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Static Output Feedback Control of Switched
Nonlinear Systems With Actuator Faults

Meng Zhang , Peng Shi , Fellow, IEEE, Chao Shen , and Zheng-Guang Wu

Abstract—This paper is focused on the static output feedback
(SOF) control problem for a class of switched nonlinear systems
with actuator faults. By means of the Takagi–Sugeno fuzzy model,
the switched nonlinear plant is described by a family of switched
fuzzy systems. Considering transmission failures may occur be-
tween controller and actuator, a reliable SOF controller against
actuator faults is designed. Sufficient conditions are developed to
guarantee the existence of the reliable SOF controller. Further-
more, an iterative algorithm is designed to determine the controller
gains, which avoids the conservatism brought by the traditional
singular value decomposition method. To validate the effectiveness
of the proposed approach, a numerical example is exploited and
simulation results are also presented.

Index Terms—Actuator faults, fuzzy systems, reliable control,
switched systems, static output feedback (SOF) control.

I. INTRODUCTION

NONLINEARITIES exist commonly in real world and
practical systems are usually nonlinear. Therefore, the in-

vestigation of nonlinear systems have been paid considerable
attention recently. Since its publication, Takagi–Sugeno (T–S)
fuzzy model has been widely recognized as an effective tool to
model nonlinear systems [1]. The essential merit of T–S fuzzy
models relies on that it is capable of approximating smoothly
nonlinear systems to a required precision. Utilizing T–S fuzzy
models, the last several decades have witnessed an increasing
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interest in fuzzy systems, and accordingly, many achievements
have been made in this field [2]–[6]. Compared with common
fuzzy systems, there also exist a kind of fuzzy systems that are
more complex, namely switched fuzzy systems [7]. In spite of
their complexities, some important results on switched fuzzy
systems have been published in the literature. To mention a few,
the problem of model approximation for switched fuzzy sys-
tems have been reported in [8], filter design of switched fuzzy
systems considering random packet dropouts and time-varying
delay has been addressed in [9], asynchronous H∞ control of
switched fuzzy systems has been investigated in [10].

In most cases, the stabilization problem of control systems
focuses on state feedback control, which is based on the pre-
requisite that system states are available. When system states
are not available in some practical situations, state observers are
often used to estimate system states and the estimated states will
be used as alternatives to realize the control purpose, which is
also named as dynamic output feedback (DOF) control in the
literature. DOF is quite effective to deal with some simple con-
trol systems, nevertheless, for complex systems, the inclusion
of state observers will make the control problems become more
complicated and even difficult to solve. Compared with DOF,
static output feedback (SOF) is more reasonable in practice and
less expensive to be implemented. Meanwhile, it has been proved
in [11] that DOF can be transformed into SOF, which implies that
SOF is quite useful in practice. Therefore, it is of no doubt that
SOF is popular and has been extensively reported by researchers.
For instance, in [12], a system augmentation approach has been
proposed to study SOF control of linear Markovian jump sys-
tems (MJSs). In [13], a less conservative method on SOF has
been presented, where the Lyapunov function does not have to
be diagonal. In [14], Cheng et al. have solved SOF control of
nonhomogeneous MJSs with asynchronous time delays.

On another research front, due to the complexity of modern
industrial applications such as networked control systems [15]–
[19], flight control systems [20], and communication systems,
actuator faults occur inevitably, which will result in instabil-
ity or poor performance of control systems [21]. To ensure the
desired stability and satisfactory performance of control sys-
tems, the negative effects caused by actuator faults have to be
considered when designing control, thus it is crucial to develop
reliable control in the presence of actuator faults. Over the past
decades, substantial progress has been made on reliable con-
trol and related works can be found in, for example, [22]–[24]
and references therein. Despite many efforts have been devoted
to reliable control, it is noted that up to now, among all the
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existing works related to reliable control, there are only a few re-
sults concerned with reliable control of switched fuzzy systems,
especially for reliable SOF control of switched fuzzy systems,
which motivates us to carry out this paper.

Summarizing the abovementioned discussions, we concen-
trate on the stabilization problem for a family of switched fuzzy
systems that suffered with actuator faults. Since it is well rec-
ognized that SOF is more effective and practical than dynamic
output feedback and state feedback to some extent, a reliable
SOF controller (RSOFC) is thus designed to realize the control
purpose. The stochastic stability of a closed-loop system is ana-
lyzed utilizing the basis-dependent Lyapunov function approach
and a prescribed dissipative disturbance attenuation constraint
is also considered. To determine the controller gains of the de-
signed RSOFC, the singular value decomposition and matrix
inequality techniques are considered first. However, within this
framework, the output matrices must be constant and full row
rank. To avoid this drawback, an iterative algorithm is thus intro-
duced and the desired controller gains are available by solving
linear matrix inequalities iteratively. In the end, an example from
the literature is used to illustrate the proposed design method and
simulation results are presented.

The remainder of this paper is organized as follows. Section II
presents the preliminaries and problem to be considered.
Section III analyzes the stability and prescribed performance
of a closed-loop system. Section IV completes the controller
design synthesis and the developed theoretical results are veri-
fied by a numerical example in Section V. Finally, Section VI
concludes this paper.

Notation: The notations are fairly standard throughout this
paper. The notation X > 0 (X ≥ Y ) refers to X is positive def-
inite (positive semidefinite). l2[0,+∞) is the space of square-
integrable vector functions over [0,+∞). 0 and I represent the
zero matrix and the identity matrix with compatible dimen-
sions, respectively. Also, E{x} denotes the expectation of x and
E{x|y} denotes the expectation of x conditional on y, respec-
tively. ∗ within a matrix stands for the symmetric terms. Finally,
unless otherwise stated, it is assumed that all the matrices have
suitable dimensions for algebraic operations.

II. PROBLEM STATEMENT

The nonlinear system under consideration is described utiliz-
ing the following switched T–S fuzzy model:

IF θ1k is Mi1, θ2k is Mi2, . . ., and θpk is Mip, THEN

⎧
⎪⎪⎨

⎪⎪⎩

x(k + 1) = Ark,ix(k) +Brk,iu(k) + Crk,iw(k)

z(k) = Drk,ix(k) + Erk,iu(k) + Frk,iw(k)

y(k) = Grk,ix(k), i = 1, 2, . . . , r

(1)

where θjk ∈ {θ1k, θ2k, . . . , θpk} is the premise variable, Mij is
a given fuzzy set, and r is the total number of IF–THEN rules;
x(k) ∈ Rn is the system state; u(k) ∈ Rn is the control input;
w(k) ∈ Rm is the exogenous disturbance contained in l2[0,∞);
z(k) ∈ Rv denotes the regulated output; and y(k) ∈ Rq denotes
the measurement output.

The variable rk is the switching signal that used to charac-
terize the switching phenomena. For rk ∈ {1, 2, 3, . . . , L}, sys-
tem parameters Arki, Brki, Crki, Drki, Erki, Frki, and Grki are
known and their dimensions are compatible for algebraic opera-
tion. Meanwhile, for l ∈ {1, 2, 3, . . . , L}, the variable rk is state
independent and satisfies

Pr
{
rk = l

}
= πl, 0 ≤ πl ≤ 1 (2)

and

π1 + π2 + · · ·+ πL = 1 (3)

where πl stands for the probability of the lth subsystem being
activated. The work [25] has elaborated on the acquisition of πl

and switching mechanism of rk, thus more details can be found
in [25].

According to related works on T–S fuzzy systems, fuzzy ba-
sis functions are crucial for the following analysis and design.
Therefore, it is necessary to implement the standard defuzzifier
and fuzzifier operations, and then the normalized fuzzy basis
functions are given as

hi(θk) =
�i(θk)

∑r
i=1 �i(θk)

(4)

with �i(θk) =
∏p

j=1 Mij(θjk) and θk = [θ1k, θ2k, . . . , θpk]
where Mij(θjk) refers to the grade of membership of θjk in
Mij [26]. In what follows, hi(θk) is denoted as hi for simplic-
ity. On the other hand, for any i = {1, 2, . . . r}, hi satisfies

hi ≥ 0,

r∑

i=1

hi = 1 (5)

which will be used in later calculations.
Utilizing aforementioned notations, a compact form of the

system (1) is described as
⎧
⎪⎪⎨

⎪⎪⎩

x(k + 1) = Alhx(k) +Blhu(k) + Clhw(k)

z(k) = Dlhx(k) + Elhu(k) + Flhw(k)

y(k) = Glhx(k)

(6)

with

Alh =

r∑

i=1

hiAli, Blh =

r∑

i=1

hiBli

Clh =

r∑

i=1

hiCli, Dlh =

r∑

i=1

hiDli

Elh =

r∑

i=1

hiEli, Flh =

r∑

i=1

hiFli

Glh =

r∑

i=1

hiGli (7)

and h � (h1, h2, . . . , hr) ∈ ρ where ρ are basis functions satis-
fying (5).

The objective of this paper is to design an SOF controller to
stabilize the switched fuzzy system (6). Based on the parallel
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distributed compensation method, the particular expression of
the SOF controller is given as

ū(k) = Klhy(k) (8)

with

Klh =
r∑

j=1

hjKlj . (9)

Since when control signals transmitting from controller to
actuator, some unexpected faults may occur, the actual control
input with actuator faults is modeled as

u(k) = βū(k) (10)

where the variable β characterizes faults of the actuator and it
is defined as β := diag{β1, β2, . . . , βn}.

It should be noted that βi(i = 1, 2, . . . , n) satisfies

0 ≤ β
i
≤ βi ≤ βi ≤ 1 (11)

in which βi and β
i

are the upper and lower bounds of βi, re-
spectively. Next, defining

β := diag{β1, β2, . . . , βn}
β := diag{β

1
, β

2
, . . . , β

n
}

βa := diag

{
β1 + β

1

2
,
β2 + β

2

2
, . . . ,

βn + β
n

2

}

βb := diag

{
β1 − β

1

2
,
β2 − β

2

2
, . . . ,

βn − β
n

2

}

. (12)

Thus, β can be described as

β = βa +Δ
(13)

where

Δ = diag{Δ1,Δ2, . . . ,Δn}, |Δi| ≤ βb.

With the abovementioned notations, the closed-loop system of
(6) with the controller (10) can be written as follows:

{
x(k + 1) = Ālhx(k) + Clhw(k)

z(k) = D̄lhx(k) + Flhw(k)
(14)

where

Ālh = Alh + βBlhKlhGlh, D̄lh = Dlh + βElhKlhGlh.

Before ending this section, it is necessary to present some
definitions that will be helpful in the subsequent sections.

Definition 1: For any initial condition and under the case of
w(k) ≡ 0, the closed-loop system (14) is called stochastically
stable provided the following condition can be satisfied:

E

{ ∞∑

k=0

‖ς(k)‖2|ς(0)
}

< ∞. (15)

Definition 2 [27]: Consider the following performance
function

J(z(k), w(k), T ) =

T∑

k=0

E{G(z(k), w(k))}

with

G(z(k), w(k)) = zT (k)Qz(k) + 2zT (k)Sw(k) + wT (k)Rw(k)

where matricesQ,R, andS are given and satisfyingQ=QT<0,
R = RT . For any integer T > 0, if 0 ≤ J(z(k), w(k), T ) holds
under zero initial condition, then the closed-loop system (14) is
said to be dissipative. Moreover, if

τ

T∑

k=0

E{wT (k)w(k)} < J(z(k), w(k), T ) (16)

holds for a scalar τ > 0, then the closed-loop system (14) is
strictly dissipative with the given performance index τ [28].

Now, the problem to be solved in this paper is formulated
as follows. For a given index τ and the switched fuzzy system
(6), design an RSOFC (10) to ensure the closed-loop system
(14) is strictly (Q, S , R) dissipative and stochastically stable.
In particular, verifiable conditions should be derived to ensure
the existence of the controller (10). Meanwhile, the designed
controller (10) should guarantee conditions (15) and (16) are
satisfied simultaneously for the closed-loop system (14).

Remark 1: It should be underscored that the actuator faults
model used in this paper is fairly general. When choosing ap-
propriate values for parameters β

i
and βi, the actuator faults

model can be reduced to some special cases. In particular, tak-
ing β

i
=βi = 1, it corresponds to the fully operating case and

no actuator faults occur; taking β
i
=βi = 0, it corresponds to

the outage case and no control signals can be transmitted to the
actuator; taking 0 < β

i
≤ βi < 1, it corresponds to the case that

the actuator faults occur with varying degrees.
Remark 2: The essential of dissipative systems is that the

amount of energy they stored cannot exceed that supplied by the
external environment or systems connected with them. Due to
the nice property of dissipative systems, they have been exten-
sively investigated in the control field. From another perspec-
tive, dissipative systems are actually a generalization of passive
systems [29]–[31] and they exist commonly in real world appli-
cations, such as mechanical systems and electrical systems.

III. RELIABILITY AND DISSIPATIVITY ANALYSIS

Based on the fuzzy basis-dependent technique, the stochastic
stability and prescribed dissipative performance of the closed-
loop system (14) is investigated in this section. Moreover, it is
proved that the designed controller (10) is reliable to deal with
actuator faults. Before presenting the main result, the following
Lemma, which will be used in the subsequent proof, is intro-
duced first.

Lemma 1 [32]: For real matrices Ξ = ΞT , U , and H that have
compatible dimensions, the inequality

Ξ +HΛU + UTΛTHT < 0 (17)
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holds for any matrix Λ satisfying ΛTΛ ≤ I iff there exist some
ε > 0 such that

Ξ + ε−1HHT + εUTU < 0 (18)

or equivalently
⎡

⎢
⎣

Ξ H εUT

HT −εI 0

εU 0 −εI

⎤

⎥
⎦ < 0.

Then, we are in a position to present the reliability and dissi-
pativity analysis, which is the basis for the subsequent controller
design. The main result of this part is contained in the following
theorem.

Theorem 1: Consider the switched fuzzy system (6) with
given controller gains and a predefined scalar τ > 0, if we can
find matrices Nli > 0, Pi > 0, Klj > 0 such that

L∑

l=1

πlNli < Pi (19)

Θtlij +Θtlji < 0, (i ≤ j) (20)

where

Θtlij =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−P−1
t 0 Ălij Cli 0 εβbBli

∗ Q−1 D̆lij Fli 0 εβbEli

∗ ∗ −Nli −DT
liS θ35 0

∗ ∗ 0 −θ44 0 0

∗ ∗ ∗ ∗ −εI 0

∗ ∗ ∗ ∗ ∗ −εI

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Ălij = Ali + βaBliKljGli, D̆lij = Dli + βaEliKljGli

θ35 = GT
liK

T
lj , θ44 = R+ 2FT

li S − τI

then the stochastic stability and the dissipative performance τ
of the closed-loop system (14) can be ensured.

Proof: Based on the fuzzy basis functions defined in
Section II, it follows from (20) that

r∑

i=1

r∑

j=1

r∑

t=1

hihjhtΘtlij

=
r∑

t=1

ht

⎧
⎨

⎩

r∑

i=1

h2
iΘtlii +

r−1∑

i=1

r∑

j=i+1

hihj(Θtlij +Θtlji)

⎫
⎬

⎭

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−P−1
h+ 0 Ă′

lh Clh 0 εβbBlh

∗ Q−1 D̆′
lh Flh 0 εβbElh

∗ ∗ −Nlh −DT
lhS θ′35 0

∗ ∗ 0 −θ′44 0 0

∗ ∗ ∗ ∗ −εI 0

∗ ∗ ∗ ∗ ∗ −εI

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

< 0

with

Ă′
lh = Alh + βaBlhKlhGlh

D̆′
lh = Dlh + βaElhKlhGlh

θ′35 = GT
lhK

T
lh

θ′44 = R+ 2FT
lhS − τI.

It is noted that the condition (20) shows Θtlii < 0 (i = j) and
Θtlij +Θtlji < 0 (i ≤ j), which together with basic fuzzy prin-
ciples result in the abovestated inequality [3]. On the other hand,
a combination of the Schur complement and the abovestated in-
equality yields

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

−P−1
h+ 0 Ă′

lh Clh

∗ Q−1 D̆′
lh Flh

∗ ∗ −Nlh −DT
lhS

∗ ∗ 0 −θ44

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

+ε

⎡

⎢
⎢
⎢
⎣

βbBlh

βbElh

0

0

⎤

⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎣

βbBlh

βbElh

0

0

⎤

⎥
⎥
⎥
⎦

T

+ ε−1

⎡

⎢
⎢
⎢
⎣

0

0

GT
lhK

T
lh

0

⎤

⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎣

0

0

GT
lhK

T
lh

0

⎤

⎥
⎥
⎥
⎦

T

< 0

and by noting the inequality in (13), one hasΔTΔ < βT
b βb, thus

it is obvious that

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

−P−1
h+ 0 Ă′

lh Clh

∗ Q−1 D̆′
lh Flh

∗ ∗ −Nlh −DT
lhS

∗ ∗ 0 −θ′44

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

+ε

⎡

⎢
⎢
⎢
⎣

ΔBlh

ΔElh

0

0

⎤

⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎣

ΔBlh

ΔElh

0

0

⎤

⎥
⎥
⎥
⎦

T

+ ε−1

⎡

⎢
⎢
⎢
⎣

0

0

GT
lhK

T
lh

0

⎤

⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎣

0

0

GT
lhK

T
lh

0

⎤

⎥
⎥
⎥
⎦

T

< 0.

According to Lemma 1, the abovestated inequality readily
becomes

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

−P−1
h+ 0 Ālh Clh

∗ Q−1 D̄lh Flh

∗ ∗ −Nlh −DT
lhS

∗ ∗ 0 −θ′44

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

< 0. (21)

Then, consider the following Lyapunov function candidate:

V (k) = xT (k)Phx(k), Ph =

r∑

i=1

hiPi. (22)
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Along the trajectories of closed-loop system (14), the difference
of V (k) is calculated as

E{ΔV (k)} = E{Vk+1|x(k)} − V (k)

= E{xT (k + 1)Ph+x(k + 1)} − xT (k)Phx(k)

=

[
x(k)
w(k)

]T L∑

l=1

W1lh

[
x(k)
w(k)

]

− xT (k)Phx(k)

where

W1lh =

[
ĀT

lh

CT
lh

]

Ph+

[
ĀT

lh

CT
lh

]T

.

Under the case of w(k) = 0, the difference of V (k) becomes

E{ΔV (k)} = xT (k)

(
L∑

l=1

πlĀ
T
lhPh+Ālh − Ph

)

x(k)

≤ xT (k)

L∑

l=1

πl

(
ĀT

lhPh+Ālh −Nlh

)
x(k).

Applying the Schur complement to (20), it follows that

ĀT
lhPh+Ālh −Nlh < 0

i.e., E{ΔV (k)} < 0, which meets the requirement of
Definition 1 and thus the stochastic stability of the closed-loop
system (14) is verified.

Next, to achieve the dissipative performance of the closed-
loop system (14), considering the following performance
function:

E{ΔV (k) + τwT (k)w(k)− G(z(k), w(k)}
= E{ΔV (k)− zT (k)Qz(k)− 2zT (k)Sw(k) + wT (k)

× (τI −R)w(k)}

=

[
x(k)

w(k)

]T L∑

l=1

πl

(

W2lh −
[
Ph D̄T

lhS
∗ θ′44

])[
x(k)

w(k)

]

≤
[
x(k)

w(k)

]T L∑

l=1

πl

(

W2lh −
[
Nlh D̄T

lhS
∗ θ′44

])[
x(k)

w(k)

]

where

W2lh =

[
ĀT

lh

CT
lh

]

Ph+

[
ĀT

lh

CT
lh

]T

+

[
D̄T

lh

FT
lh

]

Q
[
D̄T

lh

FT
lh

]T

and the inequality is induced by
∑L

l=1 πlNlh < Ph and (3).
Combining the Schur complement with (21) implies that

W2lh −
[
Nlh D̄T

lhS
∗ θ′44

]

< 0

which clearly means that

E{ΔV (k) + τwT (k)w(k)− G(e(k), w(k))} < 0

for k = 0, 1, 2, . . . , T . Summing up the left and right sides of
the abovestated inequality simultaneously, it is obvious that

T∑

k=0

E{ΔV (k) + τwT (k)w(k)− G(e(k), w(k))} < 0.

Considering zero-initial conditions and V (k) ≥ 0, one readily
obtains

T∑

k=0

E{τwT (k)w(k)− G(e(k), w(k))} < 0

from which it is concluded that the inequality (16) holds. There-
fore, the predefined dissipitivity of the closed-loop system (14)
is ensured and the proof is completed. �

Remark 3: It should be clarified that for the switched fuzzy
systems (6), two subsystems cannot be activated simultaneously,
that is

{
Pr{rk = l1, rk = l2} = πl1 , l1 = l2
Pr{rk = l1, rk = l2} = 0, l1 
= l2

(23)

for any l1, l2 ∈ {1, 2, 3, . . . , L} [7]. Accordingly, it can be
checked that

E{πl1πl2} =

{
πl1 , l1 = l2

0, l1 
= l2.
(24)

IV. CONTROLLER DESIGN

In this section, the purpose is to solve the controller gains
in (10). It may be found that condition (20) is not strictly lin-
ear, thus one has to linearize condition (20) such that it can be
handled by mathematical softwares. Toward this end, two differ-
ent linearization procedures are presented. The first is based on
singular value decomposition and matrix inequality techniques,
whereas the other is based on an iterative algorithm.

It should be underscored that to use the first linearization pro-
cedure, a constraint on output matrix Gli has to be imposed,
namely Gli must be invariant and full row rank (Gli = G). In
particular, using the standard singular value decomposition, G
is decomposed as

G = G1

[
G2 0

]
GT

3 (25)

with

G1G
T
1 = I, G3G

T
3 = I. (26)

On the other hand, it needs to construct a slack matrix Y such
that controller gains can be solved

Y = G3

[
G−1

2 GT
1 Y1 0

Y2 Y3

]

GT
3 (27)

where Y1, Y2, and Y3 are free matrices. In the following theo-
rem, we are ready to solve the controller gains using the first
linearization procedure.

Theorem 2: Given the switched fuzzy system (6) and a pre-
defined scalar τ > 0, a feasible controller (10) exists such that
the closed-loop system (14) is stochastically stable with the pre-
scribed dissipative performance τ , if matrices N̂li > 0, P̄i > 0,
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K̂lj > 0, and a scalar ε > 0 can be found such that

L∑

l=1

πlN̂li < P̂i (28)

Θ̂tlij + Θ̂tlji < 0, (i ≤ j) (29)

where

Θ̂tlij =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Pt 0 Âlij Cli 0 εβbBli

∗ Q−1 D̂lij Fli 0 εβbEli

∗ ∗ −N̂li −θ̂34 θ̂35 0

∗ ∗ 0 −θ44 0 0

∗ ∗ ∗ ∗ −εI 0

∗ ∗ ∗ ∗ ∗ −εI

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

and

N̂li = Y TNliY

P̂t = Y TPtY

Pt = P̂t − Y T − Y

Âlij = AliY + βaBliK̂liG
T
3

D̂lij = DliY + βaEliK̂liG
T
3

K̂lj =
[
Ǩlj 0

]

θ̂34 = Y TDT
liS

θ̂35 = G3K̂
T
li .

Furthermore, the controller gains can be inferred as

Klj = ǨljY
−1
1 . (30)

Proof: Since N̂li = Y TNliY and P̂t = Y TPtY , it is obvi-
ous that by pre-multiplying Y −T and post-multiplying Y T to
the inequality (28), we can readily get the condition (19).

Recalling

Y TPtY − Y − Y T ≥ −P−1
t (31)

which means Pt ≥ −P−1
t . Combine this with condition (29),

we have

Θ̄tlij + Θ̄tlji < 0, (i ≤ j) (32)

where

Θ̄tlij =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−P−1
t 0 Âlij Cli 0 εβbBli

∗ Q−1 D̂lij Fli 0 εβbEli

∗ ∗ −N̂li −θ̂34 θ̂35 0

∗ ∗ 0 −θ44 0 0

∗ ∗ ∗ ∗ −εI 0

∗ ∗ ∗ ∗ ∗ −εI

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Noting that based on (25)–(27) and (30), the following is
deduced:

K̂ljG
T
3 =

[
Ǩlj 0

]
GT

3

= Klj

[
Y1 0

]
GT

3

= KljG1

[
G2 0

]
GT

3 G3

[
G−1

2 GT
1 Y1 0

Y2 Y3

]

GT
3

= KljGY.

Now it is clear that replacing K̂ljG
T
3 withKliGY in the inequal-

ity (29), then performing a congruence transformation to (29) by
diag{Y −T , I, Y −T , I, I, I}, the inequality (20) follows imme-
diately. Therefore, the conditions of Theorem 2 can be derived
from that of Theorem 1, which completes the proof. �

Noting that in Theorem 1, although the resulting conditions
(28) and (29) are strictly linear and the controller gains are given
explicitly, some constraints have to be met for the output matrix.
In particular, Gli must be invariant and full row rank, which
inevitably brings some conservatism to the controller design
scheme. To circumvent this problem, we borrow the idea of
Ghaoui et al.[33], where a new variable is used to replace the
inverse matrix of Pt, and then utilize an iterative algorithm to
guarantee the new variable matches with the inverse matrix ofPt.
As a result, the conditions given in Theorem 1 can be linearized
and corresponding controller gains can be solved.

The iterative algorithm proposed in [33] is referred as cone
complementarity linearization (CCL) algorithm, with which it is
possible to convert the nonconvex problem in Theorem 1 into a
sequential optimization problem. Specifically, the essential idea
of CCL is to introduce a new inequality

[
Pt I

I Qt

]

≥ 0. (33)

If (33) is feasible for positive definite matrices Pt and Qt,
then tr(PtQt) ≥ n holds. Moreover, it can be observed that
tr(PtQt) = n ⇔ PtQt = I , that is, Qt can be used to replace
the inverse of Pt if tr(PtQt) = n. According to this, we replace
the term P−1

t in (20) with Qt, then the optimization problem
need to be solved is formulated as follows.

Problem RSOFC:
Minimize tr(PtQt)
subject to (19), (20), and

[
−Pt −I

−I −Qt

]

≤ 0. (34)

Based on the conclusion of the work in [33], when the solu-
tion of min tr(PtQt) = rn, the RSOFC optimization problem is
solvable and the conditions of Theorem 1 are satisfied. Now, by
modifying [33, Algorithm 1], the specific steps of the proposed
algorithm are carried out in the following.

Algorithm RSOFC
Step 1: Given a performance index τ and a maximum permis-

sion iterative number Z > 0.
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Step 2: Find feasible matricesP 0
t ,Q0

t ,N0
li, andK0

lj and scalar
ε0 that satisfy inequalities (19), (20), and (34). Set iteration num-
ber ρ = 0.

Step 3: Check whether ρ < Z. If ρ < Z, continue. Otherwise,
exit.

Step 4: Solve the following convex problem:
Minimize trace

∑r
t=1(PtQ

ρ
t + P ρ

t Qt)
subject to (19), (20), and (34).
Step 5: Substitute obtained matrices Pt, Qt, Nli, Klj , and

ε into (19) and (20). If (19) and (20) can be satisfied and the
following inequality:

∣
∣
∣
∣
∣

r∑

t=1

(PtQ
ρ
t + P ρ

t Qt)− 2rn

∣
∣
∣
∣
∣
< σ (35)

holds for a sufficiently small scalar σ > 0, then output the re-
sulting gains Klj and exit.

Step 6: If any one of the inequalities (19), (20), or (35) in
Step 4 is not satisfied, set ρ = ρ+ 1, P ρ+1

t = P ρ
t , Qρ+1

t = Qρ
t ,

Nρ+1
li = Nρ

li, K
ρ+1
lj = Kρ

lj , ερ+1 = ερ, and go to Step 3.
Remark 4: The singular value decomposition and matrix in-

equality techniques are utilized in Theorem 2 to solve the con-
troller gains, as a result, the conditions given in Theorem 2 are
easy to verify and tractable with MATLAB. Despite that the
design conservatism of Theorem 2 is also obvious, that is,
the slack matrix Y must be endowed with a special structure and
the bounding inequality (31) is needed. In the iterative algorithm
we provided previously, the derived conditions are equivalent to
that of Theorem 1, thus no conservatism is introduced theoret-
ically. Nevertheless, when the numbers of switching models or
fuzzy rules increase, the computation burden of the RSOFC al-
gorithm will become far more larger than that of Theorem 2,
which is the main drawback of the RSOFC algorithm. In [34],
the advantages and disadvantages of both procedures have been
discussed in detail.

V. NUMERICAL EXAMPLE

In this section, a numerical example borrowed from [10] is
used to test the effectiveness and performance of the RSOFC
(10).

Consider the switched fuzzy system (1) with following
parameters:

A11 =

[−0.45 0.2

0.8 −0.52

]

, A12 =

[
0.85 −0.6

0.3 −1.36

]

B11 =

[
0.1

−0.8

]

, B12 =

[−0.2

−0.6

]

C11 =

[
0.7

1.1

]

, C12 =

[−0.5

1.2

]

D11 =
[
0.2 0.3

]
, D12 =

[
0.9 −0.35

]

E11 = −0.3, E12 = 0.4, F11 = 0.5, F12 = −1

A21 =

[
0.6 −0.1

1.6 −0.31

]

, A22 =

[
1.31 0.1

0.6 0.5

]

B21 =

[
0.6

0.52

]

, B22 =

[
0.45

−0.3

]

C21 =

[
0.5

2.1

]

, C22 =

[
1.16

1.3

]

D21 =
[−0.8 0.6

]
, D22 =

[
0.5 0.33

]

E21 = 0.68, E22 = −0.4, F21 = 0.35, F22 = 0.4

A31 =

[
0.4 −0.2

−0.6 0.45

]

, A32 =

[
−0.9 −0.17

0.1 0.3

]

B31 =

[
−0.8

0.3

]

, B32 =

[
0.1

0.2

]

C31 =

[
−0.9

−0.6

]

, C32 =

[
1.2

0.5

]

D31 =
[−0.5 0.25

]
, D32 =

[−0.2 0.4
]

E31 = 0.2, E32 = −0.8, F31 = −0.5, F32 = −0.9.

The corresponding fuzzy membership functions are given as

h1 =
1− xi(k)

2
, h2 =

xi(k) + 1

2
, i = 1, 2

whereas the exogenous disturbance w(k) is assumed to be

w(k) = 2sin(k)e−0.2k.

Besides, we choose dissipative parameters as Q = −0.09,
S = −2,R = 20 and switching probabilities as π1 = 0.2, π2 =
0.3, π3 = 0.5 (see Fig. 1).

Then, the essential purpose to be achieved is that under given
fuzzy rules and switching signals, design an RSOFC (10) that
satisfies conditions (15) and (16). To this end, setting dissipative
performance index τ = 3.5 and maximum permission iterative
number Z = 100 and then following the steps of the proposed
RSOFC algorithm in Section IV, we readily obtain the iterative
number is 11 and the feasible controller gains are

K1,1 = 1.222, K1,2 = −0.529

K2,1 = −1.717, K2,2 = −3.816

K3,1 = 1.409, K3,2 = 2.220.

In Fig. 2, the actuator faults model is presented clearly, which
shows the variable β used to characterize faults of the actuator
varies between 0.6 and 0.8. It can be easily checked that the
open-loop system is unstable, then in Fig. 3, closed-loop sys-
tem state responses are presented. The curves of Fig. 3 indicate
that the designed RSOFC is effective to stabilize the open-loop
system in the presence of actuator faults, and thus the reliabil-
ity of the designed RSOFC is demonstrated. Fig. 4 depicts the
curves of control input ū(k) and actual input u(k), which are
different due to the existence of actuator faults. Finally, to check
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Fig. 1. Switching signals.

Fig. 2. Actuator faults model.

Fig. 3. Closed-loop system state responses.

Fig. 4. Input ū(k) and actual input u(k).

Fig. 5. Dissipative performance of closed-loop system.

TABLE I
ITERATIVE NUMBERS UNDER DIFFERENT τ AND β

the dissipative performance of the closed-loop system, Fig. 5 is
carried out. It is observed from Fig. 5 that the minimum value

of
∑T

i=0 E{G(ω(i),z(i))}
∑T

i=0 E{ω(i)ω(i)} is greater than 19, whereas the prescribed

value is 3.5, hence the designed RSOFC is capable of ensuring
the dissipative performance of the closed-loop system.

To quantitatively validate the dissipative performance of
closed-loop system (14) with controller (10) designed by the
proposed algorithm RSOFC, Table I is presented, which shows
the iterative numbers under different dissipative performance in-
dexes τ and ranges of β. It is observed from Table I that bigger
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dissipative performance indexes and ranges of β result in bigger
iterative numbers, which is consistent with theoretical analy-
sis, hence the effectiveness of the proposed approach is verified.
Moreover, the results established in this paper are fairly general
and cover the results of some existing papers as special cases,
such as, when takingL = 1 andβ = 1 (no switching and no actu-
ator faults), the results of this paper reduce to that of the works in
[13] and [35]; when takingL = 1,β = 1, andCrk,i = Frk,i = 0
(no switching, no actuator faults, and no disturbances), the re-
sults of this paper reduce to that of the work in [36].

VI. CONCLUSION

In this paper, we have investigated SOF control for a class of
switched fuzzy systems in the presence of actuator faults. A re-
liable SOF controller has been designed to ensure the stochastic
stability of the closed-loop system and overcome the negative ef-
fect caused by actuator faults. The derived conditions are proved
to be able to ensure the existence of a feasible controller. More-
over, a prescribed dissipative disturbance attenuation constraint
can also be satisfied. Due to the limitations of the traditional sin-
gular value decomposition approach, an iterative linearization
algorithm is designed to obtain the controller gains. Simulations
are carried out to validate and illustrate the theoretical approach.
Future work will extend current results to some network induced
situations and the algorithm proposed in [37] and [38] may be
used in the investigation.
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