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Abstract—This article proposes a decentralized controller for a
swarm of agents that generates hypotrochoidal and epitrochoidal
curves in a 3-D space. The dynamics of the agents is modeled as
a double integrator where the control input, i.e., the acceleration
profile, contains two terms that account for the interactions be-
tween the agents in terms of position and velocity, respectively.
The term related to the interaction between velocities is weighted
by a skew-symmetric matrix responsible for coupling the velocities
displacements. Such a matrix defines an axis of rotation centered
on the centroid of the swarm, around which the swarm organizes
itself to generate the desired trajectories, which can be selected
by properly setting two free parameters of the model. In particular,
the motion of each agent is analyzed by separating its dynamics
along the rotation axis from that in the perpendicular plane. It
is shown that the agents achieve consensus or periodic motion
along the axis of rotation while performing the desired evolutions
in the perpendicular plane. Numerical simulations are presented to
illustrate the proposed framework.

Index Terms—Distributed control, epitrochoid, hypotrochoid,
multiagent system (MAS), parametric curves, swarm formation.

I. INTRODUCTION

In the scientific literature, the expression multiagent system (MAS)
refers to a broad class of systems formed by a group of completely or
partially autonomous elements (agents) that interact with each other in
a given environment for common purposes [1]. The generality of the
definition brings together very heterogeneous contexts: animals that
communicate with each other to provide food [2], escape predators,
or move to a new area [3]; robots that collaborate to survey specific
areas, search for objects, assemble, or transport products [4]; software
agents that analyze large amounts of data exchanging information for
the maintenance and surveillance of complex systems or for commercial
purposes [5], [6]. What all these different fields have in common,
and which is the main reason for the scientific interest aroused, is
the emergence of collective capabilities that exceed the abilities of
single agents. Starting from limited abilities of the individual, both
from the sensory and action point of view, superior or even com-
pletely new collective abilities appear. This is even more surprising
if we consider two further characterizing factors: 1) no agent knows
the overall solution for the task; 2) there is no central coordination.
Understanding these mechanisms, on the other hand, benefits many
branches of engineering with countless applications: from coordinating
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sensor networks to solving optimization problems [7]; from platoons
of trucks traveling on highways [8] to controlling electrical power
systems [9]; from intelligent heat management in buildings [10] to
groups of satellites working together to improve communications [11]
and much, much more [12].

The most basic coordination problem and one of the most stud-
ied in literature is the so-called distributed consensus or agreement
problem [13]. It is said that consensus is achieved if the variables of
interest of all agents converge to a common value. These variables can
describe the whole state of the agents or just a part of the state (such as
heading of the agents): in the former case, the problem is referred as state
consensus, whereas in latter case as output consensus. The significance
of the consensus protocol is twofold. On the one hand, consensus is the
first step to analyze more complex problems as flocking [14], formation
control [15], and containment control [16]. On the other hand, this
protocol provides a concise formalism for studying how the network
topology dictates properties of the dynamic process evolving over it.

MAS principles can also be exploited for generative art where
autonomous systems cooperate to create artworks or ornamental ob-
jects [17], [18]. Within this framework, this article aims to develop
models that are related to hypotrochoidal and epitrochoidal curves
in space using a team of interacting agents. A hypotrochoid is a
geometrical curve that is produced by a fixed pointP at distance d from
the center of a circle of radius r rolling inside a larger circle of radius
R > r. The curve is defined by the following parametric equations:{

x(t) = (R− r) cos(t) + d cos
(
R−r
r
t
)

y(t) = (R− r) sin(t)− d sin
(
R−r
r
t
)
.

(1)

The curve starts at t = 0 with

x(0) = R− r + d, ẋ(0) = 0,

y(0) = 0, ẏ(0) = (R−r)(r−d)
r

.
(2)

The ratio ξ = R
r

permits us to define the type of the curve. In the case of
r = d, the hypotrochoid translates into a hypocycloid where the number
of cusps is related to ξ. A cusp is defined as the sharp corner where the
curve is not differentiable. As shown in Fig. 1, if ξ is an integer, then
the curve is closed and has ξ cusps. If ξ = p/q is a rational number,
then the curve presents p cusps. Furthermore, an irrational number for
ξ produces a curve that never closes.

From (1), it follows that{
ẍ(t)− (ξ − 2)ẏ(t) + (ξ − 1)x(t) = 0

ÿ(t) + (ξ − 2)ẋ(t) + (ξ − 1)y(t) = 0.
(3)

Conversely, the epitrochoid is the path traced out by the point P when
the small circle of radius r rolls on the outside of the circle of radius
R. Epitrochoids are given by the parametric equations as follows:{

x(t) = (R+ r) cos(t)− d cos
(
R+r
r
t
)

y(t) = (R+ r) sin(t)− d sin
(
R+r
r
t
) (4)
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Fig. 1. Generation of hypotrochoids (upper three figures) and epitro-
choids (lower three figures) with R = 1 and different values of ξ and d.

from which {
ẍ(t) + (ξ + 2)ẏ(t)− (ξ + 1)x(t) = 0

ÿ(t)− (ξ + 2)ẋ(t)− (ξ + 1)y(t) = 0.
(5)

The curve starts at

x(0) = R+ r − d, ẋ(0) = 0

y(0) = 0, ẏ(0) = (R+r)(r−d)
r

.
(6)

A set of epithrocoids for different values of ξ and d are shown in Fig. 1.
For d = r, the generated curves are called epicycloids.

The hypocycloid has many unique characteristics that are different
from other curves, and many of its features have been widely used
in various industries of machinery. For example, epicyclic gear stages
provide high load capacity and compactness to gear drives [19]. A
novel two-motor hexapedal robot that is able to walk and turn with
arbitrary curvature is proposed in [20] where a variable amplitude
module is based around a hypocycloid mechanism. The hypocycloid
curve with ξ = 4, called astroid, is used in the opening/closing process
of the bus door to reduce the swept area [21]. The importance of
obtaining sophisticated patterns through simple interactions between
agents is evident in all entertainment scenarios where the trajectories
executed must form a visually compelling shape. This is the case,
for example, in drone light shows where thousands of robots have
to work together to produce patterns, which usually require solving
challenging optimization problems [22]. In addition to their aesthetic
appeal, these trajectories can also be used for applications such as
research, exploration, or surveillance by taking advantage of their
ability to capture any point on an annular surface in a plane [23].
Moreover, the importance of trochoidal curves is also highlighted in
problems of generating vehicle trajectories considering dynamic and
environmental constraints. Indeed, trochoidal curves are the natural
wind-dependent extension of Dubins-type paths and have been studied
in the literature as a solution to a boundary value problem to connect
two states in the presence of wind [24]. In [25], and in the preliminary
work [26], it is shown how elaborate patterns that are closely related
to hypocycloid and epicycloid curves can be generated as the paths
followed by a team of interacting agents moving on the plane. The
agents considered are of the single integrator type and the generation
of hypocycloids and epicycloids depends on a suitable gain matrix and
the choice of an appropriate connectivity graph between the agents.

This work is inspired from the latter by extending the agent model and
considering two free parameters that can be easily tuned to obtain the
desired curve. The idea, exploited in this article, consists in weighting
the velocity displacement by a skew-symmetric matrix, thus coupling
the coordinate components of each agent. The approach has been
already used in [27] where the use of the interaction matrix, mixing
the position coordinates of each agent, allows the swarm to exhibit
several static configurations or rotating behaviors at steady-state, and
in [28] where a more general class of attraction/repulsion functions
is used to explain the formation of rotational patterns in a swarm of
agents. However, since the proposed control law introduces circulation
in the underlying vector field by the use of a skew-symmetric matrix,
it cannot be derived from the gradient of a scalar potential, and hence,
the stability and convergence analysis results in a nontrivial task. A
preliminary analysis was presented in [29], where the more specific case
of emergent hypocycloidal and epicycloidal formations is considered.
In this case, the agents are constrained to have zero initial velocities,
and the formation is also constrained to be in the 2-D space. The results
presented in this article generalize those presented in [29] by studying
the more general case of emergent trochoidal curves in the 3-D space
under more general conditions.

The rest of this article is organized as follows. Section II contains
preliminaries and the definition of the problem to address. The proposed
model and its main properties are described in Section III. The analysis
on the parameters choice for the agents paths selection is provided
in Section IV. Section V analyzes the case of partial connectivity of
the swarm. Numerical simulations are reported in Section VI. Finally,
Section VII concludes the article.

NOTATIONS

Define with Mp with p ∈ N+ the set of p× p matrices with real
elements. The identity matrix in Mp is indicated as Ip whereas the
matrix with all zero entries is Θp. A column vector of dimension pwith
all entries equal to one is indicated with 1p, whereas a column vector
with all the elements equal to zero with 0p. R+ and N+ denote the sets
of positive real and integer numbers, respectively.

II. PRELIMINARIES AND PROBLEM STATEMENT

In this article, we model the interaction among agents by an undi-
rected graph where agents are represented as nodes of the graph and
interactions due to sensing and communication are represented as
edges of the graph. An undirected graph is a set G = {V,E} where
V = {vi, i = 1, . . ., n} is a nonempty finite set of vertices, one for
each agent of the swarm, E ⊆ {(vi, vj) : vi, vj ∈ V, vi �= vj} is a
set of unordered pairs of vertices. When an edge exists between vertices
vi and vj , they are called adjacent. The set of neighbors of node vi is
denoted by Ni = {vj ∈ V \{vi} : (vi, vj) ∈ E}. A path in the graph
G from vi to vj is a sequence of distinct vertices starting with vi and
ending with vj such that consecutive vertices are adjacent. The graph G
is connected if there is a path between any two vertices, and complete
if there is an edge for each pair of nodes. G is encoded by the Laplacian
matrix LG = ΔG −AG . The matrixAG is the adjacency matrix defined
as

AG(i, j) =
{
1, if (vi, vj) ∈ E
0, otherwise

i, j = 1, 2, . . ., n. ΔG = diag(Δ1,Δ2, . . .,Δn) is the diagonal degree
matrix where Δi = |Ni| is the degree of the ith agent.

Lemma 1: For a connected undirected graph G, the following prop-
erties are important for the analysis of aggregation characteristics of
the swarm [30].
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� LG is a positive semidefinite matrix having at least one zero
eigenvalue with the associated eigenvector 1n.

� LG has a simple zero eigenvalue if and only if the corresponding
graph is connected.

� For a connected graph, the second smallest eigenvalue
λ2(LG) > 0.

� The agreement protocol system ẋ(t) = −LGx(t) with x(t) =
(x1(t), . . ., xn(t))

T ∈ Rn converges to the agreement set {x ∈
Rn|xi = xj = x∞∀i, j} with a rate of convergence related to
λ2(LG) if the graph is connected, where x∞ = 1

n

∑n
j=1 xj(0).

Denote with SO(3) the special orthogonal group [31]:

SO(3) =
{
Q ∈ M3 : det(Q) = 1, QQT = QTQ = I3

}
where SO(3) is a group where I3 is the neutral element. Moreover, the
multiplication and the inversion are both smooth. This makes SO(3)
a manifold of the set of matrices M3 (Lie group). The dimension of
SO(3) is 3 and it leaves a sphere invariant. Therefore, the matrices
in SO(3) are rotation matrices. Let us consider a rotation matrix
R ∈ SO(3) representing the relative orientation of an object with
respect to a given reference frame. If R is a time varying matrix,
meaning that the relative orientation of the object is changing in time
with constant speed, its time derivative can be expressed as Ṙ = RA
where the matrixA represents the so-called angular velocity matrix. It is
a skew-symmetric matrix whose elements are composed of the elements
of the angular velocity vector leading to the time change inR. From the
abovementioned equality, the matrix A can be written as A = RT Ṙ.
For example, consider the case of SO(3). If an object rotates with
angular velocity vector ωA = (ωx, ωy, ωz)

T about a reference frame,
the corresponding angular velocity matrix is given by

A =

⎡
⎣ 0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0

⎤
⎦ .

Note that both A and ωA define the axis of rotation, the direction of
rotation (based on the right-hand rule), and the speed of rotation (the
magnitude of the vector). In fact, if ψ ∈ R3 is the rotation axis, it must
satisfy Rψ = ψ ∀t, from which RAψ = 03. Therefore, the product
Aψ is equal to 03 and ψ is parallel to the vector defining A.

The goal of this article is to design a control protocol for MASs
such that the agents describe a set of hypotrochoidal or epitrochoidal
paths around the common centroid that moves in a uniform motion with
constant speed in relation to the initial positions and velocities of the
MAS. In particular, we consider the problem of controlling a group of
n agents described as

żi(t) = wi(t)

ẇi(t) = ui(t) i = 1, . . ., n (7)

where zi(t), wi(t) ∈ R3 denote the position and the velocity of the ith
agent, respectively, and ui is acceleration law to be designed on the
basis of the interactions among individuals.

III. PROPOSED SWARM MODEL AND ITS PROPERTIES

As a first step, consider the MAS system (7) in the special case of
complete connectivity (this assumption will be removed later) and let
ui(t) be the control law for the acceleration of each agent chosen as

ui(t) = −Γw

n∑
j=1

(wi(t)− wj(t))− Γz

n∑
j=1

(zi(t)− zj(t)) (8)

where Γw = βA+KwωAω
T
A, Γz = γI3 +KzωAω

T
A, and β, γ,Kz,

Kw ∈ R are control parameters,A ∈ M3 is the skew-symmetric matrix

defined by the vector ωA. The protocol in (8) shows that both zi
and wi are exchanged between agents. This type of information is
usually required in second-order consensus protocol algorithms, even
though the goal here is for agents to spontaneously generate the desired
curves [32]. Therefore, the objective here is to analyze the qualitative
properties of the collective behavior of the individuals. To this end,
we define the centroid of the swarm as cz(t) = 1

n

∑n
i=1 zi(t) and

with cw(t) = 1
n

∑n
i=1 wi(t) its velocity. Then, cz(t) is given by the

following Lemma.
Lemma 2: The velocity of the swarm centroid is constant, i.e.,

cw(t) = cw = const. and cz(t) moves according to

cz(t) = cz(0) + cwt. (9)

Proof: The reciprocity of interactions in (8) guarantees that∑n
i=1 ui(t) = 03 ∀t. Therefore, the quantity

∑n
i=1 ẇi(t) is equal to 03

for all time instants, and thus, the swarm centroid moves with constant
velocity cw. �

After specifying the dynamics of the centroid, we want to study
swarm motion by exploiting the tendency of each member to move
around cz(t) by describing hypotrochoidal and epitrochoidal curves
for some parameters’ values. To this aim, let us consider a reference
frame centered on the centroid cz , namely Ξcz , and introduce the
auxiliary variables z̄i(t) = zi(t)− cz(t), w̄i(t) = wi(t)− cw, where
z̄i(t) represents the displacement of the agents’ position from that of
the swarm centroid, and w̄i(t) the displacement between velocities.
Therefore, the model (7) can be rewritten in terms of z̄i(t) and w̄i(t)
as

˙̄zi(t) = w̄i(t)

˙̄wi(t) = − nΓz z̄i(t)− nΓww̄i(t). (10)

This implies that in the considered reference frame Ξcz , the agents’
dynamics are decoupled, i.e., the dynamic of each agent is independent
of the other individuals.

Remark 1: It is worth noting that the independent/decoupled hy-
potrochoidal or epitrochoidal formation of MASs analyzed in this
section is propaedeutic to the analysis of limited connectivity given
in Section V. Therefore, the approach is to first prove that the MAS
(7) with the control law (8) guarantees the generation of the desired
curves, and then to virtually simulate the full connectivity starting from
the local connectivity by a distributed estimation of the dynamics of
the swarm centroid.

Furthermore, the motion of each agent in Ξcz can be analyzed by
separating the dynamics along the ωA direction from that in the plane
perpendicular to ωA. To this aim, the scalar variables z̄||i (t) = ωT

Az̄i(t)

and w̄
||
i (t) = ωT

Aw̄i(t), representing the projection of the position
and velocity along the vector ωA, respectively, are considered, thus
obtaining

˙̄z
||
i (t) = w̄

||
i (t)

˙̄w
||
i (t) = − n

(
γ +Kz‖ωA‖2

)
z̄
||
i (t)− nKw‖ωA‖2w̄||

i (t) (11)

where the property AωA = 03 has been used.
Equation (11) reveals that, given γ and ωA, the dynamics of z̄||i (t)

can be controlled by properly choosing the parameters Kz and Kw, as
it will be stated by the following lemma.

Lemma 3: If Kw > 0 and Kz > −γ/‖ωA‖2, then the dynamics of
z̄
||
i (t) is asymptotically stable, i.e., agents reach a consensus along ωA.
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Moreover, a periodic motion can be achieved by means ofKw = 0 and
Kz > −γ/‖ωA‖2.

Proof: The proof straightforwardly comes from the modal analysis
of (11). �

Theorem 1: The dynamic of the ith agent on the plane orthogonal
to ωA is described in terms of z̄⊥i , w̄

⊥
i ∈ R2 as

˙̄z⊥i = w̄⊥
i

˙̄w⊥
i = − nγz̄⊥i (t)− nβA⊥w̄⊥

i (t) (12)

where, by defining ω⊥ = ‖ωA‖, A⊥ =
[
0 −ω⊥
ω⊥ 0

]
.

Proof: Without loss of generality, consider the unit norm vector
ω̂A = ωA

‖ωA‖ and the rotation that maps the vector ω̂A to the third

axis versor ûz = (0, 0, 1)T . This rotation can be parameterized by two
quantities: the unit vector

û =

(
ωy√

ω2
x + ω2

y

,− ωx√
ω2
x + ω2

y

, 0

)T

indicating the direction of the axis of rotation and the angle

θ = arccos

(
ωz√

ω2
x + ω2

y + ω2
z

)

describing the magnitude of the rotation around the axis [33]. The
rotation matrix is then expressed in terms of the rotation quaternion

q = (q0, q1, q2, q3)
T =

(
cos

(
θ

2

)
, ûT sin

(
θ

2

))T

which yields to the rotation matrix from ω̂A to ûz:

Rûz
ω̂A

=⎡
⎢⎣
q20 + q21 − q22 − q23 2(q1q2 − q0q3) 2(q0q2 + q1q3)

2(q1q2 + q0q3) q20 − q21 + q22 − q23 2(q2q3 − q0q1)

2(q1q3 − q0q2) 2(q0q1 + q2q3) q20 − q21 − q22 + q23

⎤
⎥⎦

=
1

‖ωA‖

⎡
⎢⎢⎣

ω2
xωz+ω2

y‖ωA‖
ω2
x+ω2

y

ωxωy(ωz−‖ωA‖)
ω2
x+ω2

y
−ωx

ωxωy(ωz−‖ωA‖)
ω2
x+ω2

y

ω2
yωz+ω2

x‖ωA‖
ω2
x+ω2

y
−ωy

ωx ωy ωz

⎤
⎥⎥⎦ .

The variable ζi(t) = Rω̂A
ûz
z̄i(t) with Rω̂A

ûz
= (Rûz

ω̂A
)T represents the

coordinates of the agent z̄i in the reference frame where the third
axis is ωA. As a consequence the evolution of the third component of
ζi(t) has to be equal to (11). It follows that the matrix Rûz

ω̂A
ARω̂A

ûz
=[

A⊥ 02
0T
2

0

]
and, since matrix norm is invariant under rotation, ω⊥ =

‖A‖ = ‖ωA‖. �
The following result gives conditions on the free parameters γ and

β such that the solution of (12) is bounded.
Proposition 1: The model defined by (12) has a bounded solution if

the parameters β and γ are chosen according to

β �= 0 ∧
⎧⎨
⎩

γ > 0
∨

γ < 0 ∧ γ > −nβ2‖ωA‖2
4

.

(13)

Proof: The state matrix relative to (z̄Ti , w̄
T
i )

T in (12) is

Q =

[
Θ2 I2

−nγI2 −nβA⊥

]
(14)

with characteristic polynomial:

|λI4 −Q| = n2γ2 + n
(
2γ + nβ2‖ωA‖2

)
λ2 + λ4. (15)

Since the above is a biquadratic equation, then the unique case where
no divergence occurs is when all the roots are purely imaginary. This
translates into requiring that the roots of the polynomial

x2 + n
(
2γ + nβ2‖ωA‖2

)
x+ n2γ2 (16)

are real and negative. A necessary and sufficient condition to have roots
with negative real part is 2γ + nβ2‖ωA‖2 ≥ 0.

Since the roots of the polynomial (16) are

x1,2 = −1

2
n(2γ + nβ2‖ωA‖2)± 1

2
nβ‖ωA‖

√
n(4γ + nβ2‖ωA‖2)

it follows that the condition 4γ + nβ2‖ωA‖2 ≥ 0 also guarantees

that roots are real. Therefore, the strict inequality γ > −nβ2‖ωA‖2
4

guarantees that each pair of imaginary roots of the polynomial (15)
has unit algebraic multiplicity. �

The model (12) can be written as a second-order differential equation
in the vector form as

¨̄z⊥i + nβA ˙̄z⊥i + nγz̄⊥i = 02 (17)

and if the components of the vector z̄⊥i ∈ R2 are indicated as
(xi(t), yi(t))

T , it follows that:{
ẍi(t)− nβ‖ωA‖ẏi + nγxi = 0

ÿi(t) + nβ‖ωA‖ẋi + nγyi = 0.
(18)

IV. TYPE OF GENERATED CURVES

In this section, the analysis on how to choose the parameters γ and β
in order to obtain hypotrochoidal and epitrochoidal curves is given. By
comparing (18) with (3), it is straightforward to show that if parameters
γ and β in (17) are

γ =
ξ − 1

n
, β =

ξ − 2

n‖ωA‖ (19)

then agent imoves in the plane perpendicular to the vector ωA describ-
ing a hypotrochoidal curve defined by the ratio ξ = R

r
. The remaining

parameters of the hypotrochoid are directly related to the agent initial
conditions. More precisely, let

(
x(t)
y(t)

)
= Tθi

⎛
⎝(Ri − ri) cos(t+ τi) + di cos

(
Ri−ri

ri
(t+ τi)

)
(Ri − ri) sin(t+ τi)− di sin

(
Ri−ri

ri
(t+ τi)

)
⎞
⎠

(20)
be a more general writing of the hypotrochoid, where a time shift τi ∈ R

and a planar rotation θi ∈ [0, 2π), i.e., Tθi =
[
cos(θi) −sin(θi)
sin(θi) cos(θi)

]
have

been considered. The rationale behind the use of this more general
version of the hypotrochoid is motivated by the need for degrees of
freedom in the curve initial conditions, since agents initial positions
and velocities do not match (2).

It is straightforward to show that the abovementioned formulation
satisfies the differential equations defined in (3). Choosing the param-
eters as defined in (19), the ith agent will then perform a hypotrochoid
defined by ξ and starting from agent initial position and velocity, on the
plane orthogonal to ωA and centered in the swarm centroid.

In particular, the ith agent evolution will be constrained by the
trajectory (20) as

xi(0) = ri(ξ − 1) cos(θi + τi) + di cos(θi − τi(ξ − 1))

yi(0) = ri(ξ − 1) sin(θi + τi) + di sin(θi − τi(ξ − 1))

ẋi(0) = (1− ξ)(ri sin(θi + τi)− di sin(θi − τi(ξ − 1)))

ẏi(0) = (ξ − 1)(ri cos(θi + τi)− di cos(θi − τi(ξ − 1))) (21)
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where the evolution initial time has been set as zero for the sake of
simplicity and without loss of generality. To entirely define the agent
trajectory, the hypotrochoid parameters ri, di, τi, and θi have to be
found solving the abovementioned set of nonlinear equations. To this
aim, let

χ =

⎛
⎜⎜⎝
cos(θi − τi(ξ − 1))
sin(θi − τi(ξ − 1))

cos(θi + τi)
sin(θi + τi)

⎞
⎟⎟⎠ , b0 =

⎛
⎜⎜⎝
xi(0)
yi(0)
ẋi(0)
ẏi(0)

⎞
⎟⎟⎠

then (21) becomes Bχ = χ0, where

B =

⎡
⎢⎢⎣

di 0 ri(ξ − 1) 0
0 di 0 ri(ξ − 1)
0 di(ξ − 1) 0 ri(1− ξ)

di(1− ξ) 0 ri(ξ − 1) 0

⎤
⎥⎥⎦

resulting in

χ =

⎛
⎜⎜⎝
χx

χy

χẋ

χẏ

⎞
⎟⎟⎠ = B−1χ0 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

xi(0)− ẏi(0)

diξ
yi(0) + ẋi(0)

diξ
ẏi(0) + xi(0)(ξ − 1)

ri(ξ − 1)ξ
−ẋi(0) + yi(0)(ξ − 1)

ri(ξ − 1)ξ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

At this point, imposing that the first two components of χ have unitary
norm, the value of di results in

di =

√
(ẏi(0)− xi(0))2 + (ẋi(0) + yi(0))2

ξ
. (22)

Following the same lines and imposing that ‖(χẋ, χẏ)
T ‖2 = 1, ri can

be obtained as

ri =

√
(ẏi(0) + xi(0)(ξ − 1))2 + (ẋi(0)− yi(0)(ξ − 1))2

(ξ − 1)ξ

and Ri = ξri. The values of θi and τi can now be found by defining

φ1 = tan−1

(
χy

χx

)
= tan−1

(
yi(0) + ẋi(0)

xi(0)− ẏi(0)

)

φ2 = tan−1

(
χẏ

χẋ

)
= − tan−1

(−yi(0)(ξ − 1) + ẋi(0)

xi(0)(ξ − 1) + ẏi(0)

)

and computing

(
θi
τi

)
=

[
1 1− ξ
1 1

]−1(
φ1

φ2

)
.

In the same way, the epitrochoidal case can be obtained by choosing

γ = −ξ + 1

n
, β = − ξ + 2

n‖ωA‖ . (23)

Starting from the general time-shifted and rotated epitrochoid

(
x(t)
y(t)

)
=Tθi

⎛
⎝(Ri + ri) cos(t+ τi)− di cos

(
Ri+ri

ri
(t+ τi)

)
(Ri + ri) sin(t+ τi)− di sin

(
Ri+ri

ri
(t+ τi)

)
⎞
⎠

(24)
and, following the same lines of the hypotrochoidal case, it can be
obtained di as in (22) and

ri =

√
(ẏi(0)− xi(0)(ξ + 1))2 + (ẋi(0) + yi(0)(ξ + 1))2

(ξ + 1)ξ

φ1 = tan−1

(
yi(0) + ẋi(0)

xi(0)− ẏi(0)

)

Fig. 2. Example 1: Agents’ evolution w.r.t. swarm centroid. Black bold
axis represents the axis of rotation.

φ2 = − tan−1

(
yi(0)(ξ + 1) + ẋi(0)

−xi(0)(ξ + 1) + ẏi(0)

)
(
θi
τi

)
=

[
1 1 + ξ
1 1

]−1(
φ1

φ2

)
.

Remark 2: It is worth noting that (19) and (23) satisfy the conditions
stated in Proposition 1.

Remark 3: Note that, defining the ratio ξ, and choosing the param-
eters γ and β as stated in (19) or (23), the emerging agents evolutions
on the plane orthogonal to ωA and centered in the swarm centroid, will
be of desired type. All the agents will perform different trajectories
depending on their own initial conditions but all of them with the same
ratio ξ.

Remark 4: In the case of zero velocity initial conditions, i.e.,
ẋi(0) = ẏi(0) = 0, i = 1, . . . , n, the parameters of the trajectories
becomedi = ri = ‖(xi(0), yi(0))T ‖/ξ, τi = 0, θi = tan−1( yi(0)

xi(0)
) in

both the hypotrochoidal and epitrochoidal cases. As a consequence,
all the agents will perform a hypocycloidal or epicycloidal trajectory
(depending on γ and β), scaled and rotated w.r.t. the one defined by ξ,
in accordance with agents initial positions.

In summary, the proposed control protocol starts with the choice of
ωA to define the axis of rotation of the MAS. In a second step, the
values of γ and β can be chosen according to Proposition 1 (for a
bounded solution on the plane orthogonal to ωA) and (19) and (23) (for
the definition of the type of curve). In a final step,Kw andKz take into
account the dynamics of the MAS along ωA as described in Lemma 3.

V. CASE OF CONNECTED GRAPH: CENTROID ESTIMATION

In this section, a consensus-based approach is described to virtually
simulate complete graph connectivity in (8) starting from a connected
graph. The control law can be recast in terms of the swarm centroid
position and velocity as

ui(t) = −nΓz(zi(t)− cz(t))− nΓw(wi(t)− cw). (25)

The problem can be then translated in the design of a decentralized
algorithm for the estimation of the swarm centroid. To this aim, assume
that each agent knows its own initial location and velocity and intends
to estimate the centroid of the swarm by only using information of the
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Fig. 3. Example 1: On the left, agents’ evolution on the plane orthog-
onal to ωA and centered in the swarm centroid. On the right, agents
evolution along the axis parallel to ωA and centered in the swarm
centroid.

state of its neighbors [34]. Namely, each agent estimates the global
information cz and cw via two consensus procedures and then uses this
information in its local controller in charge of achieving the complete
connectivity and generating the desired curves.

Proposition 2: Let

˙̂ciw(t) = − α
∑
j∈Ni

(ĉiw(t)− ĉjw(t)) (26)

˙̂ciz(t) = − α
∑
j∈Ni

(ĉiz(t)− ĉjz(t)) + ĉiw(t) (27)

with α ∈ R>0, ĉiw(0) = wi(0), and ĉiz(0) = zi(0), i = 1, . . ., n, be
the estimations of centroid velocity and position performed by each
agent. In the case of connected graph, it follows that

lim
t→∞

ĉiw(t) = cw, lim
t→∞

ĉiz(t) = cz(t) ∀i = 1, . . ., n.

Proof: From Lemma 2, it follows that an estimate of the centroid
evolution has to satisfy at steady-state

ĉiz(t) = cz(0) + cwt. (28)

The terms cz(0) and cw can be estimated by a consensus protocol as

˙̂ciz(0)(t) = − α
∑
j∈Ni

(
ĉiz(0)(t)− ĉjz(0)(t)

)
(29)

˙̂ciw(t) = − α
∑
j∈Ni

(
ĉiw(t)− ĉjw(t)

)
(30)

where ĉiz(0)(0) = zi(0), i = 1, . . ., n. By substituting (29) with cz(0)
and (30) with cw in (28), the proof follows. �

Finally, the overall dynamic of each agent results in

˙̂zi(t) = ŵi(t)

˙̂wi(t) = ûi(t)

˙̂ciw(t) = − α
∑
j∈Ni

(ĉiw(t)− ĉjw(t))

˙̂ciz(t) = − α
∑
j∈Ni

(ĉiz(t)− ĉjz(t)) + ĉiw(t) (31)

where ûi(t) = −nΓz(ẑi − ĉiz(t))− nΓw(ŵi(t)− ĉiw(t)) with ẑi(0)
= zi(0) and ŵi(0) = wi(0) for all i = 1, . . ., n.

Proposition 3: The centroid of model (31) coincides with the cen-
troid of the model defined by (7) with control law (8) and the complete
connection is asymptotically obtained.

Proof: Let Δz(t) =
∑n

i=1(ẑi(t)− ĉiz(t)), then 1
n

∑n
i=1

˙̂wi(t) =
1
n
Δ̈z(t). Since Δz(t) evolves as

Δ̈z(t) = −nΓzΔz(t)− nΓwΔ̇z(t)

and Δz(0) = Δ̇z(0) = 03, then Δz(t) = 03 ∀t, the centroid velocity
of (31) is constant and the proof follows. �

The next proposition will provide results about the discrepancy
between the two proposed models.

Proposition 4: Consider the models described in (31) and (7) with
(8) and all the parameters chosen according to Proposition 1 and

Lemma 3. Let ei(t) =

(
zi(t)− ẑi(t)
wi(t)− ŵi(t)

)
be the error between the

evolutions of the two models. There exists a constant ρ > 0, such
that ‖ei(t)‖ ≤ ρα−1 ∀t, i.e., the signal ei(t) is bounded by a constant
proportional to α−1.

Proof: The evolution of ei(t) results in ėi(t) = Q̃ei(t) + PΔci(t)
by defining

Δci(t) =

(
cz(t)− ĉiz(t)
cw(t)− ĉiw(t)

)
, P =

[
Θ3 Θ3

−nΓz −nΓw

]

and Q̃ =

[
Θ3 I3

−nΓz −nΓw

]
.

It follows that ei(t) =
∫ t

0

eQ̃τPΔci(t− τ)dτ. As previously de-

scribed, the motion of each agent can be analyzed by separating the
dynamics along the ωA direction from that in the plane perpendicular
to ωA. Proposition 1 and Lemma 3 ensure that Q̃ presents distinct
couples of pure imaginary eigenvalues for the motion orthogonal to ωA

and asymptotically stable (or at least marginally stable) dynamics in
the motion parallel to ωA. As a consequence, Q̃ admits an eigende-
composition Q̃ = T−1ΛT , where Λ ∈ Rn×n is a diagonal matrix with
‖eΛt‖ = 1 ∀t. It can be then stated that

‖ei(t)‖ ≤ ‖T‖∥∥T−1
∥∥ ‖P‖

∫ t

0

‖Δci(t− τ)‖dτ

and, by exploiting Lemma 1

‖ei(t)‖ ≤ ‖T‖∥∥T−1
∥∥ ‖P‖

∫ ∞

0

‖Δci(0)‖e−αλ2(LG)(t−τ)dτ

and ‖ei(t)‖ ≤ ‖T‖‖T−1‖‖P‖‖Δci(0)‖λ2(LG)−1α−1. �

VI. SIMULATIONS

To highlight the main properties of the proposed swarm model, two
numerical simulations will be hereafter described. In all the examples,
a set of n = 3 agents, with initial conditions on position and velocity
randomly chosen, is considered.

Example 1: In the first example, a complete connectivity is assumed.
The axis of rotation has been set toωA = (0.1925,−0.1925, 0.9623)T ,
and the ratio ξ = 3 has been chosen imposing hypotrochoidal trajecto-
ries for the agents by setting γ and β as in (19). Finally, the evolution
along the axis parallel to ωA has been controlled by Kz = 10 and
Kw = 0 so as to obtain a periodic motion. The overall results are
depicted in Figs. 2 and 3. The first figure shows the agents’ evolution
around the swarm centroid (i.e., zi(t), i = 1, . . . , 3), highlighting that,
in this reference frame, the swarm exhibits a rotational behavior around
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Fig. 4. Example 2: On the left the first agent evolution, on the center the second one, and on the third the last one. Each picture shows the agent
evolution on the plane orthogonal to ωA and centered in the swarm centroid in the case of complete connectivity (black line), partial connectivity
with α1 (red line), and partial connectivity with α2 (green line).

Fig. 5. Example 2: Error signal ei(t), i = 1, . . . , 3, in the cases of α1

(on the left) and α2 (on the right).

the axis ωA. In Fig. 3, the agents’ motions on the plane orthogonal to
ωA, centered in the swarm centroid, and along the axis parallel to ωA

are highlighted: the expected hypotrochoid with ξ cusp-like and the
periodic motion on the axis z|| have been effectively obtained.

Example 2: In the last example, a partial connectivity is assumed
where the first and the second agents are not directly connected but
they can both communicate with the third agent. The axis of rotation
has been set to ωA = (0, 0, 0.2)T , the ratio ξ = 9 has been chosen,
and an epitrochoidal behavior has been imposed setting γ and β as in
(23). The evolution along the axis parallel to ωA has been controlled
by Kz = 90 and Kw = 30 to ensure asymptotic stability w.r.t. the
centroid. Two simulations have been carried out with two different
convergence rates for the consensus based estimations of the swarm
centroid: α1 = 5, α2 = 20. In Fig. 4 , a comparison among agents’
evolutions in the cases of complete connectivity and partial connectivity
with different consensus convergence rates is shown. Fig. 5 highlights
the error ‖ei(t)‖ in the two simulation cases. As expected, the error
is bounded and the more α increases, the more the bound on the error
decreases.

VII. CONCLUSION

A swarm of double integrator agents has been proposed and its main
properties have been investigated. It has been shown that the proposed
model enables the emergence of hypotrochoidal and epitrochoidal paths
according to the choice of the controller parameters and the agents initial
conditions. The properties have been derived assuming complete con-
nectivity and then, the case of connected graph has been faced by means

of consensus-based estimation of the swarm centroid. The discrepancy
between the paths obtained with complete and partial connectivity has
been analyzed pointing out its relation with the consensus convergence
rate. Simulations have been carried out to show the characteristics of
the obtained evolutions. Future research directions will be devoted to
extend the proposed model to more general agents’ dynamics and to
generate controlled paths regardless of agents’ initial conditions.
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