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Global Stabilization for Stochastic Continuous

Cascade Nonlinear Systems Subject to SISS

Inverse Dynamics and Time-Delay: A Dynamic
Gain Approach

Yu Shao *?, Ju H. Park

Abstract—This article is devoted to the global contin-
uous control for stochastic low-order cascade nonlinear
systems with time-varying delay and stochastic inverse
dynamics. Compared with existing results, the nature of
only continuous, but nonsmooth, is unfolded since the
power of the stochastic cascade system is of low order;
and all the traditional growth conditions on unknown drift
and diffusion nonlinearities and local Lipschitz condition
are quitted, which largely extends the scope of application.
Combining with stochastic input-to-state stability, two new
lemmas are developed with rigorous proofs to deal with
uncertain nonlinear terms and unmeasurable stochastic in-
verse dynamics. A continuous control scheme consisting
of a delay-independent partial state feedback controller and
a serial of dynamic update laws is proposed to guarantee
the globally asymptotical stability of the closed-loop sys-
tem.

Index Terms—Continuous system, dynamic gain,
stochastic low-order cascade nonlinear system, stochastic
inverse dynamics, time-varying delay.

[. INTRODUCTION

OMPARED with linear systems, nonlinear systems can
better characterize the nature of real systems. It is widely
recognized that almost all systems met in practical applica-
tions can be described by nonlinear physical models, such as
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aerospace, intelligent robotics, chemical engineering, and so
on [1], [2]. Further, stochastic noises and time-delay extensively
occur in the actual engineering, so the research on stochastic
time-delay nonlinear systems has been extensively investigated
during the past few decades [3]-[14]. In particular, stochastic
inverse dynamics exist largely in all kinds of practical plants.
Accordingly, the nonlinear control for stochastic cascade sys-
tems has stirred plenty of research interests by characterizing
unmeasured stochastic inverse dynamics with various condi-
tions [18]-[20].

On the other hand, for the stochastic low-order nonlinear
system, which means the system with power less than one, there
are few results so far because it is only continuous but not smooth
and all the control methods requiring any smoothness will fail.
Fortunately, Tzamtzi and Tsinias [15] provided the explicit
formulas of feedback stabilizers for a class of uncontrollable
linearization triangular systems and C'elikovsky and Aranda-
Bricaire [16] studied the constructive nonsmooth stabilization
of triangular systems. Moreover, the dynamic uncertainties were
considered in [17]. The authors in [21]-[23] proposed the non-
Lipschitz continuous approach to nonlinear systems. Further,
based on a dynamic gain approach, Zhang et al. [24] studied the
nonsmooth feedback control of time-delay cascade nonlinear
systems. Then, for stochastic low-order nonlinear systems in
the absence of time-delay, the authors in [25]-[28] established
and enriched the finite-time theoretical framework. Liu et al.
and Shao et al. [25], [26] addressed the finite-time control for
stochastic low-order nonlinear systems with lower-triangular
and upper-triangular forms, respectively. The authors in [27]
and [28] solved the finite-time stabilization problem of stochas-
tic low-order nonlinear systems with time-varying powers and
stochastic inverse dynamics. Obviously, when time-delay is
taken into account, the control problem becomes more difficult
for stochastic low-order nonlinear systems, where the smooth-
ness has already disappeared. Therefore, a natural motivation of
this article is how to generalize the existing stochastic theory to
a class of low-order stochastic cascade nonlinear systems with
time-delay and stochastic inverse dynamics.

It should be noted that most of the above outcomes are
based on the assumption of local Lipschitz and certain growth
conditions on nonlinear functions, which greatly limits its scope
of application. Actually, it is difficult to maintain these growth
conditions in the actual system, especially in the presence of
time-delay and stochastic inverse dynamics. What is more,
considering the fact that the local Lipschitz condition is hard
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to meet in many stochastic nonlinear systems, hence another
intuitive motivation of this article is how to relax or even remove
such strong restrictions for nonlinear functions, and broaden the
classical stochastic stability theory to cover the case of only
continuous rather than local Lipschitz.

Motivated by the above discussions, when both time-delay
and unmeasured stochastic inverse dynamics exist, an interesting
and challenging problem arises immediately: if all the additional
growth conditions of nonlinear functions are abandoned, where
the local Lipschitz condition is reduced to continuous, is it
possible to design a delay-independent controller for stochastic
cascade low-order nonlinear systems in a continuous fashion?
An affirmative solution is proposed, and such a continuous
criteria will be shown in this article by the feat of stochastic
input-to-state stability (SISS) condition, generalized small gain
conditions, Lyapunov—Krasoviskii (L-K) functional, and dy-
namic control gain laws [29]-[34]. Different from the full-state
feedback control by use of the information of whole states of
the cascade nonlinear systems, the partial-state feedback control
adopted in this article is that only using the information of driving
subsystems, while the information of driven subsystems is just
needed for the theoretical analysis of the whole cascade system.

The main contributions of this article are highlighted threefold
as follows.

1) For the first time, this article aims at the global stabiliza-
tion for stochastic low-order cascade nonlinear systems in
the presence of SISS inverse dynamics and time-varying
delay. With the introduction of two key lemmas, the
traditional growth conditions on unknown drift and dif-
fusion terms are removed, and the strong limitation of
locally Lipschitz on nonlinear functions is relaxed to be
continuous, which is rather important in controller design
analysis and enlarges the practical application range.

2) Due to the nature of only continuous but nonsmoothness
of low-order systems, thereby a new idea of continuous
control is proposed to overcome the problem that all
existing control strategies requiring arbitrary smoothness
are no longer applicable to low-order systems, which
expands the stochastic cascade time-delay results to a
continuous fashion.

3) Quadratic L-K functionals are designed elaborately to
replace the quartic L-K functionals used in traditional
stochastic control results, which saves complicated cal-
culations caused by recursive controller design. Then,
a delay-independent controller and a series of dynamic
gain laws are designed simultaneously to guarantee the
boundedness of all signals and the globally asymptoti-
cally stability of the closed-loop system.

Notations: R™ is the n-dimensional Euclidean space. C* is
the the family of all the functions with continuous ith partial
derivations. | - | is the the absolute value. Z7 is the the transpose
of matrix Z. For a given real matrix A = (a;j)nxm.|Al||r =
(E?:lZglzla?j)% denotes Frobenius norm. z; = [z1,.. ., 2]T.
Tr{Z} is the trace of square Z. || Z||P = (3.7, Z?)% with real
number p > 0 for real vector Z = [Zy, ..., Z,]7, in particular,
when p = 1, it denotes Euclidean norm, || Z||! is simplified
as ||Z||. ¢ is positive definite: 6 : R™ — R™ is a continuously
differentiable function, which satisfies () > 0 and 6(n) =0

if and only if » = 0. § is negative definite: —d(n) is positive
definite. The continuous mapping (=) is said to belong to class
K if 5:[0,a*) — [0,00) is strictly increasing and 3(0) = 0,
moreover, 3(z) € Ky for all z >0 and 8(z) — 00,2z — 0.
For z € [0,a%), s € [0, 00), the continuous mapping 5*(z, s) €
KL if, for each fixed s, §*(z,s) € K with respect to z and,
for each fixed z, 5*(z, s) is decreasing with respect to s and
B*(z,s8) = 0,s — oo. The notation of a function is sometimes
predigested, for example, a function g(«(¢)) is denoted by g(x),

g(), or g.

[I. PRELIMINARIES AND PROBLEM FORMULATION

A. Preliminaries

The following stochastic time-delay nonlinear system are
considered:

dx(t) :f(t,x(t),x(t—T(t)))dt—f—gT(t,x(t),x(t—T(t)))dw(l)

with initial data {z(¢): —7 <¢ < 0p=£€Ch ([-7,0];R™) and
Vt >0, where 7(t): RT— [0, 7] is a Borel measurable function;
w1is an ¢-dimensional standard Wiener process defined on a com-
plete probability space {2, F, P}, where (2 is a sample space, F
isa o-field, Pis the probability measure; f : RT x R"™ x R —
R™and g7 : RT x R™ x R™ — R™*" are continuous functions
with f(¢,0,0) = 0 and g(¢,0,0) = 0.

Definition 1 [1]: For a C** function V(x(t),t) of system (1),
the differential operator £ is defined as LV = % + %f +

11 {g2V g7}, where 1 Tr{g2-V g7} is known as the Hessian

term of L.

Definition 2 [1]: The equilibrium z(¢) = 0 of system (1)
is said to be globally stable in probability, if for any ¢ > 0,
there holds lim,, g P{sup,~ ||z(t)|| > €} = 0. Moreover, the
equilibrium () = 0 of system (1) is said to be globally asymp-
totically stable in probability, if for any € > 0, there exists
a function p(-,-) € KL such that P{||x(¢)|| < wu(|[£]]l, 1)} >
1 —eforany t >0, € C ([-7,0;R™) \ {0}, where [|{]| =
SUPce(-r0) [[£(<)]-

Lemma 1 [31]: Form,n € R, p > 1, one has

|m —nfP < 2P~ mP — nP|, |m% —n%| < 2%|m—n|%

(Im| + [n))¥ < |m|¥ +[n|r <277 (jm| + [n])7
and for any p > 0 and m, ..., my € R, then
(Ima - - lm )P < max{kP ™ 1 (jma [P+ - -+ [m]).

Lemma 2 [31]: For given positive real numbers m, n, and a
function a(z, y), there holds forall z € R,y € R

m
n

n m
a(z,y)z"y"| < c(z, y)|z|" "+
min m+n
a(z,y) 7 [y

where ¢(x,y) > 0.

Lemma 3 [24]: For a function f(&1,&2)€C & eR™,
& €R™, there exist smooth functions (;(&1)>0,¢2(&2)>
0,91(§1)>1,92(&2) =1 that satisfy |f(&1,&2)[<¢i(&)+
(&), (&1, &) <y1(§)y2(&2).
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Lemma 4 [24]: If h(z1,2) is a real-valued continuous
function, there exist nonnegative smooth scalar functions
(21), y(22) satistying h(z1, 22) (|21 ]| + [[22]]) < @(z1)ll21 ] +
y(z2) 2]l

It is worth noting that the drift term and the diffusion term
of system (2) are merely continuous. And we know that local
Lipschitz condition can ensure the existence of a unique strong
solution for a given initial condition. However, due to the in-
herent difficulty that many stochastic nonlinear systems do not
satisfy the local Lipschitz condition, we need to broaden the
classical stochastic stability theory to cover the scope of having
at least one weak solution. A generalized lemma is presented
below by integrating the ideas in [10] and [35]—-[37]. It can be
proved in a similar way as [35, Th.2.1]and [37, Th. 2.1]. Hence
the details are omitted.

Lemma 5: Suppose that f and g are locally bounded
in [x,z(t—7)] (uniformly for +¢), and there exist
V(x(t),t) € C*L, W(z) >0, and VY1(-) € Ko, 92(+) € Koo
such that O (||lz(t)|]) SV (x(t),t) <Va(sup_,<i<q ||2(t +
s)IN,LV (x(t),t) < =W (x), then the trivial solution of
system (1) is globally stable in probability, and moreover,
P{limy;_,oo W(z(t)) = 0} = 1. Particularly, if W is positive
definite, then the trivial solution of system (1) is globally
asymptotically stable in probability.

B. Problem Formulation

Consider the stochastic cascade time-delay nonlinear system

dzi= foi(Z, Z:(t—7(1)), GGt —7(1)))dt
+ g (20, (= 7(1)), G Gi(t—7 (1)) dw

dGi = Gl adt+ fi(Z, Zi(t=7(1)), Gi,Gi (¢t —7(1)))dt
+9/ (%, z(t=7(1)), G, Gi(t = 7(1)))dw

where ¢ = [(1,...,(,]T € R™ is measurable state, z; € R™,
1 =1,...,n, represent unmeasured stochastic inverse dynam-
ics,u := (,,+1 € Riscontrolinput.r € Ry £ {28 ] p1 and ps
are positive odd integers satisfying p; < p2}. The time-varying
delay 7(t) isbounded and 0 < 7 (¢) <7 < 1 withaconstant 7. fo; :
R2i+2n1+w+2n,; N Rn,;’ Goi R2i+2n1+-~+2n7‘, N Rmxni’ fz .
R2iF2mt-42n 5 R g, R2H2044200 s R™M are the same
as (1), so are w and the initial state, moreover, f;(¢,0,0,0,0) =0
and ¢;(¢,0,0,0,0) =0, =1,...,n.

The control goal is to design a delay-independent controller
to ensure that the trivial solution of the closed-loop system is
globally asymptotically stable in probability in a continuous
fashion. To this aim, the following assumptions are needed.

Assumption 1: For each z;-subsystem in (2), there is a
scalar function Uy;(z;) € C? which is positive definite and
radially unbounded, and K., functions Ag;, A1i, Do, and
a smooth function A;(X;)>0,A;(0)=0,X; = [z, Z(t—
7(t)), Gi,Ci(t—7(t))], such that

Aqi(]zi]]) < Uni(zi) < Aoi((l2ll)

LUopi(2:)<=A0i(l|zil]) +Ai (2, zi(t =7 (1)), §i7§i(t—7(t)))-(3)

2

Equation (3) is called SISS condition.

Assumption 2: There exists a nonnegative smooth func-
tion ; that satisfies ||goi(Zi, Z;(t—7(t)), G, G(t—T()||F <
Yi(llzl])-

Remark 1: Assumption 1 indicates that system (2) satisfies
the SISS condition, which is common and often encountered
in existing results on stochastic inverse dynamics, such as [19],
[20], and [29]. Moreover, (3) is also considered in [19], and it

. . .. . LA

is worth noting that the restrictive constraint of ;T%) =0,l=
1,2, 3 on functions A;(X) is relaxed in this article. Assumption
2 means that the diffusion vector field of inverse dynamics

is confined by the dynamics itself. Moreover, there exists a
nonnegative smooth function ¢; to ensure w%;m <i(lzll)
since any continuous function can be bounded by a smooth
function. The control design in this article is continuous con-
sidering that the studied system (2) not only has the power less
than one but also, for wider application, its drift and diffusion
terms are only continuous rather than smooth, which can be
guaranteed in most practical situations. The difficulties in the
control design in continuous case are mainly in two parts. 1)
It is hard to extend the existing results to continuous fashion
as all existing control strategies requiring arbitrary smoothness
are no longer applicable. 2) The appearance of ¢}, ; (0 < r < 1)
leads to a completely nondifferentiable situation. This makes
the selection of the Lyapunov function and the design of the
controller very difficult since the basic idea of the Lyapunov
stability theory is the derivative operation. Therefore, the control
of low-order systems is entirely different and more difficult than
those in high-order or strict-feedback systems in literature [18],
[19] where the traditional backstepping method can be directly

used. O
Lemma 6 [33]: If z;-subsystem satisfies Assumption 1 and
: Xi(s) . 7 ()7 (s)
lim su < o0, limsup +—"—""—~ < o0
ot Aos(s) ot Agi(s)

/ i (AT (s)) e o AT O dvgs < oo (4)
0

with a smooth function x;(s) and two continuous increasing
functions 7;(s) > 0 and v;(s) > 0 for s > 0 and satisfying

Yi()D0i(s) = 4xi(s), vi(s)Aoi(s) > 207 ()97 (s)  (5)

then there exists a continuous differentiable function g;(s) > 0
Vs € [0, 00) which is nondecreasing and satisfies

0i(Uoi(2:))Aoi(]l2il)
> 20;(Uod2:)) 3 (Ilz: D7 (l2al) +4xi (Il z:l) (6)

for any z; € R™.

In view of all the traditional restrictive conditions on un-
known drift and diffusion terms being removed, the following
two crucial lemmas are introduced to accelerate the controller
design and theoretical analysis, which are rigorously proved in
the Appendix.

Lemma 7: For each nonlinear function f;, g;,i=1,...,n
of (2), there exist nonnegative smooth functions 7;i;, V9.
Yij, Y9, = 1,2, such that

|fi(Zi, Zi(t =7 (1)), G, (E—7(1)))]
< 21 ying (2) + N1z (= () iz (25 (=7 (2)))

j=1

HIG 1" Cars () +G (=T ()" Ying (¢ (E—7(¢))))
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Tlea 2t (0) .Gl t=r(6))) g7 5.2t (8) G = (1))
<Z 23000 )+l (=T DI e (= (1)))

G (G) G T (=T () T (G (E=7(1)) i < G
(7

Lemma8: LetY = [(1,...,¢u)T € R"and A : R™® — R be
a C? nonnegative smooth function with A(0) = 0. Then, there
are smooth scalar functions b;(¢;) > 0,7 = 1,...,n, such that
A(Y) <3 ¢H7bi(¢), where 1 is the system power defined
as in (2).

Remark 2: From Lemma 8, the nonlinear functions A;,i =
1,...,n of Assumption 1 indicate that

Ai(zi, zi(t=7(t)), GG (t—T (1))
1

< (1M ()l (E=r (O i (25 (7 (1))

Y (G T () G (T (1)) T (¢ (7 (1)) (8)

j=1

with nonnegative smooth functions v;;;(-), T5,;(+),l = 1,2. [

ilj

lll. MAIN RESULTS

A. Dynamic State Feedback Controller Design

The recursive steps for designing the virtual controllers are
presented as follows.

Step 1: For (z1,(1)—subsystem of (2), let m = (3
and Uy (21,1, 41) = OUM(Zl) o1(s)ds + 5(1 + %)Wh Wy =

n?, where o : [0, 00) — (0, 00) is a smooth nondecreasing func-
tion and ¢ (¢t) > 1 is a dynamic gain to be designed in the next
step. According to Assumption 2, Definition 1, [33, eq. (34)],
(7), and (8), there holds

LU, = 01(U01(21))£U01(21)
01 (Uo1(z1) H <—8U01(Z1)> 90H2

1
a0 F
< )771 G+ f1)

1 él 2
+2<1+ )IIglgl ek

<—01(Uo1(21)) Ao (||z1]1)+ 01 (Uo1 (21)) (1T 111 (1)

1
+¢t(t T)Tizl(Cl(t*T))H59’1(U01(21))¢§wf
+<1+%) (¢ + f1)
1
1 1 ¢
<1+ >||9191|| BT ©)

First of all, by means of changing supply rate in [32], it derives

- 191(U(Jl(zl))Am(||Zl||)Jr@l(Um(»’«‘1))(C1HTTE1(C1)
+G (=1 (G (E—=7)))
<m YY) +m T E=T)YY5 (Gt -T)))

with nonnegative smooth functions Y%%,, Y%,. Then, from
Lemmas 2 and 7, it shows

(1 + > |71 f1]

< 16m |zl M1 (21)
+ Iz (=) 1" 21 (21 (E—7))
+ G Q)+ (=) T (Gt —1)),

1 1
3 (144 ) lafal

<zl () e (=) (21 (7))

(10)

+ G ()G T =) (Gt =) (D
Substituting (10) and (11) into (9), it yields
1
LU; < — —91(U01(21))A01(H21||)
1
+ §Q L (Uo1(21)) 87 (21)07 (21)
( ) TS -G 16T
+ 2 I a4+ 81 (21)
+ |21t = )" (rzr + A1) (21 (E — 7))
A (0% + T+ 1)
r * Y 6
(=) (X5, + Tian + Y09y) — 2_21277%
1
(12)
Consider the L-K functional
t
Ui = U1+ [ (o) iz +980)(a)
t—1
A0 () (P51 +T111+T051)(C1(s))) ds. (13)

By means of Lemmas 1 and 2, it follows that

LU Lk

< —501(To1 (20)Aon 1]+ 5.6 (Uon (21)) 6 (21)3 ()

1 * r — —
+(1+£ )771C2T+771Jr {21 | T+ 121 H5e1)

+160 T+ (00 + Y1 Y0+ + T+ 105)

612

-k (14)
202 M
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Take 72 = (o — (5. With (14) and ¢; > 1, the virtual controller

_ _ 1
G = —m @214+ + 1+ 0 Y05+ 111+ 05)
= - 77161(C1) (15)

leads to

LUk
< —501(Una(21) Do (121l + 5 64 (Uon (21)) R 1) 21)

+ 2 1M (Frn +8 21 1)

¢
—(n+1)n 1+T—7n1+n1+’“. (16)

Step 2: For (z1,22,(1,(2)—subsystem, consider the L-K
functional

Uoa(22) 1/1 1
U; = U1LK+— ()d8+ €+£1£2 Wy

Wa =13 a7

with a smooth nondecreasing function g3 : [0, 00) — (0, 00)
and dynamic gain ¢5(t) > 1 will be determined in the next step.
Then

LU, < — %Ql(Um(Zl))Am(HZl H)+%Qﬁ(Um(zl))qﬁf(th(h)

él r r (=
- @77%—(”4‘1) mt Tz T B+
1

0 A Uo2(z2)
+’7121+’Y121)_£_2/ 02(s)ds
1Jo

—%92(U02(22))A02(||22H)+%Qz(Uoz(Zz))

X (|27 511 (z0) +llza E=7) M Y501 (21 (E—T))
+ G5 (C)+ AT (E=T) o9y (G (E—T))
T Y515 (C)+ G T (E—T) Thgn(Ca(t— 7')))

+ g s UnCa) 3 - (147 ) s

ly
1 1 oW
51 <1+£ > (f2 6, (C2+f1)>
1 62W2 T
+Z<+ ))aCQ 91 91
+ 82W2 T )+ 0 O W2 82W ’
b 5 by by
22’ T e (18)

Similarly, by the method of changing supply rate, it shows

_ ﬂlgg(Uog(Z2))A02(”Z2H)

- lQQ(UOZ(Zz))(”Zl”H

0 "¥511(21)

+ 2t = ) Yooy (21 (8 = 7))

=+ C1+TT211(C1) 1+T(t = 7)Y 501 (Ci(t — 7))

+ G 515(C0) + G (= T)Yaa0(Ca(t — 7))
(

< ||Zl||1+r7211 21) + ||Zl(t - T)||1+T’7221(21(t 7))

1 r * r %
L A —m 5 (G) + l 77%+ (t=7)T95 (Ca(t=17))

1 1
o nf’”Tg’iz(CzHe (=) 555G (7)) (19)

with nonnegative smooth functions v95,, Y9;,, Y97, k = 1, 2.
From Lemmas 1 and 2 and the definition of 75

My 919(C2) < M Tann(G)+nst Ta12(Cr, o)
my T (t=T) Y955 (Co(t—7)) < m T (t—T) 221 (G (E—7))
+ 0y T (t—T)222(CL (E—7), G (t—7)) (20)

with nonnegative smooth functions I's11, I'212, ['921, and ['y00.
According to Lemmas 1, 2, and 7, there holds

m (2= h)

< Nzl 6211 (21) + |21 (=) 17 221 (21 (£ — 7))

+ |z G212 (22) + [ 22 (t—7) T 0202 (22 (t—T))
1 B
+103 " 0212(C1, G2)+ = 771+T+77i+r(75—7)5221@1 (t—7))

03 (t—7)0222(C1 (E—T7), G2 (E—7))

with nonnegative smooth functions da,1, 62,2, 02,2, 6221, ¢ =
1,2. From Lemmas 1 and 2 and (8)

Wy 1 0*W, 0*Ws
ac? —5 9191+ e — 0392 +2 96,06 ———091 92

2y

<zl ha11 (z1) + 21 (E=7) 1 Ao21 (21 (E— 7))

+ 22| Ao12(22) + |22 (E—7) | Aa2a (22 (t—7))
1 _
+ 1y ho12(C1, G2) + 5 771+T+771+T(t—7)1221(Cl(t—T))

+ (= T) A2 (G (E—T), (2 (t—T)) (22)

with nonnegative smooth functions As,q,Ao,2, A2,2, Aoai, L =
1,2.
Construct the L-K functional

t

Usrx = U2+/ ([lz2 () (1" (v931 + 0221 +A221) (21(5))

t—1

1 1+r
+m||22(3)|| (G222 + Aa22)(22(s))

+ﬁni”< ) (T3 4+ Va2 +0221-+3221) (G1(5))

137 (8) (Y224 0220+ Aa2) (C1.(5), (2 (5))) ds
(23)
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Then, it follows from (18)—(23) that
LUz

1 _ _
< 7591(U01(21))A01(H21||)+||Zl\|1+T(’7111+’7?11+’7121

+7021 +7551 + 0211 +A211
1
+om1+0221 +Aa21 ) (21) + 5@'1 (Uoi(21)) 95 (21)¥7 (21)
1
- ﬁ@2(U02(Z2))A02(||22||)

+ 6_ |22 ]| (6212 +Aa12 + 0920 +Aa2a) (22)
1

[
7”7} +T 62 771

g b V(22 22) -
- (%_ﬁ) HZ2(t—T)H1+T (5222—}-)\222) (Zg(t—T))

T T (081 + Tt + Y05, + Yoo+ +hzn) (G1)

+<%_41(t1 ))ni”( -

1 1
+— () mG2ny T
6o\l

) (Y9514 20140221 4h221) (C1)

—|—77%+T (F212 +0212+A2124+ Togo + 0222 +5»222) (C1,¢2)

+nT ﬁ—% /O o 02(s)ds — 2%773 - —M; E‘%‘;%1£2 m
(24)
with 773 = (3 — (3. Design the dynamic gain update law
{1 = max{—203n; " +L101(C)my L0, £1(0) =
n
01(C1)= 22 (03 +Tinn+ 05+ Yior +0io1 +2iz) (G1)
i=2 03)

where nonnegative smooth functions Y95y, Iii1, Y%, Tior,
d;21, and A;21 will be determined in the corresponding next step.
In view of (25) and r € Rfdld, the following properties are given:

Kl 2 1+r

—ﬁm <" % 1+TQl(Cl)

1_ ! <0
b b(t—T7) ~
51 Uoa2(22) él 9 £1€2+€1€2 2 22
o~ <—
f% ; QQ(S)dS 2£%772 @f% 772_ 2£ €2772
(26)

Substituting (25) and (26) into (24) yields
LUsr ki

1 _ _
<- 5@1(U01(21))A01(||21 N+ 22 Frn +0 1 + 121

A+ a1 Y51 0211+ A1 + Yoy +0201 +Aa21)(21)

20, (U (22)) 63 ()3 (21)

! LQ2(U02(22))A02(HZ2”)

20,

1
+Z”Z2”HT (8912 +A212+0220 +Aoa2) (22) — (n—1)m +"

1 9 9 1 1 lir
+ 5 05(Un2(22)) 3 (22) 13 (22) + = | 14+ ) m2G3" +2m,

201 /1 2

1 _ _
+—"7%+TZ(Y 11+ D11 H 1 F 21 +0m21 +Ama1) (1)
+13 T(F212+5212+5»212+F222+5222+1222) (¢1,62)

3t — 75 (27)

2
20103
Design a virtual controller as

1 - _ _
G=—Ll{n (n—|—2—|— (T'212+0212+A212+T 222+ 0292
_ 1
+X222)(C1, CQ)) "

1
= —Limea(Cr, ).
From (27) and (28), it follows that

(28)

1 _
LUz k< — 591(U01(Zl))A01(||21 N+ lz I (1 +00
+F121 +7121 +7511 +0211 +A211 +7oe1 + 0221

) (21)+ 564 (Us(21)) 62 (213 (=)

_ QL&QQ(UOZ(ZQ))AOQ(”ZQ 1)

1
+ €—||Z2||1+T (5212 + Ao + 0202 + )»222)(22)
1

1+r

! — 0 (Una(22)) 95 (22)103 (22) — (n—1)my

2€

n

1
I3 —m Z (TO 11+l

m=3

147

1+r
— Ny

+1n3

oo,
20,02

Inductive Step: Suppose that at Step ¢ —1 there exists an L-K

+ Y91+ L2t +0ma1 +Ama1) (C1) — (29)

functional U(;_1)rx and a set of virtual controllers (7, ..., ¢}
described as
G =0, G=-mea(G)
= bl 651 (T8, Cia), G =3, i
n=G-C, j=1,...,i (30)

with nonnegative smooth functions g;, ¢;, and a series of dy-
namic gains ¢;(t) > 1 =¢;(0),j =1,...,% — 1 chosen as

max{—203n; " +L101(G)ny T, 0}
max{—2031, " +lo00(01, C1, G2)my T, 0}

0 =
by =
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éi,QZ max{—%? 71+T+€1 20— ( i— 37<Z ) 1+’l” 0}
(3D
such that
LUi1)LK

1 _ _
< - 591(U01(21))A01(||21H)+||21||1+T (M1 +7911 2
1—1
901+ Y (A1 7551+ 6501 + Agar)) (21)

=2

+%Qﬁ(Um(h))qﬁf(mWf(n) - L92(U02(22))A02(HZ2||)

201
1 7—1 7—1
+€_||22||1+'r 7]12+7322 Z(5j12++}\-_712+5]22
1 Jj=3 Jj=2
1
+2j22) | (22)+ 20 — 05 (Un2(22)) 93 (22)5 (22)

1
- m@ifl(UO(i—l)(Zifl))AO(i—l)(Hzi*l”)

1
+ o llzill"*

Oyl s T(5(1—1)1("—1)+)‘(i—1)1(z’—1)

+6(i—1)2(i-1) FA(i—1)2(i-1) ) (2i-1)

1
0 1 (Uoi-1)(2i-1)) 71 (zi—1)¥] 1 (2i-1)
20101

i—1

lia
—(n—i+2 1+r 11+T+ 1+r *i—-1 227
(n ); A
i—2 1 n
—Zﬂﬁf” Z (Con1s+ T+ Tona;+ Lo,
j=1 ! m=j+2

+ 5m2j +5¥m2j)(C1)' (32)

Now, we claim that (32) also holds at step i. To show this,
consider

1 UOz(z ) _ _
Ui = U(¢71)LK+—/ 0i(s)ds+Wi(li—2,Gi),
7

1

21 -l

where dynamic gain ¢;(¢) > 1 will be designed later and p; is
a smooth nondecreasing function. From ¢; > 1, (32), (33), and
the manner of changing supply rate, there holds

1
Wi = <1+Z)n? (33)

LU;Lk
1
< EU(i—l)LK - W@i(UOi(Zi))AOi(”Zi )
-1
Z ||ZJH1+T’Y?1*]‘<ZJ‘)

Fllzi(t = T)||1+T’7?2*j(zj (t—7))
Z o (¢

+c”u—T>ﬂA@a—ﬂn

FTTR5(G)

1 / . . 2 ) 2 )

+ 20, - l; 4 2i(Uoi(zi))¢5 (zi); (2i)
1 *T T *7
+ 7 1+ 7 ni(Cite + G — Gi)
i1

2 oW, ..

+ ly-- .gi_lmfi + ‘ ]; 8_Cj(cj+1+fj)‘
’ 1 1\ o

+‘jz_:£1...gi_1 (1+€_i> g‘

O*W;
6<aggqf

o*W;
Q’Z 3(2 gJTgJ+ Z

q,3=1,9#j

O2W;
CQ gz gi

T
HZ%%Z gq+

£1 UO?(Z1
—Z gz /
4121 byl

=1, 2. From (8),

52 771
(34)

with nonnegative smooth functions 'y?L*j 10 0 ot

(30), and Lemmas 2 and 3, one has
G Y0 (G) <TG (G, G0 +my T T2, ),
G (=) T0;(¢i (¢ 7))

< 7]1+T(t_7)F?2(j71)(Ejf2(t_7)>éjfl(t_T))
T (=)0 (G2 (t =), G (t—T))

with nonnegative smooth functions I ?L*( ] O
j=1)7 g
by Lemmas 2, 3, 7, and (30), one can obtain

(35)
1=1,2. And

7]zfz+’2 <]+1+f])‘
7—2 %
*\g;zf%zrz(1+'l>mggf\

i—1
2
< ——— | Imifil +
él...&l('nf' ;

S
ma—gj ‘ (1741l

i—2

+ 1l e 177361(1 2a§J )[" +|f] +Z

771 84* D
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i (3 el mste) n Z O ML
+ Izt = )0z (25t — 7)) + Ty + dizj + hinj) (€j-1(5), ¢ (5))
+7]1+ 5111( i— 2;Ci) +,,7i1+r( )(T?;z + 57’21 +)»12,)( i ( ) Cl( )))ds (38)

0 (= T)0i2i (G (t — 7), (it — 7))
From (34)—(38), a delay-independent gain update law is de-

i—1 .
+Z MY (= 7)Big (Gt —7), Gt — T))) signed as
i=1

iy = max{—202 p Lt

+ li—10i-1(Lia(s), Gi—1(s))m; 57, 0}

(36)

with nonnegative smooth functions &;,;, 8,5, di2;,¢ = 1,2. By

Lemmas 2, 3, 7, (30), (33), and £; > 1, it follows that 0ic1(0i2,Ci1) =2 Z T 21 T o0 21 T gm2(i71)
02W; — W o V(T E 3
‘Z oz 99t 2 960699  ma-n) (62, Gi) 39)
0.J=1.97] ! with ¢;_1(0) = 1, from which, a virtual controller is devised by

1

W, ) A | I
Cipp=—07 0 mi(n — i+ 4+ (0 + hivi + o5

2 =Ty
+ Zacacqu 9ot 5z 009

+ 821 + Aizi + YU (G2, G)) ™

(1+2) 12 aen? . (e
< 1 (( : ) + 1 — )gT94 = _K%K% e (0 (). 40
231'“&1‘1._1 ac; ¢ j 9i 1 Lami€i(lio2, G) (40)
(20 (20, ) e
q,j=1,q%] 9G e aCJaCQ — mnil
i—1
I=¢) 7 T 1 1 _
+2 ——0; 99+ 9; 9i <—1_+T——1+Tz i—2y Gi—
; 0Cq ! Sl T g g e 1(£iz2,Gim1)
) 1 1
1 ! . - <0,j=1,-ri—1
S <Z (231" Ring (25) b Lt =)
=1 i1 ; Uoi ()
61...6‘]4...67(71 0i\=1
+ 1125 = )iy (2 = 7)) B g N / o(a)ds
+nz+ )\7,11( i— 2,(7,) i-1
- - - byl
(= TGt — 7), Gl — 7)) X wEeE
=1 i-

i—1

+Z T (= ) oy (G (t = 7), G (¢ — T)))
J=1 —1%4
(37 (41)

With the aid of (38)—(41), one obtains

with nonnegative smooth functions )\,iLj,j\.iLj,j\.rin,L: 1,2.

Construct the L-K functional LU
U 1
iLK < LUG 1)k — 57— 0i(Uoi(2i)) Doi(|2i])
) 2, -0,
¢ i 1
:Ui+/ ( —”Z'(S)HHT(’Y?*'JF@Q' -1
; bils) b (s) v Z —ll25 1
+ Aizj)(z;(s)) !
1 + Vos; + 6i1j + Gigj + hirj + Aizj)

) 47 (80 4 o) (2
+ l1(8) £ 1(s) i) (izi 4 Aizi) (z:(5)) + |2 7 (Gi1s + Gizi + Aivi + hii)
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i—1
(T
+ L T 1—\1*
;41‘“471% (T

+71

0
iy + 1

taj + Yin; + Gizj + hizy)

A T (Y0505, 4 8i1i + Gini + Aii + Aioi +2) + 151

147 ¢ 2

1 1+r
2yl O T 2

+€1 el i1

1 _ _
< —§Q1A01 + 2 1M (i + A1 + Y21 + ey
7

+ Z(’y?fl + %51 4 6511 + Gj21 + Ajir + Ajor))(21)
j=2

+ %9’1(U01(21))¢f(21)¢f(21) - i@onz

i

+Z||Z2||1+T(Z(W’?m‘f")’?zz)"'zwjl? T Ny

j=3 j=2
+ LQ’M%% +Ajo2) |(22) — -+ — ;QiAOi
204 J 20y - - 'Ei—l
1
+ WH%‘HHT(@M + digi + Xiti + Aizg)
1l

1 ' 7
0 — (n—i+ 1) T =gl
20yl =

¢; )
T2 2
— 1 1+r = 0% O
- 50,0, > (O + 0,

j=1 m=j-+2

+ F?:Qj + T?:fzj + 6m2j + Am2j). (42)
At step n, for ¢ = n + 1 and recalling u = (,,+1, there holds

LU,k

<~ 1 Bor + LU () )R o)

+ 2 1M (i + A + Y21 + ey

n
+ (’Y?fl + 7?51 + 6511
i—2

J

1
+ djo1 + Aj11 + Aj21))(21) — == 02002

201
1 L
# gollal (s
1 o
+550) + ) (812 + 0joa + Ajion + /\j22)) (22)
j=2

1
+ 2_619/2¢ng

14+r 5
G by, [l 2l (On1n

n
ro42 02 147
+6n2n+Anin+An2n) + m@n¢n n ; n-
(43)

From Lemma 6, if o; are chosen to satisfy

Zl1z(.)l(U01(Zl))A01(HZl 1

>

N |

& (Uo1(21))67(21)¥7 (1) + |zl (111 +91001 + 7121
n
+ a1 + Z(’Ygﬁ + 7951+ djn
=2

+djo1 + A1 + )»j21)) (21),

iQQ(UOQ(zg))Aoz(H@H)

n

> Lo (Uos(22)) 62 2 (22) + %annl“(

= 90, : (7%2

j=3

+552) +

n
(012 + 0522 + Aji21 + )»]22)) (22)
j=2

1,7 2 WUon(zn)) Bon(llznl)

1
= mg;’(%”(zn)w%(«zn)wi(%)

1
+ ||Z7LH1+T(5nln + 5n2n + )\nln + )\-nQn)(Zn)
Ol
(44)
and the dynamic partial state feedback controller is designed as
by = max{ =203 "7 + Lo (GOm0}
0y = max{—%%nz’l*’" +420i-1(41, C1, <2)U51+Ta 0}

byq= max{ —2@%,177;1'1H +lpn-10i-1(ln-1,Cn1 )77;1-1”7 0}

- 61; T 5571%671 (Enf% En) (45)
with ¢4 (0) ==Vl 1 (0) = 1and

G =0, ¢=-me(C1)
1 1 _ -
Go=—] Uy _gme—1€k—1(lr—3,Ce—2), k=3,....,n

u =

nkZCk—CZ,k‘Zl,...,n (46)
one has
- 1
n < — — 0 (2:) Ao ;
LU,k < Jz::l T 0 (Uo;(25))A0; (Il
= ot (47)
j=1

This completes the recursive design.
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B. Stability Analysis

The main results are stated here.

Theorem 1: Considering the stochastic time-delay cascade
nonlinear system (2) under Assumptions 1 and 2 and (4)—(6),
there exists a delay-independent dynamic controller (45) such
that: 1) the closed-loop system has an almost surely continuous
solution on [—7, co) for any initial value [27(0), ¢7(0)]; 2) all
the signals of closed-loop system are almost surely bounded;
and 3) the trivial solution is globally asymptotically stable in
probability.

Proof: First, it is noted that the nonlinear functions f
and ¢ in system (2) are continuous, so the existence of
a weak solution can be obtained for any initial condition
according to  [36, Th. 1]. Furthermore, for the closed-
loop system (2)—(45), it derives that dX (t) = F(X(t))dt +
G(X(t))dw with F(X) = [fo1,..., fon, G + f1,- -, raq +
f)5.G(X) = [gdy, ... 08, 0F, ..., gF]". Withasimilar mind
of [28], by means of truncation functions and the continuity of
nonlinear functions, the closed-loop cascade system (2) and (45)
has an almost surely continuous solution on [—7, 00).

Second, according to Itd’s formula and (47), there holds

E{Unrx(z(Re A1), (R A1), (R AT), R AL}
= EUnLK(Z<O)a C(O)v E(O)a O)

WY’
+E/O LU,k (2(5),((s),4(s),s)ds

N AL aUn
+B [ T () gn(s)da(s
0 z

N AL aUnLK
B / (5)9(5)dw(s)
- nLK(Z(O)a C(O)> E(O)’ 0)
N AL
LR / LUk (2(5), C(5), €(s), 5)ds
0

< UnLK(Z(O)7 <(0)7£(0)ﬂ 0)

R, :=inf{t > 0:|{(t)] > ¢,c >0}, 90 = [g01,- -
g=191,---,9,). From (38), it shows that

E{Unrx(z(Re A1), (R A1), LR AT), R AL}

Uo1(21) 1 Uo2(z2)
>F s)ds + —/ s)ds
(A A

(48)

790n]Ta

1 Uon (2n) d
4t —61(8) o /0 on(8)ds
1 2 1 * 2
+ 56+ 575 (Cls) = G(s)
1 ek 2
o e S (G - G _)
(49)
Letting  c¢— o0, 48) and (49) indicate  that

Uon(zn
(), o " ba(s)ds and (1), gk (Galt) -

Gy(t))?, - ~,m (Ca(t)—C;(t))? are bounded almost
surely on [—7, N ). Equation (25) means that the ¢;(¢) is
monotone nondecreasing. We prove that ¢; (t) is almost surely
bounded on [—7,R). If not, assume lim; ,x_¢1(t) = 0.
By the almost sure boundedness of (; and the nature of
continuity, o1 (¢1) is almost surely bounded. Hence, there exists
a 0<Ti<Ry to ensure —203n; " +0101(C)n T <0
on [T1,Ny). From (25), it leads to a contradiction to
lim;_n_ ¢1(t)=o00. Thus, ¢;(t) is almost surely bounded

Up2(z
[1%8) 0 02(22) QQ(S)dS and ﬁ(s)(@(s)—

(5(s))? are almost surely bounded, fOU""‘(Z"‘) 02(s)ds and

C2(s) — ¢5(s) are almost surely bounded on [—7,N.), and
so are 2o(t) and (o(t) with the help of the definition of
02, Up2, and (5 in (30). Recursively, it can be concluded that
62 (t)a Z3(t)a <3 (t)a ceey En—l (t)a Zn (t)7 Cn (t) and U(t) are almost
surely bounded on [—7, ).

Now, we begin to prove N, = oo almost surely. If not, there
exists a pair of positive constants € and 7, that satisfy

P{N, <T.,} > 2e.

on [—7,Ny). Since

(50)

From N, — N, almost surely as ¢ — oo, there exists a suffi-
ciently large constant R* > 0 to maintain

P{X.<T.} >¢ Ve> R (51)

Choosing U = 1¢7 + ﬁ(@ -G+ + ﬁ(% -
()2, and considering the fact that ¢; is almost surely bounded
and ¢; > 1, for R > 0, it derives that

inf U(¢) — oo as R — oc.

(52)
I¢l=r

For any fixed ¢ > R*, it follows from the definition of X, and
(48) and (49) that

P{R.< T} H?Hi U(C) < E{Iy,<n.U(C(Nc)}

= E{Iy <1 U(C(Xc A T2))}
< B{U(C(Re A T2))}

By (51) and (53), it derives

l<li=e

when ¢ — oo, it brings a contradiction to (52). Thus, X, = co
almost surely.

Finally, from (38), it indicates that

U U
fo 01(21)91(S)d8 +ﬁ1(t)f0 oz(zz)QQ(S)dS + e+

1 Uon (2n) 1.2 1 2

OO ’ on(s)ds + 571 + 20, 12 +oe Tt
mni. Then, with an eye to the construction of

0i, Ug; and £; > 1, there is a function @ € K, such that
Unrr > @1(||2(2), C()]])-

Moreover, there exists a constant D > 0 and class K, functions
01()s s 0n(),210:), -, Zn(-)sA1 (1), - - ., Ay (+) such that

Unrk

Unrr >

(55)
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<D Z(@j(Azj () +n7 (1))

+3( /ttf(t) IOIRHEONE

125 (¢ + $)I"7Z5 (C(t + 9))d(t + 5)

n 0
>/
=1 N T()

0
s)A; s))d s
*/_T@)”J(” VA (C(t + 5))d(t + >)
<D ”

—|—DZ sup

—7<s5<

sup (2 (Ag;(t+ s)) + 13 (t+ s))

—7<s5<0

+5) " (¢t + 5))

||ZJ

—|—r]j(t+s)Aj(C(t+s)))
< wa( sup |[[2(t+s),((t+s)]).

—7<s<0

(56)

It is easy to see that wws is also a K, function. From Lemma 5, it
can be deduced from (47), (55), and (56) that the trivial solution
of the closed-loop system (2) and (45) is globally asymptotically
stable in probability. g

Remark 3:  Compared with [20] and [28] in which the
global stabilization and finite-time stabilization problems of
stochastic low-order and high-order SISS nonlinear systems
have been solved, respectively, the innovation of this article is
that the growth conditions of nonlinear functions are removed;
and by designing a series of dynamic gain laws, a delay-
independent controller is proposed to extend the continuous
domain of stochastic low-order cascade nonlinear system with
time-varying delay. In addition, compared with [19], the local
Lipschitz condition is reduced to continuous and the system
power is low-order which produces the hardship of completely
nondifferentlable of this article; moreover, the restrictive con-
straint of axl(o) =0, =1,2,3 on functions A;(X) in As-

sumption 1 is relaxed and quadratic L-K functionals replace
traditional quadric Lyapunov functions in the stochastic control,
which saves a great deal of calculation. U

Remark 4: It should be noted that this article only requires
existence of solution to the stochastic nonlinear system (2), but it
does not require uniqueness. For a stochastic nonlinear system,
the requirement of a unique solution is very restrictive, i.e.,
the linear growth condition and the local Lipschitz condition
need to be imposed on the system as assumptions, which greatly
limits its applications. Therefore, the existence of a solution for
a stochastic system is more important than the uniqueness from
a viewpoint of stabilization. And it is sufficient to assure the
existence of a solution to study global stability of a stochastic
nonlinear system. g

Fig. 1. Trajectories of the state z; and zo.

timef(s)

Fig. 2. Trajectories of the state ¢; and (».

IV. SIMULATION EXAMPLES

Consider the stochastic continuous cascade nonlinear system
5 5 [
dzy = (—2217 - q) dt + 0.52] dw
dzy = ( 327 — gj) dt +sin(Gy (1= 7))

a1 = (42 +sin(a(t=7)) dt + ¢ (=)
d¢y = w7 dt + C27 dw

(57)

where 7 =0.1sin(¢) +1. Apparently, Assumptions 1
and 2 are satisfied with Up(s) = Upa(s) = s2. By
means of the control design in the previous section,

5, <1,U1LK—f0 (64 45*)ds+3(1+ F 7)mi +
ff,T(m17 )(C1( ))Jrzl (s)(z1(s )))ds the first virtual con-
troller C; = —n€e1, 6 = (13.8 + 2 4{1 )o leads t0 EUlLK <
—2. 75,7:1 01+ 2Q1¢2¢1 + 2. 4z1 2 —1—772 — 3771 242 n}
with 772:@—@ and 01(8) = 02(s) =6+ 4% Take
Usrk =UiLk + - f (6 + 4 52 ds—|— s(&+ o) +
Ji, gk (5)(43320 + 5345.2n," (s))ds and

T =

. =3 =2
01 = max{—202n," +4101(C1)n," ,0}
7 12 e

24 24
+2(71061+1410¢," +3556¢," )
2 2 12 5 7
+2nJ (e1+5.8¢]¢,7 )((n2—ex(1) F+sin(z1 (t—7))))
(58)

results in LUsp g < — 771 —ny .

l\J
~ls
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x10

T

L L
7 6 5 4 3
10 10 10 time(s) 10 10

Fig. 3. Trajectory of the control w.

5 4 A 2
10 timels) 10 10 10

Fig. 4. Trajectory of the dynamic gain ¢;.

For demonstration, the initial condition is chosen as
[Zl( ) ( ) Cl( )7(2(0)]T = [_Qv 1.5,0.1, 1]TF1gS 1-4 in-
dicate that the controller (58) can stabilize the closed-loop
system and the effectiveness of the provided control strategy
is clarified.

V. CONCLUSION

This article has studied the continuous control for stochastic
low-order cascade nonlinear systems with time-varying delay
and stochastic inverse dynamics. The restrictive conditions on
unknown drift and diffusion nonlinearities have been removed.
For low-order power situation, a continuous control scheme
has been proposed by means of the dynamic gain manner and
SISS. However, considering that the low-order powers of the
system inevitably leads to exponential inflation in the design of
the controller, there is a pity that the magnitude of controller
and dynamic gain might be large, so how to reduce the cost of
control is an important issue to be solved in the future. What
is more, the stabilization problems of “polynomial integrators,
general triangular form systems, fractional power integrators,”
“different low-order powers,” and “output-feedback controller”
are still open.

APPENDIX

Proof of Lemma 7: Because f; and g; are continuous and
vanish at the origin, combining the fact that r € R}, with
Lemmas 3 and 4, we obtain the existence of nonnegative smooth
functions ¥i;, Tirj, 395, Ty, 1 = 1,2, such that

fi(zi, z:(t — 7(1)), G, Gt — T(t)))l

<Y (111705 (25) + Nlz5(E = (D) 1725 (25 (¢ — 7(1)))

j=1

1G5 (¢) + 16 (E = 7(8)| Ting (G (E = 7(1))))
= Iz (t = T@O)I" 125 (¢ — 7)1 Fins (25 (t — 7(2)))

) (2712130 (z5) + 1617 - 161 i ()

Jj=1

G =T 16t — (0" Tin; (Gt — 7(2))))

<Y (51705 (z5) + Nl (8 = () 7325 (25 (£ = 7(2)))

j=1

F G Tang (G) + 16 (E = 7)) Tagj (¢ (¢ = 7(1))))
| (1) Gt = 7(0)g] (5,
5(t =70, Gt —7(0) |

97 (zi, zi(t —

<> (el (ze) + et = 7)1 352k (2t — (1))

k=1

+ CRT0(G) + Gt — T(0) T (Gt — 7(1))))
= Z (L2l 2l 7400 (20) + GG T (G)

+llzw(t = T 2kt — @O Tize (21 (8 = 7(1)))
G = ()G (= T(0) TGt — 7(2))))

< Z (lzell ™" vin (2x)

+ lzw(t = ) yian (2t = 7(2))
+ CH_TT'le(Ck)
G = () Vo (G (t = 7(1)))) i <

where Vg () 2 251" Fiag (D v () =

i A% ()it () 2 161 ()00, () =

k' " 1Y9,.(-), | = 1,2 are smooth functions. O
Proof of Lemma 8: Inspired by the proof of Hadamard’s

lemma in [38, p. 17], it derives that

(59)

A(Y) — A(0) = /01 dA(OY) = R(Y)Y = YTRT(Y) (60)

) . . .
where R(Y) = [, % |5=9yd9 is a m-dimensional covector.

Since A(0 ) = Oand A( ) > 0,itcan be seen directly that A(Y")
is at its minimum at Y = 0, which means that %(O) =0 and
RT(0) = 0. Similarly, it shows that

1 aRT

RT(Y) - RT(0) = < i 6ﬁ|ﬁ_wde)> Y :=HY)Y

(61)

where H (Y') isan x n matrix. From (60) and (61) and Lemmas
3 and 4, there exist appropriate smooth functions b, ({;) > 0such
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that
AY)<|HO)-IIVIP <> ¢0iG). (62)
i=1
Then, foreach! = 1,. .., n,itcanbe deduced from the definition

of r that {/ " is a continuous function. Lemma 4 shows that there
exists a smooth scalar function b;((;) satisfying ¢} "b,(¢;) <

bi(¢r)- Thus, A(Y) < S04 ¢70i(G). O
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