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Short Papers

A Fuzzy-Model-Based Approach to Optimal Control for Nonlinear
Markov Jump Singularly Perturbed Systems: A Novel
Integral Reinforcement Learning Scheme

Hao Shen

Abstract—A fuzzy-model-based approach is developed to investigate the
reinforcement learning-based optimization for nonlinear Markov jump
singularly perturbed systems. As the first attempt, an offline parallel
iteration learning algorithm is presented to solve the coupled algebraic
Riccati equations with singular perturbation and jumping parameters.
Furthermore, based on the integral reinforcement learning approach, a
novel online parallel learning algorithm is proposed by employing the slow
and fast sampled data simultaneously, where the impacts of stochastic
jumping and ill-conditioned numerical problems are avoided. Meanwhile,
the convergence of the proposed learning algorithms is proved. Finally,
we present a tunnel diode circuit model to demonstrate the efficacy of the
proposed methods.

Index Terms—Fuzzy-model-based approach, Markov jump singularly
perturbed systems (MJSPSs), parallel algorithm, reinforcement learning
(RL).

I. INTRODUCTION

A. Motivation

Over the past few decades, Markov jump systems (MJSs) have been
applied in many fields as a special kind of stochastic systems, such as
robust control [1], DC motors control [2], and traffic flow control [3].
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The characteristic of MJSs lies in that they contain many subsystems,
which obey the Markov process [4], [5]. Furthermore, the coexistence
of fast and slow dynamics, named the two-time-scale phenomenon, is
also widely met in the engineering field. However, this phenomenon
usually brings the ill-conditioned problem for the controller design and
performance analysis. Therefore, with the ability to study these two
typical phenomena simultaneously, Markov jump singularly perturbed
systems (MJSPSs) have earned a lot of attention [6], [7], [8], [9],
[10], [11]. In [9], Wang et al. designed a hybrid H,, and dissipative
asynchronous controller for MISPSs. A sliding mode control (SMC)
method for a class of nonlinear MJSPSs was presented in [10]. In [11],
the H, control problem for MJSPSs was discussed. It is worth noting
that the abovementioned studies require the exact information of system
dynamics, which is difficult to realize in real-world situations. To
overcome the abovementioned limitation, the reinforcement learning
(RL) method serves as a powerful tool to solve optimal control prob-
lems without system dynamics, which has rapidly attracted plenty of
attention [12], [13], [14], [15]. Nevertheless, little attention has been
paid to the learning control problem for MJSPSs, which is one of the
motivations for this article.

B. Related Work

For RL-based control, Vrabie et al. [16] proposed an integral RL
(IRL)-based policy iteration algorithm, which can obtain the opti-
mal controller when the system dynamics information is partially
unknown. After that, Jiang et al. [17] developed the algorithm pro-
posed in [16], so that the optimal controller can be obtained with
completely unknown system dynamics. For MJSs, it is difficult to
design the optimal controller by employing system data due to the
existence of Markov jumping parameters. Recently, several studies have
been reported related to the learning controller design of MJSs. For
example, He et al. [18] proposed a parallel algorithm to deal with the
optimal control problem for MJSs with partially unknown dynamics.
Based on the research in [18], the work in [19] settled the optimal
control problem of completely unknown MJSs in view of the off-policy
algorithm. Along with this line, Tu et al. [20] used a parallel control
algorithm to solve the tracking control problem for MJSs. Besides,
through seeking the Nash equilibrium for zero-sum game, the H,,
control problem of MJSs was studied in [21]. Similarly, Xin et al. [22]
investigated multiplayer nonzero sum games of MJSs. In another field,
for singularly perturbed systems (SPSs), Zhao et al. [23] proposed a
model-free-based algorithm to obtain the optimal controller, while the
ill-conditioned problem caused by the singular perturbation parameter
(SPP) was solved. Zhang et al. [24] employed the SMC technique to
study the optimal control problem for SPSs when actuators fail.
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Furthermore, the Takagi—Sugeno (T-S) fuzzy model provides con-
venience for the analysis of nonlinear systems, where the nonlinear
term can be regionally linearized by using a set of IF-THEN fuzzy
rules [25],[26], [27], [28]. Accordingly, many efforts have been devoted
to nonlinear MJSPSs [29], [30]. Zhang et al. [31] proposed a fuzzy
learning control method for T-S fuzzy systems with partially unknown
dynamics. Expanded the work of [31], a decentralized fuzzy track-
ing learning control method was designed in [32] for interconnected
systems. Fang et al. [33] developed an off-policy learning control
method for discrete-time Markov jump fuzzy systems. To the best of our
knowledge, there is little attention that focuses on designing a learning
controller for fuzzy MJSPSs, which stimulates our work.

C. Contribution

Summarizing the abovementioned considerations, based on the T-S
fuzzy model, we devote to designing an RL-based optimal controller
for nonlinear MJSPSs. The main contributions of this article can be
organized as follows.

1. As the first attempt, the optimal controller design problem for the
nonlinear MJSPSs is solved under the framework of IRL.

2. Compared with the existing learning control method for MJSs [18],
[19],[20], [21], [22], in this article, the characteristics of nonlinearity
and two-time-scale are taken into consideration. On this basis, a
model-based parallel iteration learning method and an off-policy
IRL-based parallel control scheme are presented to obtain the opti-
mal controller for nonlinear MJSPSs.

3. From a new perspective, the slow and fast sampled system states data
are employed during the process of the optimal controller designing
for nonlinear MJSPSs, where the numerical ill-conditioned problem
and mode coupled problem can be avoided.

D. Structure and Notation

The main contents of this article are organized as follows. The prob-
lem formulation and an offline parallel algorithm are given in Section II.
Section III proposes a novel online parallel algorithm. In Section IV, a
tunnel diode circuit model is given to show the efficacy of the developed
algorithms. Section V gives the conclusion. Throughout this article, the
used notations are shown in the following: R™ denotes an n-dimensional
real vector. E{-} is the mathematical expectation. ® means the Kro-
necker product operator. For a column vector L € R™, vecv(L) =

12, . 0, 12, Iols, o Lyaln, 12]7 € RPMFD/20 For a ma-
trix Q S Rnxm’ ’UGC(Q) = [Q117 q12, -+ -5 Qim, 421, - - -, qnm]T S
R™™. For an asymmetric matrix V € R™", wvecs(V) = [v11,
2012, -y 2V1p, Va2, 2023, ..., 2Up_1p, vnn]T € Rn(n+2)/2,

II. PROBLEM FORMULATION

A. Problem Statement

We consider the nonlinear MJSPSs described by the T-S fuzzy model
as follows.

Plant rule »: IF ay (€) is M1, . .., ap(£) is M, THEN

Vl(e)] _ [Ail(r(é

£ () Afl(?“(f;; AHT(E))} [ml (Z)}

AZ(r(0)] [22(0)

+ | meniey] o M

3735

with the transition probabilities

Pr{r(L+ Ab) = jlr(f) = i} = {””M Toldl) g

1+ 7 A0+ 0o(Al) j=1
where x1(¢) € R™ and z2(¢) € R™2 (ny + ny = n) represent the
slow and fast state vectors, respectively, u(¢) € R™ is the control input
vector, . = 1,2,...,s, s > 1 denotes the number of IF-THEN rules,
M,p,p=1,2,... bisthefuzzy set, a(€) = [y (£), ..., (£)]T isthe
premise variable, 0 < & < 1 denotes the SPP, and {r(¢), ¢ > 0} is the
system mode subject to Markov stochastic process and takes values in
S=1{1,2,..., N}.Moreover, fori, j € S, Al > 0,limag 0 "AAf) =
0, and 7;; > 0 denotes the system transition rate when time from / to
£ + A/, and the system mode 4 to mode j, with 7m;; = —Zi#].mj. For
Vr(€) = 4, we denote the following matrices:

11 12 1
A, e (i A poaBis
A T A2 pA22 > QA — B2
@5k i,k ik
11 12
Ac & { 1L11M21 14%22} B A[ ?i’A2]
ih |- - y Dy = | -
) € Ai,/\ € Ai,»\ ) € BM

where A;, € R™", Az, € R"™", B;, € R"™™ and B, € R™*™
are system matrices. Letting z(¢) £ [z7(¢) z2'(£)]”, the overall T-S
fuzzy system is given

(0 = 3 g(a(0) [A5,2(0) + B2, u(0)]

where g; (a(¥)) is the fuzzy weighting functions which are defined as

Hbzl Mkp (a;v (Z))
() = - L
o) = T M (@ (0)

with M, (v, (¢)) representing the grade of membership of o, (€) in
M, ,,. Thus, we have

0<g(a(0) <1, Y gia(®) = 1.

In the following, a parallel distributed compensation (PDC) technol-
ogy is introduced to design the fuzzy controller.
Control rule A: IF oy (€) is M1, . . ., o (€) is M, THEN

{u(@ = —Kg,x(0)
L) =E{[" [z7()Qiz(<) + u” (<) Riu(s)] ds}

where (); > 0and R; > 0 are positive definite weighting matrices, and
J.(£) is the cost function. Then, we have the overall fuzzy controller
expressed as

u(t) == g (a(0)KS 2 (0).

B. Offline Learning Scheme Design for Nonlinear MJSPSs

By the optimal control theory, the matrix P7; is the solution of the
following coupled algebraic Riccati equations (CAREs):

N
(Af,A)TPiE,A + PiAAzE',A + Z WiijE,A

Jj=1

+ Qi — PiE,ABz‘E,fol(BiE,A)TPiA =0 (2)
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where P;; has the following form:

piD o (pen)"
i Z’2,1 Z’2,2
c Pi<,k ) c Pi(,x )

with P e Rraxm p21) ¢ Rraxm and P22 ¢ Rn2*m2, Note
that there exists a coupled term Zj\;l mi; P, in CAREs (2). Thus, let

Af,x £ A§ , 4 L1, which implies

(Af,A)TPieA + PEAASA + Z 7Tw j,
j=1,i#j

+Q1 PZ)»B'LEAR (BfA)TPEA =0. (3)

Then, the following lemma presents an offline parallel iteration
algorithm to solve CAREs (3).

Lemma 1 ([18]): For every fuzzy rule A, give initial stabilizing ma-
trices K¢ 1(0)° matrices P;, are the solutions of the following Lyapunov
equations:

Py Aiaw + Qi

(M(k)) P +

N T
2 TP+ (Kow) BELwm=0 @
PR

where A7, ;) = Af,x = B, K5 5 (> and

e - e \T pe
Ky =R (B5,) Py (5)

2y

Then, we have limy,_,, P] k) =
mal values.

Remark 1: Note that the solution of (3) can be parallelly approx-
imated by solving N Lyapunov equations (4). However, due to the
existence of the SPP, solving (4) would lead to the ill-conditioned
problem. To deal with this problem, one way is to design a composite
controller for different time scales, which may bring some computation
complexity [23]. Hence, in this article, attention is focused on designing
the optimal controller for MJSPSs based on the full-order model.

Letting U® = dlag{Inl, el o}, matrices Pax can be rewritten as

= P7;, where the P7; denote the opti-

P, = U Py, = (PifA)T U

(1 1) (2,1)\T
where P i g(P

2,1 2,2
( ) Pfﬂ

] then CAREs (3) can be rewritten
as
T P D T T 1T P
Ai,kpis,k + (Pis,k) i T Qz ( i A) B;,R; Bi,kPis,A =0
(6)

where

7Tzz

N
E e pe
TFi]'U Pj,)»'

j=1,i#]

A=A + Us, Qz

Based on the transformation of matrices Pf 2
1 is proposed to solve (6).

Remark 2: Compared with existing studies about MJSs [34], [35],
[36], we take the effect of SPP into account for the MJSs, and propose
a novel offline parallel learning algorithm, which can effectively avoid
the ill-conditioned problem. Moreover, Algorithm 1 gives the exact
solutions of 1551 when k — oco. Meanwhile, it is worth emphasizing
that Algorithm 1 is amodel-based learning control method, which needs
information of the system dynamics.

the following Algorithm
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Algorithm 1: Offline Model-Based Parallel Algorithm for Nonlin-
ear MJSPSs.

Initialization

Select the initial stabilizing matrices sequence I:’; A0)- € is a
small positive constant.

for fuzzy rule A\=1:s do

for i =1: N do

while max{||vecs( P FAGet1)) —vecs(P )|} < e do
Parallel solve

T . _
Al A(k) ik T (Pz )\(k)) Aiam + Qir)
JrPw\(kfl)Bz \RTUBT P1 A(k—1) =0
@)
where
Ai ) = Aix — BiaR; ' BI\ Pf Alk—1)?
A N
Qitky = Qi + 2251 jui i U° PJ’/\(k)

end
end

end

III. MAIN RESULTS

A novel online parallel IRL algorithm is proposed to solve the
optimal feedback control problem by employing system data, which
means that Algorithm 2 is model-free. Moreover, the convergence of
this novel online parallel IRL algorithm is also discussed in this section.

A. Subsystems Transformation

Considering that the coupling term Z =1 i P55 exists in CAREs
(2), which is difficult to be obtained. To deal w1th this problem,
the following Theorem 1 is proposed. The subsystem transformation
technology is utilized to decompose the nonlinear MJSPSs, so that the
information of 7;; is separated.

Theorem 1: Assume that the solutions of the following N recon-
structed subsystems are P (k) According to [18], we have
& (€) = A7, i 0 (0) + B i (0) ©)

CL’Z”)L(O) = X, E() =0
where z; ; and u; ; denote the system state and control input of the ith

subsystem, respectively, and matrices Qi( &) satisfy the following form:

N
> U,

j=1,i#]

Qi) = Qi +

Then, we have limy,_, Pj k) = Pfj, where the Pfj are the solutions
of (3).

Proof: The solutions of the /N reconstructed subsystems (9) are
equal to the solutions of the following equation:

~ T
(Af,x(m) ) T Py A i + Qik)
T
+ (Kia) RiKiag =0 (10)

where K7, ) = R’l(Bf’A(M) Pf, (5-1)- Obviously, (10) is equiva-

lent to (4). This ends the proof. | |
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Algorithm 2: Online Model-Free Parallel IRL Algorithm for Non-
linear MJSPSs.

Initialization

Give initial stabilizing sequence K f A(0)? and select a threshold
e> 0.

for fuzzy rule A\=1:s do

fori:=1:N do

Data collection:

Apply initial control  policies  u; x (€) =
=K\ oyia(l) 4 eix in time interval [(,¢+ T,
where e; \ represents the exploration noise. Compute

Ii)\mcy Ii)mmr

while max{||vecs(P; A(k+1)) Vecs(lf’la(k))H} > e do
Iterative computation: '
Parallel solve K7 A(R) and P? A1) from

zx(f“‘T)UE zA(k)IZ /\(£+T) af \(OU®
= Qz(k)l"m( )ds

[(u; )\(§) +KL» )\(k)ﬂﬂi A()TR;

XKy 1y @ioa(©)]ds

><P /\(k)x”\
+2ff+T

(11
where
Qi) = Qi + EJ i mi;U® Pt PME=1)(12)
+(Kz,>\(k)) RiKT \ 1
k+—k+1;
end
end
end
The overall control policy is

=3 ga@(@) K5 ()
A=1

B. IRL-Based Online Parallel Algorithm Design
Based on Theorem 1, the system states equation can be rewritten as
@i (0) = A5 2, (0) + BS, (ui5(0)

+KE, 20 (0))
ZEL)L(O) = X, 80 = O

where the pair (Afyk, B, ;) is stabilizable. Furthermore, an online
model-free parallel IRL control method is presented in Algorithm 2.

C. Online Implementation of Algorithm 2

For MISPSs, using the value function as Vj;(z;;(¢)) =
x], (€) Pf, ;5 (¢) and weak infinitesimal operator I, we have

s

Vi (xi(0))

- T ~
x’iljk(g) ((Af,x(k)) Pie,x + PiE,AA;:,A(k)) l’i,k(g)
(=4 I8 T £
+ 2(ui i (€) + K5 ywin(0)" (BS,) " Poiaia(l)
T N T
= — 2, (OQiwmTir(f) +2 (Um(f) + Kﬁx(k)xi,l(£)>

X (B;A)TP-EAIIJZ',)L(E)

?,

(13)
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where Ql(k) Q’ + E] 1,1#j ﬂ-ZJU P 3.a(k) + ( i )»(k))TRZ
K7, - For integral interval [¢,0+T)], by integrating (12), one
can get

L+t P x(k)wm(f+T)*wm(£)U Pt (k) Tin (0)

L+T R (+T
S / 27, (6)Qugey i (6)ds +2 / (5. (<)
Y4 ¥4

+ K5y in ()T RiKS g1y i ($)]ds. (14

To guarantee the symmetry of Usﬁfk, transform the term
m Ue P Wc)QL’“\mto the following form:

T (OU® PE, 4y wi..(0) = veev(w; 5. (0)T Bovees(Py, 1)

where FE. = diag{l,,,, el,, }, nm =ni1(n1 +1)/2,
ning + na(ng + 1)/2. Combining with (14), we have

D+ TYUCE, gymin(E+T) — 2l (OU P, gy i1 (0)

and ny =

= (vecv(zia(C+ T))" — vecv(z; ;. (£)") Egvecs(Pf?X(k)).
Similar to the abovementioned method, we can obtain
xZA(E)Qi(k)wi,k(g) = (ﬂfx(g) ® szA (Z))VeC(Qi<k))’
(i (0) + K5, oy i (0) T Ri K, 1y 1 (£)
= (2, (0) ® 2, (0) (In @ K ; ) Ri)vee(K7  (41))
+ (27,(0) @ u; (0)(In ® Ri)Jvee(KF, 4 11))-
Define the following operators:
[k 2l (o) @ &l (S)ds ]
PEAOEEMOLE

Ii)\zz -
)
L ell,l $Z}\(<) ® ITA (s)ds
-l .
fgl zx( )®UM( )ds
4
812 ZA( )®uzk( )dC
Iikxu =

®'LL1 A( )d<

le | z',

where 0 < fy < £1 < --- < ¥;. Then, (13) can be transformed into the

compact form as

Oiak) =Bk, k=0,1,2, ...

vecs(ﬁik(k))
VeC(KiE,A(k+1))

with ©; ;) € R n(nt1)+nm] Z;.(x) € R can be denoted as

E. (Vecv(azi,k(é + T)) - Vecv(:ciyx(f))) r

Sinky = — [iszveC(Qi(k))-

If ©; ;. (x) has full rank, PZ (k) and K7 (k1) €an be obtained by

{ Vecs(ﬁik(,@))

vec(KfJ(kH)

-1

0L, )Sinmky.  (15)

= (@iT,A(k)@i,k(k))
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Fig. 1. Structure of tunnel diode circuit system.
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Fig. 2. Convergence of matrices PZ.’ 5
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Fig. 3. Convergence of matrices K i

Accordingly, the rank condition of ©; ;
following Lemma 2.
Lemma 2 ([23]): 1f there is a constant [y > 0, forall [ > [,

n(n+1)
2

y can be ensured by the

rank ([Linge  Lizau]) = +mn

then ©; ; () has full column rank for all k.

Remark 3: Note that the proposed online parallel learning control
algorithm to solve the CAREs of nonlinear MJSPSs is a model-free
control method. The IRL-based Bellman equation in the Algorithm
2 is utilized to avoid the information of system dynamics. Compared

IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 31, NO. 10, OCTOBER 2023

with existing learning control algorithms, the improvement lies in the
following twofolds. 1) By means of the PDC technology, the learning
controller for nonlinear MJSPSs is designed by solving a set of parallel
CARESs, which reduces the computational complexity. 2) The matrix
PEx rather than P7; is determined by solving the well-posed CAREs
in Algorithm 2, which can improve the calculation accuracy.

Remark 4: In Algorithm 2, although the proposed method is model
free, it is obvious that the transition probability still exists in (15), which
means that transition probability is assumed to be known in this article.
Therefore, how to eliminate transition probability by employing the
IRL method in MJSPSs deserves our further study.

D. Analysis of Convergence

The convergence of the online parallel learning Algorithm 2 is proved
in the following theorem.

Theorem 2: Assume that ©; ;1) is full column rank and gives stable
values K¢ Vi € S. Then, the solutions of (5) and (6) are equal to
(15).

Proof: Given initial stabilizing control gains K7, (0)? the solutions
of CAREs (3) can be obtained. According to Lemma 1, we can
obtain the exact solutions Pf; from (4). Denote the cost function
as Vi (x:,(0)) = «l, (€) Pf, 24,5, (£). For N reconstructed subsystems
(9) satisfy (7) and (8), the following condition is satisfied:

i,1(0)

al, (4 TYU P, o min(L+ T) — 2], (OUPE, 1y i,.(€)

04T ~ ~
[ RO P + Py Ao ()
+2(u0(6) + K 25 ()T (BE)T Py | ds
L+T
= [ Qs
4

+T
+2 / (15 (5) + K 20 ()T R 1y (5) .
Y4

Since ©; (k) has full column rank, (15) are the online implement of
(11). Therefore, the solutions of (15) are equivalent to (5) and (6). The
proof is completed. |

IV. SIMULATION

In this example, a tunnel diode circuit model employed from [37] is
shown in Fig. 1. The state equation can be described as

{cv () = = V(0) — +1i.(0)

7 Ve(0)
Vs (0) + u(f)

Ve(l
Reii= (0) +

Lu(6) = ( ) -

where the capacitance C' = 0.2F, the inductance L = 1mH, V;(¢) =

1.5V.(¢), and R;, = WME(”. Assume that the resistances I,

and R.; are influenced by the environment. This system has two work-

ing status: 1) R,; = 1802 and R.; = 92, and 2) R.o = 20052 and

Reo = 10Q. Let 1 (¢) = V.(¢) € [-5, 5], x2(f) = i,(¢), and SPP

€ = 0.01, then the T-S fuzzy model can be described as follows.
Fuzzy rule 1: 1IF x1(¢) = —5 THEN

st(g) = Alyll’(g) + Bmu(é)
Fuzzy rule 2: IF 1 (¢) = 5 THEN

Usi(l) = A 22(0) + Biou(l)
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where x(¢) = [ 2T (¢) L(¢) 17,U*° = diag{1,0.01},7 = 1,2, and
1
ol 0
c R

_Rei:| 7Bl,1 - |:1:|

i 0
Ai — Ry , B; o = )
= [& wlmesll
The transition probability matrix and the fuzzy weighting functions
are selected as follows:

-3 3
= {1.5 71.5]

4O gy = 2500,

_ 1 _ 0.002+40.01x25
Ay = { R..C c

0.5

g1(z1(0)) =
In addition, let weighting matrices as

1 0
Q1 =0Q2= |:0 1:|,R1:R2:0.1I.

By employing Algorithm 1, the following optimal matrices are
calculated as:

pee _ [0-34050.0017) ... _ [0.3453 0.0016
117 10.0017 0.0005| "%~ [0.0016 0.0005
per _ 07162 0.0037| .. _ [0.7454 0.0035
127 10.0037 0.0005| " %2~ |0.0035 0.0005
Kf') = [1.7981 0.5487] , K5", = [1.6585 0.4960]
K{%, = [3.7751 0.5590] , K5% = [3.5723 0.5051] .

From Algorithm 1, the optimal control gains can be calculated by
accurate system model information. Compared with Algorithm 1, by
employing system data z(¢) and u({), the online Algorithm 2 can
obtain the optimal control policies without using system dynamics. The
convergences of matrices P7, and K7, are presented in Figs. 2 and 3,
respectively, which means that the approximated optimal solutions can
be obtained after online learning interaction.

V. CONCLUSION

This article has investigated the optimal control problem of non-
linear MJSPSs based on IRL. The T-S fuzzy model has been used
to approximate the nonlinear feature of MJSPSs. Besides, a novel
offline parallel learning algorithm has been proposed, where system
dynamics should be known as a priori. To solve this problem, based
on IRL method, we have presented an online model-free parallel
algorithm to obtain the optimal control policy for nonlinear MJSPSs.
The convergence has also been proven. Finally, a tunnel diode cir-
cuit model has been employed to demonstrate the effectiveness of
the proposed method. It is worth noting that the methods proposed
in this article will invalid when the information of Markov chain is
not available. Hence, it is significant to extend the proposed control
methods to hidden MJSPSs. Actually, stochastic jump and two-time-
scale phenomena widely exist in real engineering applications. Thus,
we will extend the proposed RL-based control methods to practical
application systems, such as looper hydraulic servo systems in hot strip
rolling.
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