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Reconstructing the state of a Boolean control
network via state feedback

Ettore Fornasini and Maria Elena Valcher, Fellow, IEEE

Abstract—The goal of this paper is to investigate under
what conditions a Boolean Control Network admits a state
feedback control law that makes the resulting Boolean Network
reconstructable. Starting from an algebraic representation of the
Boolean Control Network, we first propose a result that allows to
significantly reduce the problem size, and hence to mitigate the
curse of dimensionality that typically arises when dealing with
logical systems of very large size. Subsequently, we provide a
necessary and sufficient condition for the problem solvability that
relies on the algebra of noncommutative polynomials. Finally,
when such a condition holds, we present a procedure to design a
possible state feedback controller that achieves the desired result.

I. INTRODUCTION

The last 15 years have witnessed a surge of interest in
Boolean Control Networks (BCNs), motivated by the large
number of application areas where such networks represent
effective modelling tools. This is the case when it is important
to highlight the logical relationships among the describing
variables, rather than predicting their numerical values. In
addition, functional modelling can be a preliminary modelling
phase, or the only meaningful description one may search for,
based on the limited information available. BCNs have been
successfully applied to different fields, such as biology [25],
[28], smart homes [15], multi-agent systems and consensus
problems [13], [21], or game theory [4], [26]. However, the
application area where they proved to be more effective is
represented by gene regulatory networks [16], [24]. Genes
behave as binary devices whose status can be active or inactive,
and their time evolutions are mutually related by logical
relationships, that formalise activation/inhibition processes.

The algebraic approach to Boolean Control Networks pro-
posed by D. Cheng and co-authors [2], [5], [6], [7] has
offered a very successful tool to formalise and solve control
problems in the context of logical networks. Indeed, the
semitensor product of matrices allows to represent BCNs as
state space models whose describing variables are canonical
vectors. In this way, classical concepts and methods developed
for linear time invariant state-space models have been tailored
to BCNGs, thus leading to matrix based characterizations for a
number of properties and control problems, such as stability,
stabilizability, controllability [8], [10], [18], [19], disturbance
decoupling [3], [23], observability and reconstructability [9],
[27], [29], fault detection [12], [31], and optimal control [11],
[171, [32].
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As in classical Systems Theory, reconstructability is the
property of a system to reveal its current status provided that
the input acting on the system (if any) and the corresponding
output evolution have been measured over a sufficiently large
time window. This property, which is a weaker requirement
with respect to observability, often represents a mandatory
feature for a logical network and provides a clear indication
of how well the output measurements have been chosen.
Indeed, for the correct functioning of a BCN (of a BN)
it is of fundamental importance to be able to deduce the
internal logical status from the input and output (the output)
measurements. This is quite intuitive if one thinks of fault
detection problems, since output measurements are typically
used to detect and identify system failures. Indeed, in [12] the
connection between reconstructability and the solvability of
fault detection problems has been explored. Furthermore, in
biological and medical applications, being able to reconstruct
the internal state of the system from its external behaviour
means to be able to perform a correct diagnosis by making
use of the testing input and the corresponding output
measurements. In particular, when a BN models a gene
regulatory netrwork, the possibility of reconstructing the
state of the BN from the output measurements means to be
able to understand if the gene regulatory network is in a
healthy situation or not. For instance, detecting the level of an
oxidative stress response from output measurements allows to
prevent major side effects as cancer, cardiovascular disease,
chronic inflammation, and neurodegenerative disorders [25].
The goal of this paper is to investigate under what conditions,
given a BCN, it is possible to design a state feedback control
law such that the resulting BN is reconstructable. To this
end, we first propose, in Section III, a result that allows to
significantly reduce the problem size, and hence to mitigate
the curse of dimensionality that typically arises when dealing
with logical systems of very large size. Subsequently, in
Section IV, we provide a necessary and sufficient condition
for the problem solvability that relies on the algebra of
noncommutative polynomials. Finally, in Section V, when
such a condition holds, we present a procedure to design a
state feedback controller that achieves the desired result.
Note that there is no contradiction in designing a state
feedback law, which suggests that the state is accessible,
with the goal of making the resulting system reconstructable
(which allows to rely on the output measurements to deduce
its state). First of all, the system state may be accessible
during the design phase, but it may be advisable that the
end-users have no access to it, and yet they can deduce
its evolution from external measurements. This is the case
for several electronic devices and in particular biomedical
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wearable devices. Secondly, as clearly discussed in the
sequel, when dealing with BCNs a state feedback law can
be implemented by simply designing offline the controlled
BN, without resorting to real time measurements of the
state variables at each time instant. Moreover, the proposed
feedback control law does not aim at reducing the degrees of
freedom of the BCN, by converting it into a BN, in order
to guarantee reconstructability. Rather, the idea is to apply
the feedback law on a finite time interval to reconstruct the
system state (a sort of “preliminary off-line procedure”) and
then leave the BCN evolve according to its standard operating
conditions, meanwhile keeping track of the internal state
evolution.

Notation. Z denotes the set of nonnegative integers. Given
two integers k,n € Z,, with k < n, we denote by [k, n] the
set of integers {k,k+1,...,n}. We consider Boolean vectors
and matrices, taking values in B := {0,1}, with the usual
Boolean operations.

8% denotes the ith canonical vector of size k (namely
the ith column of the identity matrix [I), Ly the set of
all k-dimensional canonical vectors, and Ly, C BF*?
the set of all k£ x n logical matrices, i.e., matrices whose
columns are canonical vectors of size k. Any logical matrix
L € Ly can be represented as [ = [521 6,12 6,1"} ,
for suitable indices 41,1432, ..,i, € [1,k]. The k-dimensional
vector with all entries equal to 1 is denoted by 1. We denote
by blkdg{Fi, F>,..., Fy} the square block diagonal matrix
having the square matrices F, Fy, ..., F} as diagonal blocks.

Given a Boolean matrix L € B*** (in particular, a logic
matrix L € Lyxyg), its (4, j)th entry is denoted by [L]s;, its
ith column by col;(L), and its nonzero pattern by

ZP(L) = {(i.4) € [1,K] x [LK] : [L]y; = 1).

A Boolean matrix L € B*** is irreducible [14] if either k = 1
or k> 1 and no k x k permutation matrix P can be found
such that
L11 0
PTLP = ,
[Lm L22:|

where L1 and Loy are square matrices.

We associate [1] with the matrix L a directed graph (digraph)
D(L) = (V,€), with V = {1,...,k} the set of vertices and &£
the set of arcs (edges). There is an arc (4, ¢) from j to ¢ if and
only if (¢,5) € ZP(L). A sequence ji — jo — +++ — jr —
Jra1 in D(L) is a path of length r from j; to j,1 provided
that (ji1,j2),- ., (jr, jr+1) are arcs of D(L). A closed path is
a cycle. In particular, a cycle v with no repeated vertices is
called elementary, and its length || coincides with the number
of its (distinct) vertices.

Two distinct vertices h and k are said to communicate if
there is a path from h to k and conversely. Each vertex is
assumed to communicate with itself. The concept of com-
municating vertices allows to partition the set of vertices
V into communication classes. A communication class is a
maximal set of vertices that communicate with each other.
Communication classes with no outgoing arcs are called final.
A digraph is strongly connected if it consists of a single

communication class. D(L) is strongly connected if and only
if L is irreducible.

There is a bijective correspondence between Boolean vari-
ables X € B and vectors x € Lo, defined by the relationship
x=[X X] T where X is the negation of X. We introduce
the (left) semi-tensor product x between matrices (in particu-
lar, vectors) as follows [7], [18], [20]: given Ly € B"*°* and
Lo € B™2%%2 we set

L1[><L2 = (L1®IT/C1)(L2®IT/T2)) T := l.c.m.{cl, ’I“Q},

where l.c.m. denotes the least common multiple. The semi-
tensor product represents an extension of the standard matrix
product, by this meaning that if ¢y = ro, then Ly X Ly = L L.
Note that if x; € £, and xo € L,,, then x; X X9 €
Ly, r,. For the various properties of the semi-tensor product
we refer to [7]. By resorting to the semi-tensor product,
we can extend the previous correspondence to a bijective
correspondence between B™ and Lon, by mapping the vector
X = [Xl X5 Xn]T € B" into

i

Xn|’

< im {Yﬂ ’ rxﬂ )
X Xo
We let ® denote the power-reducing matrix, i.e., the matrix of
suitable size such that ®x(t) = x(t) x x(t).

Finally, we need some definitions borrowed from the
algebra of noncommutative polynomials [22]. Given the
alphabet = = {£1,&2,...,&p}, we denote by Z* the set of
all words w = &;,&,_, ... &,k € Z4,&;, € E (including the
empty word ¢ = (). The integer k is called the length of w
and is denoted by |w]|. Note that || = 0.

If o = &.&,..,...-&, is another element of =%,
the product ww is defined by concatenation as
in&inr o &1&m&imor " &~ This  induces in E*
the monoid structure, with ¢ as unit element. Clearly,
|lww| = |w| + |0]. B{&1,&,...,&Ep) is the set of polynomials
with Boolean coefficients, in the noncommutative variables
&1,€,..., Ep. Given a word w € Z=* of length k, say
w=%&,&,._,...&,. the cyclic permutation of one step of w,
ow, is ow = &;, &, &, - - - &, The extension to the concept
of cyclic permutation of d steps, with d € Z , is immediate.

II. PROBLEM STATEMENT AND PRELIMINARY ANALYSIS

By a Boolean control network we mean a state-space model
described as follows

X(t+1)
Y (t)

f(X<t)aU(t))v t€Z+» (])
h(X(#)), 2

where X (t), U(t) and Y (t) are the n-dimensional state vari-
able, the m-dimensional input and the p-dimensional output
at time ¢, taking values in B", B™, and BP, respectively.
The logic function f maps pairs of Boolean vectors into a
Boolean vector, that is f : B" x B"™ — B™. Similarly, h
is a logic function from B™ to B”. Once we represent state,
input and output Boolean variables by means of canonical
vectors belonging to Ly, N = 2", Ly, M := 2™, and
Lp, P := 2P respectively, by making use of the semi-tensor
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product x we can represent the BCN (1)-(2) by means of its
algebraic description [7]:

x(t+1) =
y(t) =

where x(t) € Ly, u(t) € Lp and y(t) € Lp. The matrix
L € Ln«nm, whose columns are canonical vectors of size
N, can be split into M square blocks of size N:

Lyl

Each matrix L; € Lpyxn describes the behavior of the
Boolean network (BN) (the ith subsystem of the BCN)

x(t+1) = Lix(t),

L x u(t) x x(t), t€Zy, 3)
Hx(t), “4)

L=[Li Ly

tely, 5)

one gets when u(t) = &%, for every t € Z,. Note that
everything we will say in the following applies to BCNs (3)-
(4) for which N, M and P are arbitrary nonnegative integers
and not necessarily powers of 2.

The problem we address in this paper is the following one:
Feedback Reconstructabillity (FR) Problem: Given a
BCN (3)-(4), determine (if possible) a state feedback law
u(t) = Kx(t), (6)
such that the resulting BN:

Lx(t),  teZy, (7)
Hx(t), ®)

x(t+1) =
y(®)
where (see Notation for the symbol ®)

[~/::LI><K[><(I>€£N><N,

is reconstructable [9], [30], by this meaning that T € 7
can be found such that the knowledge of the output trajectory
y(t),t € [0, T, allows to uniquely determine x(T') (and hence
x(t) for every t > T).

We preliminary notice that the effect of a state-feedback
law as in (6) is to create a BN by associating each single state
variable x = 0%, with one specific input value u = §%,. As
a consequence, the state-feedback law in (3) maps the state
of the resulting BN from x = %, to L;6%. Therefore, the
practical effect of a state-feedback is to transform a BCN into
a BN, by choosing for each state x = 47, its successor in
the set {L;0%,% € [1, M]}. So, in a sense, a state-feedback
does not introduce new dynamics, just selects for each state a
specific state transition among those already available.

If we introduce the Boolean matrix

Ltot Z:Ll\/LQ\/"'\/LM, (9)

it is immediate to realise that the matrices L € £ Nxn that can
be obtained via state-feedback are those and only those such
that for each index j € [1, N] the jth column of L, col;(L),
belongs to {col;(L;),i € [1,M]}, namely it coincides with
8% for some ¢ € {i € [1,N] : [Ltot]i; = 1}. So, we have
proved the following result.

Proposition 1. Given a BCN described as in (3)-(4), there
exists a state feedback matrix K € Lyr«n such that the
resulting BN is described by the state matrix = LNxN
if and only if L satisfies ZP(L) C ZP(Lyo).

If so, the matrix K can be determined as follows

ol

where iy, € [1,M] is any index such that coly(L; ) =

colg (L), k € [1, N].

K= 5y o

This analysis of the concept of state feedback for BCNs
can be alternatively expressed in graph terms. Denote by
D(Ltot) = ([1, N], Erot) the digraph associated with Ly The
effect of state-feedback coincides with that of selecting for
each node only one of its outgoing arcs, and this leads to

D(L), that uniquely identifies the logic matrix L.

Another remark that will help us solving the problem
pertains the characterization of the reconstructability of a BN.
To formalise it, we introduce some notation. Every periodic
state trajectory (of period k) of the BN (7)-(8), i.e,

{ x(t) = 621, telok—1];
x(t) =x(t — k), telk,+o0),

can be uniquely represented by the ordered ktuple
(0%,0%,...,0%). A similar notation can be adopted for peri-
odic output trajectories. The correspondence between periodic
trajectories and ktuples representing them is bijective.

Proposition 2. (Theorem 2 in [9]) The BN (7)-(8)
is reconstructable if and only if distinct periodic state

trajectories (55{,,5}3,...,5%) (equivalently, distinct cycles
(i1,42,...,1x) in D(L)) induce distinct periodic output se-

quences (HSW, HS%, ... H%)

III. PROBLEM SIMPLIFICATION

When N is large, solving the FR problem for the pair
(L, H) can be quite demanding. We want to show, however,
that under certain conditions (that typically arise when dealing
with BCNs representing gene regulatory networks, whose
associated digraphs are quite sparse) the FR problem may be
significantly reduced in size. In fact, if we partition the digraph
D(L4t) into disjoint communication classes, then the problem
of determining a state-feedback (equivalently a logical matrix
L with ZP(L) C ZP(Lyo)) such that the resulting BN is
reconstructable can be solved by considering only the states
that belong to the final classes, namely classes devoid of
outgoing arcs.

To this end, it is convenient to introduce the following
not restrictive assumption, which is based on the fact that
every positive matrix can be brought by means of a suitable
permutation (namely by means of a suitable relabelling of

I'This implies, in particular, that every periodic state trajectory of minimal
period k induces a periodic output trajectory of minimal period k.
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its row and column indices) to Frobenius (block triangular)
normal form with irreducible diagonal blocks? [14].

Assumption 1: The matrix L;,; is block-partitioned as:
T 0}

O F (10)

Ltot = |:
where:
(i) T € B™7 is a lower block triangular matrix with
irreducible diagonal blocks,
(ii) F € BWN-xX(N=7) js q block diagonal matrix with
irreducible nonzero diagonal blocks,
(iii) for every j € [1,7] there exist h € Z, and i € [T+ 1, N|
such that [L},); # 0.
Therefore, the matrix H is accordingly block-partitioned as

H=[Hy Hp], (11)

where Hp € Lpy(N—7).

Theorem 1. Given a BCN (3)-(4), whose matrices Ly, and
H satisfy Assumption 1, the FR problem is solvable, namely
there exists K € Ly;x N such that the resulting BN (7)-(8) is
reconstructable, if and only if the FR problem is solvable for
the reduced BCN of size N — T

z(t+1) = Axut)xz(t), teZy, (12
y(t) = Hpz(t) (13)
where A = [Al Ao AM] , with

0
Ai = [0 IN,T] Li |:IN7—:| .

Proof. Necessity is obvious. As far as sufficiency is concerned,
we first observe that, under Assumption 1, the nodes of
D(Liot) belonging to the final communication classes are
those and those only labelled by [T + 1, N]. On the other
hand, for each of the nodes labelled by T := [1, 7], there is a
path from such node to a node in F := [t + 1, N].

For each i € T, we let v; be the minimum length of any such
path, which corresponds to the minimum power k of L;,; such
that in

Tk 0
Lfot = |:Q(k) Fk:| (14)
the i-th column of the block Q*) is nonzero.
Partition now 7 into the following subsets
Tr={i €T v =r}, (15)

and denote by 7 the largest value of r such that 7. # 0.
Consequently, 77 UToU---UTz=T.
The following procedure shows that it is always possible to

>The Frobenius normal form is unique up to a permutation, consequently
also the form (10) is uniquely determined up to a permutation. This implies
that for any positive matrix P if we denote by

T 0 T 0
|:Q1 Fljl and {Qz Fz}

two block triangular matrices satisfying (i)-(iii) to which P can be reduced by
means of permutations, then dim 77 = dim 7% and there exist permutation
matrices II and II such that T, = IIT 7111 and F, = 11T /1L

determine a state feedback law that drives any state &%, with
i € T, into some state &%;,j € F, in at most 7 steps.
(1) For every node i € Ty, select an edge from 7 to some vertex
J € F. This amounts to replacing in L the ith column with
the canonical vector &% (with j € ZP(Lyxd%) N F).
(2) Next, for every ¢ € 75, select an edge from ¢ to some vertex
j € T1. Again, this amounts to replacing in L the 7th column
with the canonical vector §%; (with j € ZP(Liot0%) N 'T1).
(3) Similarly, for every ¢ € T3, select an edge from 4 to some
vertex j € Tz .... and so on.

In this way we have replaced the first 7 columns of Ly
with canonical vectors in such a way that in the matrix thus

obtained
~ N 0
Loy = {Q F] )

e it i 77 5] ) 7 ([g])

is now clear that for every logical matrix I’ € L(n_7)x(N—r)
such that ZP(F) C ZP(F), we have that in the directed
graph of the logical matrix

~ N 0

=[5 A
all possible cycles involve only vertices of F. Consequently,
by Proposition 2, the pair (L, H) is reconstructable if the
pair (F', Hr) is reconstructable. But this means that the FR
problem is solvable for the original BCN if it is solvable for

the BCN that corresponds to the last N — 7 entries/nodes of
the original BCN. |

Example 1. Assume that N =9 and

01000 00 0O

1 1000 00 0O

010 0 1 00 00

01 100 00 00 T 0
Lictc = |0 0 0 1 0 ooooz[QF},

000O0T1I/][0T1TU00

00000 1100

000 0 1 00 01

00 0 00 00 1 0

1 1 0 0 1 01 1 0]
H=100100 0 00 1|=[Hr Hp].

00010 10 0 0]

Note that T is lower block triangular with two irreducible
diagonal blocks of sizes 2 and 3, respectively, while F' is block
diagonal with two irreducible diagonal blocks, both of size 2.
So, the pair (Liot, H) satisfies Assumption 1. The digraph
associated with the previous matrix pair is given in Figure I
a), where vertex i corresponds to the state 5@ and we have
represented in blue the states 64 such that HoY = 8}, in green
the states 05 such that HoY = 62 and in the states
8% such that HS§ = 3. It is easy to see that there are 4
communication classes, two transient ones: T; = {1,2}, T3 =
{3,4,5} and two final ones F; = {6,7} and F» = {8,9}.
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Fig. 1 a)

Fig. 1 b)

Fig. 1 c)

Fig. 1. Three digraphs associated with the three steps in Example 1: a) The first figure represents D(L¢ot), b) The second figure represents D(Ewt), c) The

third figure represents D(L).

By following the procedure presented in the proof of The-
orem I, we first obtain the matrix Etot, that corresponds to
a subgraph of D(Li.:) where all vertices in Ty U Tz do not
belong to cycles, have a single outgoing arc, and they can
reach at least one vertex in JF1 U Fa:

Ltot =

-5 &

OO OO oo o~ O
coooor o OO
O OO OO OO O
OO O OoOIRr OO OO
O = OO OO oo
OO = OO O oo
OO EHEHODOOOO
—_ O OO O oo
oOrRr OO0 o oo

where N is nilpotent. The digraph associated to the previous
matrix is given in Figure 1 b).

Finally, for every node in F, U JFy we select a single outgoing
edge, in order to ensure that no distinct cycles in F1 U Fo
correspond to the same periodic output trajectory. A possible
solution that makes the pair (Ii, H) reconstructable (see
Figure 1 c)) is

000O0O0C]O0O0TO0OTO
1000010000
000O0O0]| 0O0TO0O
01 1001|0000
L=10 001 0] 0000
000O0O0]0O0TO0O
000O0O0]| 1100
000010001
000000 ] 001 0

IV. CHECKING PROBLEM SOLVABILITY BY MEANS OF
POLYNOMIAL MATRICES IN NONCOMMUTATIVE VARIABLES

In the previous section we have proved that in order to solve
the FR problem we can always reduce ourselves to the case
of a BCN (3)-(4), whose matrix Ly, is block diagonal with
irreducible diagonal blocks. In order to provide a necessary
and sufficient condition for the problem solvability for BCNs
satisfying this assumption, we first consider the case when
Ly, 1s an irreducible matrix and we assume, without loss of
generality, that the state to output matrix H takes the form

H=[6p1) 631, ST (16)

This means that the first n; states generate the output %,
the second ny states generate the output 4% and so on. We
can always reduce ourselves to this situation by means of
a suitable permutation of the state variables (and possibly
deleting outputs that do not correspond to any state). Clearly,
ni1+mns +---+np = N and the matrices L; and hence L;;
need to be accordingly permuted.

We now introduce the polynomial matrix in the noncommuta-
tive variables &1, &9, ..., &p with coefficients in B:

M(&1y ..., €p) i= Liot bIkdg{&11,,, &1 0y, .. EpTn, . (17)

This amounts to multiplying all entries in the first n; columns
of L;,: by &, the subsequent ny columns of Ly, by &3, and
SO on.

If we consider the generic k-th power of the matrix M, each
(i,7)-th entry of M can be expressed as the sum of words,
generically denoted by wgf)(gl,@,...,gp) € =Z*, each of
them of length £, i.e.,

[M*(&1, &, 6p))is = D Wl (61,6, ... Ep),
l
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with \w@(fl,gg,...7§p)| = k for every . The presence
of the specific word w (51752,...,51:) = &6y -Gy
in [Mk(ghgg,...,gp)]m indicates that there exists a path

in D(L;y) from the vertex j to the vertex 7 of length &,

(equivalently a sequence of k state transitions from (5%, to 5}'\,),
that generates, in the order, the output values d3, 0%, ...,0%.

The following proposition provides a necessary and suffi-
cient condition for the FR problem solution, when L;,; is an
irreducible Boolean matrix.

Proposition 3. Given a BCN (3)-(4), assume that the matrix
Liot, defined as in (9), is irreducible, and let M (€,&a, ..., Ep)
be the associated matrix in (17).

The FR problem is solvable, namely there exists K € Lpr«n
such that the resulting BN (7)-(8) is reconstructable, if
and only if there exist K and i both in [1,N] such that
[MF(&1,&a,...,€p)]i # 0 and if k > 2 then one of the words

composing [M*(€1,€2, ..., €p))iin say wii (€1, ,Ep) =
& Cin 1 - &y, satisfies
(Z)(flv"~ (51,...

,€p) = d multiple of k.

(18)

7£P) —’UJ

Proof.  [Sufficiency]
of [MR(£1,€2,~«~,€P)]7;Z' is
giﬁgikfl tee 51‘1'

This implies that in D(Ly) there is a cycle of length &
(if & = 1 a self-loop), say (ji,742,---,Jz), by this meaning
that (jn,jn+1),h € [1,E — 1], and (jz,j1) are all arcs in
D(Liot). Moreover, the cycle corresponds to the periodic
state trajectory, with period % (a constant trajectory if & = 1),

Suppose that one of the terms
‘
wz(i)(glvg%"'vgp) =

((5]1 N 63’“), and the corresponding output trajectory
(6}1,5}?, cee 6}'}') is, in turn, periodic with minimal period &

(by the assumption (18)).

We now proceed as follows: we preserve all arcs
(Jn,jn+1),h € [L,k — 1], and (jz,j1) (equivalently, the
corresponding entries in L;,) and delete all the other
outgoing arcs from the vertices in Dy := {j1,joa,...,Jx}-
Since D(Lyot) is irreducible, for every i € [1, N]\ Dy there
exists a path from ¢ to one of the vertices in Dy. We let D,
be the set of vertices i € [1, N]\ Dy whose distance from Dy
is 1. For each such node we preserve a single arc (3, j), with
j € Dy. We then consider all vertices i € [1, N]\ (Do UD1)
whose distance from D; is 1 and denote such set by D,.
For each such node we preserve a single arc (7,j), with
j € D;. By proceeding in this way we construct a subgraph
of D(Lye) with vertices [1, N] and a single outgoing arc for
each vertex. Moreover, the cycle (ji,Ja,...,jz) belongs to
such subgraph and it can be reached from every other node.
If we denote by L the adjacency matrix of such subgraph, L
is logical, the only attractor of the BN with matrix L is the
cycle (j1,Jo,-.-,Jz). By assumption (18) and Proposition 2,
the pair (]i H) is reconstructable.

[Necessity] Suppose that there exists a logical matrix Le
Lnxn, with ZP(L) C ZP(Lyot), such that (L H) is recon-
structable. Then there exists a cycle of some length, say k €
[1,N], (j1,J2,---,js) in D(L) € D(Ltot), and if & > 2 then
the corresponding output sequence (H 0%, HO%, ..., HOY) =

I

Fig. 2 a) Fig. 2 b)

Fig. 2. D(Ltot) (on the left) and D(L) (on the right) for Example 2.

(6%,6%,...,0%) is periodic with minimal period . But
this means that there exists ¢ € [1,N] such that one of
the terms of [Mk(gl,fg, . 7€P)]ii is wgf)(fl,fg, . ,gp) =
&:&. ,-..&,,and when £ > 2 the minimality of the period
K implies that condition (18) necessarily holds. [ ]

Example 2. Consider the matrix pair

that corresponds to the digraph of Fig. 2, where we have
represented in blue the states 0% such that HS% = 03, and
in the states 0} such that H3 = 03. Note that Ly is
irreducible, while ni = ny = 2. We associate with (Lo, H)
the matrix

0 & 0 &
Mene) =5 o o
& 0 & 0
Clearly, all diagonal entries of M are zero, while
&6+ 64 0 §& 0
_ 0 &1&1 0 &&
M2(£17£2)_ Elfl 0 O O
0 6 +86&6 0 &ié

So, it is easy to see that, for instance [M?]44 = £1&5 (and
[M?)11 includes the word &3€1). Therefore we can keep, the
cycle of length 2 in D(Liot) (see Figure 2) involving the
vertices® {1,4} and retain, for instance, the edges (3,4) and
(2,1) 10 obtain a directed graph D(L) (see Figure 3) where
there is a single cycle of length 2 whose nodes correspond to
different outputs, so that (E, H) is reconstructable, where

1
i:

= o o o
o O O
= O O O
o O O

The previous result can be easily extended to the case of
a matrix Ly, that consists of k irreducible diagonal blocks,
namely takes the form:

Ltot = blkdg{Fl,Fg, .. .,Fk},

3The general procedure to deduce L from Lot will be described later in
this section.

19)
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where each F; € B™*"™ is an irreducible Boolean matrix.
Accordingly, the matrix H can be partitioned so that H =
[Hi H, Hy], where each block H; has a number
of columns equal to n;. Subsequently, we can permute the
columns of each block H; (and hence the corresponding
entries in F;) based on the corresponding output values, so

that H; has the structure (16), namely
H; = [51131T<i> P10 551%)} :
ny g np

If we now define the matrix in the noncommutative variables

M(&1, s, ..., 6p) = blkdg{ MWD .. M®} .= L,,Q, (20)
where
Q = blkdg{QW,Q® .. ok}
Q0 = i€ [,k

blkdg{&i 1, ), 521"51')7.“75}31#)}7
then we easily extend the result of Proposition 3 as follows.

Theorem 2. Given a BCN (3)-(4), assume that the matrix
Liot, defined as in (9), is described as in (19), with F;,i €
[1, k], irreducible Boolean matrices, and let M (&1, . ..,&p) be
the associated matrix in (20).

The FR problem is solvable if and only if for each i €
[1,k] there exist R; and j; in [1,n;] such that by choosing
one of the words composing [M["(£1,&a,. .., Ep)]jij SQY
w;i(&1,8&2, ..., Ep) with |w;| = R;, we obtain a set of k words
{wy,wa,...,wi} for which the following property holds: for
every {,m € [1,k] and d € Z4

d is a multiple of Ry
and £ = m.

O’dwg(gl,...,fp) = wnl(gla"'agP) = {

Theorems 1 and 2 together provide a general answer to the
FR problem. Indeed, by Theorem 1 the problem is solvable
if and only if it is solvable for the pair (A, Hp), where the
matrices A and Hf are submatrices of L and H obtained as
described in Assumption 1 and in the statement of Theorem
1. While the problem can be solved for the pair (A, Hp) if
and only if the conditions given in Theorem 2 hold.

V. DETERMINING A MATRIX K THAT SOLVES THE FR
PROBLEM

Theorem 2 gives necessary and sufficient conditions for
the problem solvability, but it does not provide an explicit
procedure to construct a feedback matrix K that solves the
problem. We want to investigate how the previous approach,
based on polynomial matrices in noncommutative variables,
can be used to obtain such a matrix K.

We assume that the matrix L;,; is irreducible, and hence refer
to the special case of Theorem 2 addressed in Proposition
3. The general situation corresponding to Theorem 2 can be
addressed according to the same logic, but it is just more

complicated.
Define = := min{h € [1,N]: 3 ¢ € [1,N] such that
[M"(&1,&,...,€p))ii # 0 includes a word w s.t. o%w #

w,Y del,h- 1]}

Case 1: If & = 1, ie., M(&1,&2,...,&p) has a nonzero
diagonal entry, say [M ({1, &2, - .., &p)]i» this means that there
exists j € [1, M] such that 6% = (L&,)d% = L;0% (e, 0%
is an equilibrium point of the jth subsystem of the BCN).
Equivalently, there is a self-loop in D(L;,;). In this case, we
have a standard problem of state-feedback stabilisation to an
equilibrium point, and a matrix K that solves this problem
can be obtained, e.g., with the technique described in [10].

Case 2: If kK > 2, let w =&, ...&;,&, be a word satisfying
the assumptions of Proposition 3. This implies that (1) the
set W = {w,ow,...,c" 1w} consists of distinct words
and (2) w represents the output sequence corresponding to an
elementary cycle of length % in D(L,;), meaning that there
are k distinct nodes belonging to that cycle.

Case 2a: If for each d € [1, K] there exists a single diagonal
entry of MF(&1,&,,...,&p) including the word o9~ 1w, say
the j4th entry, then we have found the nodes of the cycle and
the exact order in which they appear. Indeed, the bijective
correspondence between words of the set VW and diagonal
entries of M*(£1,&,,...,&p) allows to say that the cycle in
D(Liot) corresponding to the word w is (j1, j2, . - -, J&)-

Case 2b: If Case 2a does not hold, this means that there
is more than one elementary cycle of length % in D(Lsyt)
corresponding to the same periodic output trajectory of min-
imal period < represented by the word w. To identify one of
them, one can start from any state 8%, where i is such that

[M7(&1,&2,...,&p)]i includes the word w = &, ... &;,&, -
Set j1 := 1. Clearly j; is a node of the cycle and it
corresponds to the output value §3.
Set, now,
Vo = {j€[LN]:0p = Ho) A (n,]) € €},
&2 = {(j1,j) €€ :j€Wat}.

In this way we have determined all the states that can be
reached from vertex j; = 4 in one step and that generate the
output y = 0%, conformably with the structure of the word
w. Subsequently, set

Vs = {je[l,N]:6% =H6, A3 heVyst. (b)) e},
Erz = {(h,j)GE:hGVQ,jEVS}.

By proceeding in this way, we define all vertex sets V), and all
edge sets & py1,h =1,2,...,k+ 1. Clearly, j; =¢ € Vz41,
and we can determine backward both the nodes in the cycle
and the edges that connect them?®. Indeed, as ¢ € Vi1 then
there exists jz € Vz such that 5}5 = Hoy and (jz, 1) € €.
Similarly, there exists jz_1 € Vz_1 such that ;5" = HoN "
and (jz—1,Jz) € &, and so on till we find jo € V5 such that
82 = H2 and (j1,j2) € E. Note that the solution is not
necessarily unique.

Both in Case 2a and in Case 2b, once a cycle has been
identified, the feedback matrix K can be designed by follow-
ing the procedure to stabilise a BCN to a given limit cycle
described, for instance, in [10].

4In case in each set En,h+1 one can memorize for each edge (h,j) also

the value of the input corresponding to the state transition from 65{, to 55\,.
This would make the construction of the matrix K more efficient.
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Remark 1. Note that if instead of the state feedback u(t) =
Kx(t) we adopt a state feedback of the following type

u(t) = K x v(t) x x(t),

where v(t) is an independent input, we can move from the
original BCN to a new BCN that preserves all the properties
of the original one, but for a special (constant) choice of the
input value v(t) becomes a reconstructable BN. To this end it
is sufficient to impose that v assumes M + 1 values and the
controlled BCN takes the following form:

x(t+1) =
Ly =

Lg X V(t) X X(t),
(L1 Ly

Ly I].

Therefore when v(t) € {04, ,,% € [1,M]} the controlled
BCN behaves as the original one, while when v(t) = 5%1%
the BCN becomes a reconstructable BN. In this way, one can
first “offline” identify the current BCN state (by assuming
v(t) = 5%1’% for t € [0,T], and T sufficiently large) and
then let the BCN operate as the original one.

A possible state-feedback matrix that achieves this goal takes
the form K = [Kl Ky Ky f(], where K; =
63/[1]—'\—,,1' € [1, M], while K € Ly« n makes the BN

x(t+1) = (L x K x ®)x(t) = Lx(t)

reconstructable from the output y(t) = Hx(t).

VI. CONCLUSIONS

In this paper we have addressed the Feedback Recon-
structability problem for BCNs. We have first simplified
the problem, showing that the solvability analysis can be
performed on a BCN of smaller (oftentimes, much smaller)
size than the original one. Subsequently we have provided
necessary and sufficient conditions for the problem solvability.
Finally, we have proposed a method to derive possible state
feedback matrices that solve the problem.

It is interesting to remark that the key idea underlying the
problem solution is to reduce the FR problem to a stabilisation
problem either to an equilibrium point or to a limit cycle (or, of
course, more equilibrium points and limit cycles, if we have
different disjoint components), like those addressed in [10].
However, while typical stabilisation problems are formalised
by referring to specific limit cycles (in particular, equilibria), a
priori assigned, in this case every choice of the limit cycles is
possible provided that each of them corresponds to a periodic
output trajectory that is distinguishable from all the others. In
other words, there must be a bijective correspondence between
periodic state trajectories and periodic output trajectories that
feedback “preserves” in the resulting BN.

REFERENCES

[1] R. A. Brualdi and H. J. Ryser. Combinatorial matrix theory. Cambridge
Univ. Press, Cambridge, UK, 1991.

[2] D. Cheng. Input-state approach to Boolean Networks. [EEE Trans.
Neural Networks, 20 (3):512 — 521, 2009.

[3] D. Cheng. Disturbance decoupling of Boolean control networks. /[EEE
Trans. Automatic Control, 56 (1):2-10, 2011.

[4] D. Cheng. On finite potential games. Automatica, 50 (7):1793-1801,
2014.

[5]
[6]
[7]
[8]
[9]

[10]
(11]
[12]

[13]

[14]

[15]

(16]

(17]

(18]

[19]

[20]

[21]

(22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

D. Cheng and H. Qi. Linear representation of dynamics of Boolean
Networks. IEEE Trans. Automatic Control, 55 (10):2251 — 2258, 2010.
D. Cheng and H. Qi. State-space analysis of Boolean Networks. /EEE
Trans. Neural Networks, 21 (4):584 — 594, 2010.

D. Cheng, H. Qi, and Z. Li. Analysis and control of Boolean networks.
Springer-Verlag, London, 2011.

D. Cheng, H. Qi, Z. Li, and J.B. Liu. Stability and stabilization of
Boolean networks. Int. J. Robust Nonlin. Contr., 21:134-156, 2011.

E. Fornasini and M. E. Valcher. Observability, reconstructibility and
state observers of Boolean control networks. IEEE Tran. Aut. Control,
58 (6):1390 — 1401, 2013.

E. Fornasini and M. E. Valcher. On the periodic trajectories of Boolean
Control Networks. Automatica, 49 (5):1506-1509, 2013.

E. Fornasini and M.E. Valcher. Optimal control of Boolean control
networks. IEEE Trans. Aut. Control, 59 (5):1258-1270, 2014.

E. Fornasini and M.E. Valcher. Fault detection analysis of Boolean
control networks. IEEE Trans. Automatic Control, 60 (10):2734-2739,
2015.

D. G. Green, T. G. Leishman, and S. Sadedin. The emergence of social
consensus in Boolean networks. In Proc. IEEE Symp. Artificial Life
(ALife’07), pages 402—408, Honolulu, HI, 2007.

R.A. Horn and C.R. Johnson. Matrix Analysis. Cambridge Univ. Press,
Cambridge (GB), 1985.

M. Humayun Kabir, M. Robiul Hoque, Bon-Jae Koo, and Sung-Hyun
Yang. Mathematical modelling of a context-aware system based on
Boolean control networks for smart home. In Proc. ISCE 2014
Conference, pages 1-2, JeJu Island, South Korea, 2014.

S.A. Kauffman. Metabolic stability and epigenesis in randomly con-
structed genetic nets. J. Theoretical Biology, 22:437-467, 1969.

D. Laschov and M. Margaliot. A maximum principle for single-input
Boolean Control Networks. IEEE Trans. Automatic Control, 56 (4):913—
917, 2011.

D. Laschov and M. Margaliot. ~Controllability of Boolean control
networks via the Perron-Frobenius theory. Automatica, 48 (6):1218-
1223, 2012.

F. Li and J. Sun. Stability and stabilization of Boolean networks with
impulsive effects. Systems & Control Letters, 61 (1):1-5, 2012.

H. Li and Y. Wang. Boolean derivative calculation with application
to fault detection of combinational circuits via the semi-tensor product
method. Automatica, 48 (4):688-693, 2012.

Y. Lou and Y. Hong. Multi-agent decision in Boolean networks with
private information and switching interconnection. In Proc. of the 29th
Chinese Control Conference (CCC 2010), pages 4530 — 4535, Beijing,
China, 2010.

A. Salomaa and M. Soittola. Automata theoretic aspects of formal power
series. Springer-Verlag, 1978.

K. Sarda, A. Yerudkar, and C. Del Vecchio. Disturbance decoupling con-
trol design for Boolean control networks: a boolean algebra approach.
IET Control Theory & Applications, 14 (16):2339-2347, 2020.

I. Shmulevich, E.R. Dougherty, and W. Zhang. From Boolean to prob-
abilistic Boolean networks as models of genetic regulatory networks.
Proc. IEEE, 90 (11):1778-1792, 2002.

S. Sridharan, R. Layek, A. Datta, and J. Venkatraj. Boolean mod-
eling and fault diagnosis in oxidative stress response. BMC Ge-
nomics, 13, suppl. 6: S4:DOI:10.1186/1471-2164—-13-S6-S4PMCID:
PMC3481480, 2012.

J. Thunberg, P. Ogren, and X. Hu. A Boolean control network approach
to pursuit evasion problems in polygonal environments. In Proc. of the
2011 IEEE International Conference on Robotics and Automation, pages
4506-4511, Shanghai, China, 2011.

Y. Wu, J. Xu, X.M. Sun, and W. Wang. Observability of Boolean
multiplex control networks. Sci. Rep., 46495, 2017.

J.-M. Yang, C.-K. Lee, and K.-H. Cho. Global stabilization of boolean
networks to control the heterogeneity of cellular responses. Front.
Physiol., 17, 2018.

K. Zhang and L. Zhang. Observability of Boolean Control Networks:
A unified approach based on finite automata. IEEE Trans. Automatic
Control, 61 (9):2733-2738, 2016.

K. Zhang, L. Zhang, and R. Su. A weighted pair graph representation
for Reconstructibility of Boolean Control Networks. SIAM Journal on
Control and Optimization, 54 (6):3040-3060, 2016.

Z. Zhang. Observer Design for Control and Fault Diagnosis of Boolean
Networks. Springer, 2021.

Y. Zhao, Z. Li, and D. Cheng. Optimal control of logical control
networks. IEEE Trans. Automatic Control, 56 (8):1766-1776, 2011.

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



