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Global Stabilization of Antipodal Points on n-Sphere With
Application to Attitude Tracking

Xin Tong and Shing Shin Cheng , Member, IEEE

Abstract—Existing approaches to robust global asymptotic sta-
bilization of a pair of antipodal points on unit n-sphere Sn typi-
cally involve the noncentrally synergistic hybrid controllers for at-
titude tracking on unit quaternion space. However, when switching
faults occur due to parameter errors, the noncentrally synergistic
property can lead to the unwinding problem or, in some cases,
destabilize the desired set. In this work, a hybrid controller is first
proposed based on a novel centrally synergistic family of potential
functions on Sn, which is generated from a basic potential function
through angular warping. The synergistic parameter can be explic-
itly expressed if the warping angle has a positive lower bound
at the undesired critical points of the family. Next, the proposed
approach induces a new quaternion-based controller for global at-
titude tracking. It has three advantageous features over the existing
synergistic designs: it is consistent, i.e., free from the ambiguity
of unit quaternion representation; it is switching fault tolerant,
i.e., the desired closed-loop equilibria remain asymptotically stable
even when the switching mechanism does not work; and it relaxes
the assumption on the parameter of the basic potential function
in the literature. Comprehensive simulation confirms the high ro-
bustness of the proposed centrally synergistic approach compared
with the existing noncentrally synergistic approaches.

Index Terms—Attitude tracking, hybrid systems, quaternion,
synergistic potential functions.

I. INTRODUCTION

Stabilization of a pair of disconnected antipodal points on unit
n-sphere Sn crops up in the field of robotics and aerospace applications.
For instance, attitude control using quaternion representation exempli-
fies this task on S3 [1], [2], [3], [4], [5], [6] since every rigid-body
attitude on the special orthogonal group SO(3) corresponds to two
antipodal quaternions on S3. In this work, we aim to design a new
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feedback controller to accomplish robust global stabilization of two
antipodal points on Sn and, thus, achieve global attitude tracking on
S3.

One major difficulty related to this control task, as shown in [7] and
[8], lies in which it is impossible to achieve robust global regulation to a
set of disconnected points by using any continuous (even discontinuous)
state feedback. For example, the sliding-mode attitude maneuver con-
troller in [2] gives rise to a set of unwanted equilibria on the switching
surface and trajectories starting from its neighborhood that can yield
slow convergence rate due to the vanishing state feedback. A common
discontinuous strategy is to divide the sphere into two subspaces such
that they are the basins of attraction of the two destination points, respec-
tively [3], [9]. However, arbitrarily small perturbations, as formulated
in [10, Th. 3.2], can disorient the controller around the boundary of the
subspaces.

Recently, the synergistic control in the framework of hybrid dynam-
ical systems in [11] has emerged as a powerful tool to attain the robust
global asymptotic stability [12], which primarily relies on a synergistic
family of potential functions. Roughly speaking, the synergistic prop-
erty requires that for each function in the family and at each of its
undesired critical point, there exists another potential function that has
a lower value [13], [14]. The positive lower bound of the differences is
called synergistic parameter. Moreover, the family is called centrally
synergistic if all the potential functions are positive definite relative
to the desired set; otherwise, it is noncentrally synergistic. Then, the
unwanted closed-loop equilibria can be avoided by hybrid switching
mechanism: the state feedback associated to the minimum potential
function is triggered when it leads to a decrease in the potential function
that is greater than synergistic parameter.

The most commonly used synergistic hybrid controller for stabiliza-
tion of a pair of antipodal points on Sn consists of two continuous state
feedback control laws, both of which stabilize one destination point
while leaving the other destination point unstable [10], [15], [16], [17],
[18], [19]. This design is noncentrally synergistic and, thus, suffers
from switching fault. To be specific, if the switching does not work
due to some malfunction, the desired set is guaranteed attractive but
not Lyapunov stable, and thus may lead to the unwinding phenomenon
in attitude control [20], namely yielding an unnecessary full rotation.
Other synergistic control approaches on Sn in the literature are designed
for global regulation to only one setpoint, such as the articles presented
in [21], [22], [23], and [24]. Specifically, a collection of height functions
that are positive definite relative to various setpoints was proposed
with guaranteed noncentrally synergistic property [22]. The induced
hybrid controller is nonrobust to switching faults because some of the
control laws individually stabilize the plant to a setpoint far from the
destination point. A centrally synergistic family was generated in [21]
and [23] from a height function through angular warping; however, the
major technical problem is that the synergistic parameter essential for
the synergistic control was not determined explicitly. In a nutshell, the
existing synergistic approaches to setpoint regulation are not directly
applicable to global stabilization of two antipodal points on Sn.
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It is worth mentioning that the existing approaches to attitude track-
ing face various additional challenges. First, it was shown in [20] that
topological obstructions to global attitude tracking using continuous
state feedback not only arise in the quaternion-based design but lie in the
underlying state space SO(3) [25], [26], [27]. Second, the inconsistent
quaternion-based control laws, namely having different values for the
quaternion representations of each rigid-body attitude, require a specific
conversion mechanism to resolve the ambiguity of quaternion mea-
surements [3], [9], [28]. Otherwise, it may give rise to the troublesome
unwinding (e.g., [1], [4], and [5]) and chattering phenomenons. Finally,
hybrid controllers have been developed onSO(3), with the noncentrally
synergistic property in [13] and [14] and centrally synergistic property
in [14], [29], and [30]. Of note, the synergistic potential functions
in [13], [14], [29], and [30] were constructed from the modified
trace function P : SO(3) → R, given by P (R) = tr(A(I −R)) with
constant symmetric matrix A ∈ R3×3. The major limitation of those
approaches is that the conservative assumptions are imposed on the
parameter: the matrix A is required to possess distinct eigenvalues
in [13] and single eigenvalue in [29]; particularly, the matrix A is not
allowed to have two largest eigenvalues—a typical scenario where there
exists two noncollinear inertial vectors with equal weights for attitude
measurement [14].

The main contributions of the present work are twofold. First, we
develop the approach to generate the centrally synergistic potential
functions on Sn relative to the antipodal points from a basic potential
function via angular warping. To the best of our knowledge, it is the
first centrally synergistic design for this task on Sn and also on unit
quaternion space. Moreover, different from the articles presented [21]
and [23], the proposed construction method is generic and offers explicit
expression of the synergistic parameter based on the basic function
parameter, which is desirable for the implementation of the hybrid
controller. Second, we extend the centrally synergistic design to attitude
tracking, yielding a new quaternion-based hybrid controller with three
advantages.
1) It is consistent and, thus, can disambiguate the quaternion mea-

surements that have to be handled carefully in the inconsistent
design [1], [3], [4], [5].

2) It is switching fault tolerant in contrast to the noncentrally syn-
ergistic design in [10], [13], [15], [16], [17], [18], [19], [22], and
[31], and hence more robust in practice.

3) Unlike the synergistic methods on SO(3) in [13], [14], [29], and
[30], our approach is applicable to a modified potential function
without extra requirement on its matrix parameter.

The rest of this article is organized as follows. Section II presents
the preliminaries and the problem formulation. The main result is
shown in Section III and its application to attitude tracking is given
in Section IV. Section V presents some illustrative examples. Finally,
Section VI concludes this article.

II. PRELIMINARIES AND PROBLEM STATEMENT

A. Notations and Lemmas

We denote by R≥0 and N, the sets of nonnegative real numbers
and nonnegative integers, respectively. The standard Euclidean norm
is defined as |x| :=

√
x�x for each x ∈ Rn. The unit n-sphere is

defined by Sn = {x ∈ Rn+1 : |x| = 1} and the tangent space of
Sn at x ∈ Sn is given by TxSn = {y ∈ Rn+1 : y�x = 0}. The n-
dimensional closed ball with radius r is B̄n

r = {x ∈ Rn : |x| ≤ r}.
For each symmetric matrix A ∈ Rn×n, we define E(A) = {(λ, v) ∈
R × Rn : Av = λv, |v| = 1},Eλ(A) = {λ ∈ R : ∃(λ, v) ∈ E(A)}, as
well as Ev(A) = {v ∈ Rn : ∃(λ, v) ∈ E(A)}, and denote by λA

max

and λA
min, the maximum and minimum of Eλ(A), respectively. Ad-

ditionally, the geometric multiplicity of λ ∈ Eλ(A) is defined as
γA(λ) = n− rank(A− λI). The kernel of B ∈ Rm×n is given by
ker(B) = {x ∈ Rn : Bx = 0}. Given a finite set Q ⊂ N, we denote
by C1(Sn × Q,R) the set of functions U : Sn × Q → R such that,
for each q ∈ Q, the map x 
→ U(x, q) is continuously differentiable.
Let ∇U(x, q) = [∂U(x, q)/∂x�]� ∈ Rn+1 denotes the gradient of U
with respect to the first argument. A function U ∈ C1(Sn × Q,R) is
said to be positive definite relative to a set B ⊆ Sn × Q if U(x, q) > 0
for all (x, q) /∈ B and U(x, q) = 0 if and only if (x, q) ∈ B.

The state space of the rigid-body attitude is the special orthogonal
group of order 3, SO(3) = {R ∈ R3×3 : R�R = I,detR = 1}. Its
Lie algebra is defined as so(3) = {X ∈ R3×3 : X = −X�}. A rigid-
body attitude can be represented by two antipodal points on S3, which
is called unit quaternion and denoted by Q = [η, ε�]� ∈ S3 with the
scalar part η ∈ R and the vector part ε ∈ R3. The identity quaternion
is i = [1, 0, 0, 0]�. The rotation matrix is related to Q through the
mappingRa : S3 → SO(3) defined byRa(Q) = I + 2ηε× + 2(ε×)2,
where (·)× : R3 → so(3) is from vector cross product such that x×y =
x× y, for all x, y ∈ R3. The quaternion multiplication is defined
asQ1 
Q2 = [η1η2 − ε�1 ε2, η1ε

�
2 + η2ε

�
1 + (ε1 × ε2)

�]�. Define the
function ν : R3 → R4 by ν(x) = [0, x�]�.

The hybrid dynamical systems in [11] and [12] are used. The notions
of solutions to a hybrid system, hybrid time domain, and asymptotic
stability are referred to the article presented in [12, Sec. 2.3.3 and Sec.
3.2.1].

Lemma 1 ([32, Fact 4.14.7.]): Let n ≥ 3 and S ∈ Rn×n be skew-
symmetric such that S3 = −a2S for some a > 0. Then, for all φ ∈ R,
eSφ ∈ Rn×n is an orthogonal matrix and eSφ = I + a−1 sin(aφ)S +
a−2
(
1− cos(aφ)

)
S2.

Lemma 2: Let (e1, . . . , en) be an orthonormal basis of Rn, and
V =

⋃
2≤i≤n{ei,−ei}. Then, the following inequalities hold:

nmax
i

(e�i x)
2 ≥ x�x, ∀n ≥ 1 (1a)

max
e∈V

∣∣x�(e+ ce1)
∣∣ ≥

√
x�x− (x�e1)2

n− 1
+ c

∣∣x�e1
∣∣ , ∀n ≥ 2 (1b)

for all x ∈ Rn and c ≥ 0.
Proof: Write x =

∑n
i=1 aiei for ai ∈ R. The inequalities (1a) and

(1b) are obvious from the inequalities nmaxi a
2
i ≥

∑n
i=1 a

2
i and

max2≤i≤n |ai| ≥ ( 1
n−1

∑n
i=2 a

2
i )

1/2, respectively. �

B. Problem Formulation

The dynamics of the system evolving on Sn can be represented by

ẋ = Π(x)ω, x ∈ Sn (2)

where ω ∈ Rn+1 is the input and Π : Sn → R(n+1)×(n+1) defined by
Π(x) = I − xx� maps ω onto TxSn.

Let Q ⊂ N be a nonempty set. We use the function U ∈ C1(Sn ×
Q,R) to encapsulate the family of potential functions that is indexed
by the logical variable q ∈ Q. The set of critical points of U is given
by CritU = {(x, q) ∈ Sn × Q : Π(x)∇U(x, q) = 0}.

Definition 1 ([13], [22]): Let Q ⊂ N be a nonempty finite set and
r ∈ Sn be the reference point. Define the sets

A0 = {r,−r}, B0 = A0 × Q. (3)

Let U ∈ C1(Sn × Q,R) be positive definite relative to a nonempty
subset B1 ⊆ B0. The synergy gap of U is defined by the function μU ∈
C1(Sn × Q,R) such that μU (x, q) = U(x, q)−minp∈Q U(x, p).



1188 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 69, NO. 2, FEBRUARY 2024

Then, U is called synergistic relative to A0 if there exist two functions
δ : Q → R≥0 and δ̄ : Q → R≥0 such that

∀(x, q) ∈
(
CritU

⋃
B0

)
\ B1, μU (x, q) ≥ δ̄(q) > δ(q) > 0 (4)

in which case, δ is called synergistic parameter and U is called syner-
gistic with gap exceeding δ. In addition, if B1 = B0 (B1 � B0), U is
called centrally (noncentrally) synergistic relative to A0.

Remark 1: A synergistic hybrid controller consists of the gradient-
descent feedbacks induced from the synergistic potential functions and,
by the synergistic property (4), guarantees that the system (2) can be
pushed away from the unwanted critical points and be asymptotically
stabilized on B1 by switching to the state feedback associated to the
minimum potential function in the family.

Problem 1: Construct the centrally synergistic potential functions
relative to the set A0 of (3) and thereafter design a hybrid controller to
robustly, globally, and asymptotically stabilize the system of (2) to the
set A0.

A natural extension of Problem 1 is quaternion-based global attitude
tracking because of the unit quaternion space double cover SO(3).
Consider a rigid-body system described by{

Q̇ = 1
2
Q
 ν(ω) = 1

2
Λ(Q)ω

Jω̇ = −ω×Jω + τ
(5)

where the unit quaternion Q ∈ S3 is the rigid-body attitude, ω ∈ R3 is
the body-frame angular velocity, J = J� ∈ R3×3 is the inertia matrix,
τ ∈ R3 is an external torque, and the function Λ : S3 → R4×3 defined
by Λ(Q) = [−ε, ηI − ε×]� projects ω onto TQS3.

Let cω, ca > 0 be constant, and consequently, Wd := S3 × B̄3
cω

is compact. The reference trajectory is generated by the following
dynamical system [10], [13], [30]:

Q̇d = 1
2
Qd 
 ν(ωd)

ω̇d ∈ B̄3
ca

}
(Qd, ωd) ∈ Wd. (6)

The error quaternion and error velocity can then be defined as Q̃ =
Q−1

d 
Q and ω̃ = ω −Ra(Q̃)�ωd. In addition, let ω̄d := Ra(Q̃)�ωd.
Combining (5) and (6) yields the error dynamics{

˙̃Q = 1
2
Q̃
 ν(ω̃)

J ˙̃ω = Σ(Q̃, ω̃, ω̄d)ω̃ − Ξ(Q̃, ω̄d, ω̇d) + τ
(7)

where the functions Σ : R3 × R3 → so(3) and Ξ : S3 × R3 × R3 →
R3 are given by Σ(Q̃, ω̃, ω̄d) =

(
J(ω̃ + ω̄d)

)× − ω̄×
d J − Jω̄×

d and
Ξ(Q̃, ω̄d, ω̇d) = JRa(Q̃)�ω̇d + ω̄×

d Jω̄d, respectively.
Define the state space Wz := Wd × S3 × R3 and the state z :=

(Qd, ωd, Q̃, ω̃) ∈ Wz . Then, we describe the problem of global attitude
tracking as follows.

Problem 2: Design a controller such that, for all initial conditions
z ∈ Wz , trajectories z(t) asymptotically approach the set A1 := {z ∈
Wz : Q̃ ∈ {i,−i}, ω̃ = 0} for the closed-loop system.

The following hybrid controller proposed in [10] may be the most
popular quaternion solution to Problem 2

τ = Ξ(Q̃, ω̄d, ω̇d)− k1qε̃− k2ω̃ (8a){
q̇ = 0 (z, q) ∈ {(z, q) ∈ Wz × Q : qη̃ ≥ −δ}
q+ = −q (z, q) ∈ {(z, q) ∈ Wz × Q : qη̃ ≤ −δ}

(8b)

where Q = {−1, 1} and k1, k2 > 0. However, (8) is a noncentrally
synergistic design in the manner that the control law for each q ∈ Q
cannot stabilizeA1 individually. Consequently, the unwinding can arise

with switching faults. Of note, (8) led to its variants in [15], [16],
[17], [18], and [19]. This motivates our centrally synergistic design
for Problem 2.

III. MAIN RESULTS

This section first takes a gradient-descent feedback that is generated
from a basic potential function as an example to show the challenges
of using continuous feedback control to stabilize the system (2). Then,
we demonstrate that the synergistic hybrid controller derived from a
generic centrally synergistic family of potential functions can help to
achieve global stabilization. Finally, we propose a systematic approach
to constructing a centrally synergistic family from the basic potential
function so as to realize the synergistic control.

A. Continuous Feedback Control

Consider the function P : Sn → R defined by

P (x) = x�Mx (9)

where M ∈ R(n+1)×(n+1) is symmetric and positive semidefinite.
Since the eigenvalues of a symmetric matrix are real, henceforth, we
adopt the convention that the eigenvalues of M are always arranged
in a nondecreasing order. The next assumption guarantees that P is a
basic potential function relative to A0. We call it basic since it will be
used to construct the synergistic potential functions.

Assumption 1: The symmetric matrixM in (9) has the eigenvalues as
λM
min = λ0 < λ1 ≤ λ2 ≤ · · · ≤ λn = λM

max and λ0 = 0 is associated
with the unit eigenvector v0 = r.

Lemma 3: Consider the function P given by (9). Its set of critical
points is given by CritP = Ev(M).

Proof: The gradient of P is given by ∇P (x) = 2Mx. It follows
that CritP = {x ∈ Sn : 2Π(x)Mx = 0}. Note that Π(x)y = 0 for
x ∈ Sn and y ∈ Rn+1 if and only if x and y are collinear or y = 0.
Hence,CritP = Ev(M)

⋃
(ker(M)

⋂
Sn). IfM has zero eigenvalue,

ker(M) is the eigenspace of M associated with λ = 0; otherwise,
ker(M) = ∅. In consequence, CritP = Ev(M). �

The lemma implies that global convergence cannot be achieved by
the continuous gradient-descent feedback from the potential function
(9) because the feedback vanishes at its inevitable, undesired critical
points. Moreover, such continuous (or even pure discontinuous) feed-
back may fail to achieve stabilization toA0 in the presence of oscillating
noise that changes the controller’s target on which way to stabilize [7],
[8]. The next proposition describes such properties.

Proposition 1: Let Assumption 1 hold. Define the function κ0 :
Rn+1 → Rn+1 as κ0(x) = −2c0Π(x)Mx with c0 > 0.
1) For the closed-loop system consisting of the control lawω = κ0(x)

and the system (2), the set (Ev(M) \ A0) is forward invariant and
A0 is locally asymptotically stable.

2) Let α > 0 and Ac
0 =

(
(Ev(M) \ A0) + B̄n+1

α

)⋂
Sn. For each

initial conditions x(0) ∈ Ac
0, there exist a piecewise constant

function nα : [0,∞) → B̄n+1
α and a Caratheodory solution x to

the closed-loop system consisting of ω = κ0(x+ nα) and (2)
satisfying x(t) ∈ Ac

0 for all t ∈ [0,∞).
Proof: In the item 1), the closed-loop system is governed by ẋ =

−2c0Π(x)Mx, where we have used the identityΠ(x)Π(x) = Π(x) for
all x ∈ Sn. It is obvious that the set (Ev(M) \ A0) is forward invariant.
The stability ofA0 can be obtained by using (9) as a Lyapunov function.
The item 2) follows from the article presented in [7, Th. 2.6]. �
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B. Synergistic Control

We shall showcase how the synergistic control can be used to address
the challenges encountered by continuous feedback control.

Given a function U ∈ C1(Sn × Q,R) centrally synergistic relative
to A0, we consider the state feedback with some c1 > 0

κ1(x, q) = −c1Π(x)∇U(x, q). (10)

Applying the control law (10) to the system (2) results in the hybrid
closed loop as

H1 :

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ẋ = Π(x)κ1(x, q)

q̇ = 0

}
(x, q) ∈ F1,

x+ = x

q+ ∈ G1(x, q)

}
(x, q) ∈ J1

(11)

where the jump map G1 : Sn × Q ⇒ Q is defined by G1(x, q) =
argminp∈Q U(x, p), and the flow and jump sets are given by F1 =
{(x, q) ∈ Sn × Q : μU (x, q) ≤ δ(q)} and J1 = {(x, q) ∈ Sn × Q :
μU (x, q) ≥ δ(q)}, respectively. Note that the hybrid closed-loop sys-
tem (11) is autonomous and satisfies the hybrid basic conditions [11,
Assumption 6.5]. The next proposition states that Problem 1 can be
solved by (11).

Proposition 2: Let U ∈ C1(Sn × Q,R) be centrally synergistic
relative to A0 of (3). Then, the following statements hold.
1) B0 is globally asymptotically stable for H1 of (11).
2) B0 is semiglobally practically robustly KL asymptotically stable

for the nominal system H1 of (11). Especially, there exists a class-
KL function β such that for each ε > 0 and each compact set K ⊂
Sn × Q, there exists ρ > 0 such that each solution (x, q) to the
closed-loop system with measurable disturbance nd : [0,∞) →
B̄n+1

ρ from K governed by

H∗
1 :

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ẋ = Π(x)κ1(x+ nd, q)

q̇ = 0

}
(x+ nd, q) ∈ F1,

x+ = x

q+ ∈ G1(x+ nd, q)

}
(x+ nd, q) ∈ J1

satisfies that |x(t, j)|A0
≤ β

(
|x(0, 0)|A0

, t+ j
)
+ ε holds for all

(t, j) ∈ domx.
Proof: Invoking the hybrid Lyapunov theorem [12, Th. 3.19], the

item (1) is easily shown by using U as a Lyapunov function candidate.
The item (2) is established by [11, Lemma 7.20]. �

Remark 2: Proposition 2 states that the synergistic hybrid controller
in the presence of ρ-size disturbances can regulate the state x to ε close
to A0 from arbitrary set of initial conditions K.

C. Construction of a Centrally Synergistic Family on
Snn-Sphere

We shall show how to construct the centrally synergistic potential
functions upon the basic function (9) so as to implement the synergistic
hybrid controller. The next lemma introduces a useful tool called the
angular warping and its proof is deferred to [34, Appendix A].

Lemma 4: Let Q ⊂ N be a nonempty finite subset and assign a skew-
symmetric matrix Sq ∈ R(n+1)×(n+1) to each q ∈ Q. Let θ : Sn →
R≥0 be a real-valued differentiable function. Consider the warping
function T : Sn × Q → Sn defined by

T (x, q) = eSqθ(x)x. (12)

Then, the gradient of T is given by1

∇T (x, q) =
(
I −∇θ(x)x�Sq

)
e−Sqθ(x). (13)

If det
(
∇T (x, q)

)
�= 0 for all (x, q) ∈ Sn × Q, then the mapping

x 
→ T (x, q) is everywhere a local diffeomorphism. Additionally, if
V : Sn → R is differentiable and positive definite relative to the set
A0 and T −1(A0) = B0, then the composite function U = V ◦ T ∈
C1(Sn × Q,R) is positive definite relative to B0, and the set of critical
points of U is given by CritU = T −1(CritV ).

Remark 3: Lemma 4 shows that, given a potential function V , a
new potential function x 
→ U(x, q) can be generated by compositing a
diffeomorphic warping transformation T such that its critical points are
different fromV . Therefore, it is natural to consider a family of potential
functions generated through various warping directions as a candidate
satisfying the centrally synergistic property, which necessarily requires
T −1(A0) = B0 by this lemma. Finally, Lemma 4 takes effect for a
generic set A0 and, thus, provide a more general construction tool on
Sn than the articles presented in [21] and [23].

We now define some parameters for the construction of the syner-
gistic potential functions. Let Assumption 1 hold Q = {1, . . . , 2n},
and the unit eigenvectors (v1, . . . , vn) associate to the eigenvalues
(λ1, . . . , λn) of M . Then, we define the extended eigenvalues λq , the
vector uq ∈ Sn, and the skew-symmetric matrix Sq ∈ R(n+1)×(n+1)

for q ∈ Q as

λq+n = λq, q ∈ {1, . . . , n} (14)

uq = −uq+n = vq, q ∈ {1, . . . , n} (15)

Sq = uqr
� − ru�

q , q ∈ Q (16)

where the definition of λq is extended to correspond to the eigenvector
uq with q > n. Define the index bijective function q : Q → Q by
q(q) = {q − n, q + n}

⋂
Q. It follows that uq = −uq(q) for q ∈ Q.

Define the index set corresponding to the eigenvalue λ by Qλ = {q ∈
Q : λq = λ}. By definition of (15), the set

⋃
p∈Qλ

{up} is composed
of an orthonormal basis of the eigenspace M associated with λ and the
negative of the basis.

The next theorem states the approach to constructing a centrally
synergistic family from the basic potential function by using a certain
warping angle function. The proof is deferred to the Appendix.

Theorem 1: Let Q = {1, . . . , 2n}. Consider the functions P of (9)
under Assumption 1, and T of (12) with the skew-symmetric matrices
given by (16) and the function θ such that θ is positive definite relative
to A0 and θ(x) < π

4
for all x ∈ Sn. Suppose that det

(
∇T (x, q)

)
�=

0 for all (x, q) ∈ Sn × Q and T −1
(
A0

)
= B0. If in addition there

exists ϑ > 0 such that θ(x) ≥ ϑ for all (x, q) ∈ CritU \ B0, then the
composite function U = P ◦ T is centrally synergistic relative to A0

and the synergistic parameter δ̄ is given by

δ̄(q) = min
{
Δ1(q),Δ2(q)

}
(17)

where Δ1 : Q → R≥0 and Δ2 : Q → R≥0 are defined by

Δ1(q) = min
λ∈Eλ(M)\{λq ,0}

sin2(ϑ)

γM (λ)
λ (18)

Δ2(q) =

{
λq sin

2(2ϑ), γM (λq) = 1

λq min
{

sin2(ϑ)

γM (λq)−1
,
sin2(2ϑ)

4

}
, γM (λq) > 1.

(19)

Remark 4: By Theorem 1, if the angular angle function θ has a
positive lower bound at CritU \ B0, the synergistic condition (4) is

1We define the gradient of T as the transpose of the Jacobian matrix of T
with respect to its first argument.
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guaranteed and δ̄ is explicitly specified by (17). In addition, since Sq

defined by (16) satisfies S3
q = −Sq , it follows from Lemma 1

eSqφ = I + sin(φ)Sq +
(
1− cos(φ)

)
S2
q (20)

which is more suitable for implementing (12).
Next, we show that the basic potential function of (9) can be used as

the warping angle candidate. The proof is given in [34, Appendix C].
Theorem 2: Continuing with all assumptions and variables defined

as in Theorem 1, we define the warping angle function θ : Sn → R≥0

as θ(x) = kλ−1
n P (x) from (9), where 0 < k < π

4
is a constant gain.

Define the function Θ : Q → R≥0 as

Θ(q) =
2 kλq

λn +
√

λ2
n + 4 k2λ2

q

. (21)

Then, the following statements hold.
1) det

(
∇T (x, q)

)
�= 0 for all (x, q) ∈ Sn × Q and T −1

(
A0

)
= B0.

2) The composite functionU = P ◦ T is centrally synergistic relative
to A0, and δ̄ defined in (4) is given by

δ̄(q) = min
{
Δ1(q),Δ2(q)

}
(22a)

Δ1(q) = min
λ∈Eλ(M)\{λq ,0}

sin2(kλ/λn)

γM (λ)
λ (22b)

Δ2(q) =

{
λq sin

2(2Θ(q)), γM (λq) = 1

λq min
{

sin2(Θ(q))
γM (λq)−1

, sin2(2Θ(q))
4

}
, γM (λq) > 1.

(22c)

Remark 5: The gain k is chosen to guarantee the warping transfor-
mation as “good,” as described in Lemma 4. The explicit expression of
the upper bound in (22) makes the hybrid controller in (11) easier to
implement. The analogous tools developed for the desired set consisting
of a single point in [21] and [23] do not uncover the computation of
such critical technical parameter.

IV. APPLICATION TO ATTITUDE TRACKING

This section shows how to apply the theoretical results to global
attitude tracking. First, we detail the construction of the synergistic
potential functions on unit quaternion space. Then, we formulate the
tracking controller and present the stability analysis.

A. Centrally Synergistic Potential Functions on S3Three
Spheres

Let A ∈ R3×3 be symmetric and positive definite, and its eigenval-
ues satisfy λA

1 ≤ λA
2 ≤ λA

3 associated with an orthonormal eigenbasis
(vA1 , v

A
2 , v

A
3 ) of A. We consider the function (9) on S3 with the

symmetric matrix M := diag(0, A) ∈ R4×4; that is

P (Q) = ε�Aε (23)

where Q is unit quaternion and ε is its vector part. Clearly, M satisfies
Assumption 1. Note that (23) can be written as P (Q) = tr(A(I −
Ra(Q)))withA := 1

4
tr(A)I − 1

2
A, which is so-called modified trace

function on SO(3) [13], [14], [27]. Since the rigid-body attitude is
usually obtained from the body-fixed-frame measurement of the inertial
vectors, the parameter A may be determined by using those weighted
inertial vectors; see [14].

Let Q = {1, . . . , 6} and define the parameters λq , uq , and Sq for
q ∈ Q as

λq = λq+3 = λA
q q = {1, 2, 3} (24)

uq = −uq+3 = vAq q = {1, 2, 3} (25)

Sq = ν(uq)i
� − iν(uq)

�, q ∈ Q. (26)

By (20) and (24)–(26), the warping transformation T : S3 → S3 of
(12) can be expressed as follows:

T (Q, q) =

[
cos(θ(Q)) −u�

q sin(θ(Q))

uq sin(θ(Q)) Π(uq) + uqu
�
q cos(θ(Q))

]
Q. (27)

By Theorem 2, we define the warping angle θ : S3 → R≥0 as

θ(Q) = k(λA
max)

−1P (Q) = k(λA
max)

−1ε�Aε (28)

where P is given by (23) and 0 < k < π
4

. Then, the next corollary
follows from Theorem 2.

Corollary 1: Consider the function δ̄ given by (22) with M =
diag(0, A) ∈ R4×4 defined as in (23) and λq given by (24). Define
a function δ : Q → R such that 0 < δ(q) < δ̄(q) for all q ∈ Q. Then,
the composition of (23), (27), and (28) given by

U(Q, q) = P
(
T (Q, q)

)
(29)

is centrally synergistic relative to {i,−i} with gap exceeding δ. The
gradient of (29) is given by

∇U(Q, q) = 2

(
1 + k

λA
q

λA
max

((
η2 − (u�

q ε)
2
)
sin(2θ(Q))

+ 2η(u�
q ε) cos(2θ(Q))

))
ν(Aε)

+ λA
q

[
2η sin2(θ(Q)) + u�

q ε sin(2θ(Q))(
η sin(2θ(Q))− 2u�

q ε sin
2(θ(Q))

)
uq

]
.

(30)

Remark 6: Corollary 1 addresses the challenging problem of gener-
ating the centrally synergistic potential functions from a modified trace
function on unit quaternions. This problem in the form of SO(3) has
been studied in [13], [14], [29], and [30] with various constraints on
the parameter A, especially not applicable to the case λA

1 = λA
2 < λA

3 .
By contrast, our result relaxes the assumption on the parameter A,
and the parameter δ can be determined without specifying the inverse
trigonometric function about the basic function as the warping angle.
Additionally, the proposed angular warping of (27) is built on the
orthogonal matrix transformation that preserves the structure of S3

and, in consequence, is different from the transformation in [14] and
[29], which takes the form of quaternion multiplication in quaternion
group. Furthermore, U of (29) and its gradient of (30) are consistent for
each rigid-body attitude since the fact that U(Q, q) = U(−Q, q) and
∇U(Q, q) = ∇U(−Q, q) hold for all (Q, q) ∈ S3 × Q.

B. Global Hybrid Attitude Tracking

Using the synergistic potential functions U and the parameter δ in
Corollary 1, we define the state feedback κ2 : S3 × Q → R3 by

κ2(Q̃, q) =
1

2
Λ(Q̃)�∇U(Q̃, q) (31)

where the gradient of U is given by (30). It yields the following hybrid
controller:

τ = Ξ(Q̃, ω̄d, ω̇d)− k1κ2(Q̃, q)− k2ω̃ (32a){
q̇ = 0 (Q̃, q) ∈ F2

q+ ∈ G2(Q̃, q) (Q̃, q) ∈ J2

(32b)

where k1, k2 > 0 are the constant gains, the jump map is defined as
G2(Q̃, q) = argminp∈Q U(Q̃, p), the flow and jump sets are defined
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Fig. 1. Discontinuous attitude measurement: the scalar part of Qn.

as F2 = {(Q̃, q) ∈ S3 × Q : μU (Q̃, q) ≤ δ(q)} and J2 = {(Q̃, q) ∈
S3 × Q : μU (Q̃, q) ≥ δ(q)}.

Define the state space Wξ := Wz × Q and the state ξ := (z, q) ∈
Wξ. The next proposition proved in [34, Appendix D] states that the
hybrid controller (32) is an effective solution to Problem 2.

Proposition 3: Problem 2 is solved by (32) in the sense that the
compact set Bξ = {ξ ∈ Wξ : z ∈ A1} is globally and robustly asymp-
totically stable.

Remark 7: In contrast to (8) in [10] and its variants in [15], [16], [17],
[18], and [19], (32) is centrally synergistic and consistent for each rigid-
body attitude. It can disambiguate the quaternion measurements and
accomplish attitude tracking even when the switching runs into errors,
leading to significantly higher robustness from a practical standpoint.

V. SIMULATIONS

In this section, numerical examples are presented to illustrate the
performance of the proposed centrally synergistic hybrid controller of
(32) and we refer to it as “CS Hybrid.” For comparison, we refer to
the noncentrally synergistic hybrid controller of (8) in [10] as “Non-CS
Hybrid” and consider the continuous controller, i.e., the qth control law
(32a) without the hybrid switching mechanism (32b), and referred to it
as “CS q = 1” for q = 1.

Consider a rigid body with an inertia matrix J = diag([0.5,
0.7, 0.3])kg.m2 to track the reference trajectory generated by
(6) with initial conditions Qd(0) = i, ωd(0) = 0rad/s and
ωd(t) = [te−0.5t, 0.6 sin(0.4t), 0.6 sin(0.7t)]�rad/s. The attitude
measurement is given by Qm = Q
Qn, where Qn =
Xs(t)[cos(nα/2), (n

�
v /|nv|) sin(nα/2)]

� denotes the attitude
noise with zero-mean Gaussian process nα ∼ N (0, 0.01) and
nv ∼ N (0, I3) and the square wave Xs : [0,∞) → {−1, 1} that
has a period 5s. Fig. 1 shows that Qm is periodically discontinuous.
The angular-velocity measurement is given by ωm = ω + nω with
zero-mean Gaussian process nω ∼ N (0, 0.01I3). The gains of the
controllers are k1 = 4 and k2 = 0.8. Let A = diag([1, 1, 2]) in
(23) and, subsequently, M = diag([0, A]). It is noteworthy that
the synergistic approaches in [13], [14], [29], and [30] cannot
directly apply to this case (23). For CS hybrid, k = 0.5, uq is
obtained from (25) with vAi = ei, where ei is the ith column
vector of I3, and the synergistic parameter is chosen by δ = 0.9δ̄,
δ(1) = δ(2) = δ(4) = δ(5) = 0.0465 and δ(3) = δ(6) = 0.0275.
The synergistic parameter of non-CS hybrid is set as δ = 0.1.

The following three scenarios of attitude tracking with different
initial conditions are given to illustrate the features of the CS hybrid.
1) The initial conditions are Q(0) = [0.2346, 0.9721, 0, 0]� and

ω(0) = 0(rad/s). q(0) = 1 for CS hybrid.
2) The initial conditions are Q(0) = [0.2346, 0.9721, 0, 0]� and

ω(0) = [2, 3, 4]�(rad/s). q(0) = 1 for CS hybrid.
3) The initial conditions are Q(0) = [0.2346, 0.9721, 0, 0]� and

ω(0) = 0(rad/s). q(0) = 1 for CS hybrid and q(0) = −1 for

Fig. 2. Scenario A: global attitude tracking by CS hybrid controller.

Fig. 3. Scenario B: hybrid behavior of CS hybrid controller.

Fig. 4. Scenario C: quaternion measurement sensitivity with switching
faults (shadow zone).

non-CS hybrid. The switching fault occurs during the intervals
(4,10) and (19,25), where the switching cannot be triggered.

The simulation results of Scenarios A, B, and C are shown in Figs. 2–
4, respectively. Each figure plots the scalar part η̃ of Q̃, the rotation
angle 2acos(|η̃|), the norm of the error velocity ω̃, and the logical
variable q.
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Fig. 2 shows the global tracking feature of the CS hybrid con-
troller. The initial conditions are set close to the closed-loop undesired
equilibrium. Thus, the continuous controller CS q = 1 exhibits a slow
convergence at the onset. This can be overcome by CS hybrid because
the switching mechanism (32b) can activate another control law, i.e.,
q = 4 in this case, so as to avoid the feedback vanishing. Similarly, the
slow convergence caused by undesired equilibria can also arise in the
existing controllers [2], [3], [26].

In order to show more hybrid behavior, ω̃(0) in Scenario B is
designed to increase the attitude error under the same Q̃(0) as Scenario
A. As shown in Fig. 3, since the initial velocity error is too large to
decelerate promptly by the controllers, the attitude error moves to zero
along a longer path. The CS hybrid’s trajectory moved close enough to
the undesired critical points of U(Q̃, q) during the initial period and,
thus, multiple jumps occurred. It is noteworthy that CS hybrid did not
undertake any jump in the end since the attitude error has already been
stabilized close to zero.

Finally, Fig. 4 shows that CS hybrid is impervious to the ambiguity of
quaternion measurements and that the tracking goal remains achievable
even with switching faults. On the other hand, non-CS hybrid could
overcome the measurement ambiguity depending on the switching
mechanism, e.g., the jump of q at 11− 19 s. Hence, while the switching
mechanism runs into errors, non-CS hybrid can give an unwinding
response to the discontinuous quaternion measurement, e.g., the change
of η̃ at 4− 10 s. These comparison results demonstrate that CS hybrid
can be more robust than non-CS hybrid.

VI. CONCLUSION

In this work, we present a new family of potential functions on Sn

centrally synergistic relative to two antipodal points. It induces a hybrid
controller with the explicit expression of the synergistic parameter for
global stabilization of a pair of antipodal points on Sn. Furthermore,
the result is applicable to global attitude tracking using unit quaternions
and is more robust than the existing noncentrally synergistic designs.
Additionally, our result relaxes the conservative assumption on the
parameter of the basic potential function and can, thus, handle more
control cases.

APPENDIX

A. Proof of Theorem 1

By Lemmas 3 and 4, the set of critical points of U is given by
CritU = T −1

(
Ev(M)

)
. It follows from (12) and (16) that for each

(y, q) ∈ CritU \ B0, there exists (λ, v) ∈ E(M) such that λ > 0

U(y, q) = λ (33)

y =

{
v, λ �= λq

e−Sqθ(y)v, λ = λq.
(34)

The assumption of T −1(A0) = B0 guarantees that y /∈ A0 and,
thus, 0 < θ(y) < π/4. In view of (33), given q ∈ Q, we divide
the critical point (y, q) of U into two subsets, i.e., Bq := {(z, q) ∈
CritU : U(z, q) = λq} andBc

q := {(z, q) ∈ CritU \ B0 : U(z, q) �=
λq}. Now, let us study the synergistic gap in two cases.

Case 1: The first case is λ /∈ {λq, 0}, i.e., (y, q) ∈ Bc
q . It follows

from (34) that y = v. Since v is an eigenvector of M associated with
λ, we can obtain that for each p ∈ Qλ

eSpθ(y)y = Π(up)v + (v�up)
(
up cos(θ(y))− r sin(θ(y))

)
U(y, p) =

(
1− (v�up)

2 sin2(θ(y))
)
λ (35)

where Lemma 1, (20), and r�v = 0 are used. It follows from (1a)

U(y, q)− min
p∈Qλ

U(y, p) ≥ sin2(θ(y))

γM (λ)
λ. (36)

Minimizing both sides of (36) yields that for a given q ∈ Q

min
(y,q)∈Bc

q

μU (y, q) ≥ min
λ∈Eλ(M)
λ/∈{λq ,0}

(
U(y, q)− min

p∈Qλ

U(y, p)
)
≥ Δ1(q)

(37)

where 0 < ϑ ≤ θ(y) < π
4

has been used and Δ1 is given by (18).
Case 2: The other case is λ = λq , i.e., (y, q) ∈ Bq . We show that

there exists the index p ∈ Qλq such that the potential function U(y, p)
has a lower value. First, a trivial computation yields that

e−2Sqθ(y)v = Π(uq)v + (v�uq)
(
r sin(2θ(y)) + uq cos(2θ(y))

)
U(y, q(q)) =

(
1− (v�uq)

2 sin2(2θ(y))
)
λq (38)

where Lemma 1, (20), and r�v = u�
q r = 0 have been used with the

fact that uq = −uq(q). Next, we consider the two subcases with regard
to the geometric multiplicity of λq .

Subcase 2.1: If γM (λq) = 1, it is easily seen that Qλq = {q, q(q)}
and v ∈ {uq, uq(q)} and, hence, (v�uq)

2 = 1. Therefore, combining
(33) with (38) yields

U(y, q)− min
p∈Qλq

U(y, p) = sin2(2θ(y))λq. (39)

Subcase 2.2: If γM (λq) > 1, then v is any unit vector in the
eigenspace of M associated with λ = λq . Let p ∈ Qλq \ {q, q(q)}.
Usingu�

puq = u�
p r = u�

q r = 0, it can be shown thatSpuq = 0,Spr =
up, and S2

pr = −r. It follows from (34) that

eSpθ(y)y = v − uq(u
�
q v)
(
1− cos(θ(y))

)
− up

(
(u�

pv)
(
1− cos(θ(y))

)
− (u�

q v) sin
2(θ(y))

)
+ r

(
(u�

q v) cos(θ(y))− (u�
pv)
)
sin(θ(y)),

U(y, p) =
(
1−

(
(u�

pv)− (u�
q v) cos(θ(y))

)2

sin2(θ(y))
)
λq.

(40)

Making use of (1b), we can obtain that

U(y, q)− min
p∈Qλq \{q,q(q)}

U(y, p)

≥

⎛
⎝
√

1− (u�
q v)

2

γM (λq)− 1
+
∣∣u�

q v
∣∣ cos(θ(y))

⎞
⎠

2

sin2(θ(y))λq. (41)

Consider the function h : [0, 1] → R defined as h(t) =
(a
√

(1− t2) + bt)2, where a ∈ (0, 1) and b ∈ (0, 1]. We claim
that the minimum of h is obtained at either t = 0 or t = 1 because h
is positive and the function t 
→

√
h(t) is concave. It follows that

LHS of (41) ≥ λq min

{
sin2(θ(y))

γM (λq)− 1
,
sin2(2θ(y))

4

}
. (42)

Combining (39) and (42) yields

min
(y,q)∈Bq

μU (y, q) ≥ U(y, q)− min
p∈Qλq

U(y, p) ≥ Δ2(q) (43)

where Δ2 is given by (19).
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Note that Bq

⋃
Bc
q contain all undesired critical points of U with the

index q. Therefore, in view of (37) and (43), we conclude that

μU (y, q) ≥ δ̄(q) > 0, ∀(y, q) ∈ CritU \ B0

in which case δ̄(q) is given by (17). Accordingly, one can always find the
function δ : Q → R satisfying0 < δ(q) < δ̄(q) such thatU is centrally
synergistic relative to A0 with gap exceeding δ, which completes the
proof.
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