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The H2 Control Problem for Quadratically
Invariant Systems With Delays

Andrew Lamperski and John C. Doyle

Abstract—This technical note gives a new solution to the output
feedback H2 problem for quadratically invariant communication
delay patterns. A characterization of all stabilizing controllers
satisfying the delay constraints is given and the decentralized H2

problem is cast as a convex model matching problem. The main
result shows that the model matching problem can be reduced to
a finite-dimensional quadratic program. A recursive state-space
method for computing the optimal controller based on vectoriza-
tion is given.

Index Terms—Decentralized control, optimal control, quadratic
invariance.

I. INTRODUCTION

In decentralized control problems with delays, inputs to a dynamic
system are chosen by multiple controllers that pass their local mea-
surements over a communication network with delays. As a result,
some controllers will have access to measurements before others. This
technical note provides a new solution to the H2 optimal control
problem, subject to quadratically invariant delay constraints, based on
the Youla parametrization and vectorization.

A. Contributions

This technical note solves the decentralized H2 problem for a
class of delay patterns arising from strongly-connected communica-
tion networks. The delay constraints are assumed to be quadratically
invariant, which implies that the optimal control problem is convex.
The main contribution of the technical note is a reformulation of
the decentralized H2 problem for such delay patterns as a finite-
dimensional quadratic program. This quadratic program, in turn, can
be solved as a finite-horizon linear quadratic regulator problem.

To derive the quadratic program, a Youla parametrization frame-
work developed for sparsity problems, [1], is adapted to communica-
tion delay patterns. The parametrization is then used to characterize
all stabilizing controllers that satisfy a given delay pattern. It is then
shown that for a doubly-coprime factorization based on the centralized
LQG controller, the corresponding model matching problem reduces
to a quadratic program. Finally, the quadratic program is cast as a
finite-horizon linear quadratic regulator problem using vectorization.
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B. Related Work

This technical note focuses on the H2 problem subject to a general
class of quadratically invariant delay constraints. Existing approaches
to this problem are based on vectorization [2] and linear matrix
inequalities (LMIs) [3], [4]. In those works, the decentralized problems
are reduced to centralized control problems with state dimensions that
grow with the size of the delay. This technical note, on the other hand,
shows that the solution can be computed in terms of the classical
centralized solution and a quadratic program. This quadratic program,
in turn, may be interpreted as a finite-horizon control problem with
fixed dimension but horizon growing the with the size of the delay.

For specific delay patterns, dynamic programming techniques exist
to solve output feedback decentralized LQG problems [5]–[8]. These
delay patterns all satisfy the condition known as partial nestedness [9],
which is closely related to quadratic invariance [10], and guarantees
that the optimal policies are linear functions of the measurements. For
more general partially nested delay constraints, dynamic programming
methods for linear quadratic state feedback are known, [11], [12].
New results have identified sufficient statistics for dynamic program-
ming in decentralized problems, without partial-nestedness assump-
tions, [13], [14], but they do not provide solutions to the corresponding
LQG problems.

This technical note uses an operator theoretic approach to solve de-
centralized H2 problems with delays. It is an extension of [15], which
uses spectral factorization to derive a similar quadratic program. Many
of the calculations are modified from spectral factorization methods
for sparsity constraints such as [16]–[18]. Another operator theoretic
approach, based on loop-shifting [19], has also been developed for
special quadratically invariant delay patterns [20].

C. Overview

The technical note is structured as follows. Section II defines the
general problem studied in this technical note, the decentralized H2

problem with a strongly-connected delay pattern. Section III gives a
parametrization of all stabilizing controllers that satisfy a given delay
pattern, and presents the corresponding model matching problem. In
Section IV, the decentralized H2 problem is reduced to a quadratic
program, and this program is solved by vectorization. Numerical
results are given in Section V and finally, conclusions are given
in Section VI.

II. PROBLEM

This section introduces the basic notation and the control problem
of interest. Section II-C describes how delayed information sharing
patterns can be cast in the framework of this technical note.

A. Preliminaries

Let D = {z ∈ C : |z| < 1} be the unit disc of complex numbers and
let D be its closure. Let H2 and H∞ denote the Hardy spaces of matrix-
valued functions that are analytic on (C ∪ {∞}) \ D.

Let Rp denote the space of proper real rational transfer matrices.
Furthermore, denote Rp ∩H2 and Rp ∩H∞ by RH2 and RH∞,
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Fig. 1. The basic feedback loop.

respectively. Note that RH2 = RH∞, since both correspond to trans-
fer matrices with no poles outside of D.

A function G(z) ∈ H2 has a power series expansion given by
G(z) =

∑∞
i=0

(1/zi)Gi. Furthermore, H2 is a Hilbert space with
inner product defined by

〈G,H〉 = lim
r↓1

1

2π

π∫
−π

Tr
(
G(rejθ)H(rejθ)

∼)
dθ

=

∞∑
i=0

Tr(GiH
∗
i )

where the second equality follows from Parseval’s identity.
Define the conjugate of G by G(z)∼ =

∑∞
i=0

ziG∗
i . For G =[

A B

C D

]
∈ Rp, the conjugate is given by(

C(zI −A)−1B +D
)∼

= BT
(
1

z
I −AT

)−1

CT +DT.

If M is a subspace of H2, denote the orthogonal projection onto M
by PM.

B. Formulation

This subsection introduces the generic problem of interest. Let G be
a discrete-time plant given by

G =

⎡
⎣ A B1 B2

C1 0 D12

C2 D21 0

⎤
⎦ =

[
G11 G12

G21 G22

]

with inputs of dimension p1, p2 and outputs of dimension q1, q2. Let
K be a feedback controller connected to G as in Fig. 1.

For the existence of solutions of the appropriate Riccati equations,
as well as simplicity of formulas, assume that

• (A,B1, C1) is stabilizable and detectable,
• (A,B2, C2) is stabilizable and detectable,
• DT

12[C1 D12] = [0 I],
• D21[B

T
1 DT

21] = [0 I].

For N ≥ 1, define the spaces of proper and strictly proper finite im-
pulse response (FIR) transfer matrices by Xp =

⊕N

i=0
(1/zi)Cp2×q2

and X =
⊕N

i=1
(1/zi)Cp2×q2 , respectively. Denote the corre-

sponding spaces of real FIR transfer matrices by RX p =⊕N

i=0
(1/zi)Rp2×q2 and RX =

⊕N

i=1
(1/zi)Rp2×q2 . Note that H2

and (1/z)H2 can thus be decomposed into orthogonal subspaces as

H2 = Xp ⊕ 1

zN+1
H2 and

1

z
H2 = X ⊕ 1

zN+1
H2. (1)

Let S ⊂ (1/z)Rp be a subspace of the form

S = Y ⊕ 1

zN+1
Rp, where Y =

⊕ 1

zi
Yi (2)

Fig. 2. The strictly proper N -step delay information pattern can be visualized
as a two-node graph. The delay-1 self-loops specify computational delays
of 1 at each node, while the delay-N edges specify communication delays.
Self-loops are drawn as dashed arrows to distinguish them as denoting compu-
tational delays.

and Yi ⊂ R
p2×q2 defines a sparsity pattern over matrices. Delay

patterns satisfying the decomposition in (2) will be called strongly
connected, since delay patterns arising from strongly-connected com-
munication networks always have this form. (See Section II-C.)

The set S is assumed to be quadratically invariant with respect to
G22, which means that for all K ∈ S , KG22K ∈ S . The key property
of quadratic invariance is that K ∈ S if and only if K(I −G22K)−1 ∈
S [2].

The decentralized H2 problem studied in this technical note is
given by

minK
∥∥G11 +G12K(I −G22K)−1G21

∥∥2

H2
s.t. K ∈ S. (3)

The quadratic invariance assumption guarantees that the corre-
sponding model matching problem is convex [2]. Reduction to model
matching is discussed in Section III-B.

The decomposition of S in (2) is crucial for the results of this
technical note. The property that (1/zN+1)Rp ⊂ S implies that every
measurement is available to all controller subsystems within N time
steps. Concrete examples of delay patterns of this form are described
in the next subsection.

C. Communication Delay Patterns

This subsection will discuss how (2) can be used to model delay
patterns that arise from strongly connected graphs. As an example,
consider an N -step delayed information pattern, represented by (2)
with Y corresponding to block diagonal FIR matrices

Y =

N⊕
i=1

1

zi

[
R

p21×q21 0
0 R

p22×q22

]
.

The corresponding graph is given in Fig. 2. It was shown in [21] that
the separation principle conjectured in [22] fails when N ≥ 2, and
appropriate sufficient statistics were given in [14], [23]. The special
case of N = 1 was solved explicitly in [5]–[7].

More generally, assume that communication between the controller
subsystems is specified by a strongly-connected graph (V,E) with
self-loops at each node. Computational delays are specified by positive
integers on the self-loops, while communication delays are repre-
sented by non-negative integers on the edges between distinct nodes.
Requiring positive computational delays ensures that the controller is
strictly proper.

A constraint space of the form (2) can be constructed as follows.
For nodes i and j let ci be the computational delay at node i and let
d̃ij be the sum of communication delays along the directed path with
shortest aggregate delay. Let the delay matrix, d, be the matrix with
entries dij = ci + d̃ij . In the N -step delay example, the delay matrix

is given by d =

[
1 N + 1

N + 1 1

]
.
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Fig. 3. The network graph for the three-player chain. The self-loops specify
computational delays, while solid edges specify communication delays.

Let N = max{dij : i, j ∈ V } − 1.1 The corresponding constraint
space is defined by

S =

⎡
⎢⎣

1

zd11
Rp · · · 1

z
d1|V |

Rp

...
...

1

z
d|V |1

Rp · · · 1

z|V ||V |Rp

⎤
⎥⎦ .

Thus, the S can be decomposed as in (2) by defining

Y =

N⊕
k=1

1

zk

⎡
⎣ Y11

k · · · Y1|V |
k

...
...

Y |V |1
k · · · Y |V ||V |

k

⎤
⎦

where Yij
k =

{
R

p2i×q2j if dij ≤ k
0 if dij > k

.

Let the blocks of G22 satisfy (G22)ij ∈ (1/zpij )Rp. It was shown
in [24] that S defined above is quadratically invariant with respect to
G22 if and only if

dki + pij + djl ≥ dkl for all i, j, k, l.

This constraint guarantees that signals travel through the controller
network at least as fast as through the plant.

As another example, consider the strictly proper version of the three-
player chain problem discussed in [15], [25]. The graph describing the
delays is given in Fig. 3, leading to a delay matrix and FIR constraint
space

d =

[
1 2 3
2 1 2
3 2 1

]
and Y =

1

z

[ ∗ 0 0
0 ∗ 0
0 0 ∗

]
⊕ 1

z2

[ ∗ ∗ 0
∗ ∗ ∗
0 ∗ ∗

]
(4)

respectively. For compactness, ∗ is used to denote a space of appropri-
ately sized real matrices.

III. DECENTRALIZED STABILIZATION

This section parametrizes the set of controllers K ∈ S which inter-
nally stabilize the plant G. The parametrization naturally leads to a
convex model matching formulation of H2 problem. In analogy with
results on sparse transfer matrices [1], the parametrization is based on
quadratic invariance and the classical Youla parametrization.

A. All Stabilizing Decentralized Controllers

A collection of stable transfer matrices, M̂ , N̂ , X̂ , Ŷ , M̃ , Ñ , X̃ , and
Ỹ , defines a doubly-coprime factorization of G22 if G22 = N̂M̂−1 =
M̃−1Ñ and [

X̃ −Ỹ
−Ñ M̃

][
M̂ Ŷ
N̂ X̂

]
= I. (5)

As long as (A,B2, C2) is stabilizable and detectable, there are numer-
ous ways to construct a doubly coprime factorization of G22.

The following theorem is well known [26].

1Using this convention, all measurements, yj(t), are available to all con-
trollers by time t+N + 1.

Theorem 1: Assume that G22 has a double doubly-coprime factor-
ization of the form in (5). A controller K ∈ Rp internally stabilizes G
if and only if there is a transfer matrix Q ∈ RH∞ such that

K = (Ŷ − M̂Q)(X̂ − N̂Q)−1 = (X̃ −QÑ)−1(Ỹ −QM̃). (6)

From [2], if G22 is quadratically invariant under S , then K ∈ S
if and only if K(I −G22K)−1 ∈ S . As in [1], a straightforward
calculation shows that

K(I −G22K)−1 = (Ŷ − M̂Q)M̃ (7)

and thus K ∈ S ⇐⇒ (Ŷ − M̂Q)M̃ ∈ S .
Based on (1), Q ∈ RH2 = RH∞ can be decomposed uniquely as

Q = U + V with U ∈ (1/zN+1)RH2 and V ∈ Xp. Recalling (2) and
noting that M̂UM̃ ∈ (1/zN+1)H2 implies that

(Ŷ − M̂Q)M̃ ∈ S ⇐⇒ PXp

(
(Ŷ − M̂Q)M̃

)
∈ Y

⇐⇒ PXp

(
(Ŷ − M̂V )M̃

)
∈ Y.

Thus, the following characterization of all stabilizing decentralized
controllers holds.

Theorem 2: A controller K ∈ S internally stabilizes G22 if and only
if there are transfer matrices U ∈ (1/zN+1)RH∞ and V ∈ RX p

such that K = (Ŷ − M̂(U + V ))(X̂ − N̂(U + V ))−1 and

PXp

(
(Ŷ − M̂V )M̃

)
∈ Y. (8)

Note that (8) reduces to a finite-dimensional linear constraint on the
FIR term, V ∈ RX p. The other term, U , is delayed, but otherwise
unconstrained.

B. Model Matching

Given a doubly-coprime factorization, (7) implies that the closed-
loop transfer matrix is given by

G11 +G12K(I −G22K)−1G21 = P11 + P12QP21

where

P11 =G11 +G12Ŷ M̃G21,

P12 = −G12M̂, P21 = M̃G21. (9)

Using the decomposition Q = U + V , with V ∈ RX p and U ∈
(1/zN+1)RH2, the decentralized H2 problem, (3), is equivalent to
the following model matching problem:

minU,V ‖P11 + P12(U + V )P21‖2H2

s.t. U ∈ 1

zN+1
RH2, V ∈ RX p,

PX
(
(Ŷ − M̂V )M̃

)
∈ Y. (10)

IV. RESULTS

This section gives the main result of the technical note, a reduction
of the decentralized control problem, (3), to a quadratic program. A
vectorization method for computing the optimal solution is also given.

A. Quadratic Programming Formulation

In the previous section, it was shown that the decentralized feedback
problem is equivalent to a model matching problem, (10). It will
be shown that for a special doubly-coprime factorization, the model
matching problem reduces to a quadratic program.
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Let X and Y be the stabilizing solutions of the Riccati equations
associated with the linear quadratic regulator and Kalman filter, re-
spectively

X =CT
1 C1 +ATXA−ATXB2

(
I +BT

2 XB2

)−1
BT

2 XA (11)

Y =B1B
T
1 +AY AT −AY CT

2

(
I + C2Y CT

2

)−1
C2Y AT. (12)

Define Ω = I +BT
2 XB2 and Ψ = I + C2Y CT

2 . The corresponding
gains are given by

K = − Ω−1BT
2 XA, (13)

L = −AY CT
2 Ψ

−1. (14)

Furthermore, A+B2K and A+ LC2 are stable.
It is well known (e.g. [26]) that a doubly-coprime factorization of

G22 is given by

[
M̂ Ŷ
N̂ X̂

]
=

⎡
⎣A+B2K B2 −L

K I 0
C2 0 I

⎤
⎦ ,

[
X̃ −Ỹ
−Ñ M̃

]
=

⎡
⎣A+ LC2 B2 −L

−K I 0
−C2 0 I

⎤
⎦ . (15)

The following theorem is the main result of the technical note.
Theorem 3: Consider the doubly-coprime factorization of G22 de-

fined by (15). The optimal solution to the decentralized H2 problem
defined by (3) is given by

K∗ = (Ŷ − M̂V ∗)(X̂ − N̂V ∗)
−1

where V ∗ is the unique optimal solution to the quadratic program

minV ∈RX

∥∥∥Ω 1
2 VΨ

1
2

∥∥∥2

H2

s.t. PX
(
(Ŷ − M̂V )M̃

)
∈ Y. (16)

Furthermore, the optimal cost is given by ‖P11‖2H2
+

‖Ω1/2V ∗Ψ1/2‖2H2
.

Proof: For the doubly-coprime factorization given by (15) the
model matching matrices, (9), have state space realizations given by

P11 =

⎡
⎣ A+B2K −B2K B1

0 A+ LC2 B1 + LD21

C1 +D12K −D12K 0

⎤
⎦

P12 = −
[

A+B2K B2

C1 +D12K D12

]
,

P21 =

[
A+ LC2 B1 + LD21

C2 D21

]
. (17)

Note that since Y ⊂ RX , Ŷ is strictly proper, and M̂ , M̃ have
identity feed-through terms, the constraint in (8) implies that V ∈ RX .

For a fixed V ∈ RX , the optimal U ∈ (1/zN+1)RH2 is found by
solving

min
U∈ 1

zN+1
RH2

‖P11 + P12V P21 + P12UP21‖2H2
.

A necessary condition for U to be optimal, given V , is

P∼
12P11P

∼
21 + P∼

12P12V P21P
∼
21

+P∼
12P12UP21P

∼
21 ∈

(
1

zN+1
H2

)⊥
.

Lemma A.2 implies that P∼
12P12 = Ω, P21P

∼
21 = Ψ, and

P(1/z)H2
(P∼

12P11P
∼
21) = 0. Thus, the optimality condition becomes

P∼
12P11P

∼
21 +ΩVΨ+ΩUΨ ∈

(
1

zN+1
H2

)⊥
.

Furthermore, U must satisfy

U = −P 1

zN+1
H2

(
Ω−1P∼

12P11P
∼
21Ψ

−1 + V
)
= 0.

Thus, the optimal U is 0 for any V ∈ RX .
Plugging V into the cost of (10) and applying Lemma A.2 gives

‖P11 + P12V P21‖2H2
= ‖P11‖2H2

+ ‖P12V P21‖2H2

+ 2〈P11, P12V P21〉

= ‖P11‖2H2
+
∥∥∥Ω 1

2 VΨ
1
2

∥∥∥2

H2

.

Thus, Theorem 2 and the model matching formulation, (10), imply
that the optimal V must solve (16). Note that

∥∥∥Ω 1
2 VΨ

1
2

∥∥∥2

H2

=

N∑
i=1

Tr
(
ΩViΨV T

i

)

is a positive definite quadratic function of V , while the constraint is
linear. Thus (16) is a quadratic program and it must have a unique
optimal solution. �

B. Vectorization

In this subsection, the quadratic program of Theorem 3 will be
cast as a finite-horizon state-feedback problem using vectorization
techniques. The vectorization approach is similar to method used
in [8].

First, by defining R = Ψ⊗ Ω, the vectorized form of the cost
function becomes

∥∥∥Ω1
2 VΨ

1
2

∥∥∥
H2

2=

N∑
i=1

Tr
(
ΩViΨV T

i

)
=

N∑
i=1

vec(Vi)
TRvec(Vi). (18)

Define the FIR transfer matrix J = PX ((−Ŷ + M̂V )M̃). If Y is
defined by (2), then the model matching constraint of (10) is equivalent
to Ji ∈ Yi. The vectorized form of J is computed from

vec(−Ŷ M̃ + M̂V M̃) = −vec(Ŷ M̃) + (M̃T ⊗ M̂)vec(V ).

By Lemma A.3 in the Appendix, the terms of Ji can be computed by
the recursion

xi+1 =Avxi +Bvvec(Vi), x1 =

[
vec(L)

0np2×1

]
vec(Ji) =Cvxi + vec(Vi) (19)

where[
Av Bv

Cv Dv

]

=

⎡
⎣ Iq2 ⊗ (A+B2K) 0nq2×np2 Iq2 ⊗B2

CT
2 ⊗K (A+ LC2)

T ⊗ Ip2 CT
2 ⊗ Ip2

Iq2 ⊗K LT ⊗ Ip2 Ip2q2

⎤
⎦ .
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Now let Ei and Fi be matrices with columns that form orthonormal
bases of vec(Yi) and vec(Y⊥

i ), respectively. The term vec(Vi) can
then be decomposed as

vec(Vi) = Eiui + Fiu
⊥
i ,

for some vectors ui and u⊥
i .

Using (19), the constraint that Ji ∈ Yi can be equivalently cast as

FT
i (Cvxi + vec(Vi)) = FT

i Cvxi + u⊥
i = 0. (20)

Plugging (20) into the cost (18) and the recursion (19) leads to the
following optimal control problem:

minu

N∑
i=1

[xTi uTi ]

[
CT

i

DT
i

]
[Ci Di ]

[
xi

ui

]

s.t. xi+1 = Aixi +Biui, x1 =

[
vec(L)
0np1×1

]
(21)

where the time-varying matrices are given by2[
Ai Bi

Ci Di

]
=

[
Av −BvFiF

T
i Cv BvEi

−R
1
2FiF

T
i Cv R

1
2Ei

]
.

As is standard, [27], the optimal controller can be computed as
ui = Kixi, where

Ki = −
(
Ri +BT

i Xi+1Bi

)−1 (
BT

i Xi+1Ai +DT
i Ci

)
and Xi is computed from backward recursion with XN+1 = 0 and

Xi = Qi +AT
i Xi+1Ai

−
(
AT

i Xi+1Bi+Si

) (
Ri+BT

i Xi+1Bi

)−1 (
BT

i Xi+1Ai+ST
i

)
.

Furthermore, the optimal cost is given by xT1X1x1. The next theorem
follows immediately from Theorem 3 and the preceding discussion.

Theorem 4: The optimal V is computed as

xi+1 =(Ai +BiKi)xi, x1 =

[
vec(L)
0np1×1

]
,

vec(Vi) =
(
EiKi − FiF

T
i Cv

)
xi.

Furthermore, the decentralized H2 problem of (3) has optimal value
‖P11‖2 + xT1X1x1.

V. NUMERICAL EXAMPLE

This section gives a numerical example of optimal controllers
computed using the vectorization method of the previous section.3

A. Increasing Delays

Consider the plant defined by

G =

⎡
⎢⎢⎢⎢⎣

[
0.9 0
0 1.1

]
12×1 02×2 0.1I2×2

11×2 01×1 01×2 01×2

02×2 02×2 02×2 I2×2

.1I2×2 02×1 I2×2 02×2

⎤
⎥⎥⎥⎥⎦

2This definition is a slight abuse of notation, since Bi here are distinct from
the original input matrices B1 and B2, etc. Similarly for Ci are distinct from
the original output matrices.

3Code for these examples is available at http://www.ece.umn.edu/~alampers/
code/decH2.php.

Fig. 4. This plot shows the closed-loop norm for KN
Tri, KN

Di, and KN
Low. For

a given N , the controllers with fewer sparsity constraints give rise to lower
norms. As N increases, all of the norms increase monotonically since the
controllers have access to less information. The dotted lines correspond to the
optimal norms for sparsity structures given in (22).

where 1p×q is the p× q matrix of ones.
For N ≥ 1, let KN

Tri, KN
Di, and KN

Low solve the decentralized H2

problem, (3), with constraints defined by

YN
Tri =

N⊕
i=1

1

zi

[
R 0
R R

]
, YN

Di =

N⊕
i=1

1

zi

[
R 0
0 R

]
,

YN
Low =

N⊕
i=1

1

zi

[
0 0
0 R

]
.

The resulting norms are plotted in Fig. 4.
In this example, as N increases, the norms approach the optimal

values given by the sparse controllers

Ks
Tri ∈

[
1
z
Rp 0

1
z
Rp

1
z
Rp

]
, Ks

Di ∈
[

1
z
Rp 0
0 1

z
Rp

]
,

Ks
Low ∈

[
0 0
0 1

z
Rp

]
(22)

computed by the vectorization technique from [2]. Formally compar-
ing the delayed solution to the sparse solution would be an interesting
direction for future work.

VI. CONCLUSION

This technical note derives a novel solution for a class of output
feedback H2 control problems with quadratically invariant communi-
cation delay patterns. First, all stabilizing decentralized controllers are
characterized via doubly-coprime factorization. Then, by a standard
change of variables, the H2 problem is cast as a convex model
matching problem. The main theorem shows that for a doubly-coprime
factorization based on the LQR and Kalman filter gains, the model
matching problem reduces to a quadratic program. A solution to the
quadratic program based on vectorization is also presented.

Many open problems remain for optimal control with quadratically
invariant delay constraints. One limitation of the current work is that
the solution is less explicit than those available for state feedback [11],
[12] or special cases of output feedback [5]–[8], [20]. It is hoped that
the method in this technical note can be utilized to derive more general
explicit solutions. Furthermore, work is needed to understand how
the controllers in this technical note could be realized [31], [32] and
computed [33] in a distributed fashion.



1950 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 60, NO. 7, JULY 2015

APPENDIX

This appendix collects state-space formulas that are useful for
deriving the results in the technical note. For compactness, the proofs
are omitted or sketched.

Lemma A.1: Let P11, P12, and P21 be defined as in (17). The
following equations hold:

P∼
12P12 = Ω, P21P

∼
21 = Ψ, P 1

z
H2

(P∼
12P11P

∼
21) = 0.

Lemma A.2: For Ŷ , M̂ , and M̃ defined as in (15), the following
equation holds:

[−vec(Ŷ M̃) M̃T ⊗ M̂ ] =⎡
⎣ Iq2⊗(A+B2K) 0nq2×np2 vec(L) Iq2⊗B2

CT
2 ⊗K (A+LC2)

T⊗Ip2 0np2×1 CT
2 ⊗Ip2

Iq2 ⊗K LT ⊗ Ip2 0p2q2×1 Ip2q2

⎤
⎦.
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[1] S. Sabău and N. C. Martins, “Necessary and sufficient conditions of sta-
bilizability subject to quadratic invariance,” in Proc. IEEE Conf. Decision
Control, 2011, pp. 2459–2466.

[2] M. Rotkowitz and S. Lall, “A characterization of covex problems in decen-
tralized control,” IEEE Trans. Autom. Control, vol. 51, no. 2, pp. 1984–
1996, 2006.

[3] A. Rantzer, “A separation principle for distributed control,” in Proc. IEEE
Conf. Decision Control, 2006, pp. 3609–3613.

[4] A. Gattami, “Generalized linear quadratic control theory,” in Proc. IEEE
Conf. Decision Control, 2006, pp. 1510–1514.

[5] N. R. Sandell and M. Athans, “Solution of some nonclassical LQG
stochastic decision problems,” IEEE Trans. Autom. Control, vol. 19, no. 2,
pp. 108–116, 1974.

[6] B.-Z. Kurtaran and R. Sivan, “Linear-quadratic-Gaussian control with
one-step-delay sharing pattern,” IEEE Trans. Autom. Control, vol. 19,
no. 5, pp. 571–574, 1974.

[7] T. Yoshikawa, “Dynamic programming approach to decentralized
stochastic control problems,” IEEE Trans. Autom. Control, vol. 20, no. 6,
pp. 796–797, 1975.

[8] H. R. Feyzmahdavian, A. Gattami, and M. Johansson, “Distributed
output-feedback LQG control with delayed information sharing,” in Proc.
3rd IFAC Workshop Distrib. Estim. Control Netw. Syst. (NECSYS), 2012,
pp. 192–197.

[9] Y.-C. Ho and K.-C. Chu, “Team decision theory and information struc-
tures in optimal control problems—Part I,” IEEE Trans. Autom. Control,
vol. 17, no. 1, pp. 15–22, 1972.

[10] M. Rotkowitz, “On information structures, convexity, and linearity opti-
mality,” in Proc. IEEE Conf. Decision Control, 2008, pp. 1642–1647.

[11] A. Lamperski and J. C. Doyle, “Dynamic programming solutions for
decentralized state-feedback LQG problems with communication delays,”
in Proc. Amer. Control Conf., 2012, pp. 6322–6327.

[12] A. Lamperski and L. Lessard, “Optimal state-feedback control under
sparsity and delay constraints,” in IFAC Workshop Distrib. Estim. Control
Netw. Syst. (NecSys), 2012, pp. 204–209.

[13] A. Nayyar, A. Mahajan, and D. Teneketzis, “Decentralized stochastic
control with partial history sharing: A common information approach,”
IEEE Trans. Autom. Control, vol. 58, no. 7, pp. 1644–1658, 2013.

[14] A. Mahajan and A. Nayyar, “Sufficient statistics for linear control
strategies in decentralized systems with partial history sharing,” CoRR,
vol. abs/1403.2739, 2014.

[15] A. Lamperski and J. C. Doyle, “Output feedback H2 model matching for
decentralized systems with delays,” in Proc. Amer. Control Conf., 2013,
pp. 5778–5783.

[16] J. Swigart and S. Lall, “An explicit state-space solution for a decentralized
two-player optimal linear-quadratic regulator,” in Proc. Amer. Control
Conf., 2010, pp. 6385–6390.

[17] P. Shah and P. Parrilo, “ H2-optimal decentralized control over posets:
A state space solution for state-feedback,” in Proc. IEEE Conf. Decision
Control, 2010, pp. 6722–6727.

[18] L. Lessard and S. Lall, “Optimal controller synthesis for the decentralized
two-player problem with output feedback,” in Proc. Amer. Control Conf.,
2012, pp. 6314–6321.

[19] L. Mirkin, Z. J. Palmor, and D. Shneiderman, “Dead-time compensation
for systems with multiple I/O delays: A loop-shifting approach,” IEEE
Trans. Autom. Control, vol. 56, no. 11, pp. 2542–2554, 2011.

[20] M. Kristalny and J. H. Cho, “On the decentralized H2 optimal control
of bilateral teleoperation systems with time delays,” in Proc. IEEE Conf.
Decision Control, 2012, pp. 6908–6914.

[21] P. Varaiya and J. Walrand, “On delayed sharing patterns,” IEEE Trans.
Autom. Control, vol. 23, no. 3, pp. 443–445, 1978.

[22] H. S. Witsenhausen, “Separation of estimation and control for discrete
time systems,” Proc. IEEE, vol. 59, no. 11, pp. 1557–1566, 1971.

[23] A. Nayyar, A. Mahajan, and D. Teneketzis, “Optimal control strategies
in delayed sharing information structures,” IEEE Trans. Autom. Control,
vol. 56, no. 7, pp. 1606–1620, 2011.

[24] M. Rotkowitz, “Tractable Problems in Optimal Decentralized Control,”
Ph.D. dissertation, ,Stanford Univ., Stanford, CA, 2005.

[25] A. Lamperski and J. C. Doyle, “On the structure of state-feedback LQG
controllers for distributed systems with communication delays,” in Proc.
IEEE Conf. Decision Control, 2011, pp. 6901–6906.

[26] G. E. Dullerud and F. Paganini, A Course In Robust Control Theory:
A Convex Approach. New York: Springer-Verlag, 2000.

[27] F. L. Lewis and V. L. Syrmos, Optimal Control, 2nd ed. New York:
Wiley, 1995.

[28] N. Matni, “Communication delay co-design in H2 distributed control
using atomic norm minimization,” IEEE Trans. Control Network Syst.,
to be published.

[29] N. Matni and J. C. Doyle, “A dual problem in H2 control subject to
delays,” in Proc. Amer. Control Conf., 2013, pp. 5772–5777.

[30] N. Matni, “Communication delay and co-design in H2 decentralized
control using atomic norm minimization,” in Proc. IEEE Conf. Decision
Control, 2013, pp. 6522–6529.

[31] A. S. M. Vamsi and N. Elia, “Optimal realizable networked controllers for
networked systems,” in Proc. Amer. Control Conf., 2011, pp. 336–341.

[32] L. Lessard, M. Kristalny, and A. Rantzer, “On structured realizability
and stabilizability of linear systems,” in Proc. Amer. Control Conf.,
2013, pp. 5784–5790.

[33] A. Rantzer, “Dynamic dual decomposition for distributed control,” in
Proc. Amer. Control Conf., 2009, pp. 884–888.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues false
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


