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Robust offset-free constrained Model Predictive
Control with Long Short-Term Memory Networks

Irene Schimperna, and Lalo Magni

Abstract— This paper develops a control scheme, based
on the use of Long Short-Term Memory neural network
models and Nonlinear Model Predictive Control, which
guarantees recursive feasibility with slow time variant set-
points and disturbances, input and output constraints and
unmeasurable state. Moreover, if the set-point and the dis-
turbance are asymptotically constant, offset-free tracking is
guaranteed. Offset-free tracking is obtained by augmenting
the model with a disturbance, to be estimated together with
the states of the Long Short-Term Memory network model
by a properly designed observer. Satisfaction of the output
constraints in presence of observer estimation error, time
variant set-points and disturbances is obtained using a
constraint tightening approach.

Index Terms—Nonlinear Model Predictive Control The-
ory and Applications, Feasibility and Stability Issues, Dis-
turbance Attenuation, Long Short-Term Memory Networks,
Tracking

[. INTRODUCTION

Model Predictive Control (MPC) [1] is an optimization-
based control method, that consists in solving at each sam-
ple time instant a Finite Horizon Optimal Control Problem
(FHOCP) and then applying only the first element of the
optimal control sequence. In the last 30 years many theoretical
results have been proposed in order to derive MPC control
algorithm with guaranteed properties both for linear and non-
linear systems. Stabilization of a given steady state equilibrium
is a largely solved problem, with approaches based on terminal
ingredients (terminal set/cost) [2], [3] or sufficiently long
prediction horizon [4], [5], [6], [7] in the nominal case, i.e.
when the model equation and state are exactly known. Starting
from this simple case, several results were developed in order
to consider more realistic situations that involves disturbances,
model uncertainties, time variant references a-priori unknown
and unmeasurable states. The development of MPC control
algorithms able to tackle these aspects is made particularly
difficult when state/output constraints, that are one of the
most important characteristic of MPC, are considered. In fact,
recursive feasibility is heavily affected by all these aspects. In
particular, to take into account model uncertainties and distur-
bances several algorithms were proposed both in a bounded
deterministic context [8] and in a stochastic one [9], [10],
[11]. For linear systems robustness is typically achieved using
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tube based robust MPC schemes [12]. For nonlinear systems
it is possible to rely on constraint tightening approaches, for
example based on the Lipschitz constant of the system under
control [13], [14], or on min-max approaches [15]. Concerning
the tracking problem most of the attention was devoted to
compensate exogenous signals (reference and/or disturbance
signals) generated by a neutrally stable ecosystem [16], [17]
and in particular constant signals [18], [19], and to guarantee
recursive feasibility with set-point changes by simultaneously
optimizing an artificial reference [20], [21], [22]. In [23] an
offline procedure to compute a parameterized terminal cost has
been developed for both set-point and trajectory stabilization.
Moreover, to guarantee offset-free tracking at steady state
despite the presence of persistent disturbances and model-plant
mismatch, a well-known method consists in augmenting the
model with a properly designed constant disturbance, to be
estimated by the observer together with the states of the model.
Sufficient conditions that the disturbance model, the observer
and the MPC have to satisfy in order to guarantee zero error
at steady state are analysed for linear models in [24], [25]
and for nonlinear models in [26]. The case of unmeasurable
states has been typically solved by the introduction of an
observer. The presence of constraints however calls for the
design of a robust state-feedback MPC and for a properly
designed observer. In most of the literature about output
MPC the observer estimation error is regarded as a generic
disturbance [27]. Few exceptions are [28], that proposes a
constraint tightening technique based on the evolution of the
maximum observer estimation error, and [29], that uses a
min-max optimization problem to simultaneously compute a
Moving Horizon Estimation and a robust MPC. The properties
of any MPC algorithm are also affected by the quality of
the model that can range from linear to nonlinear, physical
based to black-box identification, fine dimension to infinite
dimension.

In this paper, a Neural Network (NN) model has been
considered for its flexibility and modularity and possibility to
be learnt directly from the data without the need of analysing
the physics of the system. The idea of developing models
inspired by human brain neurons dates back to 1957 with
the Rosenblatt perceptron [30], and also some interesting
theoretical results concerning the modelling capabilities of
NN, like the universal approximation theorem [31], have been
known for years. Despite this, the use of NN had a great
increase in recent years, thanks to the availability of huge
amount of data and of cheap hardware specialized for parallel
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computations (GPUs), that allows to perform computationally
intensive training procedures that were infeasible until some
years ago. NN are now known to be effective in a large variety
of contexts and applications [32], like image [33], speech
[34] and handwriting recognition [35], prediction [36] and
forecasting [37], [38].

For MPC, a class of NN that can be used to provide
input-output models of the system under control are Recurrent
Neural Networks (RNN) [39]. In fact RNN have the same
mathematical structure of a discrete-time dynamical system,
and for this reason they can be very effective in describing
the dynamic nature of the system under control. In the fam-
ily of RNN, two architectures that have shown remarkable
performances in several tasks are Long Short-Term Memory
(LSTM) networks [40] and Gated Recurrent Units (GRU)
[41]. Recently, in the control field, a new architecture with
guaranteed stability properties called Recurrent Equilibrium
Networks (REN) has been proposed [42]. In [43], LSTM
neural networks have been analysed from a stability point of
view and applied as models for MPC. In particular, conditions
on LSTM model’s parameters guaranteeing the Input-to-State
Stability (ISS) [44] and the Incremental Input-to-State Stability
(01SS) [45] are designed. Then, assuming that the trained
model exactly represents the dynamic of the system and
relying on §ISS, an observer guaranteeing that the estimated
state asymptotically converges to the true value is proposed.
Based on the LSTM model and on the state observer, a sta-
bilizing MPC control algorithm solving the tracking problem
for constant state and input reference values and in presence
of input constraints is proposed and analysed.

In this paper, the algorithm proposed in [43] has been
modified in order to cope with time variant set-points and
disturbances, output constraints and to guarantee zero-error
regulation for asymptotically constant set-points and distur-
bances. In this respect, the 4ISS LSTM model is employed
in the design of an MPC scheme that guarantees recursive
feasibility with a-priori unknown slow time variant bounded
reference signals, unknown disturbances and input and output
constraints by means of a properly designed robust MPC
inspired by [28] and a state observer properly designed for
the LSTM model completed with a disturbance model that
satisfies the sufficient conditions for offset-free stated in [26].
Further to the state-feedback MPC and the observer, the
control scheme includes a Reference calculator, that computes
state and input set-points for the MPC at every sample time
instant on the base of the current value of the output reference
signal and of the disturbance estimation. A preliminary version
of this zero-error control scheme for unconstrained systems
was presented in [46]. Remarkably, the results derived in this
paper are useful not only in combination with LSTM models
but for any §ISS model like [42] and [47].

The paper is organized as follows. After the notation and
some preliminary definitions, in Section II the control problem
is described, and all the components of the proposed control
algorithm are introduced and analysed. In Section III the main
results of the paper are reported, concerning the feasibility,
stability and offset-free analysis of the control scheme. In
Section IV the proposed control algorithm is tested on a

benchmark pH neutralization process [48]. Finally, Section V
draws the conclusions of the work. The most important proofs
are reported in Appendix I, while, for space limitations, some
others can be found in [49].

A. Notation

Considering a vector v, v(;y is its j-th component, vl s its
transpose, ||v|| is its 2-norm, ||v|s is its infinity-norm and
o3 = v"TAv is the squared norm weighted with matrix
A. |v| is the vector containing the absolute values of the
elements of v. Inequalities between vectors are considered
element by element. Given two vectors v and w, v o w is
their element-wise product. Considering a matrix M, M;j
is its element in position ij, M;,) is its j-th row, p(M) is
its spectral radius, i.e. the maximum absolute value of its
eigenvalues, and || M| and ||M| . are its induced 2-norm
and oo-norm. Ay (M) and A (M) are respectively the
maximum and minimum eigenvalues of the symmetric matrix
M. Given a positive definite matrix 4, A'/2 is the unique
positive definite matrix B such that BB = A. 0,,,, is the
m X n null matrix, I,, is the n x n identity matrix and 1,
is the vector of ones of n elements. sat(v, Vpq,) denotes the
saturation operator between —v,,,4, and +v, 4., that is applied
element by element when v is a vector.

B. Definitions

Given the definition of functions of classes K, Ko, and KL
(see e.g. [1]), the notions of Input-to-State practical Stability
(ISpS) and JISS are now introduced for the generic discrete-
time dynamical system zx41 = f(2k, ur), with x € R™ and
u € R™=. The stability notion are stated in the sets X' C R"
and U C R™«, with the set X assumed to be positive invariant
for the dynamical system, i.e. for any u € U, it holds that
reX = f(z,u) € X.

Definition (ISpS, [15]): The dynamical system zj+1 =
f(zk,ur) is ISpS in the sets X and U if there exist functions
B € KL and v € Ko and a constant ¢ > 0 such that for any
k € Z>, any initial condition o € X, any input sequence
UQ, Uy, ..., Ugp—1 With up, € U for all h = 1,.., k — 1, it holds
that:

0<h<

Joull < ol )+ o, ol )+

Definition (§ISS): The dynamical system xp1 = f(xg, ug)
is OISS in the sets X’ and U if there exist functions S € KL
and v € K, such that for any k € Z>g, any pair of
initial conditions z,0 € & and x, 9 € X, any pair of input
SEqUENCES Uy 0, Ua 1, -5 Ua k—1 aANd U 0, Ub. 1, ..., Ub k—1, With
Ug b, Ub,p €U for all h =1,..,k — 1, it holds that:

| < Bllza0 = 2v0ll, k)

7 (s = vl

where z, 1 and xy j satisfy the dynamics equation zx41 =
f(xk, ug) respectively with the inputs w, and up and initial
states x,0 and x, 0.

|Zak — Tb.k

2)
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Fig. 1. Block diagram of the control scheme. observer
Fig. 2. Block diagram of the nominal closed-loop control schema,

Definition (exponential 1SS): The dynamical system
Zp+1 = f(zk,ur) is exponentially SISS in the sets X and
U if it it JISS in the sets X’ and U/ and the function [ is
exponential with respect to the second argument, i.e. there
exist > 0 and A € (0,1) such that

B(s, k) < usAk

Il. PROBLEM FORMULATION AND CONTROL ALGORITHM

In this work a nonlinear plant with unknown dynamics,
input ug € R™, output y, € RP and a possible unknown
bounded asymptotically constant disturbance d is considered
as system under control. The plant input is saturated:

Ugp € Z/{¢ = {U¢ cR™: Up min < Ugp < Uqb,maz} (3)
With Ug min, Ug,maz € R™, and the output has to be limited:
Yo € y(b = {y¢ ceRP: Yomin < Yo < y¢,mam}’ 4)

with Yp,mins Yp,maz € RP.

Assumption 1: The plant has the same number of inputs
and outputs, i.e. m = p.

Remark 1: Assumption 1 is typical of nonlinear offset-
free MPC schemes [26], and is required to have a unique
input combination associated to each output at equilibrium.
However, if m > p the proposed algorithm can still be applied
by selecting a subset of p inputs to be used for control and
leaving the other m — p inputs constant. (]

The objective of the control is to achieve null error at
steady state for an asymptotically constant reference yg also in
presence of model-plant mismatch and of bounded asymptot-
ically constant plant disturbances d, and to respect input and
output constraints. The proposed control scheme, whose block
diagram is reported in Fig. 1, is based on an LSTM nominal
model of the plant. A key element to obtain a well tuned
LSTM model is the normalization of input and output signals
that is represented in the scheme with the blocks “N” and that
consists in an affine transformation that scales the variables
in a predefined range (typically [-1,1]). The normalized input
is denoted with u and the normalized output with y. For the
normalized variables constraints (3)-(4) become

veld ={uecR": ||lull, < Unaa} 5)
where umq, € R and is typically equal to 1, and
yey:{yERp:yminSygymaw} (6)

where the real plant is replaced by its LSTM model augmented with
a disturbance term.

where Ymin, Ymaz € RP.

To achieve null error at steady state the LSTM model is
augmented with an asymptotically constant disturbance term
d. Then an observer based on the equations of the LSTM
model provides an estimation & of the state = of the LSTM
and an estimation d of the disturbance d. At each sampling
instant the current values of the normalized set-point y° and of
the disturbance estimation d are used by a Reference calculator
to compute the current values of input and state set-points %
and T for the MPC. The last block is the MPC, that solves a
FHOCP and gives in output the first element of the achieved
optimal control sequence. Since in the control problem for-
mulation output constraints are considered, to ensure recursive
feasibility in presence of the observer estimation error and time
variant set-points, it is necessary to rely on a robust MPC.

As usually done for the analysis of offset-free control
schemes, closed-loop stability and constraint satisfaction will
be proven in Section III-A under the assumption that the plant
behaves according to its LSTM model with an asymptotically
constant additive disturbance d, as reported in Fig. 2, while
offset-free will be shown in Section III-B for the real closed-
loop system (Fig. 1) under the assumption that closed-loop
convergence is not lost.

In the following subsections the different components of the
control scheme are presented in detail.

A. Long Short-Term Memory neural network model

Long-Short Term Memory (LSTM) neural networks are
a particular kind of RNN, capable of learning long-term
dependencies between data. The LSTM module is composed
by two states: the cell state ¢ € R" and the hidden state
h € R™, where n is also called number of neurons. At each
time-step k, the LSTM network receives an input ©v € R™
and produces an output prediction £ € RP. Cell state and
hidden state are modified through structures called gates. The
equations that describe the LSTM network are the following

Cky1 = O’(quk + Ushy, + bf) O Ck

(7a)

+o(Wiug + Uihg + b;) o tanh(Weug, + Uchy + be)
hit1 = c(Wouy + Uohy, + bo) o tanh(cg41) (7b)
& = Wyhy + by (7¢0)
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where o(z) = qzt= is the sigmoid activation function.
tanh(-) and o(-) activation functions are applied to vectors
element by element. Both tanh(-) and o(-) are Lipschitz
continuous functions, with Lipschitz constants respectively 1
and i. Matrices Wy, Wi, W, W, € R™*™ U, U;, U, U, €
R™*", W, € RP*™ and vectors by, b;, b, b, € R", by € RP
contain the trainable weights of the network.

The LSTM network (7) is a discrete-time time invariant
dynamical system, that can be written in a more compact way
as

Try1 = fa, u) (8a)
&k = g(ak) (8b)
where x = [¢" hT]T € R?",

1) LSTM stability properties: In the following the JISS sta-
bility condition and theorem for the LSTM network proposed
in [43] are recalled.

Assumption 2: The weights of the LSTM network (7) re-

spect the condition p(A4s) < 1, where
=f
o3 !
As = _ _
0 Fas® + 1670, ||

9

o°c

and

(H[qumax Ut bf]HOO)
o = U(H[‘/Viumam Ui bl]HOO)
= U(H[Woumam UO bO]HOO)

5’C = tanh(”[Wcumax UC bC]HOO)
o* = tanh LU,
1—of

5'5°
o= *IIUfH gt Uell + 5 IIUc||5C

Theorem 1 ( [43 ]): Let Assumptlon 2 hold. Then it is pos-
sible to upper bound the difference between any couple of
system trajectories ¥, = [c, hy]' and x, = [¢] h!]T with
the following inequality

llca k+1 — Cb k41l llca,ke — ¢kl
< As
|hak+1 — Pbgt1ll] = |hak — bkl (10)

+ Bs [[ta,k — ub,k||
where

_ 54
Bs = {65 15%

o

B—*HWfII — T Well + 7 ||W1||5c

and the LSTM system (7) is exponentially §ISS in the sets X’
and U, where X = C x H, with

aig°
C=<ceR":
{eerripel < 22

H={heR":

1Pl <1}

2) Incremental Lyapunov function for the LSTM: Under As-
sumption 2 it is possible to compute an incremental Lyapunov
function for the 4ISS LSTM model. Such Lyapunov function
will be used to define the terminal cost, the terminal constraint
and the constraint tightening for the MPC.

Lemma 1: Let Assumption 2 hold, and denote z, =
el hI)T, ap = [¢f AI]T with z,,2, € X, and Ps the
solution of the Lyapunov equation Aj PsAs — Ps = —Q; for
some symmetric positive definite matrix ()5. Then the function

l[ca — cbll

([0 — h|
is an incremental Lyapunov function for the system (7), such
that

Vi(@a, zp) =

s ||Ta — xp|| < Vi(@a, 21) < cou [|a — x| (11a)

Va(zh, o) < psVia(@a, o) (11b)

Wy (ha — hy)| < csVi(za, 1) (11c)

where .’ﬂ:; = f(fEa,’LL), xg - f(xbau)’ Cs1 = /\mzn(Ps)’
_ Amin(Qs)

)\maw(Ps)’ Ps = 1
—1/2
sy = || [0 1My 1] P2 ‘J
Proof: The proof is reported in Appendix I-A.

Cs,u = Xmax (Bs) and ¢; € R? with

B. State and disturbance observer

In this subsection first a disturbance model is introduced in
order to take into account the inaccuracy of the model and
the effect of the possible disturbance dg. Then an observer is
proposed to provide estimations of the states of the LSTM
model and of the disturbance model. The disturbance is
modelled as the integral of a bounded unknown input w, that
represents the variation of the disturbance. This representation
is motivated by the fact that one of the goals of the paper is
to guarantee zero error at steady state when y° and dg are
constant, and therefore w is null.

1) Disturbance model: The state of the disturbance model
is denoted by d € RP, while its variation is indicated with
w € RP. The equations of the LSTM model augmented with
the disturbance are then the following

Ckt1 = U(quk + Ushy, + bf) O Ck
+o(Wiug + Uihg + by) o tanh(Weug + Uchy + be)

(12a)
hi+1 = o(Woug + Ushy + b,) o tanh(ck11) (12b)
dpy1 = di +wy (12¢)

Y = Wyhg + by +dg (12d)

and will also be denoted by
Xkt1 = faug(Xk, ur) + Ewy (13a)
Yk = Yaug(Xk) (13b)

where xy = [#7 d"]T and F is matrix that can be obtained
from (12). Observer convergence, robust constraint satisfaction
and offset-free can be achieved only for bounded disturbances.
For this reason in the following d and w are assumed to be
bounded, i.e. d € D = {d € R? : ||d|, < dmaz} and w €
W={w eRP: [w]| < wpaa}-
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Moreover, to achieve offset-free it is necessary that for the
model augmented with the constant disturbance there exists
an equilibrium associated to any possible pair (u,y), and that
this equilibrium is unique (see [26]). In the following lemma
and corollary it is shown that in view of the §ISS property of
the LSTM model it is sufficient to add the disturbance only on
the output transformation to satisfy this property. Hence the
disturbance was not included also in the state equations.

Lemma 2: If the dynamical system xgy1 = f(xg,ux) is
exponentially JISS in the sets X and U/, then given a constant
input u € U there exists a unique corresponding equilibrium
state x* € X, such that

¥ = f(a*,u) (14)

Corollary 1: For the augmented system (12), given (u,y)

with u € U, there exist unique values (z*,d*) with z* € X
such that

z* = f(z*,u) (15a)
y=g(x") +d (15b)

Proofs: The proofs of Lemma 2 and of Corollary 1 are
reported in Appendix I-B.

2) Observer design: An observer is designed to obtain an
estimation x = [27 d']T, with = [¢T hT]T, of the state
x of the augmented LSTM model (12). The structure of the
observer is based on the LSTM observer proposed in [43],
but it has an additional equation for the estimation of the
disturbance d. The equations of the observer are the following

éks1 = o(Wiuy, + Urhy + by + Le(yx — ) 0 &

+ o (Wiuy, + Uihg + bs + Li(yx, — 91)) (16a)
o tanh(Weug + Uchg + be)
hi1 = o(Wouy, + Uohy, + bo + Lo(yx — k) (16b)
o tanh(ég41)
dsr = sat(di + La(yr — k), dimaa) (16¢)
k= Wyl + by + di (16d)

where L¢, Li, L, € R"™ P and Lq € RP*P are the gains
of the observer, that are selected according to the following
assumption.

Assumption 3: Denoting

é'f - O'(H[qumaza Uf - Lny) bf; Lny7 2Lfdmaw]Hoo)
5'. = 0(||[Wiumaxa Ui — LiWy7 bi7 LiWy7 2Lidmax]||oo)

8' (”[Woumaaca Uo - LOWy7 bOa LoWy7 2L0dmaac]||oo)
1 &g iy ~
=77 7fHUf LiW,, ||+U||U||+ °||U; — LiWy||
. 1 &lg¢ 1
= - L 5% Ly
B= 7= lILel + 7oL
. 1
Y =0 + 16X||U° — LWy ||
ot é B
Aq = |5°6t o c°B + 5% Lol a7)
0 |[LaWyll 11y — Lal|

the observer gains L¢, L, L, Lq are selected so that p(Aq) <
1.

Remark 2: In Theorem 2 it will be shown that A4 is the
matrix dynamic for an upper bound of the estimation error
dynamic.

Remark 3: A possible suboptimal choice for the gains of
the observer that satisfies Assumption 3 is Ly = L; = L, =
0, , and Lgq = l4], with 0 < lq < 2. In fact with this choice
the matrix A4 becomes

As ‘ 021
0 [[LaWyll | [la —1]

Aq =

and therefore the eigenvalues of A, are the eigenvalues of
Ajs and an eigenvalue in |lg — 1| € [0, 1). Hence, because the
LSTM is tuned with the constraint that p(A4s) < 1, p(4q) < 1.

3) Observer convergence: The following lemma defines a
positive invariant set for the state x of the observer, in which it
is possible to prove the convergence of the observer estimation.

Lemma 3: If hy, € H and dj, € D, Yk € Z>¢, then the set
f:éxHxD,with

R . " Fig¢
c-{eer o, < 7%
is a positive invariant set for the observer (16).

Proof: The proof is reported in [49].

The following theorem reports the main results related to
the observer convergence.

Theorem 2: If the plant behaves according to (12) with z €
X, d € D and w € W, Assumption 2 holds, the observer
parameters are selected according to Assumption 3 and ¥ € 7,
then the function

e —cll
Vo (X, X) IIh h|| (18)
|d — d||

P

where P, is the solution of the Lyapunov equation A] P, Aq—
P, = —Q, for a symmetric positive definite matrix Q,, is
an incremental Lyapunov function for the observer estimation
error, such that

o(X:x) < o llX = xll (192)

Vo(x ' X )<poVo(><7><)+ZD (19b)
IW (h—fo +(d - d)| < coVa(x, X) (19¢)
— faug (X, u H < Limaz Vo (X, X) (19d)

where Yt = fau uw) + Fw, ¥t is the next state computed
X g\ X, X p

by the observer (16), co1 = v/ Amin(Po)s Cou = v/ Amaz (Po),

po =1 3= € (0,1), w ﬂmmmwm>
0, and ¢, € R? with ¢,(;) = H [0 [ W@l 1] 1/2H

Moreover, if w; — 0 for k — oo, then the observer provides
a converging state estimation, i.e. ||xx — Y| — 0 for & — oc.

Proof: The proof is reported in [49].

Remark 4: In view of the properties of the Lyapunov func-
tion V,(x, x). the observer estimation error is also ISS with
respect to the disturbance w.
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C. Reference calculator

One of the most important characteristics of the proposed
algorithm is the possibility to be applied with time variant
set-point and disturbances unknown in advance. In order to do
this the MPC assumes a constant set-point along the prediction
horizon but it is designed in order to preserve, under suitable
assumptions, recursive feasibility even if the exogenous signals
change at any time instant. To manage possible variations
of the set-point yo and/or of the disturbance estimation cf, a
Reference calculator is introduced in the control loop. The
goal of the Reference calculator is to provide the state and
input references # = [¢" h']T and @ for the MPC, that are
computed by solving the following equations:

i:f(faﬂ)
0 _

' =g(@)+d

(20a)
(20b)

In order to guarantee offset-free of the closed-loop system,
the following assumption on the set-point 4° and on the LSTM
model is introduced. An additional assumption on the set-point
y° will be introduced in the next section.

Assumption 4: The set-point y° and the LSTM model (7)
respect the following conditions:

1) there exists a bounded set J° C R? such that yg e o
Vk € Zzo;

2) the set-point is asymptotically constant, i.e. y9 — y%
for k — oo;

3) Vy° € Y0, Vd € D, there exist (z, ) with & € U solving
(20), and the Jacobian matrix

2(f@a)—7)  Z(f@a) -z
5 (9(@) +d—y°) (9@ +d—y°)

is invertible.
Remark 5: The assumption that the Jacobian matrix (21)
is invertible implies the uniqueness of the couple (Z,u). O
Moreover, since a large variation of the set-points Z,u is
critical for the MPC recursive feasibility, in the following
lemma an upper bound for the variation of the state set-point &
between consecutive time-steps is derived. This upper bound
depends on the variation of the set-point ° and on the observer

2y

parameters.
Lemma 4: Under Assumption 4, given the maximum output
estimation error €, = maxkcz., ||y — Jk||, there exists a

finite constant /& such that

|Zk1 — Zull < K |[Lall &y + K [lyk1 — v
Proof: The proof is reported in Appendix I-C.
Remark 6: In general K cannot be computed explicitly, but

it can be estimated numerically by gridding.

(22)

D. Robust MPC formulation

The robust MPC solves at every time-step a Finite Horizon
Optimal Control Problem (FHOCP), where the evolution of
the states of the system is predicted with the LSTM model
and is initialized with the observer state estimation. The
cost function penalizes the deviation from the state and the
input set-points computed at the current time instant by the
Reference calculator, that are assumed constant along the

prediction horizon. The terminal cost and the terminal set
are designed to stabilize the closed-loop system. To ensure
satisfaction of the output constraints despite the observer
estimation error, the disturbance and the set-point variation,
a constraint tightening approach similar to the one proposed
in [28] and a time variant terminal set are employed. For the
constraint tightening, the MPC uses also a time variant term
€, € R related to the uncertainty of the observer. This term has
the same time evolution of the incremental Lyapunov function
for the observer estimation error (19b), that is described by the
following equation

é0,k+1 = poéo,k + w (23)

Note that depending on the values of é, o, of p, and of w, &,
can increase or decrease, but its behavior is always monotonic
with _
W
1- Po
Definition (FHOCP): Given the prediction horizon N, the
FHOCP for the robust MPC is the following

N-1
min Z (H%‘lk - kaQQ + Huzlk - akHQR)
i=0

(24)

lim éo,k = €
k—o0

" (25a)
_ 2
[”CNIk - §k||]
Ihne = Rl ] || p,

S.t. Tolk = Tk (25b)
Tk = f(@ijk, wilk) (25¢0)
Wyhz\k + by + dmazlp < Ymaz — aiéojc - bz (25d)
Wyhi\k + by - dmamlp 2 Ymin + aiéo,k + bz (256)
wip €U (25f)
fort=0,...N—1 (25g)

where () and R are positive definite matrices and are design
choices, while P is a positive definite matrix satisfying the
Lyapunov condition A;PfAé — P < —qls, where ¢ =
Amaz (Q). Coefficients a; € RP and b; € RP for the constraint
tightening are defined as

apg = Co, bo = Op’1 (268.)
Qi1 = Poly + pics,uLmawco,s (26b)
b7;+1 = bz + a;w (26C)

X¢(k) is a time variant terminal set, chosen as a sublevel set
of the terminal cost:

o= {[] e[

< Oék} 27
Py

with
ax = min min {afre®, (28a)
where
—1
maxr __ —1/2
o = |0 Wi l17 | (28b)

: (ymam(j) - yg(j) — 2dmaz — aN(j)éo,k - bN(]))
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_ B -1
o = |0 [Wygn 1P|

5 (28¢)
: (y]g(j) — Ymin(j) — 2dmaw - a/N(j)éoJc - bN(g))

€0,k = max {é, k, oo} (28d)

O

At each time-step k the solution of the FHOCP is denoted by
u(’;l R u7v_1\ i According to the Receding Horizon principle,
the MPC control law is obtained applying only the first
element of the optimal input sequence

MPC (s & = 0
up = k (ks o,k Th, Uk, Ypp) = Uak 29)

[1l. STABILITY AND OFFSET-FREE RESULTS

In this section the properties of the proposed control schema
are analysed. In order to guarantee offset-free results a mild
assumption on the convergence of the closed-loop of Fig.
1 will be introduced in Section III-B. However, first it is
necessary to prove recursive feasibility and stability for the
nominal closed-loop system reported in Fig. 2, where the plant
has been substituted by the LSTM with an additive disturbance
on the output (12).

A. Recursive feasibility and stability analysis

In this subsection recursive feasibility and stability of the
nominal closed-loop system reported in Fig. 2 are analysed.
First note that in order to have a solution of the FHOCP,
it is necessary that aj > 0 for all kK € Z>o. To guarantee
this condition, the following assumption on the set-point is
introduced.

Assumption 5: The set-point y° is such that

(30a)
(30b)

yg(j) < Ymaz(j) — 2dmaz — AN(j)€o,k — DN (j)

yg(j) > Ymin(j) T 2dmaz + an(j)€ok + ON ()

forall j =1,...,p, for all k € Zx. (]

Consider the closed-loop system composed by the aug-
mented LSTM (13), the observer (16), the Reference calculator
(20) and the MPC (29). This system has state

’l/) _ [CT I’LT éT iLT JT éO]T

and inputs d and y°. Let’s now define the feasible set of states
and inputs

XMPC ={(y,d,y°):x € X, x €T, deD,y’ € )",
éo is such that V, (%, x) < é,
and 3 a solution of the FHOCP}

Remark 7: In the feasible set XYMFC it is required that é,
is an upper bound for V, (¥, x). This condition is similar to
require that é, is an upper bound of the observer estimation
error. In fact, using Equation (19a) and V,(x,x) < &, the
following inequality relating é, and || x — x|| can be derived:

R é
Ix = xIl < —
C

o,l

O
In the following theorem the main result for the nominal
closed-loop schema described in Fig. 2 is derived.

Theorem 3: Let Assumptions 1, 2, 3, 4, 5 hold. Then there
exist Lypaz > 0, Lg > 0 and Ay, > 0 such that for
Lmaz < Limaz, ||Lall < Lq and 4° such that Hy2+1 — ng <
Ay .. for all k € Z>, for the closed-loop system composed
by the augmented LSTM (13), the observer (16), the Reference
calculator (20) and the MPC (29) the following properties

hold:

« constraints (5) and (6) are satisfied (1), d, y°) € XMPC;

o the FHOCP is recursively feasible, i.e. (5, dy,y)) €
XMPC = (g1, dit1, yhy) € XMPG

« the closed-loop system (13)-(20)-(29) is ISpS with respect
to the observer estimation error y — x in XMPC;

o if d = d, for k — oo, then

Jim [~ ]| = 0
— 00

where
Voo = (04 o Cog hoo dig Ecc]
and T, = [¢], hl]" and @ are the solution of (20)
when 3% = 3% and d = d..
Proof: The proof is reported in Appendix I-D.

B. Offset-free result

It is now possible to follow the results in [26] to show that
the proposed scheme based on the model augmented with the
disturbance and on the Reference calculator guarantees offset-
free at steady state also when applied to the real plant (see Fig.
1), provided that the uncertainty on the model is sufficiently
small to preserve convergence and constraints satisfaction, as
assumed in the following assumption.

Assumption 6: The plant disturbance dg is bounded and
asymptotically constant, and the closed-loop system composed
by the plant, the observer (16), the Reference calculator (20)
and the MPC (29) respects the constraints and converges to
constant values strictly in the interior of the feasible set.

Theorem 4: If Assumptions 1, 2, 3, 4, 5, 6 are satisfied, then
the closed-loop system composed by the plant, the observer
(16), the Reference calculator (20) and the MPC (29) is offset-
free at steady state, i.e. ygr — yg,oo for k — oo, where
Y% oo = limp 00 9.

Proof: The proof is based on [26] and is reported in [49].

IV. NUMERICAL EXAMPLE

As benchmark example to test the proposed control algo-
rithm a pH neutralization process described in [48] and used
also in [43] was considered. The process consists in a tank
where three flows of substances are mixed: an acid flow ¢1, a
buffer flow ¢o and an alkaline flow ¢3. The measured variable
is the pH on the output flow. The objective is to control the
pH by acting on the alkaline flow g3, while the acid flow ¢;
is assumed to be constant and the buffer flow ¢» is considered
as a disturbance. The alkaline flow is considered saturated, so
that

ug = qs € Uy = [12.5,17) mL/s
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A. LSTM model identification

To extract the dataset for the training of the LSTM model,
a simulator of the plant was forced with multilevel pseudo-
random signals, and the input-output response was sampled
with a sampling period of T, = 10s, as done in [43]. In
particular the input signals for the plant simulator are piece-
wise constant signals with random values in U, where each
constant value is applied for a random time between 107 and
10075. 15 sequences of N; = 1500 time-steps each have been
extracted, and have been split in 10 sequences for training, 3
for validation and 2 for testing. All the sequences have been
generated considering the disturbance constant at its nominal
value g2 = 0.55mL/s. Before the training, inputs and outputs
have been normalized using their maximum and minimum
values present in the training dataset, so that —1 < u < 1
and -1 <y < 1.

To obtain a final network respecting the JISS condition of
Assumption 2, the training loss and the stopping rule for the
training have been modified as suggested in [43] and [39].
More details about the training procedure are reported in [49].
The performances of the final model were assessed with the
FIT index, defined as

FIT = 100 (1 . ”y’”‘”y) %
||yreal - yang

where y and y,.,; are the vectors containing the predicted
and the real evolution of the system, and g, is the average
of Yreqr. A trained network with n = 5 neurons with a FIT
on the test set of 94.0% was used for the MPC simulations.
The model respects the 4ISS condition of Assumption 2, and
has ps = 0.92 when the incremental Lyapunov function V5 is
computed using Qs = 100015.

B. Control implementation

In order to tune the controller it was assumed d,,,,, = 0.1,
that corresponds to the 5% of the range of variation of the
output in the training dataset, since the output was normalized
so that —1 < y < 1, and w = 0.01. Under this assumption,
the following parameters have been used. The cost matrices
were set to Q = I3, and R = 1, and the prediction
horizon to N = 5. The output constraint set was selected
as Yy = [6.0,9.0]. The observer gains L¢, L;, L, were chosen
by solving the optimization proposed in [43], while L4y was
set equal to 0.01. The matrix P, was obtained by solving the
Lyapunov equation with ), = 100073, leading to p, = 0.99,
Linaz = 84 x 107, wyap = 4.3 x 107° and 5 = 1.04.
Concerning the parameters related to the recursive feasibility
condition, K = 2.67 has been estimated by gridding, while €y
was set to 0.03. This value is clearly affected by the quality of
the initialization of the observer. In the considered simulations
this bound is always largely respected. The initial value for the
observer state was set to the state equilibrium of the LSTM
model associated with the initial output of the system under
control and dy = 0. With the considered parameters, the
time variant interval for y° needed to satisfy Assumption 5
converges to [6.49, 8.51] after an initial transient.

In [49] the conservatism of the feasibility/stability condi-
tions has been tested by performing some simulations where

I I I I I I
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Time (s)

Fig. 3. Output evolution (blue line) compared with reference yg (black
dashed line), and evolution of the disturbance d¢ (orange dash-dotted
line).

the controller was applied on a perturbed version of the LSTM
model. In the first simulation, slow variations of the set-point
y° and of the disturbance d are applied, in order to respect
all the sufficient conditions required by Theorem 3. Then,
considering that all the bounds have been derived using a
sequence of possibly conservative inequalities, an analysis has
been carried out to verify the applicability of the control in
presence of larger variations of the set-point 3° and of the
disturbance d. It was noticed that it is possible to increase
the rate of change of d without losing recursive feasibility.
Moreover, feasibility is maintained for faster variations of y°
with respect to the ones predicted by the theory, but it is lost
in presence of large step variations of y°.

Then, the controller was applied to the real plant (repre-
sented by the physical equations describing the system). Since
model uncertainty has not been estimated the bounds d,,,, and
w are considered as tuning parameters of the control. Also
the parameter é, has been considered as an additional tuning
parameter of the control, since the states of the plant do not
coincide with the states of the LSTM. The first simulation has
been carried out using the same parameters of the simulations
performed using the LSTM model, but it was found that the
response of the plant to the disturbances was very slow, and
null error was reached only after a very long transient. Hence,
L4 was increased to 0.1 to make the disturbance estimation in
the observer faster. With this tuning of the observer p, = 0.97,
Lz = 8.5 x 1073 and e, = 0.38. In this case, the
asymptotic interval for y° needed to satisfy Assumption 5 is
[6.57, 8.43]. The resulting trajectory is reported in Fig. 3, and
it can be seen that the control is able to correctly manage
the plant, maintain the recursive feasibility and achieve null
tracking error also in presence of disturbances.

V. CONCLUSION

In this paper an MPC control scheme based on an LSTM
model of the plant under control has been proposed. The
MPC algorithm is able to take into account input and output
constraints and to guarantee null error at steady state also in
presence of modelling errors and of asymptotically constant
bounded disturbances. Offset-free is obtained by introducing
the estimation of a disturbance term in the observer, that is
used to update at every time-step the reference values for the
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MPC cost. The satisfaction of output constraints in presence
of the observer estimation error and time variant set-point is
obtained using a constraint tightening technique, based on an
upper bound of the norm of the observer estimation error.
The key element for the design of the constraint tightening
is the derivation of incremental Lyapunov functions for the
LSTM model and for the observer, whose parameters are
employed in the definition of the coefficients for the constraint
tightening. In the FHOCP formulation for the MPC a time
variant terminal constraint is also introduced, that guarantees
recursive feasibility in presence of variations of the reference
values. Then, ISpS and convergence are proven by means of
a Lyapunov function, different from the optimal cost because
it considers the deviation from the asymptotic values of state
and input set-points that are a-priori unknown.

The main limitation of the proposed approach is the con-
servatism of the robust constrained MPC algorithm that must
cope with both the disturbances and the set-point variations. In
order to partially reduce this limitation an artificial reference
approach could be adopted, avoiding the restriction on the
tightened constraints introduced by the set-point variation.
Further improvement could be achieved by deriving less
conservative bounds along all the proofs. However most of
the conservatism is inherent in the worst case deterministic
approach. As shown in the simulation example it is possible to
find a compromise between a-priori feasibility guarantee and
performance by adapting some of the algorithm parameters.

APPENDIX |
PROOFS

The following lemmas will be used for the proofs.
Lemma 5 ( [43]): Given two vectors a,b € R” and a
positive definite matrix M, for any ¢ # 0 it holds that

1
la 03, < 1+ ¢*)llall + (1 + 2> 1113

Lemma 6: Given two sets of n numbers each, {a1, ...
and {b1, ..., b, }, one has that

€29

san}

min b; > mln (a
i=1,...,n =1 n

Proof: The proof is ref)orted in [49]

i — bi) (32)

A. Proof of Lemma 1

Condition (11a) is easily verified for the definition of V.
Condition (11b) can be verified as follows:

+_ T ot
Vet ot \/[nca ~al n [ -l
S A s R 1
(2) \/l:”ca _Cb||:|TATP<A5 |:||Ca _cb”:l
=\ e = holl] 700 e — |
[ca — Cbll} [Ilca—Cbll]
Ps_ S
\/{Ih Boll] 579 |y —
|ca cbn} ’ [|ca—cb||]
ha — hy|| ha — By
mzn(Qs) Hca — Cb”
<
- \/(1 )\mam(Ps) Hha - hb”

mzn Qs)

Py

= psVs(@a, xp)
P,

Finally, to verify condition (11c), consider the j-th row of

|[Wy(ha — hyp)| for j =1,...,p
Wy () (ha — h)| = ‘[Ol,n Wy (ju)] Li: _ Zﬂ
< [0l 5o 1 [ 2521
=0 [y ) 222 [ e el
< [0 [Wygnll) P72 HP1/2 [|fCL: - ZTJI'I] H

= Cs(j)‘/s(xaa iCb)

B. Proofs of Lemma 2 and of Corollary 1

Proof of Lemma 2:

Existence of x*: It is first proven that if a constant input u is
applied to a JISS system, then the resulting state trajectory is
asymptotically constant. Considering any possible initial state
xo, and applying the definition of JISS (2) with xy,9 = o,
Tao = 1 = f(xo,u) and uap = upp = u for all h =
0,...,k — 1, it follows that:

ki1 — 2]l < B(ller — zoll, k)

Hence the difference between zj; and xj becomes small
when k increases. By summing up the previous inequality one
has that limp_, H.]?T — $0|| < ZI;“;O 6(“%‘1 —.130”, k‘), that is
finite in view of the exponential nature of the function 5. Then
the resulting trajectory is asymptotically constant. Moreover,
given any u there exists z* solving (15a), that corresponds
to the asymptotic value of the trajectories associated to the
constant input w. Finally, z* € X in view of the positive
invariance of X.

Uniqueness of z*: Consider the definition of JISS (2), and
assume that there exist two different equilibrium states x and
xy, corresponding to the same input u. Under this assumption it
is possible to study the evolution of the system with z, o = z},
Th,o = 2 and uap = up p = u for all h =0, ...,k — 1. Then,
for the SISS assumption, it follows that ||z, — bkl — O
for k — oo. This is a contradiction with the fact that z; and
xy, are two different equilibrium states. Then the equilibrium
state x* is unique.

Proof of Corollary 1:

The existence and uniqueness of x* follows from Lemma
2. Then there exists a unique value d* satisfying (15b), that is

d* =y —g(z*).

C. Proof of Lemma 4

Let’s define §° = d — 4° and ¢ = [z @']T. Then the
equilibrium problem (20) can be rewritten as the problem of
finding the solution of F(§°,¢) = 0, with

F(5°,¢) = {fg((m )ai; }

In this proof the function ( =
F(° (%) =

(9°) such that
0 is studied. Let’s define the following
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Ty (§°,7(5")) = [

Under Assumption 4, the implicit function theorem states
that

o .
70 (5°) =

— [T @, @) o (8°

Let’s denote K(7°) = [Kz(3°)T Ka(3°)T]T, where
Kz(9°) are the first 2n rows of K(°) and K4(¢") are the
remaining m rows. Then, denoting

K=

max

e RGO
99:99€Y0.,deD

it is possible to obtain a relationship between the maximum
variation of Z and the variation of ¢°:

[Zk 41— Zkll < K ||9741 — 9

Note that the maximum that defines K is always finite in view
of the boundedness of the sets J° and D.

The variation of §° = d— y" can be given by a variation of
the disturbance estimation d and/or by a variation of the set-
point y°. This two contributions can be separated, obtaining

[@xsr = #ll < K [|diss = di| + K s -]l 33)

The maximum variation of the disturbance estimation d
depends on the maximum estimation error e, and on the
observer gain Ly. In particular it holds that

o ~ 16¢)
[diss = del| < IZatwe =)l < IZalle, G4

Then, combining (33) and (34), (22) is proven.

D. Proof of Theorem 3

The proof is divided in 3 parts:

1) Proof of satisfaction of constraints (5) and (6), given that
(¥, d,y°) € XMPC,
2) Proof of recursive feasibility, that is divided in:

a) Show that if [¢" h']T € X} (k) then Wyh + by +
dmazlp < Ymazx — aNéo,k - bN and Wyh + by -
dmaxlp > Ymin + aNéo,k + bN;

b) Show that the candidate solution satisfies (25d) and
(25e);

¢) Show that the candidate solution satisfies the ter-
minal constraint (25h).

3) Proof of ISpS and convergence, that is divided in:

a) Proof of ISpS;
b) Proof of convergence.
Part 1: If v € X MPC  the satisfaction of the input
saturation (5) follows from constraint (25f) of the FHOCP
formulation. Also the satisfaction of the output constraint (6)

is guaranteed by the control design. In particular yi < Ymax
follows from
(19¢)
yk*th'*‘b +di < th-i-b +dk
+ COVO(ka Xk) < Wyh0|k + by + dpmazl pt+ Coéo,k
(262)(25d)

> Ymax — aOéo,k + aOéo,k = Ymax

The fact that y;, > Ymin can be proven in a similar way.

Part 2a: To verify that if © € Xy(k) then the tightened
output constraints are satisfied, first note that if x € X (k)
one has that

[Wagey(h = hi)| = |01, Wy [ff:m

<10 [[Wygm I [,'ﬂ;f:%‘};'h:’

~[o om0 e
< Jio I tier ][ 2]

4 H[O Wy ey HPf_l/QHO”“

Considering now the j-th row of Wyh + by + dynes1, one
has

Wy(inh =+ by() + dmaa

v (o) (B = Pi) + Wy hie =+ by() + iy — digy)

(20b) 7 3
+dmaz = y(]*)(h - hk) + yl(g(j) - dk(j) + dmax
< [ Wy (h = hy) ’ + yk(a) + 2mag
(35)
< H[O H (]*)H Hakerk(J) + 2dmas
(28a) -
< Ymaz(j) — ON(G)Eo,k — ON()
(28d)

< Ymaz(j) ~ AN()Cok — DN ()

In a similar way it is possible to prove that Wy h + by
dmazlp > Ymin + aNéo,k + bN~

Part 2b: Given the optimal solution of the optimization
problem at time-step k, that is ug‘k, ""u}‘\l71|k’ let’s denote

with xél R x*N_1| i the associate state trajectory defined by
Tl = f(x;“k,u;?‘lk) with @, = &j. Let’s also define
T = F (@ Ukg)-

Let’s define w41 with ¢ = 0,. — 1 the candidate
solution at time-step k + 1, Where U1|k+1 = ul+1‘k for
t=20,..., N —2 and Gn_1p4+1 = Up+1. Note that tp1 €

U for Assumption 4. Consider also the associate trajectory
Tojk41s - T4 defined by Tipqje1 = f(Tijpa1 Dijpt1)
with Zo|k+1 = k41

Preliminarily, note that thanks to Lemma 1 and Theorem 2
one has that

(11a)
Vé.(w0|k+17 xak) S Cs,u

~ *
Lo|k+1 *»Tl\k”

di 11 dy,
(19d)

< Cs,uLmax‘/o(kaXk) < Cs,uLmeéo,k

< csu
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and that using Lemma 1 and inequality (11b) recursively it
follows

‘/s(fﬂk-l-lvxa.l‘k) < Cs,up;Lmaréo,k (36)

fort=0,...,.N
Moreover, as shown in Part 2a of the proof, since J;*Nl s €
Xy (k)
Wyl + by + dimaaly <
Wyh}k\,lk +by —dmazlp >

Ymax — aNéo,k: — by
Ymin + aNéo,k + bN

Hence, %;);11 satisfies (25d) for ¢ = 0, ..., N — 1 as shown

in the following

Wyhi|k:+1 + by + dmax]-p
(l1c)
< W, hz+1\k + Csvs(filkﬂ’fauk) + by + dinazlp
(25d)(36)
S Ymax — ai+1éo,k -
(26b)(26¢)

i ~
bi+1 + Cs,upSLmam eo,sz

~ i ~ _
Ymax — Po@i€ok — Cs,upsLmaweo,k}Cs - bz - a;w

i ~ (23) ~
+ Cs,up;Lmameo,sz = Ymazx — @i€ok+1 — b
In a similar way it follows that Z;;4, also satisfies (25¢)
fort=0,...,N — 1.
Part 2¢: In this part it is proven that Ty 11 € Xy(k+1),

H |:||§Nk+1 — | < o 37
”hN\k-‘rl - P
starting from the fact that 27, € X¢(k), i.e
e — el 1 o, (38)
”h‘N\k — hi| IS
f

Comparing (37) and (38) it is apparent that both the sides of
the inequalities change. Hence, an upper bound for the left
hand side of (37) and a lower bound for the variation of the
right hand side are computed in the following.

Before deriving the upper bound for the left hand side, the
following preliminary inequalities are derived:

(11a) 1 ~ i
HlekJrl xN+1|kH ;%(xN|k+1va+1|k)
) (39)
(9 Csu N ~
S Ps Lmaxeo,k
Cs1
and
”C*N k — Gl ”CNk Crv1]]
hh+l ]| T s | CC
N+1k k+1 Py N|k k+1 P
with pf = /1 — /\7(&) The proof of this inequality is

similar to the proof of Equation (11b) in Lemma 1, using

Qs = qla.
Then, the upper bound for the left hand side of (37) is

H {”?Nk-&-l - Ck+1|}
AN k1 — Pt

||’~1N|k+1 -

H [||5N|k+1 - C*N+1|k||‘|

N s1e = Coall
Pl 13115 — Pkl .

(40)
)\max (Pf)

lenk+1 — C*N+1|k||‘| H

1PNkt = Ayl
- §k+1||
1A%k = Pl

f
<V Amaz(Pr) Hfzv|k+1 - 137v+1\kH

e
+ ps Nk

>

e — el H{M%H”
+ pt 7 +p
1B = P PN IR, = Rl |l 4
(38)(39) Ca .
< Amaz (Pf) (Cb’lllpévLmaxeo,k
S,

+ pt || Ze41 — Zie| ) + prag

(22)
<

Csou
)‘maw(Pf) <CS7pb

1 I-VLmaxéo,k + Pf[_( ||LdH éy
S,
ek [y — k| ) + pre

Let’s now compute a lower bound for the possible variation
of « (right hand side of (37) and (38)):

A1 — Ok

(283.) min
min min {a] b1 O ot

Jj=1,....p

min

max
» Ok

— min mln{a
Jj=l...p

(32)

> min min aJk}-‘rl

mam min min
=, afe”, ey — iy}

Noting that

: max max min m in
min {ajf, — ofk", e}, — ol

-1
P min { H[O ||Wy(j*)||]Pf_1/2H (YR41) — Yaei))
—1
[0 A aw @ons = o
-1
[0 [Wyol12 2| 0Rs) = w2

-1
=0 I 2 s oo = o)}

—1/2]|7 0 0
f H ‘ykﬂo‘)—yk(a‘)‘

—1/2 -1 ~ ~
0 W lIBE]| T an@or — Fons)

= —||o Wy 17

it is possible to derive that

o < gy

e 10 195 D] ok sk
=i 00 I 2 v o o)}
< Qg

# L0 W30 182 200~ |}

(42)
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Moreover, from (41) and (42) it is possible to obtain

|:|~ENI<:+1 - §k+1||}
AN k1 — hata ]

‘ P

41) c R _ N
S V /\mar(Pf) (:JpévLmameo,k + pr HLd” €y

S?

+ piK Hy2+1 - y2|| ) + prag
42) Ce . = _
/\maac(Pf) (:NpévLmaxeo,k + pe K HLd“ Cy

s,1

+peK [|yigr — y2||> + (pr — Dapr

|

Finally, note that p; < 1 by definition and a1 > 0 for all k
in view of Assumption 5. Then there exist Lyas >0, Lqg >0
and Ay0 . > 0 such that for L,az < Linaz ||Lal| < Lq and
y” such that [y, — 12| < Ay,

-1
—-1/2
+pfjgé}_)_<p{H[O Wy 1P H ’ygﬂ(j) ~YR0)

+ gt

< agy1

H||§Nk+1 - Ck+1}
ANkt — Prgal

P
Part 3: To prove the ISpS and convergence properties
of the closed-loop system a candidate Lyapunov function is
introduced. The candidate Lyapunov function has a structure
similar to the optimal cost of the MPC, but it considers the
asymptotic values of the state and input set-points instead of
their values at time-step k. Note that these values cannot be
used in the MPC cost function because are unknown. The
expression of the candidate Lyapunov function is the following
N—1
Vi= " (Il = oold + e — e %)
i=0
. B 2
||CNUC - €OO||‘|

+ ¥
Iy — ool

* * * * 3
where Ugy gy -+ U 1| and Lok o L ATE defined as in Part

T
2b of this proof, and x7}, = {(c}‘v‘k)—r (h}‘\,lk)—r} . Note that
Vi is a function of @ = 2y, €, %, Tr and Uy, because all
these values are needed to compute the optimal input sequence
u(’;lk, e u}‘v_l‘k.

In Part 3a, a lower bound and an upper bound for V}, and a
bound on the variation of V), between subsequent time-steps
are derived to prove ISpS. In Part 3b, convergence is shown
by studying the asymptotic values of the bounds, under the
assumption that 49 — 4% and di — do for k — oo.

Part 3a: The lower bound for V} follows from

Vi 2 Hxak - fongg e jwllg) > Anin (Q) |21 — Zoo||?
(43)

The upper bound for V}, is now proven.

Consider the possibly suboptimal control input ;) =
for all ¢ = 0,..., N — 1, and denote with Zq,...,Zn; the
correspondent state trajectory with initial condition Zg|y, = Zk.
Note that there exists ¢ > 0 such that this control input is
feasible at time-step k for all 2y, such that ||&; — Zx|| < p.

Three different cases are considered:

D ||k — Zoo|| < § and |2 — Zoo|| < 5

2) ||&k — 2| > 5

3) &k — 2ol < § and [[Zk — Too| > 5.

Case 1: ||y — Too|| < § and ||Z) — Zoo| < 4.

In this case the sequence ;) is feasible. In fact

ek = 2l < e — Tocll + 125 = Foc < £+ 5 =0

Let’s introduce new variables for the difference between the

set-point at step k and the set-point for £k — oo

Oy = U — Uoo
Shy = hy, — hoo

0T = Tk — Too,
0Ck = Cl — Coo,
Terms 6%y, Otix, 0¢x, Ohy can be related to dj — d., and
yY — y2 with a reasoning similar to the proof of Lemma 4.

In particular, under Assumption 4, there exist finite constants
K, and K, such that

i — oo + K [0 = 0

i = doc| + Ko [0 = v

62| < K, (44a)

|6t < K. (44b)

Considering Vi, one has that

N-1
Vi < 3 (o - aully + gy, — anl%)
=0
+ HC*NUC_E/CH ’ +Nz_:1((5 HQ +||6— ||2
_ xX u
Iy = Rl || \NTTEIQ T TR
=

+ 2y, — 1) T Q0T + 2(uy, — ﬂk)TRéak)

o) | " [l
Ck Ck
it [
H [||5hk||} (|67l

This expression contains the optimal cost of the MPC
optimization at step k, that is

leh s — Cll
+2 k-
P 1A%, = Foell

N-1
= (e — 2l + lhufy — aali%)
=0
. B 2
+ e — el
e =Rl ],

Consider now the cost associate to the suboptimal control
input ;;, and note that it is greater or equal than the optimal
cost, i.e.

N—-1
N _ [en ik — ekl
<y ||$ik_$k||2Q+H|: p 7
P 1Pk = Pl

2

P

It is now used that
H P?le - EkH]
Ak — hull

and that, in view of Assumption 2 and Theorem 1, there exist
i >0and X € (0,1) such that Vi > 0

2
< >\7rzax (Pf)

~ _ 2
‘ [||§N|k - Ck“] H
P; ANk — hall

= Ama:c(Pf)HjNUc - j:kH2

|23k = Tkl < BN | Zo, — x| = A2k — T
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to obtain that there exists a constant b > 0 such that

Ti < bl|z — 2))* = blldx — Too — 57517

= bl|&k — Zoo|? + BlI6Z||% — 2b(3k — Too) T 62,

Therefore
Vie < bl|Zk — Zoo||? + B(K) (45)
where
N-—1
Blk) = 3 (llozl3 + lomnll%
1=0

+2 T — ik)TQéjk + Q(U;klk — ﬁk)TR(sl_l,k>
2
+2

.

||5Ck||} llerv i — el [Iéck}
+1[|it57 O IS S e

H[Iwhkll P e Y I

+0)|0Z5 || — 20(2k — Too) | 0Z4,

In view of (44) and boundedness of D and )°, terms 67y,
Stiy, 6¢; and Jhy are bounded for all k € Z>g. In addition,
inputs are limited in U and states are limited in C x H. Then
there exists a constant ¢; > 0 such that 8(k) < ¢; for all
ke Zzo.

Case 2: ||&p — Too|| > 5.

There exists Viyqe > 0 such that Vi, < Vipee in XMPC,
Then

AVinaz

Vi < =5 ik — @oo? (46)
"

Case 3: ||y — Too| < § and ||Z) — Zoo|| > §.
One has that

Vi 0|2k — Zoo|> + B(K) 47)

with (k) = Vi < Vinaa-
Hence, in view of (45), (46) and (47),
Vi <b||Zx — Too|l® + €1 (48)

with b = max {I;, %} and ¢; = max {¢1, Vinaz |-

Let’s now study the variation of V), between subsequent
time-steps.

Consider the Lyapunov function at time-step k + 1:

N-—1
Vier = 3 (1951 = Tooll?y + s — Gcll?)
1=0
[ emn]

”h}(\f\kpd - hoo“

2
+

Pt

where ug‘k 410 u}“\,‘k 41 1s the optimal sequence given by the
MPC at step k£ + 1 and x:‘_—&-1|k+1 = (xz“kﬂ,u;?‘lkﬂ) with
x3| kel = Zr+1. Note that in general 2., can be different

from x*{l - 1t is possible to derive the following upper bound

for Vi41:

N-—1
Vit £ 3 (101 = Brs1 I3 + sy = @l
=0

_ 2 N-1
||c7\r\k+1 - Ck+1|| 2
||| it + > (l6akall?
||hN\k+1 — hia| P =0
+ [[6ur 117 + 2251 — Topr) T QOTria
2
_ _ S|
+ 2(u} -1 TRéu )-i— ”—+
( ilk+1 k:+1) k+1 H |:||(5hk+1|| .
T
e o1 — el [[0Ck-41]|
+ 2 * | * 7 Pf 7 +
12N g1 — Pl [y

This expression contains the optimal cost of the MPC opti-
mization at step k + 1, that is

N-1
Tier = 2 (e = il + s — aasa )
=0
1N ka1 = Crll
||h7v\k+1 — hiya |

2
4+

f

Consider now the feasible trajectory a4, for ¢ =
0,...,N — 1 used in Part 2b of this proof. Noting that the
cost associated to the feasible trajectory is greater or equal
than J}; 1> one has

N-2

Vier < 3 (IFansr — o1 I+l — sl
=0

+ 1 EN—1jpar — g 1B + larr1 — Gl

~ _ 2
C —C
n H [||~N|k+1 k+1||]

+ N||6Zk41]15 + N||6tk41|7
AN k1 — Prgrll 1025411l [0Un+1l

Py

N-1
+ Z (Q(z;:k|k+1 — Tpy1) QOThi1

1=0

2
_ _ ocy, 1”
2w gy — Tpsr) RO ) + l9ck+
(uz\k+1 uk+1) Uk+1 ||5hk+1|| .
T
[N pker — Chall [6Ck 11
42| Nkt Pt
||hN|k+1 = hisa| ! 16741 |

Therefore the variation of the Lyapunov function is bounded
by

Vi1 — Vi <
— e = Toc B = iy, — e

N-1
+ 3 (I#iapr = BB = gy — 23
1
+ 3 (e = el = e — el
1

ZW

%
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+ ||:EN_1\k+1 - :Ek+1||?;) <q(l1+ cp )||xN‘k Tool?

HhN|k hoo IANk+1 — Patrl] ,
- oy ||| lenp = Cecll
_ _ =q(1+¢7)
+§:(%ﬁWH*$HMTQMH4 g = hoo
o 4 (14 ) e — 0500 2
+ 2(fjgr — ukH)TRéakH) o2 Ek+N — 0Tk41]Q
Lo N s — §k+1|| {||§_6k+1||} Moreover, for any ¢ # 0,
11 — Pl [[0hk+l ) )
10764l ‘ [||§N|k+1 - §k+1||]
¢
N0l + V6t %+ Wﬁﬁid Voxtiss — el
. . . o en—1jk+1 — Chsa
It is possible to introduce the error terms related to the fact = 4 WNLN k1 — st I
that Tojp41 = Tk # x{‘k because of the presence of the
observer in the control loop: H [ ||cN|k coo +ec k4N — 6ck+1||
- h 0o T EnktN — Shi41
Ekti+l = Tijk+1 — i1k H Nk * +l Al PiAs
Eck+N = CN—1|k+1 — C}Kv\k (2) (1+ 2) Hcyv\k: - é00”
7 " - I = oo AT PrA
Enpk+N = hAn_1je1 — Ay 5 114
1 Eck — 0Cg

The different terms of the upper bound of Vj 1 — V} are now + (1 + 2) H [|”€ RN _6h 1 ||||

. ©® hk+N kL AT pras
considered separately.

Consider the state terms at time-steps between k£ + 1 and

Then the following inequality holds:
k+N—-1:
S e — ol
Njk T Co - _ 9
a 7 + TN — -
2 (sz et = Tl — iy — xoo||Q) ” l R — ool [N -1jk4+1 — Zrtllg

1

N—

= 3 (e = Foo + ctcrs = 073 [l — el
1

,_.

c —cC
n H {||~Nk+1 k+1}

IANkr1 — Pt

Zﬂ

2

(2051 — 7o) T Qersi — 011) H“%kcaq

1Pk = hooll

i=1

+ ller+i — 5fk+1||%2)

—Pr+(1+¢2)ql2+(1+92) A PrAs
(1 + ¢> lekn — 6Zx1all
Consider the input terms at time-steps between k + 1 and _
k+N-—1: +(1+ 1 lecktN — 0Cka |l
' 2 — Shpesn |
N-1 ¥ lenk+n k+1

(Il = @I = iy, — ool

AT PrAs

By construction P is selected such that A;PfA(; - P <

= iv 1 —ql5. Therefore there exists a value of ¢ small enough to
_ have —P; + (1 + ¢?)qly + (1 4 ©?) A PrA; < 0.
=y (||u1|k lioo — Oty |3, — I|ufj — uooHR> ave —Pr+ (1+¢%)qlz + (1 +¢%) A PrAs
= Combining all the computations, one obtains that
N—-1 < * — 2 * — 2
=3 (<20 = tioe) TRSR 11 ) + (N = 1) 05111 Vg = Vi < —ll2gy, — Zocllgy — g — sl +v(k()49)
i=1

Finally, consider the state terms at time-steps £ + N and  \here
k+ N + 1. In view of Lemma 5 one has that, for any ¢ # 0,

N-1
1ZN5 1kr1 — T ( Ty — Too) | Qerti — 0Ths1)
= |2, = Too + Eprn — 0T4r1 1 =t
3D . + llew+i — 5fk+1||Q>
< A+ ¢)llai — Tolll N
+Q+IQH%W_MM15 + 37 (<2~ o) RO + (N — 1) e
¥ i=1
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1 _
+ (14 25 ) lewew = 00l

(1 Y [ | leentn = Okl :
@2 llenk+n — Ohnga ||| || 4+
) Ag PrAs
N-1
£ (20— 7o) Qi
=0
21 — ) RO )
-
4o Hc}kvlkﬂ - ?k“” " [H&Hl'q
1PN 1 — Pl [[0hk-41]]
+ H {'56’““”] i + N||6tgs1]% + N||0Zps1]|?
I5hial] |, ¢

In this expression:
o Terms €444, €ck+N, En k4N are present because Tyy1 #
a:’{‘ x- These terms have bounds related to the observer
estimation error xx — Xx. In particular

(19a)

(19¢)
H€k+1|| < LmawVO(kaan) < Co,uLmam ||Xk_>2k||

a1 .
lerrill < —Val@io1jp1, i)
Cs)1
awy pi=t (la) ¢y pi=1
S T Vel@openzip) < = ekl
S, S,
cs,11p271

< Co,uLmaac HXk - )A(k”

S,

o Terms 0%y 1, Otigi1, OCryi1, Ohpy1 are present because
reference values  and u change at each time-step with
the variation of the disturbance estimation dj,. As already
noted, these terms are bounded.

o Inputs are limited thanks to MPC constraint (25f).

o States are limited in the set XMFC

Moreover, since
25, — ToollG + lugi = Tooll = Amin (@) |21 — Zooll®

there exists constants ¢ = Apin(@) and ¢ > 0 and a K-
function 4 such that

Vi1 = Vie < —c|| @k — Zool|* + A([xk — R&ll) + 2 (50)

In view of (43)-(48)-(50), V}, is an ISpS-Lyapunov function
[15]. Then the closed-loop system (13)-(20)-(29) is ISpS with
respect to the observer estimation error xy — X.

Part 3b: To prove convergence, first note that if dj, — doo
for £ — oo, the observer estimation error Y — x converges to
0 in view of Theorem 2. Then, in view of (44), terms 0Ty,
iy, 6¢;, and 6hy, converge to 0 for k — oo.

The bounds on Vj and on Vi, — Vj are now studied for
k — oc.

Consider the upper bound of Vj. If dy, — do and 42 — 2
for k — oo, in view of observer convergence, ||Z; — Too| — 0
for k — co. Then there exist k € Z>g such that |Z), — Zoo || <
’5‘ for all k£ > k. Hence, for k > k, only cases 1 and 2 of the
upper bound can appear. Then

Vie < bk — Zoo||* + Bk) (51)

where 3(k) — 0 for k — oo for the convergence of dZy, 0y,
0¢ and (W_Lk

Consider the bound on Vj1 — V}, of Equation (49). (k) —
0 for k — oo in view of the convergence of the observer
estimation error and of 6%, 6@y, 6, and Shy.

Then for k > k the Lyapunov function V}, is such that

allir — Tool|” < Vi < 0|3k — Too|” + B(k)
Vir1 — Vi < —c||2g — foon + (k)

(52a)
(52b)

for some a, b, ¢ > 0, with B(k) — 0 and y(k) — 0 for k — oc.
The fact that limg o0 [|1x — ¥oo|| = O follows from (52),
observer convergence proven in Theorem 2 and (24).
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