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Stability and L-Gain Analysis of Periodic Piecewise Positive Systems
With Constant Time Delay

Bohao Zhu ¥, James Lam

and Ka-Wai Kwok

Abstract—This article is concerned with the stability and L;-
gain analysis of periodic piecewise positive systems with constant
time delay. A-exponential stability, which is applied to characterize
the decay rates of the considered systems, is investigated first.
A copositive Lyapunov-Krasovskii functional is used to obtain a
sufficient stability condition. The stability condition characterizes
the convergent speed of the state by the system matrices and the
size of the time delay. One can also apply the Lyapunov-Krasovskii
functional to characterize the L;-gain of the systems. By taking
advantage of the periodic property of the system, linear inequali-
ties are employed to characterize the L;-gain, and an unweighted
upper bound of the L,-gain of the system is given.

Index Terms—L-gain analysis, periodic systems, positive sys-
tems, stability analysis, time-delay systems.

|. INTRODUCTION

The stability and input—output gain analysis for positive systems with
time delays has been a hot topic in recent years not only because of its
practical application in the areas of economics, biology, chemistry, and
transportation [1]—[3], but also due to the nice properties inherited from
the positivity of their system dynamics [4], [5]. For general systems
with time delays, the Lyapunov—Krasovskii functional approach is
commonly used for analyzing the stability and designing the H ,, control
schemes [6]-[9]. Since Lyapunov—Krasovskii functional candidates
usually consist of inner product terms with vectors z(t) and z(t — d),
some matrix inequalities are commonly given to decouple them [10],
[11]. Due to the nonnegativity of the state in positive systems, copositive
Lyapunov—Krasovskii functionals can be applied to analyze the stability
and input—output gain performance of positive time-delay systems. The
early result on the stability of linear positive systems with constant
delay was proposed by Haddad and Chellaboina [12]. By applying
copositive functionals, the delay term z(¢ — d) can be eliminated and
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a delay independent equivalent stability condition can be given. The
result was extended to the case of time-varying delays in [13]. Except
for stability, L1 - and L,-gain analysis of positive systems is also one of
the hot topics. The analysis of those gains could trace back to [14], where
the authors characterized the input—output gains by linear inequalities.
By unifying all the existing results for positive time-delay systems into
a single framework, Briat summarized the stability and performance
analysis of positive systems with delays in [15]. Furthermore, the
results were extended to different performance analysis including state
estimation [16], [17], decay rate characterization [18], and different
kinds of positive systems, including positive periodic systems [19], 2-D
positive Roesser systems [20], switched positive systems [21], [22].
For the switched positive systems with time delays, the stability and
input—output gain are analyzed. By choosing a constant vector for the
copositive Lyapunov—Krasovskii functional, a sufficient exponential
stability condition of discrete-time switched positive linear systems
with time delay was given in [21]. The diagonal Lyapunov function
was given for quadratic Lyapunov functionals in [23], and a less
conservative stability criterion was obtained by extending the Lyapunov
matrices to time-varying Lyapunov matrix functions. By applying
copositive Lyapunov—Krasovskii functionals, the ¢;-gain and L;-gain
characterization of both discrete-time and continuous-time switched
positive systems with time delays were investigated in [24]-[26],
respectively.

As a special kind of switched systems, periodic piecewise systems
can be regarded as switched systems with a fixed switching sequence
and a fixed dwell time for each subsystem. Such systems can be
found in electrical circuits with switches [27], crossroad models with
signal lamps [28], and ac—dc converters with reduced dc-link capac-
itance [29]. To our best knowledge, there are a few results on such
kinds of systems. For periodic piecewise systems without time delays,
the stability and Lo-gain were analyzed by using the approaches in
analyzing the switched systems with dwell-time constraint [30]. A
reduced conservative stability condition was then given in [31] by using
a matrix polynomial approach. Along this line, the above results were
extended to the time delay case. Xie et al. [32] applied time-varying
Lyapunov—Krasovskii functionals to facilitate H,, controller design.
Furthermore, the guaranteed cost control of the periodic piecewise
linear time-delay systems was given in [33], where a sufficient delay-
dependent condition for the asymptotic stability was derived, and
H>/H ,.-mixed performance was investigated. Since some parameters,
such as absolute temperature and population, in practical systems, are
inherent nonnegative, some of the aforementioned periodic piecewise
systems, including electrical circuits and cross-road models, may be
regarded as periodic piecewise positive systems. Taking advantage of
positivity, linear inequalities, rather than linear matrix inequalities,
are used to reduce the computational complexity in determining the
stability of systems. The delay-free case has been investigated in [34].
As common phenomena in practical systems, time delays could lead
to poor performance or even instability. To our best knowledge, there
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are no existing results on periodic piecewise positive systems with
time delay. Motivated by the existing literature, we apply a copositive
Lyapunov—Krasovskii functional to analyze the stability and L;-gain
performance of the periodic piecewise positive systems. In this article,
some major improvements on analyzing periodic piecewise systems
with time-delays will be carried out, including: 1) reduction of the con-
servatism of the stability criteria; 2) characterization of the unweighted
input—output gains of the systems. Based on the ideas in [32] and [34],
both continuous and discontinuous Lyapunov—Krasovskii functionals
are applied to characterize the stability condition and the input—output
gain. By introducing more degrees of freedom in the functional, the
conservativeness of the systems is reduced.

The article can be briefly outlined as follows. The periodic piece-
wise positive systems with time delay are characterized in Section II.
In Section III, the stability and L,-gain analysis of the systems are
presented. Example illustrating the effectiveness of our theorems is
given in Section IV, and Section V concludes the article.

Notation: R™ denotes the n-dimensional real vector space, R™*"™
denotes the set of all m x n real matrices, AT denotes the transpose of
matrix A, 1,, denotes an n-dimensional column vector with each entry
equalsto 1, N ={1,2,...}, Ng = {0} UN, Ry ={z |2 >0, z €
R}, and Ro + = {2 |z > 0, € R}. v[; denotes the ith element of

the vector v. The product of n matrices Mj, , M, , ..., M;, is denoted
by [[j2;, Mj = M;, M;, -~ Mj,.Inaddition, [[v[, = 77, |vj]

stands for the 1-norm of a vector v, |[w||z, = [;° [|w(t)[|1dt stands
for the L;-norm of a function w. We say w € Ly, if ||wl||r, < cc.
[lv]lc = max;e(1,2,....n} |v5)| stands for the co-norm of a vector v,
lw|lz. = sup;s ||w(t)|l« stands for the L.,-norm of a function w.
Some notations, which are commonly used in positive systems [35]
are given as follows. v = (=)0 or v € Rf , (R ) means a real vector
v is a nonnegative (positive) vector whose entries are all nonnega-
tive (positive). A = (=)0 or A € Rg’;™(R7"*™) means a real matrix.
A € R™*™ is a nonnegative (positive) matrix. For two matrices A
and B € Ry’ (R"™™), A = (=)B means A — B is a nonnegative
(positive) matrix.

II. PROBLEM FORMULATION

Consider a linear continuous-time periodic piecewise system with
time delay given as follows:

z(t) = A(t)z(t) + Ag(t)x(t — d) + B, (t)w(t)
z2(t) = Ct)x(t) + Cy(t)x(t — d) + D, (t)w(t)

z(t) = ¢(t), te[-d,0] (1
where z(t) € R, w(t) € R™, and z(t) € R™= are the state, distur-
bance, and output, respectively. A(t) = A(t+T), Aq(t) = Aq(t +
T),B,(t) = B,(t+T),C(t) =Ct+1T),Cy4(t) = Cq(t +T),and
D, (t) = D, (t+ T) with T' to be the fundamental period. Moreover,
the above matrix functions satisfy

At) = Aoy, Aa(t) = Aaoiy, Bu(t) = Buowy
C(t) = Copy, Calt) =Caor), Du(t) =Dy o

when t € [tic1,0()-1>ti,o(i))s where ie{l,2,...,m},
(o(1),0(2),...,0(m))isthe cyclic permutation of (1,2, . .., m) with
to,o1)-1 = 0and t, o(m) =Tz, = z(t +6), 0 € [—d, 0]. The time
interval for each subsystem is defined as T, ;) = i o) — Li-1,0(i)-1-
The definitions of positivity, A-stability, and L;-gain of system (1) are
given as follows.

Definition 1 (Positivity): Periodic piecewise system (1) with time
delay is said to be positive if for any initial condition xy > 0, distur-
bance w(t) * 0, and cyclic permutation (o(1),0(2),...,0(m)), one
has state x(¢) and output z(¢) are in the nonnegative orthant for all
t e R0,+-

Lemma 1 (Positivity condition): Periodic piecewise system (1) is
positive if and only if matrix A; is Metzler, matrices Ag ;, B, ;, C;
Caq,i, and D,, ; are nonnegative for all 7 € {1,2,...,m}.

Proof: Periodic piecewise positive systems (1) with constant time
delay can be seen as a special kind of switched positive systems with
time-varying delays. According to [25, Proposition], the equivalent
positivity condition for a switched positive systems with time-varying
delays is that matrix A; is Metzler and matrices Ag;, B., i, Ci, Cq,i,
D.,, ; are nonnegative for all ¢ € {1,2,...,m}. Thus, when the condi-
tions for system matrices hold, system (1) is positive, and sufficiency
is proved. For the necessity part, one can first regard the term z(¢ — d)
as the disturbance when ¢ € [0, d). According to [36, Th. 11.2], for
system (1) not satisfying the conditions of system matrices, one can
always find a nonnegative initial condition ¢(t), and a nonnegative
disturbance w(t) such that the state :(¢) leaves the nonnegative orthant
within a time interval (0, €], where ¢ < d. The necessity part is proved
by a contrapositive argument.

Definition 2 (A-exponential stability): Periodic piecewise positive
system (1) with time delay is said to be A-exponentially stable, if ()
satisfies

()|l < we™ gy VE>0 )

where ¢g = sup_ 4, [|#(t) ||, for constants £ > 1, 1 > 0.

Definition 3 (L1 -gain): For an asymptotically stable periodic piece-
wise system with time delay (1), under zero initial conditions, the
L;-gain is defined as the smallest v > 0 such that

/ I (@)l dt < / ()], dt 3
0 0

holds forall w € L.

The definitions of XA-exponential stability and [L;-gain perfor-
mance have been given. In the following sections, the conditions
that characterize the decay rate and the L;-gain of system (1) are
discussed.

I1l. STABILITY AND L-GAIN ANALYSIS

In this section, the stability and L;-gain characterization of the
periodic piecewise positive system (1) with time delay will be discussed.
A continuous copositive Lyapunov—Krasovskii functional is given first.
Sufficient time-dependent A-exponential stability condition and un-
weighted upper bound of the L; -gain are given and characterized by lin-
ear inequalities. When applying discontinuous Lyapunov—Krasovskii
functional, we can reduce the conservativeness of the inequalities to
avoid the weighted characterization of the upper bound of input—output
gain [33]. Itis shown that for both continuous and discontinuous coposi-
tive Lyapunov—Krasovskii functionals, unweighted upper bounds of the
L+-gain can be obtained.

Theorem 1 (A-exponential stability condition): Suppose w(t) =
0. Periodic piecewise positive system (1) with time delay is A-
exponentially stable if there exist a set of vectors p; > 0, ¢; >~ 0, where

1=0,1,...,m—1,and r > O satisfying
% +Alpiq+ e (g1 +dr) < —Ap; 1 “4)
Pi —Pi-1

7 AP+ (gt dr) < —Ap; 5)
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Fig. 1. Continuous vector functions p(t), q(t), and r.

Apipi1—qi1 =20 (6)
Al pi—ai =0 @)
qi _TiQi—l —r=0 (8)
Po = Pms o = dm ©

foralli € {1,2,...,m}.
Proof: Firstof all, let o(7) = i foralls € {1,2,...,m}. The copos-
itive Lyapunov—Krasovskii functional candidate is given as follows:

V(xy) = Vi (m) + Vo (x) + Va (xy) (10)

0t
Vi(xy) = /d/ 0D T 0(0)dOdr
- t+7

p(t) and g(t) are periodic vector functions with 7" as the fundamental
period, p(t) = a;(t)pi-1 + (1 — a;(t))ps, q(t) = i(t)gi1 + (1 —
a;(t))q;, and a;(t) = M, where t € [kT, + t;_1, kT, + t;).
When t € [kKT), + t;—1, kT, T t;), the derivatives of Vi (xy), Va(xy),
and V3 () are given as follows

T

T - :
Vi(ze) = AVi(zy) + 6M%m(1ﬁ)
+epT (1) [Aiw(t) + Agia(t = d)] (11)
V2(xt) = DTz (t) — gt (B)z(t — d)
t T o7
+/ e (w> w(r)dr (12)
t—d j—’z

0
Va(zy) = / [eA(Hd)TTa:(t) — A Ty 4 7')} dr
—d

t
= de“”d)rT:c(t) —/ e'\(7+d)rTa:(7')d7'. (13)

t—d

The vector functions of p(t), ¢(t), and r for the construction of V' ()
are illustrated in Fig. 1.
Based on (11)—(13), the derivative of V' () is given as

V(a:t) =M {ai(t) {Mx(t) + ol (A (t) + Agx(t — d))

T;

+ Aplx(t) + (‘121 + dTT) z(t) — ¢ x(t — d)

— 4

o — gF ¢
+ (71 — — T‘T> / 6A(T+d_t)x(7')d7'}
T; t-d

pi —pia x(t) +pi (Aiz(t) + Agiz(t — d))

+apla(t) + e (qf +drT) x(t) — ¢l 2(t — d)
g —at !
+ (7 S rT) / e“”‘d’”x(T)dT} } ) 14)
Ti t—d

Combining (14) with inequalities (4)—(8), V(mt) <0 for all te
[KT +t;—1,kT +t;), and i € {1,2,...,m}. Since the Lypapunov—
Krasovskii functional (10) is continuous, one has V' (z;) < V(x¢) for
allt € Ry 4. Since V4 (z¢), Va(z), and V3(x;) are nonnegative for all
t € Ro 4, one has

T (W)x(t) < V(zy) < V(zo). (15)
When ¢t = 0, one has

Vi(zo) l[(0) |

=po2(0) < na ol

0
Vateo) = |
3(0) / / MO DT (0)dgdr < "2

Then, when ¢t = 0, the copositive Lyapunov—Krasovskii functional
V(o) satisfies

)L("""d)qT(b( Ydr < ngde*? 9ol @0

e |7l do-

d2
V(zo) < ne {Hpo\lw +de' ol + 5 € Irll| @o-  (16)

Since pT(t)x(t) > infogtSTp(minie{m e} P () ||z (t) ||, and
p(t) = 0forall t € [kT, (k + 1)T), inequality (16) implies that

()l

, derd 2 . .
77"1?<”POH®O+ .e “qo“%+75 "'H%)’ and SyStem (1) is A-
infocp<r (Mingey o, ng) P ()

exponentially stable when o (¢) = for all ¢ € {1,2,...,m}. When

o (1) # i, without loss of generahty, assume o (i) = 1. One can let
¢*(t) = x(t + ty_1,0(#)-1), t € [—d, 0]. Then, a new system starting
from first subsystem with initial condition ¢*(-) is constructed and
the above proof of A-exponential stability can be applied. There-
fore, system (1) is A-exponentially stable for any cyclic permutation
(o(1),0(2),...,0(m)). O

Remark 1: For the characterization of the decay rate in Theorem 1,
the ideas in [37] are applied. When applying the copositive Lyapunov—
Krasovskii functional

< ke Mgy a7

)\d”
where k =

—A(t T)e)\qu(t) (T)dT

vua—pa>m+/

/ / 7)»(t 9) Ad T) (Q)deT
t+7

where t € [kT + t;_1,kT +t;), conditions (4)—(9) can also be ob-
tained.

Remark 2: When the time-delay d of the system (1) equals to 0,
the condition that there exists a scalar A > 0 such that (4)—(9) hold is
equivalent to the sufficient asymptotic stability condition of [34, Th. 2].

Remark 3 (Time-varying delay): The approach in Theorem 1 can
also deal with time-varying delay. For time-varying delay d(t) sat-
isfying d(t) € [0,d] and d(t) <h <1, a sufficient A-exponential

(18)
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stability condition could be derived by using functional (10) and
replacing Vo (x;) in (10) with Vo () = fttfd(t) DT () (1) dr.
The A-exponential stability could be characterized by linear inequalities
(#—=(5). (8)—(9), and

Ag‘,ipi—l —(1=h)gi1 =0
Apipi — (1 —h)g; < 0.

By applying the copositive Lyapunov—Krasovskii functional (18) in
Remark 1, an upper bound of the L;-gain of system (1) is given in
Theorem 2.

Theorem 2 (L -gain characterization): Suppose w € L;. Periodic
piecewise positive system with time delay (1) is asymptotically stable
and, under zero initial conditions, an upper bound of the L;-gain is v,
if there exist scalar v > 0, and a set of vectors p; > 0, ¢; >~ 0, where

1=20,1,...,m, and r > 0 satistying
PPl Alpa + g +dr +CPL,, <0 (19)
PPl ATp gt dr + CFL <0 Q0)
Ay pict— i1+ Cil,. <0 1)
Ay pi — i +Cgil,, <0 (22)
& _T:”*l 7 =0 (23)
Bl ipia+ DS iln. < yln, (24)
B pi + Dy iln. <7l (25)
Do = Pms 9o = qm (26)

foralli € {1,2,...,m}.

Proof: First, the asymptotic stability of system (1) is proved. Since
matrices C; and Cy ; are nonnegative matrices foralls € {1,2,...,m}
and (19) and (20) are strict inequalities, according to (19)—(20), one can
always find a positive scalar € such that

% +Afpia+e (qa+dr) 2—epin (27)
Pi—Pi1 ATp; + ¢4 (q; + dr) < —ep;. (28)

T;
Combining (27)—(28) with (21)—(23), system (1) is e-exponentially
stable. According to Definition 2, when ¢ — oo, ||z(t)|/« — 0, and
system (1) is asymptotically stable. Then, an upper bound of L;-gain
of the system is investigated. By applying the copositive Lyapunov—
Krasovskii functional in (18) with A replaced by ¢ in Theorem 1, one
has

V(o) + 15 2(t) = 715, w(t)

= V() + 1Y (Ciz(t) + Caz(t — d) + Dy w(t)) — vl wl(t)

= Oél(t)®1,1X(t) + (1 — Qy (t)) q>ly2X(t) — eV (xt) (29)
where
T
X(t) = [7() at—d) [l e (A W)
T
% + Alpia + e (g +dr) + Cf 1, +epia
AT i1 — i1+ CJ 1,
®; 1 = ’ ’

’ ‘Zi*qvi—l —r

Bg,ipi—l + DE,i]‘nz —71ln,

Subsystem1 | Subsystem 2 Subsystemm | Subsystem 1
2 S s B
9, R, P . e
= . N R S
.\.‘\‘ R . qm—l‘m‘ L 9, e,
A %3 ";32 Tmma P Aot %)
G T . 5
21 PN pmm-l \"‘
ry G T <
n Pmme1 n
0 a 2 tm-1 tm Time t
T

Fig. 2. Discontinuous vector functions p(t), ¢(t) and r;.
Pi—Pi-1 AT ed T T
P+ Alpi+ e (¢ +dr) + C L, +eps
B, 5 = A;mi*qurC;r,ilnz

) 4i—Qqi-1 _
T; r

Bg,lpl + Dz,ilnz - ’yl'ﬂw

and t € [KT +t;,_1,kT +t;). Since V(z,) = 0 for all ¢ € Ry 4, ac-
cording to (19)-(25)

V() + 15 2(t) —y1n w(t) <0 (30)

holds forall ¢ € [kKT + t;_1, kT +t;). Since p(t) and ¢, (¢) are contin-
uous for all ¢ € Ry 4, by integrating both sides of the inequality (30)
from 0 to oo, one has

7/00 1, w(r)dr — /00 1y, 2(T)dr > V() >0 (31)
0 0

which holds for all ¢ € Ry ., and an upper bound of the L,-gain of
system (1) is given by ~. O

Remark 4: One can always find a scalar A > 0 such that the system
(1) is A-exponentially stable and inequalities

% + ATp;y + e (qiq +dr) +CF 1, < —Apiii (32)
Di —PDi-1

+ATpi+ € (¢ +dr) + CF 1., < —ap;  (33)

T;
and (21)—(26) hold for all 7 € {1,2,...,m}. The upper-bound of the
L4 derived from (32)—(33) and (21)—(26) equals to the one derived from
Theorem 2. However, when introducing the scalar A, the couplings be-
tween e and vectors g;_; and r are introduced and the computational
complexity for characterizing the upper-bound of the L, -gain increases.
Therefore, the A-exponential stability is not used in Theorem 1.

By choosing different copositive Lyapunov—Krasovskii functionals,
the conservativeness of the A-exponential stability conditions and L -
gain characterization will in general be different. The time-varying
functions p(t) and ¢(t) could be discontinuous at the switching instants
and vector 7; is used to replace r in the ith subsystem. The discontin-
uous vector functions p(t), ¢(t), and r; are illustrated in Fig. 2. By
applying such kind of functions, the A-exponential stability condition
and characterization of upper bound of L, -gain are given in Theorem 3.

Theorem 3 (Discontinuous Lyapunov—Krasovskii Functional): Sup-
pose w € L. Periodic piecewise positive system with time de-
lay (1) is A*-exponentially stable and, under zero initial condi-
tions, if there exist scalars A >0, v >0, u; > 1, and a set of
vectors p;it1 =0, piic1 =0, ¢i-1 =0, ¢ip1 =0 and r; =0
satisfying

Ei+ Alpii+ € (g +dri) +Cll, < —Apiia (34)

i+ A;rpi,i+1 + et (giig1r +dry) + CiTlnz < —Apiit1 (35)
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Aj Pisic1 — Giicr + C i1, 20 (36)
Aj Pisis1 — Giis1 + Ciln, 20 (37)
Qii+1 — Qiyi-1

—_— —1r; =0 38
T, ri = (38)
B ipiicr + Dy iln, <71, (39)
By ipiir1 + Dy ila, <71, (40)
Pit1,i = MiPijit1 (41)
Qit1,i = MiGiit1 (42)
Tip1 2T 43)

m
> (i) < AT (44)

i=1
where El £ %, Pm+1,m = P1,00 Gm+1,m = 41,0 and
Tm41 =11, for all ¢ € {1,2,...,m}, then an upper bound of the

A —~verT
Ll_galn 18 )\Hm+"/€’ where Hmaz = maX{Mtha L) alj/m}v A=

m
)“szizlln(’”)
T . ) . .. . .
Proof: A discontinuous copositive Lyapunov—Krasovskii functional
is given as

V(ze) = Vi () + Vo (z0) + Vi (2) (45)

where

Valer) =" (02 (0), Valor) = [ e (t)ar)ar

0 t
Va(zy) = / ) / e Mt=0=D T (0)dOdr
- t+7

p(t) and g(¢) are periodic vector functions with T}, to be the fundamental
period, p(t) = a; (t)pi,i-1 + (1 — ai(t))pi,it1, 4(t) = (1) qii1 +
(1 — ozi(t))qi,prl, and (67 (t) = kT;if?_t, wheret € [k’T + tifl, kT +

t;). Because matrices C; and Cy ; are nonnegative, inequalities (34)—
(37) indicate

Ei+ATpii1+ e (g +dr;) <0 (46)
Ei+ Al piiv1 + €4 (qiip1 +dri) <0 47)
Ag,ipi,i—l —Gii-1 =0 (48)
AdT,ipi,i+1 — @i,i+1 = 0. (49)

Similar to the proof of A-exponential stability in Theorem 1 proposed
by us and [34, Th. 1], system (1) is A*-exponentially stable when
(46)—(49), (38), and (41)—(44) hold. According to system (1), when
w(t) # 0, the derivative of functional (45) is

V() = p (O (t) +p" (1) (Asz(t) + Agaa(t — d) + Bu,iw(t))

—AVa(zy) + e g t)z(t) — ¢T (t)x(t — d)

t
+ / ) e DT () (r)dr + derirTx(t)
t—

¢
- e'\d/ e T (1) dr — AVa(xy). (50)
t—d

Whent € [kT + t;_1, kT + t;), by applying (34)—(40) to (50), one has

V(z) < —AV(z) + Y1n w(t) — 1} 2(t). (51)

By integrating (51) from k7" + ¢,_4 to kKT + t, , inequality

kT+t;
ef)b(kT-!—ti —7)

v (ka_H;) <e Vv (ka+tz‘—1) +/

T+t 1

x (Y15 w(r) =18 2(1)) dr (52)
holds. By applying (41)-(43), inequality V' (zrr4+,) < ptsV(Zpp i)
holds for all 4, and the relation between V' (x;,) and V (z,, ) satisfies

ET+t;

V (@erse,) < pee 0V (IkTth,;,l) + Mz‘/ e HRTHt=T)
kT+t; 1

X (fylzww(T) —17 z(T)) dr

ne

(53)

for all ie{1,2,...,m} and ke N. Let F(r)=~1, w(r)—
1% z(7). Based on inequalities (51) and (53), when t € [T +
t;—1,kT +t;), one has

t

Vize) < e HtkT—ti1)y, (ka+ti—1) +/ 67A(t7T>F(T)dT

ET+t;_ 1
km+4i—1
< e MRt {( H Mje”j> V(z0)
j=1
km+i—2 km+i—1 tj
w03 (I me ) [T e p @
j=1 I=j+1 tj-1

kT+t; 1
+,ui—1/ 67)‘(kT+ti*17T>F(7‘)d7'}
k

TH+t; o

t
+ /
KT+t

where t; equals a1 +t, when j =am +b for all a € N and b €
{0,1,...,m}, tatm = o and T,,, =T, for all a € N. Since
V(z,) > 0 for all t € Rg 4, under zero initial conditions, inequality
(54) gives

e M E(r)dr (54)

kEm-+i—1

km4i—2 £
Z H 1 / e M=) 1Y z(r)dr
j=1

1=j tj—1

kT+t; 1
+ ,uiq/ eik(t*T)l;l;zz(T)dT
k

T+ti 2
t km-+i—2 km-+4i—1
e s [
KT+t 1 st =
t; kT+t;
></ e’*(t’ﬂ'ylzww(T)dT +Hi—1/ e M=)
ti-1 kT+t; o

t

X ’ylzww(T)dT —l—/ eiA(th)'ylzww(T)dT. (55)

kT+t; 1
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Since p; > 1 for all 4 € {1,2,...,m}, the left-hand side of (55) is
greater than or equivalent to

o

j=1

tj
/ e M) 1Y 2(r)dr

i1

kT +t; 1
+ / e Ht-T) 1;{2 z(T)dT
k

T+ti—2

t
+ / e MY 2(7)dr. (56)
kT+t; 1
Since [T/~ pie *T < 1, whichisindicated by (44), the right-hand side
of (55) is less than or equals to

km—+i1—2
AT s ¢ ( 5 [

Jj=1

t; )
/ e (t_T)'ylew(T)dT}
t

-1

kT+t; 1 .
+/ e (t’T)lzww(T)dT
kKT+t; o

¢
+/ eik*(t")lzww(T)m')
kKT+t; 1

-5 In 14
where fimaer = max{pi, 2, ..., im}, and A" = #

Replacing the left-hand side and right-hand side of (55) by (56) and
(57), respectively, one has

(67

t t
/ e’k(t’T)lzzz(T)dT < ,umwve”/ e’r(t’T)lzww(T)dT.
0 0

By integrating the above inequality from O to co, we have

AT 00
z(T)dr < M/ 1r w(r)dr. (58)
0

Therefore, an upper bound of the L;-gain of the system (1) is
)LHnLaa:’Ye)*T ) D
semat

Remark 5: For periodic piecewise positive systems without time
delay, 1 may take a different value in each subsystem. However,
for systems with time delay, it is hard to compare the values of the
Lyapunov—Krasovskii functionals at time £7" + t; and KT" + t;, when
applying different values of A for different subsystems. Therefore, a
fixed A is used for all the subsystems in Theorems 1 and 3.

Remark 6 (Extension to switched positive systems with average dwell
time (ADT) constraint): Theorem 3 states an average dwell-time-like
result. By replacing p(¢) and ¢(¢) in (45) with piecewise constant
functions, one can obtain a sufficient stability condition, which has
a similar constraint as (44). For a delay-free switched positive system
with ADT constraint, one can refer to [28].

Remark 7: The conditions in Theorem 3 contain bilinear terms,
which cannot be directly solved by convex optimization. In order to find
a local minimum upper bound for a given A, we propose an iterative
algorithm. First, by fixing p;, we solve an optimization problem to
minimize  and obtain a set of vectors p; ;1, Pii—1, @i,i+1s Gi,i—1-
and r;. Then for the fixed vectors, we minimize the value of y;. Using
this iteration scheme, one can obtain an upper bound of the L;-gain
for each A. The calculated upper bound will finally converge to a local
minimum.

IV. ILLUSTRATIVE EXAMPLE
An illustrative example is given as follows:
z(t) = At)z(t) + Ag(t)z(t — d) + By, (t)w(t)
z(t) = C(t)x(t) + Ca(t)x(t — d) + D, (t)w(t)

z(t) = ¢(t), te[—d,0] (59)

In ([l=()ll;)

Fig. 3. Trajectory of output z(¢) of system (59).
TABLE |
DECAY RATE OF SYSTEM (59) WITH DIFFERENT LYAPUNOV—KRASOVASKII
FUNCTIONALS

W I 3 A Decay Rate
Theorem 1 N/A N/A N/A 0.3452 0.3452
Theorem 3 1 1 1 0.3625 0.3625
1.001 1 1 0.3625 0.3629
1.01 1 1 0.3618 0.3658
1.1 1 1 0.3544 0.3925
1 1.01 1 0.3616 0.3656

whered = 0.3,0(i) =i,m=3,T1 =0.8, T, = 0.7, 75 = 1, and

a | Beo2] [ 23
04 —-29 11 —-1.3
(25 13 0.3 0.7
AB = ) Ad,l -
02 -3.7 04 0.3
(0.4 04 04 0.8
Ay =  Ays =
“27 105 06 -3 [0.3 0.4]
[0.9 0.2 0.1
Bw = ) Bw = ) Bw =
b2 . [0.3} 9 [0.5}
f0.82] " 0.85]" 0.9]"
C = ‘ ) C = ’ 5 O = )
f0.15] " 0.12]" 01]"
Cur= | . Cua= | L Cus= |
@1 0.1} -2 [0.15] -3 [0.2}

D,,1=02, D, =0.1, D, 3 =0.3. When w(t) = 0, according to
Theorem 1, the system is A-exponentially stable with A = 0.3452.
Fig. 3 depicts variation of the output z(¢) in system (59) with ¢(-) =

T
2 3| . It shows that the value of In(z(t)) is always less than

—0.3452t + 2.5forall t € R 1, and the decay rate is less than 0.3452.
According to Theorem 3, for different p;, the values of A can be
different. In order to show the effect of varying y; to scalar A and decay
rate A*, Table I is given. It can be seen that with the increase of p1, the
value of X increases and the estimated decay rate varies accordingly.
Furthermore, we compare the effect of different y; on the estimated
decay rate.

When considering the disturbance w € L4, the L;-gain of the sys-
tems is investigated. For single-input single-output periodic piecewise
positive systems under zero initial conditions, the L;-gain of system
(59) reaches its maximum when giving an impulse disturbance within



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 67, NO. 5, MAY 2022

2661

L L
o 50 100 150 200 250

k
. . Lo 1=@lde -
Fig. 4. Trajectory of =&——— of system (59) with disturbance
S, e (®lade
wi(t).
TABLE Il
UPPER BOUND OF L1-GAIN OF SYSTEM (59) WITH
DIFFERENT PARAMETERS
A o o s Y Upper bound
Theorem 2 NJA  N/A N/A N/A 8300 8.300
Theorem 3 0.001 1 1 1 7.500 75192
0.01 1 1 1 7.6380 7.8309
001 101 1 1 7.4852 12.8764

the time interval [0, T"). To characterize the exact L;-gain of system
(59) and illustrate the conservativeness of Theorems 2 and 3, a set
of disturbances wy,(¢) is introduced. By giving impulse disturbance
wy(t) = 6(t — 0.01k), where §(t) is Dirac delta function and k €

[Nl - .
—%&———— isshowninFig. 4. According

[wi ()11 dt

to Theorems 2 and 3, for ‘{i;)ifferent kinds of Lyapunov—Krasovskii
functional and different parameters, the calculated upper bounds are
different. To further discuss the effect of the parameters, we fix A and
change the value of y (or fix p+ and change the value of 1). The calculated
~ and upper bound of L;-gain are shown in Table II. It can be observed
that with the increase of A, the value of v increases. Furthermore, since
the value of p; affects A* and +, it has a significant influence on the
calculated upper bound. One can also observe that for the same value
of u;, the upper bound obtained by continuous Lyapunov—Krasovskii
functional (Theorem 2) is greater than those obtained by discontinuous
Lyapunov—Krasovskii functionals (Theorem 3). Therefore, the discon-
tinuous functional can provide a less conservative results of the upper
bound of L;-gain.

{0,1,...,250}, theratio of

V. CONCLUSION

In this article, the A-exponential stability condition and L-gain
characterization of periodic piecewise positive systems with time delay
have been investigated. By applying a copositive Lyapunov—Krasovskii
functional, the decay rate of the system has been characterized, and a
delay-dependent A-exponential stability condition has been given with
linear inequalities. Furthermore, a Lyapunov—Krasovskii functional
is applied to give an unweighted upper-bound of the L;-gain of the
systems. A numerical example has been given to illustrate the obtained
results.
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