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Abstract—The sliding mode control (SMC) problem is studied
for interval type-2 fuzzy semi-Markovian jumping systems sub-
ject to channel fading. To reduce the network burden, a dynamic
event-triggered protocol is adopted to improve the transmission
efficiency. A key feature is that the signal transmission is inevitably
affected by fading phenomenon due to random noise and ampli-
tude attenuation during the wireless communication. The main
challenge lies in designing an appropriate fuzzy control scheme to
achieve the reachability of the specified sliding region in line with
channel fading. Under the common sliding surface, a fuzzy SMC
law is constructed, which is related to the state signals affected
by dynamic event-triggered protocol and channel fading. Then,
by means of the boundary information of the global membership
functions, sufficient conditions to ensure the stochastic stability
of the underlying system, and the system states can be driven
on the specified sliding region within a finite-time interval, which
attenuates the influence of the channel fading. In the end, the
tunnel diode circuit model is simulated to verify the proposed SMC
strategy.

Index Terms—Channel fading, interval type-2 fuzzy (IT2F),
semi-Markovian jumping systems (S-MJSs), stochastic stability.

I. INTRODUCTION

IN MANY complex dynamical systems, the structure and pa-
rameters may change randomly due to sudden environmen-

tal disturbances and uncontrolled component failures. Marko-
vian jumping systems (MJSs) are suitable to describe random
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switching characteristics caused by external factors [1], [2] and
find wide applications, such as aerospace systems, macroeco-
nomic models, and vehicle control systems [3], [4], [5], [6].
Although MJSs can describe the characteristics of multimodal
switching in most practical systems, there still exist some con-
straints, resulting in inaccurate modeling. One of the main
constraints is that the sojourn time (ST) of MJSs is a random
variable with exponential distribution. Due to the memoryless
property of exponential distribution, the system mode switching
is only related to the previous mode. To eliminate this limitation,
semi-Markovian jumping systems (S-MJSs) are introduced into
the field of system control [7]. Compared with MJSs, the ST
of submodes in S-MJSs follows more general distribution types
and the transition rate (TR) among different modes is dependent
on the ST, yielding a wider range of applications. In recent years,
there have been many achievements in the research of S-MJSs
[8], [9], [10], [11], [12], [13], [14].

As a typical fuzzy strategy, Takagi–Sugeno (T-S) fuzzy model
is described by a series of “IF–THEN” rules, approximating
arbitrary nonlinear systems with a set of linearized models in
local scope, which makes nonlinear systems easier to analyze
[15], [16], [17]. For example, a novel fuzzy sliding surface
relating to the singularly perturbed parameter has been con-
structed to adapt the singularly perturbed systems characteristics
for the first time, and the effective observer-based sliding mode
controller has been designed for complex fuzzy systems [17].
Nowadays, type-1 fuzzy model has been widely adopted to
model nonlinear systems. However, the membership function
of type-1 fuzzy set is “exact,” which has some limitations in
dealing with parameter uncertainty. In order to make fuzzy sets
with a stronger ability to handle the parameter uncertainty, the
concept of type-2 fuzzy sets is introduced [18], [19]. Unlike
type-1 fuzzy model, type-2 fuzzy model can better represent
and deal with the system uncertainty, while the disadvantage
is to increase the computational burden. As a special case of
type-2 fuzzy model, interval type-2 fuzzy (IT2F) model not only
retains the advantage of type-2 fuzzy model, but also reduces
the computational complexity. Very recently, many researchers
have paid more and more attention to IT2F model [20], [21],
and successfully conducted in-depth research and generalization
in fuzzy neural network control, dynamic trajectory, diagnostic
fault, and other fields [22], [23], [24]. Due to its outstanding
advantage, IT2F strategy has been successfully applied to MJSs
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and S-MJSs, including guaranteed cost control [13], fault detec-
tion [25], [26], and dissipativity [27], [28].

Sliding mode control (SMC) has been widely concerned be-
cause of its strong robustness to system parameter perturbations
and external disturbances [29], [30]. In essence, SMC belongs
to a special nonlinear control, the biggest feature of which is that
the “structure” is not fixed, and the controller can be switched
according to the current state signal, so that the system state can
move to the equilibrium point along the preset sliding surface.
A review of literature has witnessed the development of SMC
theory, such as fuzzy control [2], [22], [23], [31], [32], MJSs
[33], [34], and S-MJSs [9], [35], [36], [37]. Meantime, with the
increasing diversity of wireless communication, the dynamical
performance is largely restricted by the characteristics of wire-
less channels. In wireless communication, the transmitted signal
is often affected by occlusion, reflection, refraction, and diffrac-
tion of various objects during the propagation process, forming a
multipath signal component to arrive at the receiver. The signal
components of different paths may have different phases and
amplitudes, in which the received signal will be strengthened
and weakened over a short time, resulting in channel fading
[22], [23], [38], [39], [40]. Therefore, to improve the quality of
wireless communication, it is necessary to study and analyze the
transmission characteristics of channel fading.

Another issue is the triggered protocol. Based on the limited
network bandwidth resources, an event-triggered protocol (ETP)
has been developed to reduce the network burden [41], [42].
Compared with time-triggered protocol, the advantage of ETP
lies in effectively reducing the transmitted number of sampled
signals, so as to improve the utilization of computing and com-
munication resources and avoid resource waste. However, it is
worth noting that most of the previous research results focus on
the static ETP [41], [42], that is, the parameter related to the
triggered condition is time invariant. With the in-depth study
of event-triggered rule, the dynamic ETP related to internal
dynamic variable has been proposed to reduce the triggered fre-
quency [22], [23], [43], [44], [45]. The introduction of dynamic
variable makes the triggered policy related to system state in real
time, further reducing the total amount of data transmission in
the network transmission and maintaining the system stability.
Nevertheless, under the framework of dynamic ETP, there is no
relevant literature about SMC for IT2F S-MJSs with channel
fading, which is one motivation of the current work.

Although some excellent results have emerged for IT2F
S-MJSs, there are still some obvious limitations. The corre-
sponding IT2F S-MJSs are investigated based on the framework
of ideal network channels [13], [25], [27], in which it is difficult
to satisfy this strict restriction in complicated communication
networks. Moreover, the existing results for IT2F stochastic
switching systems are studied in light of time-triggered protocol
[13], [25], [26], [27] or static ETP [9], in which the amount
of data transmission is greatly increased. The introduction of
dynamic ETP brings some difficulties to SMC for IT2F S-MJSs.
For IT2F S-MJSs, it is still a problem worthy of further study to
design the dynamic ETP to reduce the burden of network com-
munication. Therefore, how to design an appropriate dynamic
event-triggered SMC law to achieve better dynamic performance

for IT2F S-MJSs with channel fading is still an urgent problem
to be solved, which motivates our study.

Inspired by the abovementioned motivations, this article stud-
ies the protocol-based SMC for IT2F S-MJSs with channel fad-
ing. The main contributions of this work include the following.

1) Compared with IT2F S-MJSs [13], [25], [27] in the pres-
ence of ideal network channels, the SMC problem is first
studied for IT2F S-MJSs under the framework of channel
fading.

2) Different from IT2F stochastic switching systems under
time-triggered protocol [13], [25], [26], [27] or static ETP
[9], the dynamic ETP is adopted to conserve the network
resources efficiently, which can adjust the triggered thresh-
old dynamically.

3) Based on the dynamic ETP, the channel fading, and the
mismatched membership functions, an appropriate SMC
strategy is proposed to ensure the stochastic stability of
the underlying system and the reachability of the specified
sliding region. At the same time, the minimum triggered
interval is obtained to avoid Zeno behavior.

Notations: λmax(X) and λmin(X) denote the maximum and
minimum eigenvalues of the corresponding matrix. E{·} stands
for the expectation operator.

II. PROBLEM FORMULATION

A. System Description

Consider the IT2F S-MJSs with the αth rule
Rule α: IF ξ1(z(t)) is Qα

1 and ξ2(z(t)) is Qα
2 and · · · and

ξb(z(t)) is Qα
b , THEN

ż(t) = (Aα(υt) +�Aα(υt, t))z(t) +Bα(υt)(u(t)

+ ϕα(z(t), υt, t)) (1)

where z(t) ∈ �n and u(t) ∈ �m stand for the system
state and control input, respectively. ξp(z(t)) denote the
premise variables and Qα

p (p = 1, 2, . . . , b; α = 1, 2, . . . , β)
are the fuzzy sets. Aα(υt) and Bα(υt) are the matri-
ces with appropriate dimensions. �Aα(υt, t) is given as
�Aα(υt, t) = Lα(υt)Eα(υt, t)Uα(υt), where Eα(υt, t) satis-
fies ET

α (υt, t)Eα(υt, t) ≤ I . ϕα(z(t), υt, t) means the non-
linearity with ‖ϕα(z(t), υt, t)‖ ≤ πα(υt)‖z(t)‖. The firing
strength for the αth fuzzy rule is denoted by

�α(z(t)) = [�α(z(t)), �̄α(z(t))]

where �α(z(t)) =
∏b

p=1 ρQα
p
(ξp(z(t))) ≥ 0, �̄α(z(t)) =∏b

p=1 ρ̄Qα
p
(ξp(z(t))) ≥ 0, and ρ

Qα
p
(ξp(z(t))) ≤ ρ̄Qα

p
(ξp(z(t)))

with ρ̄Qα
p
(ξp(z(t))) ∈ [0, 1] and ρ

Qα
p
(ξp(z(t))) ∈ [0, 1] being

the lower and upper grades of membership.
{υt, τ}t≥0 := {υq, τq}q∈N≥1

denotes the semi-Markovian
process (SMP) in � = {1, 2, . . . , c}, where {υq}q∈N≥1

is the
ST between the (q − 1)th and qth transitions and {υq}q∈N≥1

means the mode index at the qth transition with TR matrix
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Fig. 1. System structure with dynamic ETP and channel fading.

Σ(τ) = {σ�ς(τ)} given by⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Pr{υq+1 = ς, τq+1 ≤ τ + d|υq = , τq+1 > τ}
= σ�ς(τ)d+ o(d),  �= ς

Pr{υq+1 = ς, τq+1 > τ + d|υq = , τq+1 > τ}
= 1 + σ�ς(τ)d+ o(d),  = ς

where limd→0 o(d)/d = 0with d ≥ 0,σ�ς(τ) ≥ 0 expresses the
TR from  to ς for �=ς , and σ��(τ)=−∑c

ς=1,� �=ς σ�ς(τ)<0.

For the sake of notation, define Aα(υt) � Aα�, Bα(υt) �
Bα�, and �Aα(υt, t) � �Aα�(t). By fuzzy blending, one has
the global model

ż(t) =

β∑
α=1

�α(z(t))[(Aα� +�Aα�(t))z(t)

+Bα�(u(t) + ϕα�(z(t), t))] (2)

with

�α(z(t)) = �α(z(t))φα(z(t)) + �̄α(z(t))φ̄α(z(t))

φ
α
(z(t)) + φ̄α(z(t)) = 1, φ

α
(z(t)), φ̄α(z(t)) ∈ [0, 1]

and
∑β

α=1�α(z(t)) = 1, where φ
α
(z(t)) and φ̄α(z(t)) are the

nonlinear functions that can capture the parameter uncertainty.
Remark 1: Compared with type-1 T-S fuzzy model [2], [3],

[11], [15], [16], [32], IT2F model is adopted to describe S-MJSs,
which makes up for the deficiency of modeling the parameter
uncertainty in type-1 fuzzy strategy. In addition, IT2F model
can effectively capture the parameter uncertainty by using the
upper and lower membership functions, which greatly reduces
the conservatism of the research results.

B. Dynamic ETP With Channel Fading

As shown in Fig. 1, the transmission of system state is reg-
ulated by the dynamic ETP to determine whether the state z(t)
can be released and transmitted to the controller. Let ts(s ∈ N)
be the triggered instant, and the next triggered moment ts+1 is
determined by the following dynamic ETP:

ts+1 = inf

{
t > ts

∣∣∣∣ 1μι(t) + ϑzT (t)Ψ�z(t)

− κT (t)Ψ�κ(t) ≤ 0

}
(3)

where μ > 0, 0 < ϑ < 1, and Ψ� > 0 is the weight matrix.
κ(t) � z(ts)− z(t) represents the error state between the latest
released data z(ts) and the current data z(t). Moreover, ι(t) is
the dynamic variable satisfying the following:

ι̇(t) = −ηι(t) + ϑzT (t)Ψ�z(t)− κT (t)Ψ�κ(t) (4)

with η > 0 and ι(0) = ι0 ≥ 0.
Remark 2: For the dynamic ETP (3) and (4), the parameter

μ > 0 reflects the involvement of dynamic variable ι(t). Obvi-
ously, as the parameter μ increases, the variable ι(t) becomes
less and less involved. The parameter 0 < ϑ < 1 indicates the
triggered tightness. The larger the value of ϑ, the larger the error
κ(t) tolerated by the system. This results in fewer packets being
triggered. In addition, the parameter η stands for the decay rate of
the variable ι(t). In general, choosing a smaller value can make
its attenuation rate less than ϑzT (t)Ψ�z(t)− κT (t)Ψ�κ(t).
Therefore, the parameters in dynamic ETP (3) and (4) can be
selected appropriately to reduce the conservatism.

Lemma 1 [44]: Let μ > 0, 0 < ϑ < 1, Ψ� > 0, η > 0, and
ι0 ≥ 0. For t ∈ R+, the interval dynamic variable ι(t) in the
event-triggered condition (3) with (4) satisfies ι(t) ≥ 0.

Proof: For the dynamic ETP (3) and (4), one has

ι̇(t) + ηι(t) = ϑzT (t)Ψ�z(t)− κT (t)Ψ�κ(t) ≥ −ι(t)
μϑ

which means that ι(t) ≥ ι0e
−(η+ 1

μϑ )t ≥ 0 with ι0 ≥ 0. �
Remark 3: Different from the static ETP [9], [32], [39], [41],

[42], a dynamic ETP is adopted to better improve transmis-
sion efficiency. The triggered condition (3) contains a dynamic
variable ι(t), the value of which can be dynamically adjusted
according to the states z(t) and κ(t). According to Lemma 1,
owing to the nonnegative term ι(t), the triggered interval be-
tween two consecutive triggered moments under dynamic ETP
is not less than that under the static ETP. Therefore, the dynamic
ETP can reduce the number of redundant data more effectively.
In particular, when ι(t) → 0, the dynamic ETP condition (3)
will be transformed into the static ETP form.

Obviously, under the dynamic ETP, only part signals that
meet the triggered condition (3) can be transmitted, and the
limited network communication resources can be effectively
utilized. However, due to the channel fading in the network
transmission process, the signal z(ts) transmitted through the
network communication channel may be affected. Therefore,
the actual signal z̆(ts) transmitted to the controller from [22] is
described as

z̆(ts) = δ(ts)z(ts) (5)

where δ(ts) ∈ [0, 1] is a random variable that follows any prob-
ability density function with mathematical expectation δ̄ and
variance δ̃.

Remark 4: In the fading model (5), the random variable
δ(ts) ∈ [0, 1] is adopted to describe the attenuation degree of
the fading channel. Specifically, when δ(ts) = 1, the actual
transmitted signal cannot be affected by the channel fading,
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normally transmitted to the controller. When δ(ts) = 0, there
is no transmitted signal.

Remark 5: In this article, the dynamic ETP (3) is adopted to
reduce the network burden effectively. However, since the fading
channel phenomenon is inevitable, this work constructs the
fading channel model [22] on the basis of dynamic ETP, in which
the dynamic ETP and the fading coefficient δ(ts) ∈ [0, 1] are
taken into account. Obviously, this design makes the constructed
controller more realistic. In addition, the actual signal received
by the controller is the fading signal z̆(ts)described by the fading
model (5), which also brings great challenges to the subsequent
stability analysis.

C. SMC Law Design

Choose a common sliding function as

γ(t) = Rz(t) (6)

where R is chosen such that RBα� is nonsingular for ∀ ∈ �,
α = 1, 2, . . . , β.

Remark 6: For the existing SMC schemes [2], [32], [33],
a mode-dependent sliding surface is usually constructed. Al-
though the mode switching is considered, it also brings some
problems to the system performance. Frequent switching may
result in unstable sliding motion. Therefore, a mode-independent
sliding surface is constructed to avoid this problem, so as to
effectively ensure the controller performance.

Based on the dynamic ETP and the channel fading, for t ∈
[ts, ts+1), the fuzzy sliding mode controller is constructed as

Rule �: IF o1(z̆(t)) is L�
1 and o2(z̆(t)) is L�

2 and · · · and
of (z̆(t)) is L�

f , THEN

u(t) = W��z̆(ts)− ζ�‖z̆(ts)‖sign(γ(t)) (7)

where the controller gain W�� and scalar ζ� will be designed
later. L�

f (f = 1, 2, . . . , g; � = 1, 2, . . . , �) represent the fuzzy
sets of rule � with premise variables of (z̆(t)). Considering the
unknown membership functions, we reconstruct the member-
ship functions as

ν�(z̆(t)) = ν�(z̆(t))ψ�
(z̆(t)) + ν̄�(z̆(t))ψ̄�(z̆(t))

ψ
�
(z̆(t)) + ψ̄�(z̆(t)) = 1, ψ

�
(z̆(t)), ψ̄�(z̆(t)) ∈ [0, 1]

where
∑

�

�=1 ν�(z̆(t)) = 1, ν�(z̆(t)) =
∏g

f=1 εL�
f
(of (z̆(t))) ≥

0, ν̄�(z̆(t)) =
∏g

f=1 ε̄L�
f
(of (z̆(t))) ≥ 0, and εL�

f
(of (z̆(t))) ≤

ε̄L�
f
(of (z̆(t)))with ε̄L�

f
(of (z̆(t))) ∈ [0, 1] and εL�

f
(of (z̆(t))) ∈

[0, 1] being the lower and upper grades of membership.
Then, the global fuzzy SMC law is inferred as

u(t) =
�∑

�=1

ν�(z̆(ts))
[W��z̆(ts)

− ζ�‖z̆(ts)‖sign(γ(t))
]
. (8)

Remark 7: It is noted that the signals triggered and trans-
mitted by the dynamic ETP may also experience the fading
phenomenon before reaching the controller through the net-
work channel, which brings some challenges to the controller

design. Unlike commonly designed controllers [5], [42], [43],
[44], [45], the SMC law (8) is designed in terms of z̆(ts) and
remains constant between the two triggered moments, making
full consideration of fading phenomenon and dynamic ETP.

Therefore, the closed-loop system is obtained by combining
(2), (5), and (8) that

ż(t) =

β∑
α=1

�∑
�=1

να�(z(t))
[
(Aα� +�Aα�(t)

+ δ(ts)Bα�W��)z(t) + δ(ts)Bα�W��κ(t)

+Bα�(ϕα�(z(t), t)− ζ�‖z̆(ts)‖sign(γ(t)))
]

(9)

where να�(z(t)) = �α(z(t))ν�(z̆(ts)).
Definition 1 ([1]): System (9) is said to be stochastically

stable if forυ0 ∈ � and z0 ∈ �n,E{∫∞
0 ‖z(t)‖2dt} <∞holds.

The main objective is to construct an appropriate fuzzy SMC
law (8) based on the dynamic ETP (3) to achieve the stochastic
stability of IT2F S-MJSs and the reachability of the sliding
dynamics with channel fading.

III. MAIN RESULTS

An event-triggered SMC is studied for IT2F S-MJSs with
channel fading. First, sufficient criteria are proposed to realize
the stochastic stability of the underlying system (9). Then, the
reachability condition of the sliding region is given. Finally, a
lower bound on the triggered interval is shown in order to avoid
Zeno behavior.

A. Stochastic Stability

Theorem 1: For given constants μ > 0, 0 < ϑ < 1, η > 0,
and θ > 0, system (9) is stochastically stable, if there exist
scalars ı > 0, ε1 > 0, and ε2 > 0, and matrices P� > 0 and
Ψ� > 0 satisfying

BT
α�P�Bα� ≤ ıI (10)

β∑
α=1

�∑
�=1

να�(z(t))Υ < 0 (11)

where

Υ =

⎡
⎢⎢⎣
Υ11 δ̄P�Bα�W�� 0

∗ Υ22 0

∗ ∗
(

θ
μ − η

)
I

⎤
⎥⎥⎦

Υ11 = P�Aα� +AT
α�P� +

c∑
ς=1

σ̄�ςPς + 2δ̄P�Bα�W��

+ ε−1
1 P�Lα�L

T
α�P� + ε1U

T
α�Uα� + ε2P�

+ 2ε−1
2 ı(π2

α� + ζ2�m(δ̄2 + δ̃))I + (1 + θ)ϑΨ�

Υ22 = 2ε−1
2 ıζ2�m(δ̄2 + δ̃)I − (1 + θ)Ψ�.

Proof: Select the following Lyapunov function:

V(z(t), , ι(t)) = V1(z(t), ) + ι(t) (12)
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where V1(z(t), ) = zT (t)P�z(t).
For the weak infinitesimal operator of V1(z(t), ), it can be

computed that

V1(z(t), )

= lim
d→0+

1

d
{E[V1(z(t+ d), υt+d)|υt = ]− V1(z(t), )}

= lim
d→0+

1

d

{
E

[
c∑

ς=1,� �=ς

Pr{υq+1 = ς, τq+1 ≤ τ + d|

υq = , τq+1 > τ}zT (t+ d)Pςz(t+ d) + Pr{υq+1 = ς

τq+1 > τ + d|υq = , τq+1 > τ}zT (t+ d)P�z(t+ d)

]

− zT (t)P�z(t)

}

= lim
d→0+

1

d

{
E

[
c∑

ς=1,� �=ς

Pr{υq+1 = ς, υq = }
Pr{υq = }

Pr{τ < τq+1 ≤ τ + d|υq+1 = ς, υq = }
Pr{τq+1 > τ + d|υq = } zT (t+d)Pςz(t+d)

+
Pr{τq+1 > τ + d|υq = }

Pr{τq+1 > τ |υq = } zT (t+ d)P�z(t+ d)

]

− zT (t)P�z(t)

}

= lim
d→0+

1

d

{
E

[
c∑

ς=1,� �=ς

χ�ς(M�(τ + d)−M�(τ))

1−M�(τ)

zT (t+ d)Pςz(t+ d) +
1−M�(τ + d)

1−M�(τ)
zT (t+ d)P�

z(t+ d)

]
− zT (t)P�z(t)

}
(13)

where χ�ς =
Pr{υq+1=ς,υq=�}

Pr{υq=�} = Pr{υq+1 = ς|υq = } stands

for the probability intensity from  to ς , and M�(τ) is the
cumulative distribution function.

For a given small scalar d > 0, when d→ 0, the expansion
of Taylor formula for z(t+ d) is

z(t+ d) = z(t) + ż(t)d+ o(d). (14)

Considering limd→0+
1−M�(τ+d)
1−M�(τ)

= 1, limd→0+

M�(τ)−M�(τ+d)
d(1−M�(τ))

= σ�(τ), and σ�ς(τ) = σ�(τ)χ�ς ,  �= ς ,

where σ�(τ) denotes the TR of system switching from , we
can obtain

V1(z(t), )

= 2zT (t)P�ż(t) +

c∑
ς=1

σ̄�ςz
T (t)Pςz(t)

where σ̄�ς = E[σ�ς(τ)] =
∫∞
0 σ�ς(τ)ω�(τ)dτ , and ω�(τ) rep-

resents the probability distribution function.
Furthermore,

V1(z(t), , ι(t))

= V(z(t), ) + ι̇(t)

= 2zT (t)P�ż(t) +

c∑
ς=1

σ̄�ςz
T (t)Pςz(t)− ηι(t)

+ ϑzT (t)Ψ�z(t)− κT (t)Ψ�κ(t)

= 2

β∑
α=1

�∑
�=1

να�(z(t))z
T (t)P�

[
(Aα� +�Aα�(t)

+δ(ts)Bα�W��)z(t)+δ(ts)Bα�W��κ(t)+Bα�(ϕα�(z(t), t)

− ζ�‖z̆(ts)‖sign(γ(t)))
]
+

c∑
ς=1

σ̄�ςz
T (t)Pςz(t)

− ηι(t) + ϑzT (t)Ψ�z(t)− κT (t)Ψ�κ(t). (15)

For ε1 > 0 and ε2 > 0, one has

2zT (t)P� �Aα�(t)z(t)

≤ ε−1
1 zT (t)P�Lα�L

T
α�P�z(t) + ε1z

T (t)UT
α�Uα�z(t) (16)

2zT (t)P�Bα�ϕ̃

≤ ε2z
T (t)P�z(t) + ε−1

2 ϕ̃TBT
α�P�Bα�ϕ̃

≤ ε2z
T (t)P�z(t) + 2ε−1

2 ı
[
π2
α�z

T (t)z(t) + ζ2�mδ
2(ts)

(zT (t)z(t) + κT (t)κ(t))
]

(17)

where ϕ̃ = ϕα�(z(t), t)− ζ�‖z̆(ts)‖sign(γ(t)).
From the condition (3), it can be obtained that for t ∈

[ts, ts+1)

1

μ
ι(t) + ϑzT (t)Ψ�z(t)− κT (t)Ψ�κ(t) ≥ 0. (18)

Combining (15)–(18), one has

E{V(z(t), , ι(t))}

≤
β∑

α=1

�∑
�=1

να�(z(t))[z
T (t)(P�Aα� +AT

α�P�

+ 2δ̄P�Bα�W��)z(t) + ε−1
1 zT (t)P�Lα�L

T
α�P�z(t)

+ ε1z
T (t)UT

α�Uα�z(t) + 2δ̄zT (t)P�Bα�W��κ(t)

+ ε2z
T (t)P�z(t) + 2ε−1

2 ı(π2
α� + ζ2�m(δ̄2 + δ̃))zT (t)z(t)

+ 2ε−1
2 ıζ2�m(δ̄2 + δ̃)κT (t)κ(t)] +

(
θ

μ
− η

)
ι(t)

+ (1 + θ)ϑzT (t)Ψ�z(t)− (1 + θ)κT (t)Ψ�κ(t)

+
c∑

ς=1

σ̄�ςz
T (t)Pςz(t)
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= �T (t)

[
β∑

α=1

�∑
�=1

να�(z(t))Υ

]
�(t) (19)

where �(t) = [zT (t), κT (t),
√
ι(t)]T , and θ > 0 is a constant.

According to (11), one has

E{V(z(t), , ι(t))} < 0.

Then, it can be obtained that

E{V(z(t), , ι(t))} ≤ −℘‖�(t)‖2 < 0

where ℘ = min{λmin[−Υ]} > 0.
Furthermore, we have E{∫∞

0 ‖�(t)‖2dt} ≤ 1
℘V(z0, , ι0) <∞. Therefore, system (9) realizes the stochastic stability. �

Remark 8: The constructed fuzzy SMC law (8) is based on
the actual signal z̆(ts) transmitted to the controller, in which
the dynamic ETP and the random attenuation of the signal by
the channel fading are also considered. Moreover, the Lyapunov
function constructed in Theorem 1 contains the dynamic variable
ι(t), so the stability criterion is related to the dynamic ETP and
the fading model parameters δ̄ and δ̃. Obviously, the designed
controller (8) can effectively reduce the influence of fading
channel and realize the stochastic stability, which provides the
basis for the subsequent solution of controller gain.

Since the product term να�(t) = �α(z(t))ν�(z̆(ts)) is con-
tained in condition (11), the membership functions of controller
(8) and fuzzy system (2) are not exactly matched. In order to
solve this product term, the global boundary information of
να�(t) is adopted in Theorem 2 to obtain the stability criterion
with relatively less conservatism.

Theorem 2: For given constants μ > 0, 0 < ϑ < 1, η > 0,
and θ > 0, system (9) is stochastically stable, if there exist
scalars ı > 0, ε1 > 0, and ε2 > 0, and matrices P̄� > 0, Ψ̄� > 0,
Ξ̄α� ≥ 0, Ξα� ≥ 0, and W̄�� satisfying[

−ıI BT
α�

∗ −P̄�

]
< 0 (20)

Ῡ− Ξ̄α� + Ξα� +

β∑
i=1

�∑
j=1

(
l̄ijΞ̄ij − lijΞij

)
< 0 (21)

where

Ῡ =

⎡
⎢⎣Λ11 Λ12 Λ13

∗ Λ22 0

∗ ∗ Λ33

⎤
⎥⎦

Λ12 =

⎡
⎢⎣P̄�U

T
α�

√
2P̄� 0

0 0
√
2P̄�

0 0 0

⎤
⎥⎦

Λ11 =

⎡
⎢⎢⎣
Λ1 δ̄Bα�W̄�� 0

∗ −(1 + θ)Ψ̄� 0

∗ ∗
(

θ
μ − η

)
I

⎤
⎥⎥⎦

Λ1 = Aα�P̄� + P̄�A
T
α� + 2δ̄Bα�W̄�� + (1 + θ)ϑΨ̄�

+ ε−1
1 Lα�L

T
α� + ε2P̄�

Λ22 = − diag

{
ε−1
1 I,

(
ε−1
2 ı

(
π2
α� + ζ2�m

(
δ̄2 + δ̃

)))−1

I

(
ε−1
2 ıζ2�m

(
δ̄2 + δ̃

))−1

I

}

Λ13 =
[√
σ�1P̄�, . . . ,

√
σ�cP̄�

]
Λ33 = − diag{P̄1, P̄2, . . . , P̄c}.

Moreover, the controller gain is given by W�� = W̄��P̄−1
� .

Proof: Let

P̄� � P−1
� , Ψ̄� � P̄T

� Ψ�P̄�.

By Schur’s complement lemma, (10) can be ensured by (20).
Then, by the congruence transformation of (11) with

diag{P̄�, P̄�, I, . . . , I}, one has

β∑
α=1

�∑
�=1

�α�(z(t))Ῡ < 0.

Define lα� and l̄α� as global lower and upper bounds on
να�(z(t)), respectively. Suppose that there exist slack matrices
Ξ̄α� ≥ 0 and Ξα� ≥ 0 containing upper and lower bound infor-
mation, respectively, which satisfies the following:

β∑
α=1

�∑
�=1

(l̄α� − να�(t))Ξ̄α� ≥ 0 (22)

β∑
α=1

�∑
�=1

(να�(t)− lα�)Ξα� ≥ 0. (23)

Combining (22) and (23), we get

β∑
α=1

�∑
�=1

να�(t)Ῡ

≤
β∑

α=1

�∑
�=1

να�(t)Ῡ +

β∑
α=1

�∑
�=1

(l̄α� − να�(t))Ξ̄α�

+

β∑
α=1

�∑
�=1

(να�(t)− lα�)Ξα�

=

β∑
α=1

�∑
�=1

να�(t)(Ῡ− Ξ̄α� + Ξα�)

+

β∑
i=1

�∑
j=1

(l̄ijΞ̄ij − lijΞij)

=

β∑
α=1

�∑
�=1

να�(t)[Ῡ− Ξ̄α� + Ξα�

+

β∑
i=1

�∑
j=1

(l̄ijΞ̄ij − lijΞij)]. (24)

Thus, according to (21), one has (11). �
Remark 9: The general method [15], [16] of dealing with the

mismatched membership functions in T-S fuzzy systems is not
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suitable for this study. To solve the controller gain, the slack
matrices Ξ̄α� ≥ 0 and Ξα� ≥ 0 are introduced. With the help of
upper and lower bounds on να�(t), a series of slack conditions is
obtained for solvable controller gain, that is, Ῡ < 0 is replaced
by the condition (21). In fact, if P̄�, Ψ̄�, and W̄�� are feasible so-
lutions satisfying the conditions (10) and (11), then the variables
P̄�, Ψ̄�, Ξ̄α� = 0, Ξα� = 0, and W̄�� must be feasible solutions
for the conditions (20) and (21); otherwise, the feasible solution
of the conditions (20) and (21) may not satisfy the conditions
(10) and (11). Moreover, compared with the condition (11) in
Theorem 1, the condition (21) in Theorem 2 integrates the global
boundary information of να�(t) with less conservatism.

B. Reachability

The reachability of the sliding region under the designed fuzzy
SMC law (8) is discussed.

Theorem 3: Under the fuzzy SMC law (8), the state of system
(2) can be driven on the sliding region, and ζ� satisfies the
following:

max
1≤α≤β

[ζ�δ̄‖Bα�‖]‖κ(t)‖ − w − j > 0 (25)

where w=max1≤α≤β{max1≤�≤�[δ̄‖RBα�W��‖]}‖κ(t)‖, j >
0, and h� > 0 with h� = max1≤α≤β [‖RAα�‖] +
max1≤α≤β [‖RLα�‖‖Uα�‖] + max1≤α≤β{max1≤�≤�[δ̄‖RBα�

W��‖]}+max1≤α≤β [πα�‖RBα�‖]−max1≤α≤β [ζ�δ̄‖Bα�‖].
Proof: Construct the Lyapunov function

V2(γ(t)) =
1

2
γT (t)γ(t). (26)

Then, one has

E{V2(γ(t))} = E{γT (t)γ̇(t)}

= E

{
γT (t)

β∑
α=1

�∑
�=1

να�(z(t))R[(Aα� +�Aα�(t)

+ δ(ts)Bα�W��)z(t) + δ(ts)Bα�W��κ(t)

+Bα�(ϕα�(z(t), t)− ζ�‖z̆(ts)‖sign(γ(t)))]

}

≤ ‖γ(t)‖
{[

max
1≤α≤β

[‖RAα�‖] + max
1≤α≤β

[‖RLα�‖‖Uα�‖]

+ max
1≤α≤β

{
max
1≤�≤�

[δ̄‖RBα�W��‖]
}

+ max
1≤α≤β

[πα�‖RBα�‖]
]
‖z(t)‖

+ max
1≤α≤β

{
max
1≤�≤�

[δ̄‖RBα�W��‖]
}
‖κ(t)‖

}

− max
1≤α≤β

[ζ�δ̄‖Bα�‖]‖z(ts)‖‖γ(t)‖

≤ ‖γ(t)‖
[
h�‖z(t)‖ −

(
max
1≤α≤β

[ζ�δ̄‖Bα�‖]‖κ(t)‖ − w − j

)]

− j‖γ(t)‖ (27)

where w = max1≤α≤β{max1≤�≤�[δ̄‖RBα�W��‖]}‖κ(t)‖ and
h� = max1≤α≤β [‖RAα�‖] + max1≤α≤β [‖RLα�‖‖Uα�‖] +
max1≤α≤β{max1≤�≤�[δ̄‖RBα�W��‖]}+
max1≤α≤β [πα�‖RBα�‖]−max1≤α≤β [ζ�δ̄‖Bα�‖].

Defining the sliding region

Θ �
{
z(t) : h�‖z(t)‖ ≤ max

1≤α≤β
[ζ�δ̄‖Bα�‖]‖z(t)‖ − w − j

}
.

Then, we can get

E{V2(γ(t))} ≤ −j‖γ(t)‖ = −j
√
2V2(γ(t)). (28)

For t ≥ T̄ , there exists an instant T̄ ≤ √
2V2(0)/j =

‖Rz(0)‖/j, such that V2(γ(t)) = 0, that is γ(t) = 0.
Therefore, the reachability of the sliding region is

achieved. �
Remark 10: Due to the existence of sign function, the chatter-

ing phenomenon will inevitably occur during the sliding motion,
and the trajectory cannot be guaranteed to stay on the sliding
surface all the time. In this case, we find a reasonable sliding
region Θ, where the sliding motion can always remain in a
bounded neighborhood near the predefined sliding surface.

C. Zeno-Free Analysis

The dynamic ETP can effectively reduce the unnecessary data
transmission. But for continuous-time systems, to avoid Zeno
behavior is essential. In the following, a lower bound on the
triggered interval is given to avoid Zeno behavior.

Theorem 4: For system (2), the dynamic ETP condition (3)
can ensure that the triggered interval ts+1 − ts is satisfied

ts+1 − ts ≥ 1

r
ln

[
1 +

r(ι(ts+1) + μϑzT (ts+1)Ψ�z(ts+1))

jμλmax(Ψ�)

]
(29)

where r=‖Ã‖+ ‖L̃‖‖Ũ‖+ π̃‖B̃‖+ ‖B̃W̃‖ − ζ�‖B̃‖‖z̆(ts)‖,
j = [‖Ã‖+ ‖L̃‖‖Ũ‖+ π̃‖B̃‖]‖z(t)‖2 + ‖B̃W̃‖‖z̆(ts)‖2 −
ζ�m‖B̃‖‖z̆(ts)‖ with Ã=

∑β
α=1

∑
�

�=1να�(z(t))Aα�, B̃=∑β
α=1

∑
�

�=1να�(z(t))Bα�, L̃ =
∑β

α=1

∑
�

�=1να�(z(t))Lα�,
Ũ =

∑β
α=1

∑
�

�=1να�(z(t))Uα�, W̃ =
∑β

α=1

∑
�

�=1να�(z(t))

W��, and π̃ =
∑β

α=1

∑
�

�=1να�(z(t))πα�.
Proof: For the error κ(t) = z(ts)− z(t), one can obtain

κ̇(t) = −
β∑

α=1

�∑
�=1

να�(z(t))[(Aα� +�Aα�(t))z(t)

+Bα�W��z̆(ts) +Bα�(ϕα�(z(t), t)

− ζ�‖z̆(ts)‖sign(γ(t)))]. (30)

When ∀t ∈ [ts, ts+1), one has

d

dt
‖κ(t)‖2 ≤ 2‖κ(t)‖‖κ̇(t)‖

≤ [‖Ã‖+ ‖L̃‖‖Ũ‖+ π̃‖B̃‖](‖z(t)‖2 + ‖κ(t)‖2)
+ ‖B̃W̃‖(‖z̆(ts)‖2 + ‖κ(t)‖2)
− ζ�‖B̃‖‖z̆(ts)‖(m+ ‖κ(t)‖2)



3782 IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 31, NO. 11, NOVEMBER 2023

= [‖Ã‖+ ‖L̃‖‖Ũ‖+ π̃‖B̃‖ − ζ�‖B̃‖‖z̆(ts)‖
+ ‖B̃W̃‖]‖κ(t)‖2 + [‖Ã‖+ ‖L̃‖‖Ũ‖+ π̃‖B̃‖]‖z(t)‖2

+ ‖B̃W̃‖‖z̆(ts)‖2 − ζ�m‖B̃‖‖z̆(ts)‖
� r‖κ(t)‖2 + j. (31)

With the help of comparison Lemma, at the triggered time
e(ts) = 0, it can be got that

‖κ(ts+1)‖2 ≤ r

j

(
er(ts+1−ts) − 1

)
. (32)

Combining with the dynamic ETP condition (3), we can get

ι(ts+1) + μϑzT (ts+1)Ψ�z(ts+1)

μλmax(Ψ�)
≤ ‖κ(ts+1)‖2. (33)

From (32) and (33), the triggered interval is obtained that

ts+1 − ts ≥ 1

r
ln

[
1 +

r(ι(ts+1) + μϑzT (ts+1)Ψ�z(ts+1))

jμλmax(Ψ�)

]

� T �. (34)

Due to μ > 0, one has

r(ι(ts+1) + μϑzT (ts+1)Ψ�z(ts+1)) > 0.

Therefore, we can find a lower bound T � > 0 to avoid the
Zeno phenomenon. �

Remark 11: In order to realize the practical application of
ETP, it is required that the triggered time generated by the
ETP should not be too dense, otherwise it cannot be realized
in practice. That is to make sure that the ETP avoids the Zeno
phenomenon. A general approach is to find a lower bound about
the event-triggered interval. Based on this, Theorem 4 combines
the dynamic ETP condition (3) and proves the lower bound T �

of two adjacent trigger intervals, which can effectively avoid
Zeno behavior.

IV. CASE STUDY

Consider the tunnel diode circuit model [28], expressed as

H1ż1(t) = −μ̃z1(t)− ξ̃�z
2
1(t) + z2(t)

H2ż2(t) = −z1(t)−H3z2(t) + u(t) + ϕ(t) (35)

where z(t) = [zT1 (t) z
T
2 (t)]

T denotes the deviation variables.
The values of parameters H1, H2, and H3 are given as 20 mF,
1000 mH, and 10 Ω, respectively. Define μ̃ = 0.002 + Δμ̃z21(t)
with Δμ̃ ∈ [0.01, 0.03].

Consider two fuzzy rules α = 1, 2, � = 1, 2, and the param-
eter ξ̃� obeys SMP with two switching modes: ξ̃1 = 0.01 and
ξ̃2 = 0.02. The IT2F model is adopted to represent the uncertain
information. Supposing ‖z1(t)‖ ≤ 3, one has μ̃max = 0.272 and
μ̃min = 0.002. Then, the system model with upper and lower

membership functions can be obtained as

ż(t) =

2∑
α=1

�α(z(t))[(Aα� +�Aα�(t))z(t) +Bα�(u(t)

+ ϕα�(z(t), t))] (36)

where

A11 =

[−μ̃min

H1
50

−1 −10

]
, A12 =

[−μ̃max

H1
50

−1 −10

]

A21 =

[
−4.6 50

−1 −10

]
, A22 =

[
−22.6 50

−1 −10

]

B11 = B12 =
[
0 1

]T
, B21 =

[
0 1.1

]T
B22 =

[
0 0.9

]T
, ϕα�(z(t), t) = 0.5z21cos(t)

�1(z1(t)) =
μ̃max − μ̃1(t)

μ̃max − μ̃min
, �̄1(z1(t)) =

μ̃max − μ̃2(t)

μ̃max − μ̃min

�2(z1(t)) =
μ̃2(t)− μ̃min

μ̃max − μ̃min
, �̄2(z1(t)) =

μ̃1(t)− μ̃min

μ̃max − μ̃min

μ̃1(t) = 0.002 + 0.003z21(t), μ̃2(t) = 0.002 + 0.001z21(t)

φ
α
(z(t)) = sin2(z1(t)), φ̄α(z(t)) = 1− sin2(z1(t))

and �Aα�(t) = Lα�Eα�(t)Uα� is the parameter uncer-
tainty with L11 = [0.95; 0.1], L12 = [1; 0.2], L21 = [1.2; 0.3],
L22 = [1.1; 0.2], U11 = [0.95; 0.1]T , U12 = [1; 0.2]T , U21 =
[1.1; 0.3]T , and U22 = [0.9; 0.2]T .

Consider the membership functions as: ν1(z̆1(t)) =
�1(z̆1(t))ψ1

(z̆1(t)) + �̄1(z̆1(t))ψ̄1(z̆1(t)), and ν2(z̆1(t)) =
1− ν1(z̆1(t)) withψ

1
(z̆1(t)) = 0.5. In addition, the parameters

lα� and l̄α� are set as l11 = 0.1951, l12 = 0.2096, l21 = 0.1418,
l22 = 0.1523, l̄11 = 0.3675, l̄12 = 0.3870, l̄21 = 0.2925, and
l̄22 = 0.3080, respectively.

The TR matrix is chosen as

Σ(τ) =

[−0.5τ 0.5τ
3τ2 −3τ2

]
.

Assume that the ST follows the Weibull distribution
with probability distribution function ω1(τ) = 0.5τe−0.25τ2

and ω2(τ) = 3τ2e−τ3
. Then, according to E[σ�ς(τ)] =∫∞

0 σ�ς(τ)ω�(τ)dτ , one has the following:

E{Σ(τ)} =

[−0.8862 0.8862
2.7082 −2.7082

]
.

Choose the fading parameters δ̄ = 0.8, δ̃ = 0.05, R = [1 1],
πα� = 0.2, μ = 0.6, ϑ = 0.2, θ = 0.1, η = 0.1, ι = 0.2, and
j = 0.2. According to Theorem 2, we get

W11 =
[
0.2964 4.3574

]
,W12 =

[−0.0269 4.3712
]

W21 =
[
0.1164 4.0217

]
,W22 =

[−0.1250 4.8557
]
.
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Fig. 2. System mode.

Fig. 3. (a) System response z(t), (b) sliding function γ(t), and (c) control
input u(t) with δ̄ = 0.8. Fading coefficient δ̄(ts).

TABLE I
TRIGGERING NUMBER UNDER DIFFERENT FADING CHANNELS

For given z(0) = [0.3− 1.0]T and ι(0) = 0.3, Fig. 2 shows
the system mode and the mode switching of S-MJSs. The tra-
jectory of system state z(t) is shown in Fig. 3(a). Fig. 3(b) and
(c) shows the sliding function γ(t) and the input signal u(t).
Obviously, under the designed fuzzy sliding mode controller,
the system state tends to zero, indicating that the tunnel diode
circuit system has achieved the stochastic stability. Moreover,
Fig. 3(d) stands for the fading coefficient δ(ts), reflecting the
random decay degree. Fig. 7(a) and (b) represents the release
intervals and the dynamic variable ι(t) of dynamic ETP.

According to the fading model (5), the parameter δ ∈ [0, 1] is
a random variable with the mathematical expectation δ̄. In order
to better reflect the performance of the model under different
transmission conditions, this work simulates three different
fading channels, that is, δ̄ = 0.8, δ̄ = 0.5, and δ̄ = 0.2. The
triggered number is given in Table I, and the simulation results

Fig. 4. (a) System response z(t), (b) sliding function γ(t), and (c) control
input u(t) with δ̄ = 0.5. Fading coefficient δ̄(ts).

Fig. 5. (a) System response z(t), (b) sliding function γ(t), and (c) control
input u(t) with δ̄ = 0.2. Fading coefficient δ̄(ts).

are shown in Figs. 3–5. According to the trajectory of system
response z(t), sliding function γ(t), and control input u(t), it
can be seen that the smaller the value of δ̄, the more prone the
transmission channel is to fading phenomenon, the slower the
system convergence rate, and the worse the performance. As
a result of fading phenomenon, the transmitted signals cannot
accurately reach the controller, and even cause data packet loss
in serious cases. According to Table I, the system will trigger and
transmit more signals to compensate for the lack of performance.

Moreover, in order to reflect the advantage of dynamic ETP,
the static ETP is simulated under the same parameters. Fig. 6(d)
shows the release intervals under the static ETP [9]. Compared
with Figs. 7(a) and 6(d), the number of signals triggered and
transmitted under the dynamic ETP is less than that under the
static ETP, which means that the dynamic ETP can reduce
network load more than the static ETP. Next, we compare the
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Fig. 6. (a) System response z(t), (b) sliding function γ(t), and (c) control
input u(t) under the static ETP [9]. (d) Release intervals.

Fig. 7. Release instants and variable ι(t) under the dynamic ETP. (a) Release
intervals. (b) Dynamic variable ι(t).

performance of the controller and the convergence speed of
system states. According to the trajectory of system response
z(t), slide function γ(t), and control input u(t) in Figs. 3 and
6, it can be seen that the two ETPs can achieve similar control
performance. It is further shown that the dynamic ETP can save
network resources more effectively than the static ETP.

V. CONCLUSION

The SMC problem has been studied for IT2F S-MJSs with
channel fading. Signals triggered by the dynamic ETP are sub-
ject to unpredictable channel fading before reaching the con-
troller. Based on a common sliding mode surface, a fuzzy sliding
mode controller has been constructed to be affected by the
dynamic ETP and the fading signal. The boundary information
of the global membership function has been adopted to deal with
the mismatched membership functions, and sufficient criteria
have been proposed to ensure the stochastic stability and the
accessibility of the sliding dynamics. Finally, the effectiveness
of the proposed method is proved by a practical circuit model.
However, the research results in this work are based on the
condition of modal synchronization between the system and
the controller, which brings some conservative results. In future
work, the asynchronous SMC problem for IT2F S-MJSs with
channel fading will be investigated.
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