation in [11].
Computational analyses and improvements to the original for-
mulation were proposed in [7] and [8]. TP model transformation
based novel control approaches and applications were published
in [25]–[32]. New design theories were also introduced in sliding
mode control in [27], [33], and [34]. A method to transform time
delayed systems to nontime delayed models, where the time
delay is an external parameter was proposed in [35]. For further
key applications readers are referred to [36]–[69]. Most recent
results are published in [69]–[80].

D. Structure of this Article

The rest of this article is organized as follows. Section II
defines the notation and the basic concepts of the TP model
transformation. Section III presents the new extension of the
TP model transformation. Section IV gives detailed examples to
help readers to apply the proposed method. Section V presents
an additional example. Finally, Section VI concludes this article.

II. NOTATIONS AND DEFINITIONS

This section provides the notations and definitions used in this
article.

1) Indices: i, j, . . . the upper bounds of the indices are de-
noted by the uppercase letter, e.g., i = 1, 2, . . . , I and j =
1, 2, . . . , J or in = 1, 2, . . . , In, where n = 1, 2, . . . N .

2) Scalar: a ∈ R.
3) Vector: a ∈ RI contains elements ai ∈ R.
4) Matrix: A ∈ RI×J contains elements ai,j ∈ R.
5) Tensor: A ∈ RI×J×K×··· has elements ai,j,k,··· ∈ R.
6) RIN

is brief notation of RI1×I2×···×IN . For instance
RIN×OK

denotes RI1×I2×···×IN×O1×O2×···×OK .
7) Interval: ω ⊂ R is bounded as ω = [ωmin, ωmax].
8) Space: Ω ⊂ RN is an N dimensional bounded space as

Ω = ω1 × ω2 × · · · × ωN .
9) Ωp is the space of vector p ∈ Ωp ⊂ RN .
Definition 1: Hyper rectangular grid G(Ω).
G(Ω) denotes a hyper rectangular grid defined over space

Ω ⊂ RN , where Gn is the number of grids defined on each
interval ωn of the space as

[gn,1 < gn,2 < · · · < gn,Gn
] (19)
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Fig. 2. Defining a grid.

where ∀n : gn,1 = ωn,min, gn,Gn
= ωn,max. Here ωn,min denotes

the minimum value of ωn on dimension n, while ωn,max denotes
the maximum value. The size or density of the grid is denoted
by GN = G1 ×G2 · · · ×GN . See Fig. 2.

Definition 2: Grid vector g.
Grid vectors g define the coordinates of the points

of the hyper rectangular grid G(Ω) as gm1,m2,...,mN
=

[g1,m1
g2,m2

. . . gN,mN ] ∈ RN , mn = 1, 2, . . . , Gn.
Definition 3: Grid tensor G.
Grid tensor G ∈ RGN×N , stores the grid vectors

gm1,m2,...,mN
. Namely each entry of the tensor determines the

corresponding coordinates of the hyper rectangular grid.
Definition 4: Grid operation f(∗G).
Assume a given functionY = f(p) ∈ ROK

,p ∈ Ωp and grid
tensor G ∈ RGN×N of grid G(Ωp) with grid density GN . The
grid operation defines

B = f(∗G) (20)

where tensor B ∈ RGN×OK
contains elements

Ym1,m2,...,mN
= f(gm1,m2,...,mN

) (21)

where gm1,m2,...,mN
, are the elements of grid tensor G.

Definition 5: Grid model FG.
The grid model FG of function f(p), p ∈ Ωp, is a tensor

resulted by the grid operation

FG = f(∗G) (22)

where G is the grid tensor of grid G(Ωp).
Definition 6: TP structure.
Any tensor S ∈ RMN×OK

can be given as a tensor product
such as

S = B
N
�

n=1
Un (23)

where B ∈ RIN×OK
termed as core tensor and Un ∈ RMn×In

are the weighting matrices. The column vectors un,in of matrix
Un are termed as weighting vectors

S = B
N

�
n=1

[
un,1 un,2 . . . un,In

]
. (24)

If the tensor product in (23) is derived by HOSVD then it is
termed as HOSVD-based TP structure [4].

Definition 7: TP model.

The TP model is a continuous variant of the TP struc-
ture. Here, instead of weighting vectors we have weighting
functions as

S(p) = B
N
�

n=1

[
wn,1(pn) wn,2(pn) . . . wn,In(pn)

]
(25)

that is

S(p) = B
N
�

n=1
wn(pn) (26)

where the vector of the weighting function is wn(pn) =

[wn,1(pn) wn,2(pn) . . . wn,In(pn)] ∈ RIn and S(p) ∈ ROK
,

p ∈ RN and core tensor B ∈ RIN×OK
contains the vertexes

Si1,i2,...,iN ∈ ROK
.

Remark 1: T–S fuzzy model versus TP model
This article focuses on the widely applied type of the T–S

fuzzy models whose transfer function is equivalent with the TP
model. The transfer function of the typical T–S fuzzy model
belongs to the class of tensor product functions, hence, TP
models see [1], [2], [6], [12], [17]. Consider the following fuzzy
rule structure:

IF A1,i1 AND . . .AND AN,iN THEN Bi1,...,iN . (27)

If the observations are singleton fuzzy sets with the element of
pn, and the consequent Bi1,...,iN are also singleton fuzzy sets
having elements bi1,...,iN , and we apply product-sum-gravity
inference then the transfer function of the T–S fuzzy model takes
the form of

S(p) =
I1∑

i1=1

I2∑
i2=1

. . .

IN∑
iN

N∏
n=1

wn,in(pn)bi1,i2,...,iN (28)

where functions wn,in(pn) are the membership functions of
the antecedent sets An,in and the elements of the consequents
are bi1,i2,...,iN . In case of state space system modeling the
consequents are system matrices Bi1,i2,...,iN ∈ RO1×O2 , which
also termed as vertex systems. In case of higher structures,
where for instance the consequents are polynomials, the con-
sequents can be a tensors of the coefficient parameters such as
Bi1,i2,...,iN ∈ ROK

. This transfer function in (28) belongs to a
class of TP models and it takes a more compact form using tensor
operations as

S(p) = B
N

�
n=1

wn(pn). (29)

Here, core tensor B stores the vertices Bi1,i2,...,iN and the
weighting functions in wn(pn) represent the membership func-
tions of the antecedent fuzzy sets. When the TP model repre-
sents a T–S fuzzy models then all weighting functions ∀n, i, p :
wn,i(p) ∈ [0, 1]. Further discussion about how the TP model is
utilized as the transfer function of the most spread variants of
the T–S fuzzy model are on [6, p. 18], in [12, Ch. 1.4 ], and [17,
Ch. 2.1] and also be referred to [1], [2].

III. NEW EXTENSION OF THE TP MODEL TRANSFORMATION

This section introduces the proposed extension of the TP
model transformation. Assume a given function

S(p) ∈ ROK

, p ∈ Ωp ⊂ RN . (30)
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Executing the previous variants of the TP model transformation
results in

∀p : S(p) = S
N

�
n=1

wn(pn). (31)

Here, we have the opportunity to vary the number and shape of
the antecedent fuzzy sets, hence, the consequents.

The proposed extension goes further and is capable of trans-
forming to an alternative input space b ∈ Ωb ⊂ RM , where the
relation between p and b is defined. Thus, the expected result is

∀p : S(p) = T (b) = T
M
�

m=1
vm(bm) (32)

where the input space p ∈ Ωp is replaced by b ∈ Ωb.
1) Step 1: Determination of the grid model T G .

The goal of the first step is to determine grid model
T G over grid G(Ωb). The challenge here is that T (b)
is unknown, but S(p) can be calculated for any p ∈ Ωp.
Further difficulty is that the inner formulas of the elements
of S(p) may not be given.
This step has two different ways depending on whether
p = f(b) or bn = f(pn) is known or at least can be
calculated over the given grid.
a) p = f(b)

Define grid G(Ωb), with density GM that leads to grid
tensor Gb ∈ RGM×M . Then, transform the grid tensor
to the original parameter space as

Gp = f(∗Gb) (33)

where Gp ∈ RGN×N . Then, the grid model is calcu-
lated as

T G = S(∗Gp) = S(∗f(∗Gb)) (34)

where T G ∈ RGM×OK
. Then, we assume that we have

the grid model T G of the unknown T (b) ∈ ROK
, thus,

we know the left side of

T G = T (∗Gb). (35)

b) bn(t) = f(pn(t))
Here, the size of the vector b(t) and p(t) are equal, as
M = N . Define hyper rectangular grid G(Ωp) as

[pn,1 < pn,2 < · · · < pn,Gn
]. (36)

Then, define the grid G(Ωb) as

[bn,1 ≤ bn,2 ≤ · · · ≤ bn,Gn
] (37)

where bn,i = f(pn,j) are arranged into increasing or-
der and i, j = 1, . . . , Gn. This defines grid tensor Gb.
Then, rearrange (36) as[

pn,1 pn,2 . . . pn,Gn

]
(38)

where the ordering satisfy bn,i = f(pn,i). Then, grid
tensor Gp ∈ RGN×N is constructed from the grid vec-
tors defined in (38) based on Definition 2

gm1,m2,...,mN
=

[
p1,m1

p2,m2
. . . pN,mN

]
(39)

where mn = 1, 2, . . . , Gn. Then, the grid model is
calculated as

T G = S(∗Gp). (40)

Then, we assume that we have the grid model T G of
the unknown T (b(t)), thus, we know the left side of

T G = T (∗Gb) (41)

where T G ∈ RGN×OK
. Since M = N , then T G ∈

RGM×OK
. The grid tensor Gb ∈ RGN×N is defined

in the same way from (37).
2) Step 2: Extraction of the TP structure
This step has two key steps
a) Complexity tradeoff

Executing HOSVD on T G while discarding all zero sin-
gular values results in

T G = T
M
�

m=1
Um (42)

where the minimal number of vertices is obtained. Thus,
we have core tensor T ∈ RRM×OK

, where Rm (RM =
R1 ×R2 × · · · ×RM ) equals the rank of dimension m
of T G . The size of Um is Gm ×Rm. Approximation
tradeoffs can also be performed if necessary by discarding
nonzero singular values [6].

b) Vary the convexity of the structure.
An important benefit of this step is that we can rather eas-
ily tune the convex hull defined by vertexes by transform-
ing matrices Um to Hm satisfying specific conditions,
see, e.g., the nonnegativeness, sum normalization (SN),
normalized, close to normal (CNO), inverse normaliza-
tion, and various further transformations in [6] and [9].
The transformation may change the number of columns
to In (the SN transformation may add one more column),
therefore, let the size ofHm beGm × Im. Then, we arrive
at

T co = T G M
�

m=1
(Hm)+ (43)

where T co ∈ RIM×OK
. Thus,

T G = T co
M

�
m=1

Hm (44)

where superscript “co” indicates that the vertexes form
the desired type of convex hull.

3) Determination of the weighting functions.
Column vectors hm,i of matrices Hm determine the weight-

ing functions vm,i(bm) over the grid G(Ωb), where the
grid is defined, per dimension, from grid tensor Gb as
[bm,1 bm,2 . . . bm,Gm ]. Thus, the elements of vector vm(bm)
over the grid are vm,i(bm,j) = hm,i,j , where hm,i,j is the jth
element of vector hm,i, and j = 1, 2, . . . , Gm. There are two
ways to reconstruct the continuous weighting functions. The
simplest way is to connect the elements of one column by straight
lines to derive piecewise linear approximations of the weighting
functions (see Fig. 3). This is known as the bilinear TP model
[12]. If the grid is dense enough, then the bilinear approximation
leads to a good quality model. To increase the grid density
without executing the TP models transformation, the enriched
TP model transformation was published in [12]. The other way
is to determine the exact weighting functions from the columns
vectors of Hm see [6].
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Fig. 3. Piecewise linear weighting functions.

IV. EXAMPLE 1

The previous variants of the TP model transformation and
its effectiveness in real word engineering control design were
extensively investigated on the 2DoF and 3DoF model of the
aeroelastic wing section [21]–[23], [68], [81], [82]. Therefore, in
this section, we continue this series of examples. For the detailed
description of this complex physical model, readers are referred
to [68], [81], [82].

A. Model of the Aeroelastic Wing Section

The state-space model of the two-dimensional aeroelastic
wing section has state vector x ∈ R4 as

x(t) =

⎡
⎢⎣
x1(t)
x2(t)
x3(t)
x4(t)

⎤
⎥⎦ =

⎡
⎢⎢⎣
h(t)
α(t)

ḣ(t)
α̇(t)

⎤
⎥⎥⎦ (45)

where x1(t) is the plunging displacement and x2(t) is the
pitching displacement. The state-space model has the form of

ẋ(t) = S(p(t))

[
x(t)
u(t)

]
(46)

where parameter vector p(t) ∈ R2 has elements

p(t) =

[
U(t)
x2(t)

]
. (47)

Here, free stream velocity U(t) is an external parameter. The
entries of the system matrix are

S(p(t)) =
[
S1(p(t)) S2(p(t))

]
(48)

where

S1(p(t)) =

⎡
⎢⎣

0 0
0 0

−k1 −k2U
2(t)− p(kα(x2(t)))

−k3 −k4U
2(t)− q(kα(x2(t)))

⎤
⎥⎦ (49)

S2(p(t)) =

⎡
⎢⎣

1 0 0
0 1 0

−c1(U(t)) −c2(U(t)) g3U
2(t)

−c3(U(t)) −c4(U(t)) g4U
2(t)

⎤
⎥⎦ (50)

where

d = m(Iα −mx2
αb

2), z =
1

2
− a, k1 =

Iαkh
d
(51)

k2 =
Iαρbclα +mxαb

3ρcmα

d
, k3 =

−mxαbkh
d

(52)

k4 =
−mxαb

2ρclα −mρb2cmα

d
(53)

p(kα(x2(t))) =
−mxαb

d
kα(x2(t)) (54)

q(kα(x2(t))) =
m

d
kα(x2(t)) (55)

kα(x2(t)) = 2.82(1− 22.1x2(t) + 1315.5x2
2(t)

+ 8580x3
2(t) + 17289.7x4

2(t)) (56)

c1(U(t)) = (Iα(ch + ρU(t)bclα) (57)

+mxαρU(t)cmα
)/d (58)

c2(U(t)) = (IαρU(t)b2clα(1/2− a)−mxαbcα (59)

+mxαρU(t)b4cmα
(1/2− a))/d (60)

c3(U) = (−mxαbch −mxαρU(t)b2clα (61)

−mρU(t)b2cmα
)/d (62)

c4(U) = (mcα −mxαρU(t)b3clα(1/2− a) (63)

−mρU(t)b3cmα
(1/2− a))/d (64)

g3 = (−Iαρbclβ −mxαb
3ρcmβ

)/d (65)

g4 = (mxαb
2ρclβ +mρb2cmβ

)/d. (66)

Here, a = −0.673, b = 0.135, kh = 2844.4, ch = 27.43, cα =
0.036, ρ = 1.225, clα = 6.28, clβ = 3.358, cmα

= (0.5 + a) ∗
clα , m = 12.387, cmβ

= −0.635, xα = −0.3533− a, and
Iα = 0.065. In order to study the proposed method, a simple
MATLAB code of the key steps is given here. The TPtool
MATLAB toolbox is needed to execute the presented codes.
This toolbox can be downloaded, for instance, on the Wikipedia
site on the topic of “TP model transformation in control
theory”.

First of all, define a function
function S=aero1(U,x2)

that returns the systems matrix S in (48) for a given value of U
and x2. Then, define the TP model transformation resulting in a
CNO type antecedent fuzzy system as
function [B,Ucno]=TPmodel(S)

[Sc,U,sv]=hosvd(S,1e-9)
dim=ndims(S)-2
for i=1:dim
Ucno{i}=genhull(U{i},’cno’)
Up{i}=pinv(Ucno{i})
end
B=tprods(S,Up).
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Fig. 4. Membership functions of T–S fuzzy model 1.

B. T–S Fuzzy Model 1

Assume that the inner formulas of the system matrix S(p(t))
are unknown and p(t) ∈ Ωp. Further assume that the system
matrix can be discretized over parameter space Ωp = [14, 25]×
[−0.3, 0.3] ⊂ R2. This wind speed interval is crucial since the
limit cycle oscillation and the chaotic behavior occurs here [68],
[81], [82]. Let the discretization density be G2 : 137× 137.
Executing the TP model transformation results in

S(p(t)) = S
2
�

n=1
wn(pn(t)) (67)

where w1(p1(t)) ∈ R3 and w2(p2(t)) ∈ R2. The membership
functions are given in Fig. 4. The same functions are generated in
papers [68], [81], [82]. The number of the vertices are 3× 2 = 6.
The MATLAB code is
U(:)=linspace(14,25,137)
x2(:)=linspace(-0.3,0.3,137)
for m1=1:137 for m2=1:137
S(m1,m2,:,:)=aero1(U(m1),x2(m2))

end end
[B,Uc]=TPmodel(S)
plot(U(:),Uc{1}); plot(x2(:),Uc{2}).

C. T–S Fuzzy Model 2

Assume again that we do not know the inner formulas of
the parameter varying system matrix. However, we know that
x2(t) influences the system matrix as given in (56). Applying

Fig. 5. Membership functions of T–S fuzzy model 2.

the proposed method we can transform the parameter space to

p(t) =

[
U(t)

kα(x2(t))

]
∈ Ωp. (68)

Let us emphasize here again that onlyS(U(t), x2(t)) is available
for discretization, since the new functions of the systemT(p(t))
are unknown. The transformation results in

S(U(t), x2(t)) = T(p(t)) = T
2
�

n=1
wn(pn(t)) (69)

where w1(p1(t)) ∈ R3 and w2(p2(t)) ∈ R2. The membership
functions of p1 is the same as in case of T–S fuzzy model 1. The
membership functions are depicted on Fig. 5. The number of the
vertices are 3× 2 = 6, like in the case of TP model 1. However
a very important difference is that the nonlinear behavior of
the weighting functions is removed form the second dimension.
Thus, the dimension of x2 is transformed. The modified key
points in the MATLAB code are
for i=1:137 x2b(i)=kalp(x2(i))
where kalp(.) is the function of kα(x2(t)), see (56). The rest
of the code is
[x2b(:),I]=sort(x2b(:))
for m1=1:137 for m2=1:137
mp2=I(m2)
S(m1,m2,:,:)=aero1(U(m1),x2(mp2))
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end end
[B,Uc]=TPmodel(S)
plot(U(:),Uc{1}); plot(x2b(:),Uc{2}).

D. T–S Fuzzy Model 3

Assume that we still do not know the inner formulas of the
system matrix, but we have the entries of parameter U2(t), see
(49) and (50). Therefore, we may have the chance to decrease
the rank of the T–S fuzzy model representation on the related
dimensions by introducing a new parameter U2(t). Thus, we
have the new parameter space as

p(t) =

⎡
⎣ U(t)
U2(t)
x2(t)

⎤
⎦ ∈ Ωp. (70)

Although U(t) and U2(t) do not really define two dimensions
as they are directly dependent, the rank of these dimensions
can be decreased or even linearised, which would simplify the
system description and may have additional benefits in further
design, see the SOS design theories by Tanaka et al. [19], [20].
Executing the proposed method we arrive at

∀p(t) : S(U(t), x2(t)) = T(p(t)) = T
3
�

n=1
wn(pn(t)) (71)

where ∀n : wn(pn(t)) ∈ R2. The resulting membership func-
tions are depicted on Fig. 6. We can conclude that we have one
more dimension, but rather simple weighting function systems
on the first two dimensions. The number of the vertices are
2× 2× 2 = 8.

E. T–S Fuzzy Model 4

This section combines results from the abovementioned two.
Here, we transform to parameter space

p(t) =

⎡
⎣ U(t)

U2(t)
kα(x2(t))

⎤
⎦ ∈ Ωp. (72)

The transformation results in

S(U(t), x2(t)) = T(p(t)) = T
3

�
n=1

wn(pn(t)) (73)

where ∀n : wn(pn(t)) ∈ R2. The number of vertices is 2× 2×
2 = 8. We now have two extra vertices compared to T–S fuzzy
model 1, however, we obtain the simplest T–S fuzzy model is
obtained, as shown in Fig. 7.

V. EXAMPLE 2

In this section, we focus on the translational oscillator with
rotational actuator (TORA) system, which was a key example
upon which the first variants of the TP model transformation
were tested [6]. Those investigations focused primarily on the
shape of the antecedents, hence, the convex hull defined by
the vertexes, and the number of fuzzy rules. In the present
investigation, we focus on the number of inputs as well. In this
example, we use the same grid density and derive CNO type
fuzzy sets as in Example 1.

Fig. 6. Membership functions of T–S fuzzy model 3.

A. qLPV Model of the TORA

Assume the following qLPV model of the TORA system:[
ẋ(t)
y(t)

]
= S(p(t))

[
x(t)
u(t)

]
(74)

wherex(t),u(t), andy(t) are the state, input, and output vectors,
respectively. The system matrix S(p(t)) takes the form of⎡

⎢⎢⎢⎣
0 1 0 0 0
−1

f(x3(t))
0 0 ρx4(t)sin(x3(t))

f(x3(t))
−ρcos(x3(t))

f(x3(t))

0 0 0 1 0
ρcos(x3(t))
f(x3(t))

0 0 −ρx4(t)sin(x3(t))
f(x3(t))

1
f(x3(t))

⎤
⎥⎥⎥⎦ (75)

where

f(x3(t)) = 1− ρ2cos2(x3(t)) (76)

and p1(t) = x3(t) amd p2(t) = x4(t).

B. T–S Fuzzy Model 1

This section simply executes the previous version of the TP
model transformation on (75). Let p1(t) = x3(t) and p2(t) =
x4(t). The space of the transformation is Ω = [−45◦, 45◦]×
[−45◦, 45◦]. The number of the resulting rules is 5× 2 = 10.
The membership functions are depicted on Fig. 8. The resulting
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Fig. 7. Membership functions of T–S fuzzy model 4.

Fig. 8. Membership functions of T–S fuzzy model 1.

Fig. 9. Membership functions of T–S fuzzy model 2.

membership functions are the same as in the publication [6]. The
problem here is that the membership function system of the first
dimension is complex, making the manipulation of the convex
hull defined by the vertexes challenging [6].

C. T–S Fuzzy Model 2

In order to decrease the nonlinear complexity of the model let
us define the parameter space as p1(t) = x3(t), p2(t) = x4(t),
p3(t) =

1
f(x3(t))

, where a new dimension is introduced. LetΩ =

[−45◦, 45◦]× [−45◦, 45◦]× [1, 1.05]. Executing the proposed
TP model transformation, we obtain4× 2× 2 = 16 fuzzy rules.
The resulting membership functions are depicted on Fig. 9. The
rank, hence, the number of, and nonlinear complexity of the
membership functions on the first dimension is considerably
decreased. Thus, the convex hull manipulation leads to a more
simple task and a more fine tuning of the convex hull can be
performed. The price we have to pay is that a new dimension
of the parameter space is introduced, which increases the total
number of rules.
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Fig. 10. Membership functions of T–S fuzzy model 3.

D. T–S Fuzzy Model 3

In order to further decrease the complexity of the first
dimension, let us define the parameter space as p1(t) =
sin(x3(t)), p2(t) = x4(t), and p3(t) = cos(x3(t)). Thus,
Ω = [−0.8, 0.8]× [−45◦, 45◦]× [0, 0.8]. The resulting number
of fuzzy rules is 2× 3× 2 = 12. The membership functions are
given on Fig. 10. We minimized the rank on the first dimen-
sion. However, the selected parameter on the third dimension
introduces three membership functions. In contrast to T–S fuzzy
model 2, we have achieved a reduction since the maximal num-
ber of the membership functions on any dimension is three. Even
the simplest variant of the CNO transformations can be executed
since a triangular fitting is needed only in the case of three
membership functions. In conclusion, we have a considerably
less complex model.

E. T–S Fuzzy Model 4

Let us define the parameter space as p1(t) = x4(t)sin(x3(t)),
p2(t) =

1
f(x3(t))

and p3(t) = ρcos(x3(t)), and Ω = [0, 0.6]×
[1, 1.05]× [0.1, 0.2]. Executing the proposed TP model trans-
formation, we obtain only eight fuzzy rules, which is even less
than in the case of T–S fuzzy model 1 (that was the minimum

Fig. 11. Membership functions of T–S fuzzy model 4 and 5.

Fig. 12. Membership functions of T–S fuzzy model 6.

derived by the previous TP model transformation). The mem-
bership functions are given on Fig. 11. This is the simplest
variant (both in number of rules and nonlinear complexity of the
antecedents) in contrast to the T–S fuzzy models 1–3. Again,
model 1 was the simplest possible variant using the previous
TP model transformation. In case of further control design, the
simplest LMI systems can be used since the vertexes are assigned
to intervals only.

F. T–S Fuzzy Model 5

Let us define the parameter space as p1(t) =
x4(t)sin(x3(t))

f(x3(t))
,

p2(t) =
1

f(x3(t))
, and p3(t) = cos(x3(t)). and Ω = [0, 0.6]×

[1, 1.05]× [0.7, 1]. Executing the proposed method the resulting
number of fuzzy rules is eight again. The membership functions
are given on Fig. 11. As a matter of fact, the consequents are
different from T–S fuzzy model 4, hence, this will leads to
alternative control solution.
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G. T–S Fuzzy Model 6

Let us define the parameter space as p1(t) =
x4(t)sin(x3)(t)

f(x3(t))
, p2(t) = 1

f(x3(t))
, p3(t) =

ρcos(x3(t))
f(x3(t))

and p4(t) =
ρ2x4(t)cos(x3(t))sin(x3(t))

f(x3(t))
, and Ω = [0, 0.6]× [1, 1.05, 0.1, 0.2]

× [0.7, 1]× [0, 0.02]. Executing the proposed TP model
transformation the resulting number of fuzzy rules is 16. The
membership functions are given on Fig. 12.

VI. CONCLUSION

This article showed that the proposed radically new extension
of the TP model transformation is capable of transforming a
given T–S fuzzy model to an alternative input space in which the
intervals, number of inputs, and their nonlinear gains can be var-
ied. Thus, the extended version can manipulate all components
and parameters in the resulting T–S fuzzy model representation
of a given function. The resulting T–S fuzzy model provided
further opportunities for the complexity relaxation of the an-
tecedents, decreasing the number of rules. Furthermore, convex
hull manipulation can be performed for control design optimiza-
tion. The proposed extension retains all the beneficial features
of the previous TP model transformation. These new features
considerably increased the capability of the TP model transfor-
mation to achieve flexible performance, and brought new aspects
into the theories of complexity reduction and optimal control.
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