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Control Contraction Metrics: Convex and Intrinsic Criteria
for Nonlinear Feedback Design

Ian R. Manchester and Jean-Jacques E. Slotine

Abstract—We introduce the concept of a control contraction
metric, extending contraction analysis to constructive nonlinear
control design. We derive sufficient conditions for exponential sta-
bilizability of all trajectories of a nonlinear control system. The con-
ditions have a simple geometrical interpretation, can be written as
a convex feasibility problem, and are invariant under coordinate
changes. We show that these conditions are necessary and suffi-
cient for feedback linearizable systems and also derive novel con-
vex criteria for exponential stabilization of a nonlinear submanifold
of state space. We illustrate the benefits of convexity by construct-
ing a controller for an unstable polynomial system that combines
local optimality and global stability, using a metric found via sum-
of-squares programming.

Index Terms—Contraction, control system synthesis, linear ma-
trix inequalities, lyapunov methods, nonlinear control systems.

I. INTRODUCTION

The concept of a Lyapunov function is central in nonlinear system
analysis and builds upon the intuitive notion of a system’s energy
dissipating over time [1], [2]. For the nonlinear control design, the
natural extension is the control Lyapunov function (CLF): a generalized
measure of energy that can be made to decrease by choice of control
action, first formalized in [3] and [4] though implicit in earlier works.

If a CLF can be found, then, surprisingly, simple formulas yield
stabilizing feedback designs for quite broad classes of systems [5],
[6, Ch. 4]. However, the fundamental problem of finding a CLF re-
mains challenging. For mechanical and electrical systems, physical
energy often yields effective choices [2], while for systems of partic-
ular “triangular” structures, backstepping and related methods can be
applied [1], [6].

For linear systems, a straightforward change of variables converts
the CLF criteria to a linear matrix inequality (LMI) [7], [8], but for
nonlinear systems, the set of CLFs for a particular system is not
necessarily convex or even connected [9]. The density functions of
[9], the occupation measures of [10], and the Lyapunov measures
of [11] each offer “dual” representations that yield convex (but gen-
erally infinite-dimensional) searches guaranteeing almost-everywhere
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stability. Computationally tractable finite-dimensional approximations
have been based on gridding or the sum-of-squares relaxation [12].

The main result of this paper is that if the nonlinear stabilization
problem is studied differentially, then the simple convexification re-
sults for linear systems are recovered by generalizing the concept of a
contraction metric.

Contraction analysis is based on the study of a nonlinear system
by way of its differential dynamics (also known as variational system)
along solutions [13]. Roughly speaking, since the differential dynamics
are linear time varying, many techniques from linear systems theory can
be directly applied. A central result is that if all solutions of a smooth
nonlinear system are locally exponentially stable in a common metric,
then all solutions are globally exponentially stable. Historically, basic
convergence results on contracting systems can be traced back to the
results of [14] in terms of Finsler metrics, further explored in [15], while
convex conditions for existence and robustness of limit cycles were
given in [16]. In contraction analysis, question of stability is decoupled
from the specification of particular solutions, and this property is also
relevant for control design: it is common in industrial plant-wide control
and robot motion control to have a “layered architecture,” in which a
higher layer generates target trajectories and a lower layer guarantees
accurate tracking.

In this paper, we introduce universal stabilizability: the property that
every forward-complete solution of a system can be globally stabilized.
We then define a control contraction metric (CCM) for a nonlinear
system and show that existence of a CCM is sufficient for universal
exponential stabilizability. We also give extensions for stabilization of
submanifolds.

The CCM stabilizability condition has a simple geometric interpre-
tation: small displacements in directions orthogonal to the span of the
control inputs must be “naturally” contracting. Here, both the notions
of orthogonality and contraction depend on the choice of metric. This
can be thought of as a differential version of the CLF condition of
[3] and [5]. While the resulting conditions are arguably quite strong,
in contrast to a CLF, our criteria for the existence for a CCM can be
formulated as a convex feasibility problem. Furthermore, unlike, e.g.,
backstepping, they are invariant under smooth changes of coordinates
and affine feedback transformations, and necessary and sufficient for
feedback linearizable systems.

The feedback controllers we propose will generally involve real-time
optimization to find a minimal-length path with respect to the metric
(a geodesic) joining the current state to the desired state. This problem
is generally simpler than that in nonlinear model-predictive control
(MPC), since it has lower dimension and lacks dynamic constraints, and
minimal geodesics are guaranteed to exist [17]. If a state-independent
metric exists, then geodesics are just straight lines, and our method
is closely related to well-known methods using quadratic Lyapunov
functions, e.g., [7, p. 99] and [18].

The main feedback controller we propose is smooth almost ev-
erywhere, but as with a nonlinear MPC, our controller may be
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discontinuous at some points in state space. To ensure existence of
solutions at such points, we also propose a sampled-data controller that
runs open-loop short intervals, a common strategy in nonlinear MPC
[19], and similar to the notion of s-stability introduced in [20].

II. PRELIMINARIES AND PROBLEM SETUP

For symmetric matrices A and B, the notation A ≥ B (A > B)
means that A − B is positive semidefinite (positive definite). The
nonnegative reals are denoted R+ := [0,∞). Given a smooth ma-
trix function M (x, t) and vector field v : Rn × R+ → Rn defined for
x ∈ Rn , t ∈ R+ , we use the following notation for directional deriva-
tive ∂v M :=

∑
j

∂ M
∂ xj

vj . A set of sample times is a sequence t0 , t1 , . . .

with t0 = 0 and ti < ti+1 for all i and ti → ∞ as i → ∞.
In this paper, we consider control-affine nonlinear systems:

ẋ = f (x, t) + B(x, t)u (1)

where x(t) ∈ Rn and u(t) ∈ Rm are state and control, respectively, at
time t ∈ R+ , and f and B are smooth functions of their arguments.
We denote the ith column of B(x, t) by bi (x, t). We assume u(t) is
at least piecewise continuous, and (1) holds with the right derivative at
points of discontinuity.

We define a target trajectory to be a forward-complete solution of (1),
i.e., a pair (x� , u� ) with x� : R+ → Rn piecewise differentiable and
u� : R+ → Rm piecewise continuous satisfying (1) for all t ∈ R+ .

We will consider open-loop, sampled-data, and continuous
feedback controllers. An open-loop controller is a mapping
(x(0), x� (·), u� (·), t) �→ u(t). Given a set of sample times, a sampled-
data feedback controller has the property that on each interval [ti , ti+1 ),
the control law is a mapping (x(ti ), x� (t), u� (t), t) �→ u(t), while a
continuous feedback controller is a mapping (x(t), x� (t), u� (t), t) �→
u(t).

A target trajectory x� , u� is said to be globally exponentially con-
trollable (respectively, stabilizable) if one can construct an open-loop
(respectively, feedback) controller such that for any initial condition
x(0) ∈ Rn , a unique solution x(t) of (1) exists for all t and satisfies

|x(t) − x� (t)| ≤ e−λtR|x(0) − x� (0)| (2)

where rate λ > 0 and overshoot R > 0 are constants independent of
initial conditions. If every target trajectory is globally exponentially
controllable (respectively, stabilizable), then the system is said to be
universally exponentially controllable (respectively, stabilizable). The
following example illustrates the distinction with global stabilizability
of a particular solution.

Example 1: Consider the planar system
[

ẋ1

ẋ2

]

=

[
−2x1 + x2

1 − x2
2

−6x2 + 2x1x2

]

+

[
1

0

]

u

which has four equilibria [9]: (x1 , x2 ) = (0, 0), (2, 0), and (3,±
√

3).
The origin is globally exponentially stabilized by the feedback law u =
−x2

1 − x2
2 , since the quadratic Lyapunov function V (x) = x2

1 + x2
2

verifies V̇ = −4x2
1 − 12x2

2 ≤ −4V . However, notice that if x2 (0) =
0, then x2 (t) = 0, ∀t ≥ 0 regardless of x1 , u, so it is impossible for a
control input to move the state from the line x2 = 0 to the equilibria at
(3,±

√
3). Therefore, this system is not universally stabilizable.

We utilize the following standard results of Riemannian geometry,
see, e.g., [21] for details. A Riemannian metric is a smoothly varying
inner product 〈·, ·〉x on the tangent space of a state manifold X ; this
defines local notions of length, angle, and orthogonality. In this paper,
X = Rn and the tangent space can also be identified with Rn . We allow
metrics to be smoothly time varying and use the following notation:

〈δ1 , δ2 〉x,t = δ′1M (x, t)δ2 and ‖δ‖x,t =
√

〈δ, δ〉x,t . We call a metric
uniformly bounded if ∃α2 ≥ α2 > 0 such that α1I ≤ M (x, t) ≤ α2I
for all x, t. For a smooth curve c : [0, 1] → Rn , we use the notation
cs (s) := ∂ c (s)

∂ s
and define the Riemannian length and energy function-

als as

L(c, t) :=
∫ 1

0
‖cs‖c ,t ds, E(c, t) :=

∫ 1

0
‖cs‖2

c ,t ds

respectively, with integration interpreted as the summation of integrals
for each smooth piece. Let Γ be the set of piecewise-smooth curves
[0, 1] → Rn , and for a pair of points x, y ∈ Rn , let Γ(x, y) be the subset
of Γ connecting x to y, i.e. curves c ∈ Γ(x, y) if c ∈ Γ, c(0) = x,
and c(1) = y. A smooth curve c(s) is regular if ∂ c

∂ s
�= 0 for all s ∈

[0, 1]. The Riemannian distance d(x, y, t) := infc∈Γ(x,y ) L(c, t), and
we define E(x, y, t) := d(x, y, t)2 . Under the conditions of the Hopf–
Rinow theorem, a smooth regular minimum-length curve (a geodesic) γ
exists connecting every such pair, and the energy and length satisfy the
following inequalities: E(x, y, t) = E(γ, t) = L(γ, t)2 ≤ L(c, t)2 ≤
E(c, t), where c is any curve joining x and y. For time-varying paths
c(t, s), we also write c(t) := c(t, ·) : [0, 1] → Rn .

A central result of [13] is that if there exists a uniformly bounded
metric M (x, t) such that Ṁ + ∂ f ′

∂ x
M + M ∂ f

∂ x
≤ −2λM, where

Ṁ = ∂ M
∂ t

+ ∂f M , then the system is contracting with rate λ, i.e.,
d
dt
‖δx‖x,t ≤ −λ‖δx‖x,t . By integrating along minimizing geodesics,

we see that d(x, y, t) and E(x, y, t) between any pair of points x, y
both decrease exponentially under the flow of the system and, thus,
can serve as incremental Lyapunov functions. Such systems are called
contracting systems and M is a contraction metric. Similarly, we call
a system strictly contracting with rate λ if d

dt
‖δx‖x,t < −λ‖δx‖x,t

for δx �= 0. Since M (x, t) > 0, a system that is contracting with rate
λ > 0 is strictly contracting with any rate less than λ.

III. CONTROL CONTRACTION METRICS

To analyze stabilizability, we utilize the “extended” system consist-
ing of (1) paired with its differential dynamics:

δ̇x = A(x, u, t)δx + B(x, t)δu (3)

defined along solutions x(t), u(t), where A := ∂ f
∂ x

+
∑m

i=1
∂ b i
∂ x

ui .
Let us begin by examining the case when a known controller makes

the system contracting and yet is flexible enough that any target trajec-
tory of (1) remains possible in closed loop.

Proposition 1: Suppose there exists a smooth feedback control law
u = k(x, t) + v that makes the closed-loop system strictly contracting
with rate λ in some metric M (x, t) for any piecewise-continuous signal
v(t). Then, for all x, u, t

Ṁ + (A + BK)′M + M (A + BK) < −2λM (4)

where K = ∂ k
∂ x

, and for δx �= 0, the following is true:

δ′x MB = 0 ⇒ δ′x (Ṁ + A′M + MA + 2λM )δx < 0. (5)

It is clear that (4) =⇒ (5); the proof of (4) and all subsequent results
in this paper are collected in the Appendix.

Since (5) is independent of the particular control law k, it describes
an intrinsic property of the system (1): if 〈δx , bi (x)〉x,t = 0 for all
i = 1, 2, . . . , m, then d

dt
‖δx‖x,t < −λ‖δx‖x,t . That is, every tangent

vector δx orthogonal to the span of actuated directions bi (x) is naturally
contracting with rate λ. It is interesting to ask whether (5) implies the
existence of some form of stabilizing control for any target trajectory.
Our main theoretical result is that this is indeed the case.
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Theorem 1: If there exists a uniformly bounded metric M (x, t),
i.e., α1I ≤ M (x, t) ≤ α2I , for which (5) holds for all δx �= 0, x, u, t,
then System (1) is
1) universally exponentially open-loop controllable;
2) universally exponentially stabilizable via sampled-data feedback

with arbitrary sample times;
3) universally exponentially stabilizable via continuous feedback de-

fined almost everywhere, and everywhere in a neighborhood of the
target trajectory;

all with rate λ and overshoot R =
√

α 1
α 2

.

We refer to a metric satisfying the conditions of this theorem as a
CCM for the system (1). The proof of this theorem is given in the
Appendix, but here we briefly describe the main idea and construction
of controllers.

Given a CCM, Lemma 2 in the Appendix establishes the existence
of a differential feedback controller δu = kδ (x, δx , u, t) that achieves
closed-loop exponential stabilization of the differential dynamics (3)
along all solutions:

d

dt
(δ′x Mδx ) = δ′x Ṁδx + 2δ′x M (Aδx + Bkδ ) < −2λδ′x Mδx

and furthermore, is path-integrable, so that for any smooth path c ∈ Γ
and any u� ∈ Rm and t ∈ R+ , the following integral equation has a
unique solution:

kp (c, u� , t, s) := u� +
∫ s

0
kδ (c(s), cs (s), kp (c, u� , t, s), t)ds. (6)

The motivation for this construction is to give a smooth path of con-
trol signals kp with tangent vectors ∂ kp

∂ s
= kδ for all s ∈ [0, 1] and

boundary condition kp = u� at s = 0.
The path-integrability condition is a significantly weaker require-

ment than the kδ being completely integrable, i.e., of the form
kδ = K(x, t)δx , with K the Jacobian of a feedback controller, as was
assumed in Proposition 1. This distinction will be important for our
convex conditions in Section III-B.
1) Open-loop control: For ti ≥ 0, consider a bounded or unbounded

time interval in one of the following forms: T = [ti , ti+1 ), T =
[ti , ti+1 ] or T = [ti ,∞).

a) At the initial time ti , measure x(ti ) and construct a smooth
path c(ti ) ∈ Γ(x� (ti ), x(ti )).

b) For each t ∈ T , apply the control signal u(t) =
kp (c(t), u� (t), t, 1), where c(t) is the forward image of
the path c(ti ) with the path of controls (6), i.e., for each
s ∈ [0, 1] and t ∈ T , c(t, s) satisfies

d

dt
c(t, s) = f (c(t, s), t) + B(c(t, s), t)

kp (c(t), u� (t), t, s). (7)

When this strategy is applied on an interval T = [ti ,∞),
the length of the curve c(t) shrinks exponentially and allows
us to establish claim 1 of Theorem 1.
The bound R =

√
α 2
α 1

given in the theorem is achieved if

the initial path c0 is a minimal geodesic joining x� (ti ) to
x(ti ), existence of which is established in Lemma 1 in the
Appendix. With any other initial path, exponential stability
is still achieved with the same rate but perhaps with larger
overshoot. Note that when c(ti ) is a geodesic, it is in general
not the case that c(t) is a geodesic for t > ti (see Fig. 1).

2) Sampled-data feedback controller: The open-loop controller can
be extended to sampled-data feedback by recomputing geodesics
at the sampling instants. To be precise:

Fig. 1. Illustration of the geometry of solutions using the open-loop or
sampled-data CCM-based control over an interval [ti , ti+1 ]. The target
trajectory x� (t) is shown in red, and system trajectory x(t) in black.
Paths joining x� (t) to x(t) are shown in blue.

a) At each sample time ti , measure the state x(ti ) and compute
a minimal geodesic γi ∈ arg minc∈Γ i

E(c, ti ) where Γi :=
Γ(x� (ti ), x(ti )).

b) On the interval T = [ti , ti+1 ), apply the open-loop control
described above with c(ti ) = γi .

Note that this is stabilizing with any choice of sample times, in-
cluding uniform sampling: ti = its for some fixed ts > 0.

3) Smooth feedback, uniquely defined almost everywhere and in a
neighborhood of x� : By taking the limit as sampling interval goes
to zero, one can obtain a continuous-time controller, which does
away with the need to solve (7) over the intersample intervals.
Specifically:

a) measure the state x(t) and a minimal geodesic γ =
arg minc∈Γ(x� (t) ,x (t)) E(c, ti );

b) apply the control signal u(t) = kp (γ, u� (t), t, 1).
This defines a mapping (x(t), x� (t), u� (t), t �→ u(t); however, a

difficulty is that it may be multiply defined or nonsmooth at some
states x(t) and specifically points on the cut locus, denoted by C(x� , t),
which is the set of points for which nonunique minimizing geodesics
exist from x� (cut points) and/or the first-order minimality condition
fails (conjugate points).

This set is known to have zero Lebesgue measure. Let us define
D(x� , t) := Rn /(C(x� , t) ∪ x� ), which is diffeomorphic to punctured
open ball. For every x ∈ D(x� , t), there is a unique minimal geodesic
γ joining x and x� [21, Ch 13], and we show in the Appendix that
the above controller is smooth on D(x� , t) and continuous at x =
x� (t). This controller is universally exponentially stabilizing under the
technical assumption that the set of times at which x(t) ∈ C(x� , t) has
zero measure.

A. Stronger Conditions Giving Simpler Controllers

Since the differential dynamics are linear, it is tempting to look for an
admissible differential feedback controller of the form δu = K(x, t)δx

satisfying (4). We will show that this is possible under the following
slightly stronger conditions:
C1: if δx �= 0 satisfies δ′x MB = 0, then

δ′x

(
∂M

∂t
+ ∂f M +

∂f

∂x

′
M + M

∂f

∂x
+ 2λM

)

δx < 0

C2: for each i = 1, 2, . . . , m, ∂bi
M + ∂ b i

∂ x

′
M + M ∂ bi

∂ x
= 0.

These stronger conditions also hold under the assumptions of
Proposition 1, as is clear from the proof in the Appendix. Condi-
tion C1 says that the uncontrolled system is contracting in directions
orthogonal to the span of the control inputs. Condition C2 ensures that
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large u of unknown sign cannot cause expansion of ‖δx‖. Formally, it
states that the vector fields bi are Killing fields for the metric M .

In particular, if B is of the form [0, I ]′, with 0 and I the zero and
identity matrices of appropriate dimension, then Condition C2 states
that M must not depend on the last m state variables. By applying
Finsler’s theorem (see, e.g., [22]) pointwise in x and t to condition C1,
we immediately obtain the following.

Proposition 2: Condition C1 is equivalent to the existence of a
scalar multiplier ρ(x, t) such that for all x, t:

∂M

∂t
+ ∂f M +

∂f

∂x

′
M + M

∂f

∂x
− ρMBB ′M + 2λM < 0. (8)

One can then construct the differential feedback gain K(x, t) =
− 1

2 ρ(x, t)B(x, t)′M (x, t), which satisfies (4) and is always path inte-
grable since it is independent of u.

Remark 1: If (8) holds for some multiplier ρ(x, t) = ρ0 (x, t), then
it clearly holds for any ρ(x, t) ≥ ρ0 (x, t) for all x, t since MBB ′M ≥
0. This can be interpreted as the differential feedback having infinite
up-side gain margin and also implies that one can construct a smooth
ρ(x, t).

B. Dual Metrics and Convexity of Synthesis

It is known that the search for a CLF for a linear system is convexified
by a simple change of variables, leading to an LMI representation of
stabilizability [7], [8]. In this section, we show that essentially the same
transformation makes the search for a CCM convex.

Consider the change of variables η = M (x, t)δx and W (x, t) =
M (x, t)−1 . This is related to the “musical isomorphism” to the dual
space of cotangent vectors, and the function η′W η is the Fenchel dual
of δ′x Mδx , so we refer to W as a dual CCM. Under this change of
variables, the CCM condition (5) now states that η′(−Ẇ + AW +
W A′ + 2λW )η < 0 whenever η′B = 0, which can be written as

B ′
⊥

(
−Ẇ + AW + W A′ + 2λW

)
B⊥ < 0 (9)

for all x, u, t, where B ′
⊥(x, t) is any matrix function satisfying B ′

⊥B =
0 for all x, t. Since differentiation is a linear operation, inequality (9)
is linear (and hence convex) in the unknown matrix function W .

One can search directly for differential feedback δu = K(x, u, t)δx

by way of W and Y (x, u, t) ∈ Rm ×n satisfying

−Ẇ +
∂f

∂x
W + W

∂f

∂x

′
+ BY + Y ′B ′ + 2λW < 0 (10)

giving the differential feedback gain K = Y W −1 . If Y , and hence K ,
are at most affine in u, then the resulting differential control will be
path integrable, similarly to Lemma 2.

Condition C1 can be written similarly to (9) and, by Finsler’s theo-
rem, is equivalent to the existence of a scalar function ρ(x, t) satisfying
the inequality

−∂W

∂t
− ∂f W +

∂f

∂x
W + W

∂f

∂x

′
− ρBB ′ + 2λW < 0. (11)

which is jointly convex in W and ρ and gives an explicit construction
of a differential feedback gain K = − 1

2 ρB ′W −1 .
Condition C2 also transforms to a linear constraint on W : ∂bi

W −
∂ b i
∂ x

W − W ∂ bi
∂ x

′
= 0.

The above conditions are all convex but infinite dimensional: they
are inequalities that must hold over all x ∈ Rn and t ∈ R+ , and the
decision variables are sets of smooth matrix functions. Finite-
dimensional LMI approximations can be constructed by building W
and ρ or Y as linear combinations of a finite basis set (e.g., polynomials

up to some order), and verifying the inequalities either by gridding over
states and times, or by the sum-of-squares relaxation [12].

Remark 2: Note that complete integrability of kδ (x, δx , t) =
K(x, t)δx could be imposed by requiring that each row of K satis-

fies the Schwarz condition, i.e.,
∂ K i , j

∂ xk
= ∂ K i , k

∂ xj
. While this constraint

is linear and hence convex in K , it is not convex jointly in the decision
variables W, Y for (10), since K = Y W −1 , or the decision variables
W, ρ for (11), since K = − 1

2 ρB ′W −1 . This is essentially the same
problem as the well-known nonconvexity of structured feedback syn-
thesis for linear systems, e.g., static output feedback [23].

IV. PROPERTIES OF CCMS

A. Riemannian Energy as a CLF

The proof of Theorem 1 uses an explicit construction of a particular
stabilizing controller, but in doing so, we have actually shown that the
Riemannian energy E(x, x� , t) can always be decreased and, hence,
be used as CLF for any target trajectory of the system.

The formula for first variation of energy [21, p. 195] gives a par-
ticularly convenient expression for the time derivative of the energy
functional as an affine function of u:

1
2

d

dt
E(x, x� , t) = 〈γs (t, 0), ẋ� 〉x� ,t − 〈γs (t, 1), f (x, t)〉x,t

− 〈γs (t, 1), B(x, t)u〉x,t +
1
2

∂E

∂t
(12)

When x(t) ∈ C(x� , t), the above formula still holds with = replaced
by ≤ and d

dt
replaced by the Dini derivative.

In proving Theorem 1, we have also proven that for any x� , u� , t,
the convex set (either a half-space or all of Rm ):

U =
{

u ∈ Rm :
d

dt
E(x, x� , t) ≤ −2λE(x, x� , t)

}

where d
dt

E(x, x� , t) is given by (12), is always nonempty.
This opens up the possibility of using many other particular con-

trollers based on CLFs that may have further desirable properties.
For example, pointwise min-norm control [6] u(t) = arg minũ∈U ‖ũ‖2

would have reduced control magnitude and can be generalized to pro-
vide approximate optimality with guaranteed stability [24].

B. Invariance Under Coordinate Change and Feedback

Metrics and dual metrics are tensors: geometrical objects that are
‘intrinsic” and have coordinate representations that transform appro-
priately under smooth coordinate changes. In the following theorem,
we establish that the CCM criteria are invariant under such coordinate
changes and, additionally, under affine feedback laws.

Theorem 2: If the CCM condition (5) [or equivalently (9)] is satis-
fied for system (1), then (5) and (9) still hold under:
1) affine feedback transformations u(x, v) = α(x) + β(x)v with β

a smooth nonsingular n × n matrix function;
2) differential coordinate changes δξ = Φ(x)δx , in which Φ(x)

is a nonsingular matrix for all x, with the new CCM
Mξ (x, t) := Ψ′(x)M (x, t)Ψ(x) and dual CCM Wξ (x, t) :=
Φ(x)W (x, t)Φ(x)′, where Ψ(x) = Φ(x)−1 ;

3) coordinate changes ξ = φ(x), φ a smooth diffeomorphism, with
the new CCM and dual CCM Mξ , Wξ as above with Φ(x) = ∂ φ

∂ x

evaluated at x = φ−1 (ξ).
Remark 3: If Φ(x) has bounded singular values over all x, t within

[σm in , σm ax ], then the uniform bounds on M and W are also preserved
under coordinate change.
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C. Necessity for Feedback Linearizable Systems

A corollary of Theorem 2 is that for feedback linearizable systems,
existence of a CCM is guaranteed. A system of the form (1) is feedback
linearizable if there exists a change of variables and feedback trans-
formation such that the transformed system is linear time invariant:
ξ̇ = Gξ + Hv, where the pair of constant matrices (G, H) is control-
lable [1].

Corollary 1: For any feedback linearizable system, there is a
CCM that verifies universal stabilizability, given by W (x, t) =
Φ(x, t)PΦ(x, t)′, where P is any constant symmetric positive-definite
matrix satisfying H⊥(GP + PG′)H ′

⊥ < 0.
The proof is immediate from Theorem 2, and we note that such a P

is guaranteed to exist if (G, H) is stabilizable [8].
The converse is not true: the necessary and sufficient conditions for

feedback-linearizability consist of a controllability condition and an
involutivity (complete integrability) condition to find an appropriate
coordinate change [1]. In contrast, existence of a CCM depends only
on stabilizability and does not require complete integrability of the
differential control. This is because a metric corresponds to a differen-
tial change of coordinates δz = Θ(x, t)δx , i.e., M = Θ′Θ, but there is
no requirement that this should be integrable to an explicit change of
coordinates z = θ(x) (see also discussion in [Sec 3, 13]).

Example 2: The following system

d

dt

[
x1

x2

]

=

[
−x1 − x3

1 + x2
2

0

]

+

[
0

1

]

u =: f (x) + Bu

is not feedback linearizable in the sense of [25], since the vector fields
B and adf B := ∂ f

∂ x
B − ∂ B

∂ x
f = [2x2 , 0]′ are not linearly independent

when x2 = 0. However, it is universally stabilizable as verified by (11)
with W = I and multiplier ρ(x) = 1 + 2x2

2 . Additionally, since we
can take B⊥ = [1 0]′, condition (9) reduces to the fact that ∂ f1

∂ x 2
=

−1 − 3x2
1 < 0 ∀x.

V. STABILITY AND STABILIZATION OF SUBMANIFOLDS

Convergence of a nonlinear system to a submanifold of state space
is a requirement that appears in many applications, including coordi-
nation of multiagent systems [26], synchronization of oscillators [27],
computational neuroscience [28], and nonlinear control design [29].
Design of controllers to stabilize submanifolds has been investigated
recently using transverse feedback linearization [30], reduction and
backstepping [31], and modifying controllers for drift-free systems
[32].

Suppose a submanifold is defined by a level set of some smooth
funciton Z(t) = {x : z(x, t) = c}, where z : Rn × R+ → Rq and ∂ z

∂ x

has rank q for all x. The sets Z(t) are called controlled invariant if there
exists a smooth mapping u� : Z(t) × R+ → Rm such that

∂z(x, t)
∂t

+
∂z(x, t)

∂x
(f (x, t) + B(x, t)u� (x, t)) = 0

for all x ∈ Z(t) for all t ∈ R+ . In the case of an uncontrolled system,
this reduces to the condition for a manifold to be flow invariant: ∂ z

∂ t
+

∂ z
∂ x

f (x, t) = 0.
The objective is to design a controller guaranteeing exponential

convergence to Z(t), i.e., for each x(0), one can construct a control
signal u(t) such that the solution x(t) of (1) satisfies infy∈Z (t) |x(t) −
y| ≤ e−λt R̄ for some R̄ > 0.

Assume that we can construct a smooth matrix function G(x, t)
with columns that form a basis for the null space of ∂ z (x,t)

∂ x
. In order to

study stability and stabilization of Z(t), we construct a “virtual control

system”:

ẋ = f (x, t) + B̄(x, t)ū (13)

where B̄(x, t) = [B(x, t) G(x, t)] and ū = [u′ v′]′, with u the actual
control input and v a newly introduced “virtual control.”

Theorem 3: If there exists a CCM for the virtual control system
(13) satisfying the strong conditions C1 and C2, then any time-varying
submanifold of the form Z(t) = {x : z(x, t) = c} can be exponen-
tially stabilized (open-loop, sampled-data, or continuously almost ev-
erywhere) with rate λ.

The proof uses the concept of a “shadow state” x̄(t), which has
the property that x̄(t) ∈ Z(t) ∀t and can be thought of as a general-
ized projection of x(t) onto Z(t). The virtual control system (13) is
constructed so that it can represent dynamics of the real system when
v = 0, but can also represent x̄(t) ∈ Z(t) when u = x� (x̄, t) and v is
arbitrary. The idea is to ensure x(t) converges to x̄(t) and, therefore,
to Z(t).

The following corollary gives simple convex criteria for an uncon-
trolled system to converge to a submanifold.

Corollary 2: Consider an uncontrolled system of the form (1) with
B = 0 ∀x, t. Suppose that there exists a uniformly bounded dual metric
W , invariant on level sets of z(x, t), satisfying

∂z

∂x

(

−∂W

∂t
− ∂f W +

∂f

∂x
W + W

∂f

∂x

′
+ 2λW

)
∂z

∂x

′
< 0. (14)

Then, all solutions of the system converge exponentially with rate λ to
the set Z(t).

Note that this corollary is based solely on the existence of a univer-
sally stabilizing controller. Actual computation of a control signal is
not required. Corollary 2 generalizes results on partial contraction in
[33] and [34]. The latter showed that convergence to a linear manifold
defined by z(x) = V x = 0, with V a constant matrix, is guaranteed
by the condition that V ( ∂ f

∂ x
+ ∂ f

∂ x

′
)V ′ is uniformly negative definite. A

similar notion of horizontal contraction was studied in [15].

VI. ILLUSTRATIVE EXAMPLE

One of the advantages of convex criteria is that it is possible to
mix and match different design objectives for one controller. In [35]
and references therein, the problem of “uniting” locally optimal and
globally stabilizing control was considered. This problem is nontriv-
ial in a Lyapunov framework, since the set of CLFs for a system is
nonconvex, but in the CCM framework, it is straightforward. Let us
illustrate this with a particular example system taken from [35], with
state x = [x1 , x2 , x3 ]′ and dynamics (1) with

f (x) =

⎡

⎢
⎣

−x1 + x3

x2
1 − x2 − 2x1x3 + x3

−x2

⎤

⎥
⎦, B =

⎡

⎢
⎣

0

0
1

⎤

⎥
⎦. (15)

Note that this system is not feedback linearizable, since the matrix
[B, adf B, ad2

f B] drops rank at the origin.
We first solve the linear quadratic regulator (LQR) problem for the

system linearized at the origin with cost function
∫ ∞

0 (x′x + ru2 )dt
with r = 1, obtaining a solution P = P ′ > 0 of the algebraic Riccati
equation, and the locally optimal controller u = −r−1B ′Px. Then,
we can search for W and ρ satisfying (11) and the additional linear
constraints W (0) = P −1 and ρ(0) = 2r−1 , so that locally the LQR
and CCM controllers are the same. To satisfy Condition C2, entries of
W were allowed to be quadratic functions of x1 and x2 . The resulting
metric is not uniformly bounded, but still satisfies the conditions of
Lemma 1. Similarly, ρ was a quadratic polynomial in x1 , and λ = 0.5.
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Fig. 2. Response of system (15) with CCM and LQR control to ini-
tial state x(0) = [0.5, 0.5, 0.5]′ (left) and x(0) = [9, 9, 9]′ (right). This ex-
hibits the “locally optimal” and “globally stabilizing” behavior of the CCM
controller.

As an optimization objective, we chose the l1 norm of the coefficients
of the polynomial entries of W to encourage sparsity. The metric was
found using sum-of-squares programming [12] via the parser Yalmip
[36] and solver Mosek; the resulting semidefinite program took about
0.4 s to solve on a standard desktop computer.

It can be seen in Fig. 2 that for small initial conditions, the CCM con-
troller and the LQR are virtually identical. This is because the minimal
geodesic is close to a straight line, and ρ and W are almost unchanged,
so the CCM control law approximates a simple linear feedback on
x − x� . In contrast, for larger initial conditions, the LQR controller
was not stabilizing, while the CCM controller was. Simulations un-
der LQR diverge rapidly after about 2 s. Further results on CCMs for
problems in robotics can be found in [37], and a method for computing
geodesics can be found in [17].

APPENDIX

Proof of Proposition 1: By assumption that the closed-loop system
is strictly contracting, we have d

dt
(δ′x M (x, t)δx ) < −2λδ′x M (x, t)δx

for all x, v, t and δx �= 0. Expanding the left-hand side,
d
dt

(δ′x M (x, t)δx ) = δ′x [ ∂ M
∂ t

+ ∂f M + ( ∂ f
∂ x

+ BK)′M + M ( ∂ f
∂ x

+
BK). +

∑m
i=1 (ki (x, t) + vi )(∂bi

M + ∂ b i
∂ x

′
M + M ∂ bi

∂ x
)]δx . Note

that this is affine in vi , so if this to be bounded for all v ∈ Rm ,
it is clearly required that ∂bi

M + ∂ b i
∂ x

′
M + M ∂ bi

∂ x
= 0 for each i.

Furthermore, if δ′x MB = 0, then terms involving K vanish, and
hence, δ′x ( ∂ M

∂ t
+ ∂f M + ∂ f

∂ x

′
M + M ∂ f

∂ x
+ 2λM )δx < 0, and the

result follows from direct calculation of A and Ṁ .
Lemma 1: Suppose a dual metric W (x) = M (x)−1 satisfies a

quadratic bound on its largest eigenvalue: λm ax (W (x)) ≤ |Ax + B|2
for all x ∈ Rn , for some fixed matrices A, B, where | · | is the Eu-
clidean norm. Then, there exists a minimal geodesic between any pair
of points in Rn .

Proof: By the Hopf–Rinow theorem, the result follows if any
geodesic segment can be extended indefinitely [21]. By assumption,
the metric M (x) satisfies the lower bound λm in (M (x)) ≥ 1

|Ax+B |2 .
Take any geodesic γ(s) defined on some interval s ∈ (a, b) ⊂ R.
Geodesics have constant speed: γ ′

sM (γ)γs = c for some c > 0, so
|γs | ≤ c|Aγ + B|. This implies that |γ| grows at-worst exponentially
as the parameter s → ±∞. Therefore, solutions do not exhibit finite
escape in either direction, so the interval of existence is (−∞,∞). �

Lemma 2: Consider the system (1), (3), and smooth real-valued
“differential storage function” V (x, δx , t) and “differential supply rate”
κ(x, δx , t). If for all x, u, δx �= 0, t

∂V

∂δx

B = 0 =⇒ ∂V

∂t
+

∂V

∂x
(f + Bu) +

∂V

∂δx

Aδx < κ. (16)

then a “differential feedback controller” kδ (x, δx , u, t) ∈ Rm exists
that satisfies the following two properties:
1) Closed-loop dissipativity: for all x, u, δx �= 0, t

V̇ =
∂V

∂t
+

∂V

∂x
(f + Bu) +

∂V

∂δx

(Aδx + Bkδ ) < κ.

2) Path integrability: For any regular curve c, and any u0 ∈ Rm , t ∈
R+ , a unique solution of the following integral equation exists on
s ∈ [0, 1]:

υ(s) = u0 +
∫ s

0
kδ (c(s), cs (s), υ(s), t)ds. (17)

Proof: For brevity of notation, let us define

a(x, δx , u, t) :=
∂V

∂t
+

∂V

∂x
(f + Bu) +

∂V

∂δx

Aδx − κ

b(x, δx , t) :=
∂V

∂δx

BB ′ ∂V

∂δx

′
.

Note that by construction b ≥ 0, and by assumption (16), for all x, δx �=
0, u, t, either a < 0 or b > 0. Now, define

ρ(x, δx , u, t) :=

⎧
⎪⎨

⎪⎩

0, if a < 0

a +
√

a2 + b2

b
, otherwise.

(18)

It follows from [5, Th. 1] that ρ is a smooth for all x, δx �= 0, u, t. Now,
we construct the control:

kδ (x, δx , u, t) = −ρ(x, δx , u, t)B(x, t)′
∂V (x, δx , t)

∂δx

′
. (19)

Substituting into (3) establishes closed-loop dissipativity: d
dt

V = a −
ρb + κ = κ −

√
a2 + b2 < κ.

We now prove path integrability, i.e., that a solution of (17) exists.
We will prove this by contradiction. By assumption, the curve c is
regular, so cs (s) �= 0 for all s, so kδ is a smooth function of its third
argument for all s. Hence, integrability follows unless there is finite
escape at some s = s̄ ≤ 1. It is clear from (19) that this would imply
ρ → ∞ as s → s̄.

First, we observe that b > 0 in a neighborhood of s̄, since if b = 0,
then ρ = 0, but we require ρ to blow up.

Second, we note that the only dependence ρ has on u is via a, which
by construction is an s-dependent affine function of u. It follows from
(18) that if there is a closed interval S ⊂ [0, 1] such that b > 0 for
s ∈ S, then ρ is a globally Lipschitz function of u on S. By standard
comparison results, e.g., [1, Th. 3.2], a unique solution to (17) exists
on this interval, which contradicts finite escape at s = s̄. �

Lemma 3: Given a CCM M (x, t), a time interval T = [ti , ti+1 ] ⊂
R+ , and a path c(ti ) connecting x� (ti ) to x(ti ), suppose the open-loop
control signal in point 1 in Section III is applied on T initialized with
c, then for all t ∈ T

d(x� (t), x(t), t) ≤ e−λ(t−t i )L(c(ti ), ti ). (20)

Proof: By construction, c(t, 0) = x� (t) and c(t, 1) = x(t) for
all t ∈ T . Furthermore, cs (t, s) = ∂ c

∂ s
(t, s) satisfies d

dt
cs (t, s) =

A(c(t, s), kp , t)cs + B(c(t, s), t)kδ (t, s) for all t ∈ T , s ∈ [0, 1]. �
By construction of kδ , we have d

dt
(c′sM (c, t)cs ) < −2λc′s

M (c, t)cs . Integrating with respect to s gives d
dt

E(c(t), t) <
−2λE(c(t), t) and integrating with respect to t gives E(c(t), t) ≤
e−2λ(t−t i )E(c(ti ), ti ) for t ∈ T , with strict inequality for t > ti . Tak-
ing square roots gives L(c(t), t) ≤ e−λ(t−t i )L(c(ti ), ti ). Now, for each
t, the curve c(t) connects x� (t) to x(t), and the Riemannian distance
between these points is the infimum of lengths of such curves, so we
obtain the bound (20).
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Proof of Theorem 1: We will show that for each type of controller,
the Riemannian distance between x(t) and x� (t) decreases exponen-
tially:

d(x� (t), x(t), t) ≤ e−λt d(x� (0), x(0), 0). (21)

Exponential convergence in the Euclidean metric is then implied
by uniform boundedness of M (x, t). In particular, it is straight-
forward to show that

√
α1 |x(t) − x� (t)| ≤ d(x� (t), x(t), t) and

d(x(0), x� (0), 0) ≤ √
α2 |x(0) − x� (0)|. Combining with (21) gives

√
α1 |x(t) − x� (t)| ≤ e−λt√α2 |x(0) − x� (0)|

i.e., (2) holds with R =
√

α 2
α 1

.

For the open-loop control, Lemma 3 implies that for any t > 0,
we have d(x� (t), x(t), t) ≤ e−λtL(c(0), 0). If the minimal geodesic is
chosen for c(0), then L(c(0), 0) = d(x� (0), x(0), 0), and so we obtain
(21).

Similarly, for the sampled-data controller, on each interval [ti , ti+1 ),
we have

d(x� (t), x(t), t) ≤ L(c(t), t) ≤ e−λ(t−t i )L(c(ti ), ti )

and then, at time ti+1 , a minimal geodesic γi+1 is computed, which has
length L(γi+1 ) = d(x� (ti+1 ), x(ti+1 ), ti+1 ) ≤ limt→t i + 1 L(c(t), t),
where the limit in t is from the left.

For continuous feedback, we first show that the given controller is
smooth on D(x� , t). It follows from [21, Prop. 3.5, p. 117] that the
mapping (x, x� , t) �→ γ is smooth. Now, it follows from Lemma 2 and
the smoothness of ρ defined in (18) that the mapping (x, x� , t) �→ u is
smooth.

To show continuity at x = x� , we first note that since V = δ′x Mδx

is quadratic in δx , and the differential dynamics (3) are linear in δx ,
the small control property of [5] holds, i.e., for any ε > 0, there exists
η > 0 such that for δx �= 0 with |δx | ≤ η, there exists δu with |δu | < ε
satisfying V̇ < 0. This implies that kδ in (19) is continuous in δx at
δx = 0.

Let us show convergence of the control law to u� for a sequence of
states xk with limk→∞ xk = x� (t). It suffices to construct the sequence
xk along a particular but arbitrary geodesic γ0 , e.g., xk = γ0 (1/k),
since all states in a neighborhood of x� lie on such a geodesic [21, Th.
3.7]. Let γk denote the segment from x� (t) to xk . Now, the constant-
speed property of geodesics states that ‖γk

s ‖s = L(γk , t) for all s,
and so by uniform boundedness of the metric, |γk

s | → 0 uniformly in
s ∈ [0, 1]. Therefore, by continuous dependence of (6) on kδ (e.g.,
[38, Lemma 3.1]), the sequence of solutions kp (γk , u� (t), t, 1) of (6)
converges to u� (t) as k → ∞.

To show exponential decrease in distance, recall [21, Prop 2.4, p.
195] that on D(x� , t), the energy is a smooth function of its endpoints,
i.e., (a, b) �→ E(a, b, t) is smooth for each t. Now, consider the open-
loop control initialized with ti = t and γ for c(ti ). This open-loop
control is identical to the proposed continuous feedback at time t, and
therefore, ẋ(t) is also identical. Hence, there exists a (nonminimal)
path c(·) defined on [t, t + ε) with c(t) = γi satisfying d

dt
E(c(t), t) <

−2λE(γ, t); therefore, d
dt

E(x(t), x� (t), t) < −2λE(x(t), x� (t), t).
Integrating with respect to time gives the result.

Proof of Theorem 2: For the first statement, under the feedback
transformation, we have a new control system affine in v: ẋ =
(f + Bα) + Bβv, and the associated differential dynamics are of the
form (3) with Av (x, v) = A(x, u(x, v)) + B(x) ∂ u (x,v )

∂ x
and Bv (x) =

B(x)β(x). Now, consider the dual CCM condition (9). The same an-
nihilator matrix B⊥ can be used since B ′

⊥Bv = B⊥Bβ = 0. Now,
substitute Av for A in (9), and notice that since B ′

⊥B = 0, the second
term (B ∂ u

∂ x
) in Av has no effect. The first term in Av is just A(x, u)

evaluated a particular value of u, and (9) holds for all u and, hence, can
be applied under feedback transformation.

For the second statement, the differential dynamics transforms as
δ̇ξ = Aξ δξ + Bξ δu , with Aξ = Φ̇Ψ + ΦAΨ and Bξ := ΦB. Tak-
ing Mξ = Ψ′MΨ and the identity Ψ̇ = −ΨΦ̇Ψ, we have Ṁξ =
−Ψ′Φ̇′Ψ′MΨ + Ψ′ṀΨ − Ψ′MΨΦ̇Ψ; then, straightforward cal-
culation gives Ṁξ + A′

ξ Mξ + Mξ Aξ + 2λMξ = Ψ′(Ṁ + A′M +
MA + 2λM )Ψ and the result follows from the fact that δx = Ψδξ .
The third statement then follows by considering points x = φ−1 (ξ).

Proof of Theorem 3: We will construct the open-loop controller,
but others are analogous to the construction for Theorem 1. Since there
exists a CCM M (x, t) satisfying the strong conditions, we can construct
a differential feedback controller for (13) of the form kδ (x, δx , t) =
− 1

2 ρ(x, t)B̄(x, t)′M (x, t)δx . By construction of B̄, this decomposes
as δu = − 1

2 ρB ′Mδx , δv = − 1
2 ρG′Mδx . Now, for a given path c(t) ∈

Γ(x̄(t), x(t)), we construct the following paths of signals for the real
and virtual control inputs:

u(t, s) = u� (x̄, t) +
∫ s

0
δu (c(s), cs (s), t)ds (22)

v(t, s) = −
∫ 1

s

δv (c(s), cs (s), t)ds (23)

noting that ∂ u
∂ s

= δu and ∂ v
∂ s

= δv . Therefore, by an analogous argu-
ment to Theorem 1, one can construct open-loop, sampled-data, or
continuous almost-everywhere controllers such that the length of c(t)
shrinks exponentially.

Now, notice that at s = 1, we have v(t, 1) = 0, so ċ(t, 1) =
f (c(t, 1), t) + B(c(t, 1), t)u(t) and so c(t, 1) = x(t) for all t, i.e.,
the “real” dynamics are recovered. On the other hand, at s = 0,
we have the c(t, 0) = x̄(t) (the “shadow” state) with dynamics ˙̄x =
f (x̄, t) + B(x̄, t)u� (x̄, t) + G(x̄, t)kv (t, 0). But by the assumption
that Z is invariant for ẋ = f + Bu� , and that ∂ z

∂ x
G = 0, it follows that

x̄(t) ∈ Z(t) for all t.
So, since L(c(t)) → 0 exponentially and c(t, 1) = x(t) and

c(t, 0) ∈ Z(t), it follows that x(t) → Z(t) exponentially.
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[36] J. Löfberg, “YALMIP: A toolbox for modeling and optimization in MAT-
LAB,” in Proc. IEEE Int. Symp. Comput. Aided Control Syst. Des., 2004,
pp. 284–289.

[37] I. R. Manchester, J. Z. Tang, and J.-J. E. Slotine, “Unify-
ing robot trajectory tracking with control contraction metrics,” in
Robot. Res., A. Bicchi and W. Burgard, Eds. (Springer Proceed-
ings in Advanced Robotics Series), ISBN 978-3-319-51531-1. Springer
International Publishing, 2017 (forthcoming). [Online]. Available:
http://www.springer.com/gp/book/9783319515311

[38] J. K. Hale, Ordinary Differential Equations. New York, NY, USA: Robert
E. Krieger, 1980.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


