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Global Stabilization for Stochastic Continuous
Cascade Nonlinear Systems Subject to SISS

Inverse Dynamics and Time-Delay: A Dynamic
Gain Approach

Yu Shao , Ju H. Park , Senior Member, IEEE, and Shengyuan Xu

Abstract—This article is devoted to the global contin-
uous control for stochastic low-order cascade nonlinear
systems with time-varying delay and stochastic inverse
dynamics. Compared with existing results, the nature of
only continuous, but nonsmooth, is unfolded since the
power of the stochastic cascade system is of low order;
and all the traditional growth conditions on unknown drift
and diffusion nonlinearities and local Lipschitz condition
are quitted, which largely extends the scope of application.
Combining with stochastic input-to-state stability, two new
lemmas are developed with rigorous proofs to deal with
uncertain nonlinear terms and unmeasurable stochastic in-
verse dynamics. A continuous control scheme consisting
of a delay-independent partial state feedback controller and
a serial of dynamic update laws is proposed to guarantee
the globally asymptotical stability of the closed-loop sys-
tem.

Index Terms—Continuous system, dynamic gain,
stochastic low-order cascade nonlinear system, stochastic
inverse dynamics, time-varying delay.

I. INTRODUCTION

COMPARED with linear systems, nonlinear systems can
better characterize the nature of real systems. It is widely

recognized that almost all systems met in practical applica-
tions can be described by nonlinear physical models, such as
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aerospace, intelligent robotics, chemical engineering, and so
on [1], [2]. Further, stochastic noises and time-delay extensively
occur in the actual engineering, so the research on stochastic
time-delay nonlinear systems has been extensively investigated
during the past few decades [3]–[14]. In particular, stochastic
inverse dynamics exist largely in all kinds of practical plants.
Accordingly, the nonlinear control for stochastic cascade sys-
tems has stirred plenty of research interests by characterizing
unmeasured stochastic inverse dynamics with various condi-
tions [18]–[20].

On the other hand, for the stochastic low-order nonlinear
system, which means the system with power less than one, there
are few results so far because it is only continuous but not smooth
and all the control methods requiring any smoothness will fail.
Fortunately, Tzamtzi and Tsinias [15] provided the explicit
formulas of feedback stabilizers for a class of uncontrollable
linearization triangular systems and C̆elikovský and Aranda-
Bricaire [16] studied the constructive nonsmooth stabilization
of triangular systems. Moreover, the dynamic uncertainties were
considered in [17]. The authors in [21]–[23] proposed the non-
Lipschitz continuous approach to nonlinear systems. Further,
based on a dynamic gain approach, Zhang et al. [24] studied the
nonsmooth feedback control of time-delay cascade nonlinear
systems. Then, for stochastic low-order nonlinear systems in
the absence of time-delay, the authors in [25]–[28] established
and enriched the finite-time theoretical framework. Liu et al.
and Shao et al. [25], [26] addressed the finite-time control for
stochastic low-order nonlinear systems with lower-triangular
and upper-triangular forms, respectively. The authors in [27]
and [28] solved the finite-time stabilization problem of stochas-
tic low-order nonlinear systems with time-varying powers and
stochastic inverse dynamics. Obviously, when time-delay is
taken into account, the control problem becomes more difficult
for stochastic low-order nonlinear systems, where the smooth-
ness has already disappeared. Therefore, a natural motivation of
this article is how to generalize the existing stochastic theory to
a class of low-order stochastic cascade nonlinear systems with
time-delay and stochastic inverse dynamics.

It should be noted that most of the above outcomes are
based on the assumption of local Lipschitz and certain growth
conditions on nonlinear functions, which greatly limits its scope
of application. Actually, it is difficult to maintain these growth
conditions in the actual system, especially in the presence of
time-delay and stochastic inverse dynamics. What is more,
considering the fact that the local Lipschitz condition is hard
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to meet in many stochastic nonlinear systems, hence another
intuitive motivation of this article is how to relax or even remove
such strong restrictions for nonlinear functions, and broaden the
classical stochastic stability theory to cover the case of only
continuous rather than local Lipschitz.

Motivated by the above discussions, when both time-delay
and unmeasured stochastic inverse dynamics exist, an interesting
and challenging problem arises immediately: if all the additional
growth conditions of nonlinear functions are abandoned, where
the local Lipschitz condition is reduced to continuous, is it
possible to design a delay-independent controller for stochastic
cascade low-order nonlinear systems in a continuous fashion?
An affirmative solution is proposed, and such a continuous
criteria will be shown in this article by the feat of stochastic
input-to-state stability (SISS) condition, generalized small gain
conditions, Lyapunov–Krasoviskii (L–K) functional, and dy-
namic control gain laws [29]–[34]. Different from the full-state
feedback control by use of the information of whole states of
the cascade nonlinear systems, the partial-state feedback control
adopted in this article is that only using the information of driving
subsystems, while the information of driven subsystems is just
needed for the theoretical analysis of the whole cascade system.

The main contributions of this article are highlighted threefold
as follows.

1) For the first time, this article aims at the global stabiliza-
tion for stochastic low-order cascade nonlinear systems in
the presence of SISS inverse dynamics and time-varying
delay. With the introduction of two key lemmas, the
traditional growth conditions on unknown drift and dif-
fusion terms are removed, and the strong limitation of
locally Lipschitz on nonlinear functions is relaxed to be
continuous, which is rather important in controller design
analysis and enlarges the practical application range.

2) Due to the nature of only continuous but nonsmoothness
of low-order systems, thereby a new idea of continuous
control is proposed to overcome the problem that all
existing control strategies requiring arbitrary smoothness
are no longer applicable to low-order systems, which
expands the stochastic cascade time-delay results to a
continuous fashion.

3) Quadratic L–K functionals are designed elaborately to
replace the quartic L–K functionals used in traditional
stochastic control results, which saves complicated cal-
culations caused by recursive controller design. Then,
a delay-independent controller and a series of dynamic
gain laws are designed simultaneously to guarantee the
boundedness of all signals and the globally asymptoti-
cally stability of the closed-loop system.

Notations: Rn is the n-dimensional Euclidean space. Ci is
the the family of all the functions with continuous ith partial
derivations. | · | is the the absolute value.ZT is the the transpose
of matrix Z. For a given real matrix A = (aij)n×m,‖A|‖F =

(Σn
i=1Σ

m
j=1a

2
ij)

1
2 denotes Frobenius norm. z̄i = [z1, . . . , zi]

T .

Tr{Z} is the trace of square Z. ‖Z‖p = (
∑n

i=1 Z
2
i )

p
2 with real

number p > 0 for real vector Z = [Z1, . . . , Zn]
T , in particular,

when p = 1, it denotes Euclidean norm, ‖Z‖1 is simplified
as ‖Z‖. δ is positive definite: δ : Rn → R+ is a continuously
differentiable function, which satisfies δ(η) ≥ 0 and δ(η) = 0

if and only if η = 0. δ is negative definite: −δ(η) is positive
definite. The continuous mapping β(z) is said to belong to class
K if β : [0, a∗) → [0,∞) is strictly increasing and β(0) = 0,
moreover, β(z) ∈ K∞ for all z ≥ 0 and β(z) → ∞, z → ∞.
For z ∈ [0, a∗), s ∈ [0,∞), the continuous mapping β∗(z, s) ∈
KL if, for each fixed s, β∗(z, s) ∈ K with respect to z and,
for each fixed z, β∗(z, s) is decreasing with respect to s and
β∗(z, s) → 0, s→ ∞. The notation of a function is sometimes
predigested, for example, a function g(x(t)) is denoted by g(x),
g(·), or g.

II. PRELIMINARIES AND PROBLEM FORMULATION

A. Preliminaries

The following stochastic time-delay nonlinear system are
considered:

dx(t) =f(t,x(t),x(t−τ(t)))dt+gT(t,x(t),x(t−τ(t)))dω
(1)

with initial data {x(ς) :−τ≤ ς≤ 0}=ξ∈Cb
F0
([−τ, 0];Rn) and

∀t≥0, where τ(t) : R+→ [0, τ ] is a Borel measurable function;
ω is an ı-dimensional standard Wiener process defined on a com-
plete probability space {Ω,F , P}, whereΩ is a sample space,F
is aσ-field,P is the probability measure; f : R+ × Rn × Rn →
Rn and gT : R+ × Rn × Rn → Rn×r are continuous functions
with f(t, 0, 0) ≡ 0 and g(t, 0, 0) ≡ 0.

Definition 1 [1]: For a C2,1 function V(x(t),t) of system (1),
the differential operator L is defined as LV = ∂V

∂t + ∂V
∂x f +

1
2Tr{g ∂2 V

∂x2 g
T },where 1

2Tr{g ∂2 V
∂x2 g

T } is known as the Hessian
term of L.

Definition 2 [1]: The equilibrium x(t) = 0 of system (1)
is said to be globally stable in probability, if for any ε > 0,
there holds limx0→0 P{supt>0 ‖x(t)‖ > ε} = 0. Moreover, the
equilibrium x(t) = 0 of system (1) is said to be globally asymp-
totically stable in probability, if for any ε > 0, there exists
a function μ(·, ·) ∈ KL such that P{‖x(t)‖ ≤ μ(‖ξ‖, t)} ≥
1− ε for any t ≥ 0, ψ ∈ Cn

F0
([−τ, 0];Rn) \ {0}, where ‖ξ‖ =

supς∈[−τ,0] ‖x(ς)‖.
Lemma 1 [31]: For m,n ∈ R, p ≥ 1, one has

|m− n|p ≤ 2p−1|mp − np|, |m 1
p − n

1
p | ≤ 2

p−1
p |m− n| 1p

(|m|+ |n|) 1
p ≤ |m| 1p + |n| 1p ≤ 2

p−1
p (|m|+ |n|) 1

p

and for any p > 0 and m1, . . . ,mk ∈ R, then

(|m1|+ · · ·+|mk|)p≤ max{kp−1, 1}(|m1|p+ · · ·+ |mk|p).
Lemma 2 [31]: For given positive real numbers m, n, and a

function a(x, y), there holds for all x ∈ R, y ∈ R

|a(x, y)xmyn| ≤ c(x, y)|x|m+n+
n

m+n

(
m

(m+n)c(x, y)

)m
n

· |a(x, y)|m+n
n |y|m+n

where c(x, y) > 0.
Lemma 3 [24]: For a function f(ξ1, ξ2)∈C0, ξ1∈Rm,

ξ2∈Rn, there exist smooth functions ζ1(ξ1)≥0, ζ2(ξ2)≥
0, y1(ξ1)≥1, y2(ξ2)≥1 that satisfy |f(ξ1, ξ2)|≤ζ1(ξ1)+
ζ2(ξ2), |f(ξ1, ξ2)|≤y1(ξ1)y2(ξ2).
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Lemma 4 [24]: If h(z1, z2) is a real-valued continuous
function, there exist nonnegative smooth scalar functions
x(z1), y(z2) satisfying h(z1, z2)(‖z1‖+ ‖z2‖) ≤ x(z1)‖z1‖+
y(z2)‖z2‖.

It is worth noting that the drift term and the diffusion term
of system (2) are merely continuous. And we know that local
Lipschitz condition can ensure the existence of a unique strong
solution for a given initial condition. However, due to the in-
herent difficulty that many stochastic nonlinear systems do not
satisfy the local Lipschitz condition, we need to broaden the
classical stochastic stability theory to cover the scope of having
at least one weak solution. A generalized lemma is presented
below by integrating the ideas in [10] and [35]–[37]. It can be
proved in a similar way as [35, Th. 2.1] and [37, Th. 2.1]. Hence
the details are omitted.

Lemma 5: Suppose that f and g are locally bounded
in [x, x(t−τ)] (uniformly for t), and there exist
V (x(t), t) ∈ C2,1, W (x) ≥ 0, and ϑ1(·) ∈ K∞, ϑ2(·) ∈ K∞
such that ϑ1(‖x(t)‖)≤V (x(t), t)≤ϑ2(sup−τ≤t≤0 ‖x(t+
s)‖),LV (x(t), t) ≤ −W (x), then the trivial solution of
system (1) is globally stable in probability, and moreover,
P{limt→∞W (x(t)) = 0} = 1. Particularly, if W is positive
definite, then the trivial solution of system (1) is globally
asymptotically stable in probability.

B. Problem Formulation

Consider the stochastic cascade time-delay nonlinear system⎧⎪⎪⎨
⎪⎪⎩
dzi= f0i(z̄i, z̄i(t−τ(t)), ζ̄i,ζ̄i(t−τ(t)))dt

+ gT0i(z̄i, z̄i(t−τ(t)), ζ̄i,ζ̄i(t−τ(t)))dω
dζi= ζri+1dt+fi(z̄i, z̄i(t−τ(t)), ζ̄i,ζ̄i(t−τ(t)))dt

+ gTi (z̄i, z̄i(t−τ(t)), ζ̄i,ζ̄i(t−τ(t)))dω
(2)

where ζ = [ζ1, . . . , ζn]
T ∈ Rn is measurable state, zi ∈ Rni ,

i = 1, . . . , n, represent unmeasured stochastic inverse dynam-
ics, u := ζn+1 ∈ R is control input. r ∈ R<1

odd � {ρ1

ρ2
| ρ1 and ρ2

are positive odd integers satisfying ρ1<ρ2}. The time-varying
delay τ(t) is bounded and0<τ̇ (t)≤ τ̃ <1with a constant τ̃ .f0i :
R2i+2n1+···+2ni → Rni , g0i : R2i+2n1+···+2ni → Rm×ni , fi :
R2i+2n1+···+2ni → R, gi :R2i+2n1+···+2ni → Rm are the same
as (1), so areω and the initial state, moreover, fi(t, 0, 0, 0, 0) = 0
and gi(t, 0, 0, 0, 0) = 0, i = 1, . . . , n.

The control goal is to design a delay-independent controller
to ensure that the trivial solution of the closed-loop system is
globally asymptotically stable in probability in a continuous
fashion. To this aim, the following assumptions are needed.

Assumption 1: For each zi-subsystem in (2), there is a
scalar function U0i(zi) ∈ C2 which is positive definite and
radially unbounded, and K∞ functions Δ0i,Δ1i,Δ2i, and
a smooth function Δi(Xi) ≥ 0,Δi(0) = 0, Xi = [z̄i, z̄i(t−
τ(t)), ζ̄i,ζ̄i(t−τ(t))], such that

Δ1i(‖zi‖) ≤ U0i(zi) ≤ Δ2i(‖zi‖)
LU0i(zi)≤−Δ0i(‖zi‖)+Δi(z̄i, z̄i(t−τ(t)), ζ̄i,ζ̄i(t−τ(t))).

(3)

Equation (3) is called SISS condition.
Assumption 2: There exists a nonnegative smooth func-

tion ψi that satisfies ‖g0i(z̄i, z̄i(t−τ(t)), ζ̄i,ζ̄i(t−τ(t)))‖F ≤
ψi(‖zi‖).

Remark 1: Assumption 1 indicates that system (2) satisfies
the SISS condition, which is common and often encountered
in existing results on stochastic inverse dynamics, such as [19],
[20], and [29]. Moreover, (3) is also considered in [19], and it
is worth noting that the restrictive constraint of ∂lΔi

∂Xl(0)
= 0, l =

1, 2, 3 on functions Δi(X) is relaxed in this article. Assumption
2 means that the diffusion vector field of inverse dynamics
is confined by the dynamics itself. Moreover, there exists a
nonnegative smooth function φi to ensure ∂U0i(zi)

∂zi
≤φi(‖zi‖)

since any continuous function can be bounded by a smooth
function. The control design in this article is continuous con-
sidering that the studied system (2) not only has the power less
than one but also, for wider application, its drift and diffusion
terms are only continuous rather than smooth, which can be
guaranteed in most practical situations. The difficulties in the
control design in continuous case are mainly in two parts. 1)
It is hard to extend the existing results to continuous fashion
as all existing control strategies requiring arbitrary smoothness
are no longer applicable. 2) The appearance of ζri+1(0 < r < 1)
leads to a completely nondifferentiable situation. This makes
the selection of the Lyapunov function and the design of the
controller very difficult since the basic idea of the Lyapunov
stability theory is the derivative operation. Therefore, the control
of low-order systems is entirely different and more difficult than
those in high-order or strict-feedback systems in literature [18],
[19] where the traditional backstepping method can be directly
used. �

Lemma 6 [33]: If zi-subsystem satisfies Assumption 1 and

lim sup
s→0+

χi(s)

Δ0i(s)
<∞, lim sup

s→0+

φ2i (s)ψ
2
i (s)

Δ0i(s)
<∞

∫ ∞

0

[γi(Δ
−1
1 (s))]′e−

∫ s
0 [νi(Δ

−1
1 (v))]−1dvds < +∞ (4)

with a smooth function χi(s) and two continuous increasing
functions γi(s) ≥ 0 and νi(s) > 0 for s ≥ 0 and satisfying

γi(s)Δ0i(s) ≥ 4χi(s), νi(s)Δ0i(s) ≥ 2φ2i (s)ψ
2
i (s) (5)

then there exists a continuous differentiable function �i(s) > 0
∀s ∈ [0,∞) which is nondecreasing and satisfies

�i(U0i(zi))Δ0i(‖zi‖)
≥ 2�′i(U0i(zi))φ

2
i (‖zi‖)ψ2

i (‖zi‖)+4χi(‖zi‖) (6)

for any zi ∈ Rni .
In view of all the traditional restrictive conditions on un-

known drift and diffusion terms being removed, the following
two crucial lemmas are introduced to accelerate the controller
design and theoretical analysis, which are rigorously proved in
the Appendix.

Lemma 7: For each nonlinear function fi, gi, i=1, . . . , n
of (2), there exist nonnegative smooth functions γilj , γ

0
ilk,

Υilj ,Υ
0
ilk, l = 1, 2, such that

|fi(z̄i, z̄i(t−τ(t)), ζ̄i,ζ̄i(t−τ(t)))|

≤
i∑

j=1

(‖zj‖rγi1j(zj)+‖zj(t−τ(t))‖rγi2j(zj(t−τ(t)))

+|ζj |rΥi1j(ζj)+|ζj(t−τ(t))|rΥi2j(ζj(t−τ(t))))
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∥∥∥gTi (̄zi,z̄i(t−τ(t)),ζ̄i,ζ̄i(t−τ(t)))gTj (̄zj ,z̄j(t−τ(t)),ζ̄j ,ζ̄j(t−τ(t)))∥∥∥
≤

i∑
k=1

(‖zk‖1+rγ0i1k(zk)+‖zk(t−τ(t))‖1+rγ0i2k(zk(t−τ(t)))

+ζ1+r
k Υ0

i1k(ζk)+ζ
1+r
k (t−τ(t))Υ0

i2k(ζk(t−τ(t)))
)
, i ≤ j.

(7)

Lemma 8: Let Y = [ζ1, . . . , ζn]
T ∈ Rn and Δ : Rn → R be

a C2 nonnegative smooth function with Δ(0) = 0. Then, there
are smooth scalar functions bi(ζi) ≥ 0, i = 1, . . . , n, such that
Δ(Y ) ≤∑n

i=1 ζ
1+r
i bi(ζi), where r is the system power defined

as in (2).
Remark 2: From Lemma 8, the nonlinear functions Δi, i =

1, . . . , n of Assumption 1 indicate that

Δi(z̄i, z̄i(t−τ(t)), ζ̄i,ζ̄i(t−τ(t)))

≤
i−1∑
j=1

(‖zj‖1+rγ∗i1j(zj)+‖zj(t−τ(t))‖1+rγ∗i2j(zj(t−τ(t)))
)

+

i∑
j=1

(
ζ1+r
j Υ∗

i1j(ζj)+ζj(t−τ(t))1+rΥ∗
i2j(ζj(t−τ(t)))

)
(8)

with nonnegative smooth functions γ∗ilj(·),Υ∗
ilj(·), l = 1, 2. �

III. MAIN RESULTS

A. Dynamic State Feedback Controller Design

The recursive steps for designing the virtual controllers are
presented as follows.

Step 1: For (z1, ζ1)−subsystem of (2), let η1 = ζ1

and U1(z1, ζ1, �1) =
∫ U01(z1)

0 �1(s)ds+
1
2 (1 +

1
�1
)W1,W1 =

η21 , where � : [0,∞) → (0,∞) is a smooth nondecreasing func-
tion and �1(t) ≥ 1 is a dynamic gain to be designed in the next
step. According to Assumption 2, Definition 1, [33, eq. (34)],
(7), and (8), there holds

LU1 = �1(U01(z1))LU01(z1)

+
1

2
�′1(U01(z1))

∥∥∥(∂U01(z1)

∂z1

)T

g0

∥∥∥2
F

+

(
1 +

1

�1

)
η1(ζ

r
2 + f1)

+
1

2

(
1 +

1

�1

)
‖gT1 g1‖ −

�̇1
2�21

η21

≤−�1(U01(z1))Δ01(‖z1‖)+�1(U01(z1))(ζ
1+r
1 Υ∗

111(ζ1)

+ζ1+r
1 (t− τ)Υ∗

121(ζ1(t−τ)))+
1

2
�′1(U01(z1))φ

2
1ψ

2
1

+

(
1+

1

�1

)
η1(ζ

r
2 + f1)

+
1

2

(
1+

1

�1

)
‖gT1 g1‖ −

�̇1
2�21

η21 . (9)

First of all, by means of changing supply rate in [32], it derives

− 1

2
�1(U01(z1))Δ01(‖z1‖)+�1(U01(z1))(ζ

1+r
1 Υ∗

111(ζ1)

+ζ1+r
1 (t−τ)Υ∗

121(ζ1(t−τ)))
≤ η1+r

1 Υ0∗
111(ζ1) + η1+r

1 (t−τ)Υ0∗
121(ζ1(t−τ))) (10)

with nonnegative smooth functions Υ0∗
111,Υ

0∗
121. Then, from

Lemmas 2 and 7, it shows(
1 +

1

�1

)
|η1f1|

≤ 16η1+r
1 +‖z1‖1+rγ̄111(z1)

+ ‖z1((t−τ))‖1+rγ̄121(z1(t−τ))
+ ζ1+r

1 Ῡ111(ζ1)+ζ
1+r
1 (t−τ)Ῡ111(ζ1(t−τ)),

1

2

(
1+

1

�1

)
‖gT1 g1‖

≤ ‖z1‖1+rγ0111(z1)+‖z1((t−τ))‖1+rγ0121(z1(t−τ))
+ ζ1+r

1 Υ0
111(ζ1)+ζ

1+r
1 (t−τ)Υ0

111(ζ1(t−τ)). (11)

Substituting (10) and (11) into (9), it yields

LU1 ≤ − 1

2
�1(U01(z1))Δ01(‖z1‖)

+
1

2
�′1(U01(z1))φ

2
1(z1)ψ

2
1(z1)

+

(
1 +

1

�1

)
η1(ζ

∗r
2 + ζr2 − ζ∗r2 ) + 16η1+r

1

+ ‖z1‖1+r(γ̄111 + γ0111)(z1)

+ ‖z1(t− τ)‖1+r(γ̄121 + γ0121)(z1(t− τ))

+ η1+r
1 (Υ0∗

111 + Ῡ111 +Υ0
111)

+ η1+r
1 (t− τ)(Υ0∗

121 + Ῡ111 +Υ0
121)−

�̇1
2�21

η21 .

(12)

Consider the L–K functional

U1LK = U1 +

∫ t

t−τ

(‖z1(s)‖1+r(γ̄121 +γ
0
121)(z1(s))

+ η1+r
1 (s)(Υ0∗

121+Ῡ111+Υ0
121)(ζ1(s))

)
ds. (13)

By means of Lemmas 1 and 2, it follows that

LU1LK

≤−1
2
�1(U01(z1))Δ01(‖z1‖)+ 1

2
�′1(U01(z1))φ

2
1(z1)ψ

2
1(z1)

+

(
1+

1

�1

)
η1ζ

∗r
2 +η1+r

2 +‖z1‖1+r(γ̄111+γ
0
111+γ̄121+γ

0
121)

+16η1+r
1 +η1+r

1 (Υ0∗
111+Ῡ111+Υ0

111+Υ0∗
121+Ῡ111+Υ0

121)

− �̇1
2�21

η21 . (14)
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Take η2 = ζ2 − ζ∗2 . With (14) and �1 ≥ 1, the virtual controller

ζ∗2 = − η1
(
n+21+Υ0∗

111+Ῡ111+Υ
0
111+Υ

0∗
121+Ῡ111+Υ

0
121

) 1
r

:= − η1ε1(ζ1) (15)

leads to

LU1LK

≤−1
2
�1(U01(z1))Δ01(‖z1‖)+ 1

2
�′1(U01(z1))φ

2
1(z1)ψ

2
1(z1)

+ ‖z1‖1+r(γ̄111+γ
0
111+γ̄121+γ

0
121)

−(n+1)η1+r
1 − �̇1

2�21
η21+η

1+r
2 . (16)

Step 2: For (z1, z2, ζ1, ζ2)−subsystem, consider the L–K
functional

U2 = U1LK+
1

�1

∫ U02(z2)

0

�2(s)ds+
1

2

(
1

�1
+

1

�1�2

)
W2

W2 = η22 (17)

with a smooth nondecreasing function �2 : [0,∞) → (0,∞)
and dynamic gain �2(t) ≥ 1 will be determined in the next step.
Then

LU2≤− 1

2
�1(U01(z1))Δ01(‖z1‖)+ 1

2
�′1(U01(z1))φ

2
1(z1)ψ

2
1(z1)

− �̇1
2�21

η21−(n+1)η1+r
1 +η1+r

2 +‖z1‖1+r(γ̄111+γ
0
111

+ γ̄121+γ
0
121)−

�̇1
�21

∫ U02(z2)

0

�2(s)ds

− 1

�1
�2(U02(z2))Δ02(‖z2‖)+ 1

�1
�2(U02(z2))

× (‖z1‖1+r γ∗211(z1)+‖z1(t−τ)‖1+rγ∗221(z1(t−τ))
+ ζ1+r

1 Υ∗
211(ζ1)+ζ

1+r
1 (t−τ)Υ∗

221(ζ1(t−τ))
+ζ1+r

2 Υ∗
212(ζ2)+ζ

1+r
2 (t−τ)Υ∗

222(ζ2(t−τ))
)

+
1

2�1
�′2(U02(z2))φ

2
2(z2)ψ

2
2(z2)+

1

�1

(
1+

1

�2

)
η2ζ

r
3

+
1

�1

(
1+

1

�2

)
η2

(
f2− ∂W2

∂ζ1
(ζr2+f1)

)

+
1

�1

(
1 +

1

�2

) ∣∣∣∂2W2

∂ζ21
gT1 g1

+
∂2W2

∂ζ22
gT2 g2 + 2

∂2W2

∂ζ1∂ζ2
gT1g2

∣∣∣
− �̇1

2�21
η22 −

�̇1�2 + �1�̇2
2�21�

2
2

η22 . (18)

Similarly, by the method of changing supply rate, it shows

− 1

2� 1
�2(U02(z2))Δ02(‖z2‖)

+
1

�1
�2(U02(z2))

(‖z1‖1+rγ∗211(z1)

+ ‖z1(t− τ)‖1+rγ∗221(z1(t− τ))

+ ζ1+r
1 Υ∗

211(ζ1) + ζ1+r
1 (t− τ)Υ∗

221(ζ1(t− τ))

+ ζ1+r
2 Υ∗

212(ζ2) + ζ1+r
2 (t− τ)Υ∗

222(ζ2(t− τ))
)

≤ ‖z1‖1+rγ0∗211(z1) + ‖z1(t− τ)‖1+rγ0∗221(z1(t−τ))

+
1

�1
η1+r
1 Υ0∗

211(ζ1) +
1

�1
η1+r
1 (t−τ)Υ0∗

221(ζ1(t−τ))

+
1

�1
η1+r
2 Υ0∗

212(ζ2)+
1

�1
η1+r
2 (t−τ)Υ0∗

222(ζ2(t−τ)) (19)

with nonnegative smooth functions γ0∗2k1,Υ
0∗
2k1,Υ

0∗
2k2, k = 1, 2.

From Lemmas 1 and 2 and the definition of η2

η1+r
2 Υ0∗

212(ζ2) ≤ η1+r
1 Γ211(ζ1)+η

1+r
2 Γ212(ζ1, ζ2)

η1+r
2 (t−τ)Υ0∗

222(ζ2(t−τ)) ≤ η1+r
1 (t−τ)Γ221(ζ1(t−τ))

+ η1+r
2 (t−τ)Γ222(ζ1(t−τ),ζ2(t−τ)) (20)

with nonnegative smooth functions Γ211,Γ212,Γ221, and Γ222.
According to Lemmas 1, 2, and 7, there holds

η2

(
f2− ∂W2

∂ζ1
(ζr2+f1)

)

≤ ‖z1‖1+rδ211(z1)+‖z1(t−τ)‖1+rδ221(z1(t−τ))
+‖z2‖1+rδ212(z2)+‖z2(t−τ)‖1+rδ222(z2(t−τ))

+η1+r
2 δ̄212(ζ1, ζ2)+

1

2
η1+r
1 +η1+r

1 (t−τ)δ̄221(ζ1(t−τ))

+η1+r
2 (t−τ)δ̄222(ζ1(t−τ), ζ2(t−τ)) (21)

with nonnegative smooth functions δ2ι1, δ2ι2, δ̄2ι2, δ̄221, ι =
1, 2. From Lemmas 1 and 2 and (8)

∣∣∣∂2W2

∂ζ21
gT1 g1 +

∂2W2

∂ζ22
gT2 g2 + 2

∂2W2

∂ζ1∂ζ2
gT1 g2

∣∣∣
≤ ‖z1‖1+rλ211(z1)+‖z1(t−τ)‖1+rλ221(z1(t−τ))
+ ‖z2‖1+rλ212(z2)+‖z2(t−τ)‖1+rλ222(z2(t−τ))

+ η1+r
2 λ̄212(ζ1, ζ2)+

1

2
η1+r
1 +η1+r

1 (t−τ)λ̄221(ζ1(t−τ))

+ η1+r
2 (t−τ)λ̄222(ζ1(t−τ), ζ2(t−τ)) (22)

with nonnegative smooth functions λ2ι1, λ2ι2, λ̄2ι2, λ̄221, ι =
1, 2.

Construct the L–K functional

U2LK= U2+

∫ t

t−τ

(‖z1(s)‖1+r(γ0∗221+δ221+λ221)(z1(s))

+
1

�1(s)
‖z2(s)‖1+r(δ222 + λ222)(z2(s))

+
1

�1(s)
η1+r
1 (s)(Υ0∗

221+Υ221+δ̄221+λ̄221)(ζ1(s))

+η1+r
2 (s)(Υ222+δ̄222+λ̄222)(ζ1(s), ζ2(s))

)
ds.

(23)
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Then, it follows from (18)–(23) that

LU2LK

≤ − 1

2
�1(U01(z1))Δ01(‖z1‖)+‖z1‖1+r(γ̄111+γ

0
111+γ̄121

+γ0121+γ
0∗
211+δ211+λ211

+γ0∗221+δ221+λ221)(z1)+
1

2
�′1(U01(z1))φ

2
1(z1)ψ

2
1(z1)

− 1

2�1
�2(U02(z2))Δ02(‖z2‖)

+
1

�1
‖z2‖1+r (δ212+λ212+δ222+λ222) (z2)

+
1

2�1
�′2(U02(z2))φ

2
2(z2)ψ

2
2(z2)−nη1+r

1 − �̇1
2�21

η21

+

(
1

�1
− 1

�1(t−τ)
)
‖z2(t−τ)‖1+r (δ222+λ222) (z2(t−τ))

+
1

�1
η1+r
1

(
Υ0∗

211+Γ211+Υ0∗
221+Υ221+δ̄221+λ̄221

)
(ζ1)

+

(
1

�1
− 1

�1(t−τ)
)
η1+r
1 (t−τ) (Υ0∗

221+Γ221+δ̄221+̄λ221

)
(ζ1)

+
1

�1

(
1+

1

�2

)
η2ζ

∗r
3 +2η1+r

2

+η1+r
2

(
Γ212+δ̄212+λ̄212+Γ222+δ̄222+λ̄222

)
(ζ1, ζ2)

+η1+r
3 − �̇1

�21

∫ U02(z2)

0

�2(s)ds− �̇1
2�21

η22−
�̇1�2+�1�̇2

2�21�
2
2

η22

(24)

with η3 = ζ3 − ζ∗3 . Design the dynamic gain update law

�̇1= max{−2�21η
−1+r
1 +�1�1(ζ1)η

−1+r
1 , 0}, �1(0)=1

�1(ζ1)=2

n∑
i=2

(
Υ0∗

i11+Γi11+Υ0∗
i21+Υi21+δ̄i21+λ̄i21

)
(ζ1)

(25)

where nonnegative smooth functions Υ0∗
i11,Γi11,Υ

0∗
i21,Υi21,

δ̄i21, and λ̄i21 will be determined in the corresponding next step.
In view of (25) and r∈R<1

odd, the following properties are given:

− �̇1
2�21

η21 ≤ η1+r
1 − 1

2�1
η1+r
1 �1(ζ1)

1

�1
− 1

�1(t−τ) ≤ 0

− �̇1
�21

∫ U02(z2)

0

�2(s)ds− �̇1
2�21

η22−
�̇1�2+�1�̇2

2�21�
2
2

η22≤−
�̇2

2�1 � 22
η22 .

(26)

Substituting (25) and (26) into (24) yields

LU2LK

≤− 1

2
�1(U01(z1))Δ01(‖z1‖)+‖z1‖1+r(γ̄111+γ

0
111+γ̄121

+γ0121+γ
0∗
211+δ211+λ211 + γ0∗221+δ221+λ221)(z1)

+
1

2
�′1(U01(z1))φ

2
1(z1)ψ

2
1(z1)−

1

2�1
�2(U02(z2))Δ02(‖z2‖)

+
1

�1
‖z2‖1+r (δ212+λ212+δ222+λ222) (z2)−(n−1)η1+r

1

+
1

2�1
�′2(U02(z2))φ

2
2(z2)ψ

2
2(z2)+

1

�1

(
1+

1

�2

)
η2ζ

∗r
3 +2η1+r

2

+
1

�1
η1+r
1

n∑
m=3

(
Υ0∗

m11+Γm11+Υ
0∗
m21+Υm21+δ̄m21+λ̄m21

)
(ζ1)

+η1+r
2

(
Γ212+δ̄212+λ̄212+Γ222+δ̄222+λ̄222

)
(ζ1,ζ2)

+η1+r
3 − �̇2

2�1�22
η22 . (27)

Design a virtual controller as

ζ∗3 = − �
1
r
1 η2

(
n+2+(Γ212+δ̄212+λ̄212+Γ222+δ̄222

+λ̄222)(ζ1, ζ2)
) 1

r

:= − �
1
r
1 η2ε2(ζ1, ζ2). (28)

From (27) and (28), it follows that

LU2LK≤− 1

2
�1(U01(z1))Δ01(‖z1‖)+‖z1‖1+r(γ̄111+γ

0
111

+γ̄121+γ
0
121+γ

0∗
211+δ211+λ211+γ

0∗
221+δ221

+λ221)(z1)+
1

2
�′1(U01(z1))φ

2
1(z1)ψ

2
1(z1)

− 1

2�1
�2(U02(z2))Δ02(‖z2‖)

+
1

�1
‖z2‖1+r

(
δ212 + λ212 + δ222 + λ222

)
(z2)

+
1

2�1
�′2(U02(z2))φ

2
2(z2)ψ

2
2(z2)−(n−1)η1+r

1

− nη1+r
2 +η1+r

3 − 1

�1
η1+r
1

n∑
m=3

(
Υ0∗

m11+Γm11

+Υ0∗
m21+Υm21+δ̄m21+λ̄m21

)
(ζ1)− �̇2

2�1�22
η22 . (29)

Inductive Step: Suppose that at Step i−1 there exists an L–K
functional U(i−1)LK and a set of virtual controllers ζ∗1, . . . , ζ

∗
i

described as

ζ∗1 = 0, ζ∗2 = −η1ε1(ζ1)

ζ∗j = − �
1
r
1 · · · � 1

r
j−2ηj−1εj−1(�̄j−3, ζ̄j−2), j = 3, . . . , i

ηj = ζj − ζ∗j , j = 1, . . . , i (30)

with nonnegative smooth functions �j , εj , and a series of dy-
namic gains �j(t) ≥ 1 = �j(0), j = 1, . . . , i− 1 chosen as

�̇1 = max{−2�21η
−1+r
1 +�1�1(ζ1)η

−1+r
1 , 0}

�̇2 = max{−2�22η
−1+r
2 +�2�2(�1, ζ1, ζ2)η

−1+r
2 , 0}
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...

�̇i−2= max{−2�2i−2η
−1+r
i−2 +�i−2�i−2(�̄i−3,ζ̄i−2)η

−1+r
i−2 , 0}

(31)

such that

LU(i−1)LK

≤ − 1

2
�1(U01(z1))Δ01(‖z1‖)+‖z1‖1+r

(
γ̄111+γ

0
111+γ̄121

+γ0121+

i−1∑
j=2

(γ0∗j11+δj11+λj11+γ
0∗
j21+δj21 + λj21)

)
(z1)

+
1

2
�′1(U01(z1))φ

2
1(z1)ψ

2
1(z1)−

1

2�1
�2(U02(z2))Δ02(‖z2‖)

+
1

�1
‖z2‖1+r

⎛
⎝ i−1∑

j=3

(γ0∗j12+γ
0∗
j22)+

i−1∑
j=2

(δj12++λj12+δj22

+λj22)

⎞
⎠ (z2)+

1

2�1
�′2(U02(z2))φ

2
2(z2)ψ

2
2(z2)

− · · · − 1

2�1 · · · �i−2
�i−1(U0(i−1)(zi−1))Δ0(i−1)(‖zi−1‖)

+
1

�1 · · · �i−2
‖zi−1‖1+r

(
δ(i−1)1(i−1)+λ(i−1)1(i−1)

+δ(i−1)2(i−1)+λ(i−1)2(i−1)

)
(zi−1)

+
1

2�1 · · · �i−1
�′i−1(U0(i−1)(zi−1))φ

2
i−1(zi−1)ψ

2
i−1(zi−1)

−(n−i+2)

i−1∑
j=1

η1+r
j −η1+r

i−1 +η1+r
i − �̇i−1

2�1· · · �i−2�2i−1

η2i−1

−
i−2∑
j=1

1

2�1 · · · �j η
1+r
j

n∑
m=j+2

(Υ0∗
m1j+Γm1j+Υ0∗

m2j+Υm2j

+ δ̄m2j+λ̄m2j)(ζ1). (32)

Now, we claim that (32) also holds at step i. To show this,
consider

Ui = U(i−1)LK+
1

�1 · · · �i−1

∫ U0i(zi)

0

�i(s)ds+Wi(�̄i−2, ζ̄i),

Wi =
1

2�1 · · · �i−1
(1+

1

�i
)η2i (33)

where dynamic gain �i(t) ≥ 1 will be designed later and �i is
a smooth nondecreasing function. From �j ≥ 1, (32), (33), and
the manner of changing supply rate, there holds

LUiLK

≤ LU(i−1)LK− 1

2�1 · · · �i−1
�i(U0i(zi))Δ0i(‖zi‖)

+

i−1∑
j=1

1

�1 · · · �j−1

(‖zj‖1+rγ0∗i1j(zj)

+‖zj(t− τ)‖1+rγ0∗i2j(zj(t− τ))
)

+

i∑
j=1

1

�1 · · · �j
(
ζ1+r
j Υ̂0

i1j(ζj)

+ζ1+r
j (t− τ)Υ̂0

i2j(ζj(t− τ))
)

+
1

2�1 · · · �i−1
�′i(U0i(zi))φ

2
i (zi)ψ

2
i (zi)

+
1

�1 · · · �i−1

(
1 +

1

�i

)
ηi(ζ

∗r
i+1 + ζri+1 − ζ∗ri+1)

+
2

�1 · · · �i−1
ηifi +

∣∣∣ i−1∑
j=1

∂Wi

∂ζj
(ζrj+1+fj)

∣∣∣

+
∣∣∣ i−2∑
j=1

1

�1 · · · �i−1

(
1+

1

�i

)
ηi
∂ζ∗i
∂�j

�̇j

∣∣∣

+
1

2

∣∣∣ i−1∑
j=1

∂2Wi

∂ζ2j
gTj gj+

i−1∑
q,j=1,q �=j

∂2Wi

∂ζq∂ζj
gTq gj

+2

i−1∑
q=1

∂2Wi

∂ζi∂ζq
gTi gq+

∂2Wi

∂ζ2i
gTi gi

∣∣∣

−
i−1∑
j=1

�1 · · · �̇j · · · �i−1

�21 · · · �2i−1

∫ U0i(zi)

0

�i(s)ds

−
i−1∑
j=1

�1 · · · �̇j · · · �i−1

2�21 · · · �2i−1

(
1+

1

�i

)
η2i −

�̇i
2�1 · · · �i−1�2i

η2i

(34)

with nonnegative smooth functions γ0∗iιj , Υ̂
0
iιj , ι=1, 2. From (8),

(30), and Lemmas 2 and 3, one has

ζ1+r
j Υ̂0

i1j(ζj)≤η1+r
j−1Γ

0∗
i1(j−1)(�̄j−2, ζ̄j−1)+η

1+r
j Γ0∗

i1j(�̄j−2, ζ̄j),

ζ1+r
j (t−τ)Υ̂0

i2j(ζj(t−τ))
≤ η1+r

j−1 (t−τ)Γ0∗
i2(j−1)(�̄j−2(t−τ), ζ̄j−1(t−τ))

+ η1+r
j (t−τ)Γ0∗

i2j(�̄j−2(t−τ), ζ̄j(t−τ)) (35)

with nonnegative smooth functions Γ0∗
iι(j−1),Γ

0∗
iιj , ι=1, 2. And

by Lemmas 2, 3, 7, and (30), one can obtain

2

�1 · · · �i−1
ηifi +

∣∣∣ i−1∑
j=1

∂Wi

∂ζj
(ζrj+1 + fj)

∣∣∣

+
∣∣∣ i−2∑
j=1

1

�1 · · · �i−1

(
1 +

1

�i

)
ηi
∂ζ∗i
∂�j

�̇j

∣∣∣

≤ 2

�1 · · · �i−1

(
|ηifi|+

i−1∑
j=1

∣∣∣ηi ∂ζ∗i
∂ζj

∣∣∣(|ηj+1|r

+ |�1 · · · �j−1ηjεj(�̄j−2, ζ̄j−1)|r + |fj |
)
+

i−2∑
j=1

∣∣∣ηi ∂ζ∗i
∂�j

�̇j

∣∣∣)
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≤ 1

�1 · · · �i−1

( i∑
j=1

(‖zj‖1+rδi1j(zj)

+ ‖zj(t− τ)‖1+rδi2j(zj(t− τ))
)

+ η1+r
i δ̄i1i(�̄i−2, ζ̄i)

+ η1+r
i (t− τ)δ̄i2i(�̄i−2(t− τ), ζ̄i(t− τ))

+
i−1∑
j=1

η1+r
j +

i−1∑
j=1

η1+r
j (t− τ)δ̄i2j(�̄j−1(t− τ), ζ̄j(t− τ))

)
(36)

with nonnegative smooth functions δiιj , δ̄iιj , δ̄i2j , ι = 1, 2. By
Lemmas 2, 3, 7, (30), (33), and �j ≥ 1, it follows that

1

2

∣∣∣ i−1∑
j=1

∂2Wi

∂ζ2j
gTj gj +

i−1∑
q,j=1,q �=j

∂2Wi

∂ζq∂ζj
gTq gj

+ 2
i−1∑
q=1

∂2Wi

∂ζi∂ζq
gTi gq +

∂2Wi

∂ζ2i
gTi gi

∣∣∣

≤
(
1 + 1

�i

)
2�1 · · · �i−1

∣∣∣ i−1∑
j=1

((∂(−ζ∗i )
∂ζj

)2

+ ηi

(
∂2(−ζ∗i )
∂ζ2j

))
gTj gj

+

i−1∑
q,j=1,q �=j

((
∂(−ζ∗i )
∂ζj

)(
∂(−ζ∗i )
∂ζq

)
+ ηi

∂2(−ζ∗i )
∂ζj∂ζq

)
gTq gj

+ 2

i−1∑
q=1

∂(−ζ∗i )
∂ζq

gTi gq + gTi gi

∣∣∣

≤ 1

�1 · · · �i−1

( i∑
j=1

(‖zj‖1+rλi1j(zj)

+ ‖zj(t− τ)‖1+rλi2j(zj(t− τ))
)

+ η1+r
i λ̄i1i(�̄i−2, ζ̄i)

+ η1+r
i (t− τ)λ̄i2i(�̄i−2(t− τ), ζ̄i(t− τ))

+

i−1∑
j=1

η1+r
j +

i−1∑
j=1

η1+r
j (t− τ)λ̄i2j(�̄j−1(t− τ), ζ̄j(t− τ))

)
(37)

with nonnegative smooth functions λiιj , λ̄iιj , λ̄i2j , ι = 1, 2.
Construct the L–K functional

UiLK

= Ui +

∫ t

t−τ

( i−1∑
j=1

1

�1(s) · · · �j−1(s)
‖zj(s)‖1+r(γ0∗i2j + δi2j

+ λi2j)(zj(s))

+
1

�1(s) · · · �i−1(s)
‖zi(s)‖1+r(δi2i + λi2i)(zi(s))

+

i−1∑
j=1

1

�1(s) · · · �j−1(s)
η1+r
j (s)(Υ0∗

i2j

+Υ0
i2j + δ̄i2j + λ̄i2j)(�̄j−1(s), ζ̄j(s))

+ η1+r
i (s)(Υ0∗

i2i + δ̄i2i + λ̄i2i)(�̄i−2(s), ζ̄i(s))

)
ds. (38)

From (34)–(38), a delay-independent gain update law is de-
signed as

�̇i−1 = max{−2�2i−1η
−1+r
i−1

+ �i−1�i−1(�̄i−2(s), ζ̄i−1(s))η
−1+r
i−1 , 0}

�i−1(�̄i−2, ζ̄i−1) = 2

n∑
m=i

(
Υ0∗

m2(i−1) + Γ0
m2(i−1) + δ̄m2(i−1)

+ λ̄m2(i−1)

)
(�̄i−2, ζ̄i) (39)

with �i−1(0) = 1, from which, a virtual controller is devised by

ζ∗i+1 = −� 1
r
1 · · · � 1

r
i−1ηi

(
n− i+ 4 + (δ̄i1i + λ̄i1i +Υ0∗

i2i

+ δ̄i2i + λ̄i2i +Υ0∗
i1i)(�̄i−2, ζ̄i)

) 1
r

:= −� 1
r
1 · · · � 1

r
i−1ηiεi(�̄i−2, ζ̄i). (40)

Then

− �̇i−1

2�1 · · · �i−2�2i−1

η2i−1

≤ 1

�1 · · · �i−2
η1+r
i−1 − 1

2�1 · · · �i−1
η1+r
i−1 �i−1(�̄i−2, ζ̄i−1)

1

�j
− 1

�j(t− τ)
≤ 0, j = 1, · · · i− 1

−
i−1∑
j=1

�1 · · · �̇j · · · �i−1

�21 · · · �2i−1

∫ U0i(zi)

0

�i(s)ds

−
i−1∑
j=1

�1 · · · �̇j · · · �i−1

2�21 · · · �2i−1

·
(
1 +

1

�i

)
η2i −

�̇i
2�1 · · · �i−1�2i

η2i ≤ − �̇i
2�1 · · · �i−1�2i

η2i .

(41)

With the aid of (38)–(41), one obtains

LUiLK

≤ LU(i−1)LK − 1

2�1 · · · �i−1
�i(U0i(zi))Δ0i(‖zi‖)

+

i−1∑
j=1

1

�1 · · · �j−1
‖zj‖1+r(γ0∗i1j

+ γ0∗i2j + δi1j + δi2j + λi1j + λi2j)

+ ‖zi‖1+r(δi1i + δi2i + λi1i + λi2i)
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+

i−1∑
j=1

1

�1 · · · �j−1
η1+r
j

(
Γ0∗
i1j

+Υ0∗
i1j + Γ0∗

i2j +Υ0∗
i2j + δ̄i2j + λ̄i2j

)
+η1+r

i

(
Υ0∗

i1i+Υ0∗
i2i + δ̄i1i + δ̄i2i + λ̄i1i + λ̄i2i + 2

)
+ η1+r

i+1

+
1

�1 · · · �i−2
η1+r
i−1 − 1

2�1 · · · �i−1
η1+r
i−1 �i−1− �̇i

2�1 · · · �i−1�2i
η2i

≤ −1

2
�1Δ01 + ‖z1‖1+r(γ̄111 + γ0111 + γ̄121 + γ0121

+

i∑
j=2

(γ0∗j11 + γ0∗j21 + δj11 + δj21 + λj11 + λj21))(z1)

+
1

2
�′1(U01(z1))φ

2
1(z1)ψ

2
1(z1)−

1

2�1
�2Δ02

+
1

�1
‖z2‖1+r

( i∑
j=3

(γ0∗j12+γ
0∗
j22)+

i∑
j=2

(δj12 + δj22 + λj121

+
1

2�1
�′2φ

2
2ψ

2
2 + λj22)

)
(z2)− · · · − 1

2�1 · · · �i−1
�iΔ0i

+
1

�1 · · · �i−1
‖zi‖1+r(δi1i + δi2i + λi1i + λi2i)

+
1

2�1 · · · �i−1
�′iφ

2
iψ

2
i −(n−i+1)

i∑
j=1

η1+r
j − η1+r

i + η1+r
i+1

− �̇i
2�1 · · · �i−1�2i

η2i

−
i−1∑
j=1

1

2�1 · · · �j η
1+r
j

n∑
m=j+2

(Γ0∗
m1j +Υ0∗

m1j

+ Γ0∗
m2j +Υ0∗

m2j + δ̄m2j + λ̄m2j). (42)

At step n, for i = n+ 1 and recalling u = ζn+1, there holds

LUnLK

≤ −1

2
�1Δ01 +

1

2
�′1(U01(z1))φ

2
1(z1)ψ

2
1(z1)

+ ‖z1‖1+r(γ̄111 + γ0111 + γ̄121 + γ0121

+

n∑
j=2

(γ0∗j11 + γ0∗j21 + δj11

+ δj21 + λj11 + λj21))(z1)− 1

2�1
�2Δ02

+
1

�1
‖z2‖1+r

( n∑
j=3

(γ0∗j12

+ γ0∗j22) +
n∑

j=2

(δj12 + δj22 + λj121 + λj22)

)
(z2)

+
1

2�1
�′2φ

2
2ψ

2
2

− · · · − 1

2�1 · · · �n−1
�nΔ0n +

1

�1 · · · �n−1
‖zn‖1+r(δn1n

+δn2n+λn1n+λn2n) +
1

2�1 · · · �n−1
�′nφ

2
nψ

2
n −

n∑
j=1

η1+r
j .

(43)

From Lemma 6, if �j are chosen to satisfy

1

4
�1(U01(z1))Δ01(‖z1‖)

≥ 1

2
�′1(U01(z1))φ

2
1(z1)ψ

2
1(z1) + ‖z1‖1+r

(
γ̄111+γ

0
111+γ̄121

+ γ0121 +

n∑
j=2

(γ0∗j11 + γ0∗j21 + δj11

+ δj21 + λj11 + λj21)
)
(z1),

1

4�1
�2(U02(z2))Δ02(‖z2‖)

≥ 1

2�1
�′2(U02(z2))φ

2
2(z2)ψ

2
2(z2) +

1

�1
‖z2‖1+r

( n∑
j=3

(γ0∗j12

+ γ0∗j22) +
n∑

j=2

(δj12 + δj22 + λj121 + λj22)

)
(z2)

...
1

4�1 · · · �n−1
�n(U0n(zn))Δ0n(‖zn‖)

≥ 1

2�1 · · · �n−1
�′n(U0n(zn))φ

2
n(zn)ψ

2
n(zn)

+
1

�1 · · · �n−1
‖zn‖1+r(δn1n + δn2n + λn1n + λn2n)(zn)

(44)

and the dynamic partial state feedback controller is designed as

�̇1 = max{−2�21η
−1+r
1 + �1�1(ζ1)η

−1+r
1 , 0}

�̇2 = max{−2�22η
−1+r
2 + �2�i−1(�1, ζ1, ζ2)η

−1+r
2 , 0}

...

�̇n−1= max{−2�2n−1η
−1+r
n−1 +�n−1�i−1(�̄n−1, ζ̄n−1)η

−1+r
n−1 , 0}

u = − �
1
r
1 · · · � 1

r
n−1ηnεn(�̄n−2, ζ̄n) (45)

with �1(0) = · · · = �n−1(0) = 1 and

ζ∗1 = 0, ζ∗2 = −η1ε1(ζ1)
ζ∗k = −� 1

r
1 · · · � 1

r

k−2ηk−1εk−1(�̄k−3, ζ̄k−2), k = 3, . . . , n

ηk = ζk − ζ∗k, k = 1, . . . , n (46)

one has

LUnLK ≤ −
n∑

j=1

1

4�1 · · · �j−1
�j(U0j(zj))Δ0j(‖zj‖)

−
n∑

j=1

η1+r
j . (47)

This completes the recursive design.
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B. Stability Analysis

The main results are stated here.
Theorem 1: Considering the stochastic time-delay cascade

nonlinear system (2) under Assumptions 1 and 2 and (4)–(6),
there exists a delay-independent dynamic controller (45) such
that: 1) the closed-loop system has an almost surely continuous
solution on [−τ,∞) for any initial value [zT (0), ζT (0)]; 2) all
the signals of closed-loop system are almost surely bounded;
and 3) the trivial solution is globally asymptotically stable in
probability.

Proof: First, it is noted that the nonlinear functions f
and g in system (2) are continuous, so the existence of
a weak solution can be obtained for any initial condition
according to [36, Th. 1]. Furthermore, for the closed-
loop system (2)–(45), it derives that dX(t) = F (X(t))dt+
G(X(t))dω with F (X) = [f01, . . . , f0n, ζ

r
2 + f1, . . . , ζ

r
n+1 +

fn]
T ,G(X) = [gT01, . . . , g

T
0n, g

T
1 , . . . , g

T
n ]

T . With a similar mind
of [28], by means of truncation functions and the continuity of
nonlinear functions, the closed-loop cascade system (2) and (45)
has an almost surely continuous solution on [−τ,∞).

Second, according to Itô’s formula and (47), there holds

E{UnLK(z(ℵc ∧ t), ζ(ℵc ∧ t), �(ℵc ∧ t),ℵc ∧ t)}
= EUnLK(z(0), ζ(0), �(0), 0)

+ E

∫ ℵc∧t

0

LUnLK(z(s), ζ(s), �(s), s)ds

+ E

∫ ℵc∧t

0

∂UnLK

∂z
(s)g0(s)dω(s)

+ E

∫ ℵc∧t

0

∂UnLK

∂ζ
(s)g(s)dω(s)

= UnLK(z(0), ζ(0), �(0), 0)

+ E

∫ ℵc∧t

0

LUnLK(z(s), ζ(s), �(s), s)ds

≤ UnLK(z(0), ζ(0), �(0), 0) (48)

ℵc := inf{t ≥ 0 : |ζ(t)| ≥ c, c ≥ 0}, g0 = [g01, . . . , g0n]
T ,

g = [g1, . . . , gn]
T . From (38), it shows that

E{UnLK(z(ℵc ∧ t), ζ(ℵc ∧ t), �(ℵc ∧ t),ℵc ∧ t)}

≥ E

((∫ U01(z1)

0

�1(s)ds+
1

�1(s)

∫ U02(z2)

0

�2(s)ds

+ · · ·+ 1

�1(s) · · · �n−1(s)

∫ U0n(zn)

0

�n(s)ds

+
1

2
ζ21 (s) +

1

2�1(s)
(ζ2(s)− ζ∗2(s))

2

+ · · ·+ 1

2�1(s) · · · �n−1(s)
(ζn(s)− ζ∗n(s))

2

)∣∣∣∣
s=ℵc∧t

)
.

(49)

Letting c→∞, (48) and (49) indicate that
z1(t),· · ·, 1

�1(t)···�n−1(t)

∫ U0n(zn)

0 �n(s)ds and ζ1(t),
1

2�1(t)
(ζ2(t)−

ζ∗2(t))
2, · · ·, 1

2�1(t)···�n−1(t) ·(ζn(t)−ζ∗n(t))2 are bounded almost
surely on [−τ, ℵ∞). Equation (25) means that the �1(t) is
monotone nondecreasing. We prove that �1(t) is almost surely
bounded on [−τ,ℵ∞). If not, assume limt→ℵ∞ �1(t) = ∞.
By the almost sure boundedness of ζ1 and the nature of
continuity, �1(ζ1) is almost surely bounded. Hence, there exists
a 0<T1<ℵ∞ to ensure −2�21η

−1+r
1 +�1�1(ζ1)η

−1+r
1 ≤0

on [T1,ℵ∞). From (25), it leads to a contradiction to
limt→ℵ∞ �1(t)=∞. Thus, �1(t) is almost surely bounded

on [−τ,ℵ∞). Since 1
�1(s)

∫ U02(z2)

0 �2(s)ds and 1
2�1(s)

(ζ2(s)−
ζ∗2(s))

2 are almost surely bounded,
∫ U02(z2)

0 �2(s)ds and
ζ2(s)− ζ∗2(s) are almost surely bounded on [−τ,ℵ∞), and
so are z2(t) and ζ2(t) with the help of the definition of
�2, U02, and ζ∗2 in (30). Recursively, it can be concluded that
�2(t), z3(t), ζ3(t), . . . , �n−1(t), zn(t), ζn(t) and u(t) are almost
surely bounded on [−τ,ℵ∞).

Now, we begin to prove ℵ∞ = ∞ almost surely. If not, there
exists a pair of positive constants ε and T∗ that satisfy

P{ℵ∞ ≤ T∗} > 2ε. (50)

From ℵc → ℵ∞ almost surely as c→ ∞, there exists a suffi-
ciently large constant R∗ > 0 to maintain

P{ℵc ≤ T∗} > ε ∀ c ≥ R∗. (51)

Choosing Ū = 1
2ζ

2
1 + 1

2�1
(ζ2 − ζ∗2)

2 + · · ·+ 1
2�1···�n−1

(ζn −
ζ∗n)

2, and considering the fact that �i is almost surely bounded
and �i ≥ 1, for R > 0, it derives that

inf
‖ζ‖≥R

Ū(ζ) → ∞ as R→ ∞. (52)

For any fixed c ≥ R∗, it follows from the definition of ℵc and
(48) and (49) that

P{ℵc ≤ T∗} inf
‖ζ‖≥c

U(ζ) ≤ E{Iℵc≤T∗Ū(ζ(ℵc)}

= E{Iℵc≤T∗Ū(ζ(ℵc ∧ T∗))}
≤ E{Ū(ζ(ℵc ∧ T∗))}
≤ UnLK(ζ(0), �(0), 0). (53)

By (51) and (53), it derives

ε inf
‖ζ‖≥c

Ū(ζ) ≤ UnLK(ζ(0), �(0), 0) (54)

when c→ ∞, it brings a contradiction to (52). Thus, ℵ∞ = ∞
almost surely.

Finally, from (38), it indicates that UnLK≥∫ U01(z1)

0 �1(s)ds+
1

�1(t)

∫ U02(z2)

0 �2(s)ds+ · · ·+
1

�1(t)···�n−1(t)

∫ U0n(zn)

0 �n(s)ds+
1
2η

2
1 +

1
2�1(t)

η22 + · · ·+
1

2�1(t)···�n−1(t)
η2n. Then, with an eye to the construction of

�i, U0i and �i ≥ 1, there is a function �1 ∈ K∞ such that

UnLK ≥ �1(‖z(t), ζ(t)‖). (55)

Moreover, there exists a constantD > 0 and class K∞ functions
�̄1(·), . . . , �̄n(·),Ξ1(·), . . . ,Ξn(·),Λ1(·), . . . ,Λn(·) such that

UnLK
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≤ D

n∑
j=1

(�̄j(Δ2j(t)) + η2j (t))

+
n∑

j=1

(∫ t

t−τ(t)

‖zj(ι)‖1+rΞj(ζ(ι))dι

+

∫ t

t−τ(t)

η2j (ι)Λj(ζ(ι))dι

)

ι=t+s≤ D
n∑

j=1

(�̄j(Δ2j(t)) + η2j (t))

+

n∑
j=1

(∫ 0

−τ(t)

‖zj(t+ s)‖1+rΞj(ζ(t+ s))d(t+ s)

+

∫ 0

−τ(t)

η2j (t+ s)Λj(ζ(t+ s))d(t+ s)

)

≤ D
n∑

j=1

sup
−τ≤s≤0

(�̄j(Δ2j(t+ s)) + η2j (t+ s))

+D

n∑
j=1

sup
−τ≤s≤0

(‖zj(t+ s)‖1+rΞj(ζ(t+ s))

+ η2j (t+ s)Λj(ζ(t+ s))
)

≤ �2( sup
−τ≤s≤0

‖z(t+ s), ζ(t+ s)‖). (56)

It is easy to see that�2 is also a K∞ function. From Lemma 5, it
can be deduced from (47), (55), and (56) that the trivial solution
of the closed-loop system (2) and (45) is globally asymptotically
stable in probability. �

Remark 3: Compared with [20] and [28] in which the
global stabilization and finite-time stabilization problems of
stochastic low-order and high-order SISS nonlinear systems
have been solved, respectively, the innovation of this article is
that the growth conditions of nonlinear functions are removed;
and by designing a series of dynamic gain laws, a delay-
independent controller is proposed to extend the continuous
domain of stochastic low-order cascade nonlinear system with
time-varying delay. In addition, compared with [19], the local
Lipschitz condition is reduced to continuous and the system
power is low-order which produces the hardship of completely
nondifferentiable of this article; moreover, the restrictive con-
straint of ∂lΔi

∂Xl(0)
= 0, l = 1, 2, 3 on functions Δi(X) in As-

sumption 1 is relaxed and quadratic L–K functionals replace
traditional quadric Lyapunov functions in the stochastic control,
which saves a great deal of calculation. �

Remark 4: It should be noted that this article only requires
existence of solution to the stochastic nonlinear system (2), but it
does not require uniqueness. For a stochastic nonlinear system,
the requirement of a unique solution is very restrictive, i.e.,
the linear growth condition and the local Lipschitz condition
need to be imposed on the system as assumptions, which greatly
limits its applications. Therefore, the existence of a solution for
a stochastic system is more important than the uniqueness from
a viewpoint of stabilization. And it is sufficient to assure the
existence of a solution to study global stability of a stochastic
nonlinear system. �

Fig. 1. Trajectories of the state z1 and z2.

Fig. 2. Trajectories of the state ζ1 and ζ2.

IV. SIMULATION EXAMPLES

Consider the stochastic continuous cascade nonlinear system⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

dz1 =
(
−2z

5
7
1 − ζ

5
7
1

)
dt+ 0.5z

6
7
1 dω

dz2 =
(
−3z

5
7
2 − ζ

5
7
2

)
dt+ sin(ζ1(t−τ))dω

dζ1 =
(
ζ

5
7
2 + sin(z1(t−τ))

)
dt+ ζ

6
7
1 (t−τ)dω

dζ2 = u
5
7 dt+ ζ

6
7
2 dω

(57)

where τ = 0.1 sin(t) + 1. Apparently, Assumptions 1
and 2 are satisfied with U01(s) = U02(s) = s2. By
means of the control design in the previous section,

r = 5
7 , η1 = ζ1, U1LK =

∫ z2
1

0 (6 + 4 s2)ds+ 1
2 (1 +

1
�1
)η21 +∫ t

t−τ (η
12
7
1 (s)(ζ1(s))+z

12
7
1 (s)(z1(s)))ds, the first virtual con-

troller ζ∗2 = −η1ε1, ε1 = (13.8 + 2.4ζ
12
7

1 )
7
5 leads to LU1LK ≤

−2.75z
12
7
1 �1 +

1
2�

′
1φ

2
1ψ

2
1 + 2.4z

12
7
1 z

44
7
1 + η

12
7
2 − 3η

12
7
1 − �̇1

2�21
η21

with η2 = ζ2 − ζ∗2 and �1(s) = �2(s) = 6 + 4 s2. Take

U2LK = U1LK + 1
�1

∫ z2
2

0 (6 + 4 s2)ds+ 1
2 (

1
�1

+ 1
�1�2

)η22 +∫ t

t−τ
1

�1(s)
η

12
7
1 (s)(43320 + 5345.2η

12
7
1 (s))ds and

�̇1= max{−2�21η
−2
7
1 +�1�1(ζ1)η

−2
7

1 , 0}

u= − �
7
5
1 η2
(
21.5+712η

12
7
2 +3128η

108
35
2

+2(71061+1410ζ
24
5

1 +3556ζ
24
7

1 )

+2η
2
7
2 (ε1+5.8ε

2
7
1ζ

12
7

1 )((η2−ε1ζ1) 5
7+sin(z1(t−τ)))

) 7
5

(58)

results in LU2LK≤−η 12
7
1 − η

12
7
2 .
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Fig. 3. Trajectory of the control u.

Fig. 4. Trajectory of the dynamic gain �1.

For demonstration, the initial condition is chosen as
[z1(0),z2(0),ζ1(0),ζ2(0)]

T = [−2, 1.5, 0.1, 1]T . Figs. 1 – 4 in-
dicate that the controller (58) can stabilize the closed-loop
system and the effectiveness of the provided control strategy
is clarified.

V. CONCLUSION

This article has studied the continuous control for stochastic
low-order cascade nonlinear systems with time-varying delay
and stochastic inverse dynamics. The restrictive conditions on
unknown drift and diffusion nonlinearities have been removed.
For low-order power situation, a continuous control scheme
has been proposed by means of the dynamic gain manner and
SISS. However, considering that the low-order powers of the
system inevitably leads to exponential inflation in the design of
the controller, there is a pity that the magnitude of controller
and dynamic gain might be large, so how to reduce the cost of
control is an important issue to be solved in the future. What
is more, the stabilization problems of “polynomial integrators,
general triangular form systems, fractional power integrators,”
“different low-order powers,” and “output-feedback controller”
are still open.

APPENDIX

Proof of Lemma 7: Because fi and gi are continuous and
vanish at the origin, combining the fact that r ∈ R<1

odd with
Lemmas 3 and 4, we obtain the existence of nonnegative smooth
functions γ̃ilj , Υ̃ilj , γ̃

0
ilk, Υ̃

0
ilk, l = 1, 2, such that∣∣∣fi(z̄i, z̄i(t− τ(t)), ζ̄i, ζ̄i(t− τ(t))

)∣∣∣
≤

i∑
j=1

(‖zj‖γ̃i1j(zj) + ‖zj(t− τ(t))‖γ̃i2j(zj(t− τ(t)))

+ |ζj |Υ̃i1j(ζj) + |ζj(t− τ(t))|Υ̃i2j(ζj(t− τ(t)))
)

= ‖zj(t− τ(t))‖r‖zj(t− τ(t))‖1−rγ̃i2j(zj(t− τ(t)))

+
i∑

j=1

(‖zj‖r‖zj‖1−rγ̃i1j(zj) + |ζj |r · |ζj |1−rΥ̃i1j(ζj)

+ |ζj(t− τ(t))|r · |ζj(t− τ(t))|1−rΥ̃i2j(ζj(t− τ(t)))
)

≤
i∑

j=1

(‖zj‖rγi1j(zj) + ‖zj(t− τ(t))‖rγi2j(zj(t− τ(t)))

+ |ζj |rΥi1j(ζj) + |ζj(t− τ(t))|rΥi2j(ζj(t− τ(t)))
)

∥∥∥gTi (z̄i, z̄i(t− τ(t)), ζ̄i, ζ̄i(t− τ(t))
)
gTj
(
z̄j ,

z̄j(t− τ(t)), ζ̄j , ζ̄j(t− τ(t))
)∥∥∥

≤
i∑

k=1

(‖zk‖2γ̃0i1k(zk) + ‖zk(t− τ(t))‖2γ̃0i2k(zk(t− τ(t)))

+ ζ2kΥ̃
0
i1k(ζk) + ζ2k(t− τ(t))Υ̃0

i2k(ζk(t− τ(t)))
)

=

i∑
k=1

(‖zk‖1+r‖zk‖1−rγ̃0i1k(zk) + ζ1+r
k ζ1−r

k Υ̃0
i1k(ζk)

+ ‖zk(t− τ(t))‖1+r‖zk(t− τ(t))‖1−rγ̃0i2k(zk(t− τ(t)))

+ ζ1+r
k (t− τ(t))ζ1−r

k (t− τ(t))Υ̃0
i2k(ζk(t− τ(t)))

)
≤

i∑
k=1

(‖zk‖1+rγ0i1k(zk)

+ ‖zk(t− τ(t))‖1+rγ0i2k(zk(t− τ(t)))

+ ζ1+r
k Υ0

i1k(ζk)

+ ζ1+r
k (t− τ(t))Υ0

i2k(ζk(t− τ(t)))
)
, i ≤ j (59)

where γilj(·)≥‖zj‖1−rγ̃ilj(·),γ0ilk(·)≥
‖zk‖1−rγ̃0ilk(·),Υilj(·)≥|ζj |1−rΥ̃0

ilj(·),Υ0
ilk(·)≥

|ζk|1−rΥ̃0
ilk(·), l = 1, 2 are smooth functions. �

Proof of Lemma 8: Inspired by the proof of Hadamard’s
lemma in [38, p. 17], it derives that

Δ(Y )−Δ(0) =

∫ 1

0

dΔ(θY ) = R(Y )Y = Y TRT (Y ) (60)

where R(Y ) =
∫ 1

0
∂Δ
∂β |β=θY dθ is a n-dimensional covector.

SinceΔ(0) = 0 andΔ(Y ) ≥ 0, it can be seen directly thatΔ(Y )
is at its minimum at Y = 0, which means that ∂Δ

∂Y (0) = 0 and
RT (0) = 0. Similarly, it shows that

RT (Y )−RT (0) =

(∫ 1

0

∂RT

∂β
|β=θY dθ

)
Y := H(Y )Y

(61)

whereH(Y ) is a n× nmatrix. From (60) and (61) and Lemmas
3 and 4, there exist appropriate smooth functions b̄i(ζi) ≥ 0 such
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that

Δ(Y ) ≤ ‖H(Y )‖ · ‖Y ‖2 ≤
n∑

i=1

ζ2i b̄i(ζi). (62)

Then, for each l = 1, . . . , n, it can be deduced from the definition
of r that ζ1−r

l is a continuous function. Lemma 4 shows that there
exists a smooth scalar function bl(ζl) satisfying ζ1−r

l b̄l(ζl) ≤
bl(ζl). Thus, Δ(Y ) ≤∑n

i=1 ζ
1+r
i bi(ζi). �
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