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Finite-Time Control of Markov Jump Lur’e Systems
With Singular Perturbations

Jun Cheng , Ju H. Park , Senior Member, IEEE, and Zheng-Guang Wu

Abstract—This article investigates the asynchronous controller
design issue for Markov jump Lur’e systems with singular per-
turbations within a fixed time interval. For broader practical
applications, the variation of system modes is regulated by a
switched nonhomogeneous Markov process that corresponded
to both lower level nonhomogeneous stochastic jumping and
higher level deterministic switching. By resorting to the hidden
nonhomogeneous-Markov model, an asynchronous control law
that relies on the detected mode information is proposed. In
light of the mode-dependent average dwell time strategy and
mode-dependent stochastic system theory, the singularly per-
turbed parameter-independent conditions are attained to ensure
the stochastic finite-time boundedness of the resulting systems.
With respect to a linear matrix inequality optimization problem,
a solution to the maximum singular perturbation parameter is
obtained. Finally, the feasibility and applicability of the devised
theoretical results are verified by simulation examples.

Index Terms—Average dwell time, finite-time bounded, nonho-
mogeneous Markov chain, singularly perturbed Lur’e system.

I. INTRODUCTION

As a special class of dynamic systems, singularly perturbed systems
(SPSs) have shown their powerful capability in describing systems
with the cooccurrence of the slow states and the fast states. More
specially, the discrepancy of these states is revealed by a singularly
perturbed parameter (SPP). SPSs can well model the practical dynam-
ics with multitime-scale phenomena, which have been experimentally
exploited in [1]. Until now, most of the existing results on SPSs are
focused on linearity, and little effort has been devoted to nonlinearity
that is described by Takagi–Sugeno fuzzy model [2]. Different from
Takagi–Sugeno fuzzy systems, Lur’e systems are described by both the
linear terms and the nonlinearity ones [3], which restricts the dynamic
behaviors in the Hurwitz angle domain. Thus, it is an interesting topic to
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study singularly perturbed Lur’e systems (SPLSs) in the control systems
community, and a great many results have been delivered [4]. However,
in the most reported results of SPLSs, the nonlinearity is presupposed
to rely only on the slow states, which brings some conservatism in the
continuous-time domain. It is a typical case that nonlinearity may rely
on both slow states and fast states. So far, there are very few results that
have been launched in the investigation of discrete-time SPLSs.

In practice, random occurred faults are commonly suffered in the
structure and parameters of the industrial systems, which is the source
of instability. Note that the Markov process can well depict the jumping
among a finite number of system modes, and Markov jumping systems
have been forwarded in many fields, such as power systems and robotic
systems [5]. It is noteworthy that transition probabilities (TPs) are
essential to reflect the mode jumping sequences. Most aforementioned
results assume that the Markov jumping process is homogeneous, which
indicates TPs are time unchanged [6]. However, this assumption is
unrealistic in view of the engineering point. For example, the airspeed
of the helicopter varies along with different weather. Accordingly, the
nonhomogeneous Markov process has been proposed in [7], in which
the TPs are time-varying. Very recently, a piecewise homogeneous
Markov process has been studied, in which TPs are varying but un-
changed within a certain time interval [5], [8]. In [9], a more general
piecewise nonhomogeneous Markov process has been addressed, in
which the time-varying TPs are subjected to a higher level Markov
process. To this end, in light of the deterministic switching law owes a
priority regulator in regulating the feedback information [5], one may
be curious about how to describe a switched nonhomogeneous Markov
process, in which the higher level signal is modeled by a dwell-time
constraint instead of the Markov process. Unfortunately, the switched
nonhomogeneous Markov process remains unsettled, which motivates
us in this study.

From another perspective, most of the abovementioned results are
concerned with the Lyapunov asymptotic stability, which neglects the
transient dynamics. From the practical viewpoint, the researchers are
only interested in transient dynamics over a fixed time interval, such as
electronic circuits and flight systems. To overcome this limitation, the
finite-time stability has attracted the increasing research interest [10],
[11]. Note that in reality, by resorting to finite-time stability, the system
states are limited to stay in a prescribed threshold within a certain time
interval, which presents a better transient performance. Although many
fruitful achievements have been made for transient dynamics [12], to
our knowledge, no literature corresponds to the finite-time stability
for SPLSs, not to mention to the resulting dynamics suffering the
nonhomogeneous Markov process. Therefore, it is of theoretical and
practical significance to explore the transient dynamics for Markov
jumping SPLSs (MJSPLSs), which inspired the current work.

Inspired by the abovementioned observation, the goal of this work is
to forward the finite-time control for MJSPLSs by proposing a switched
nonhomogeneous Markov process strategy. To carry out the developed
issue, the main challenges are highlighted as follows:
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1) How to better model the complicated behavior of the Markov
process?

2) How to analyze the stochastic finite-time stability for MJSPLSs
and solve the finite-time control problem?

3) How to deal with the asynchronous phenomenon between the plant
and the controller?

To facilitate these challenges, we endeavor to develop a unified asyn-
chronous finite-time control methodology for MJSPLSs subject to the
switched nonhomogeneous Markov process. The main contributions
are summarized as fourfolds.
1) As a first attempt, a switched nonhomogeneous Markov model

is developed to regulate the system modes switching, in which
the time-varying TPs are subjected to a higher level deterministic
switching signal.

2) Different from the reported Lyapunov asymptotic stability of
continuous-time SPLSs, the finite-time control issue is first ex-
ploited for discrete-time SPLSs, where the state trajectories remain
bounded within a certain time interval.

3) Benefit from the hidden nonhomogeneous-Markov model
(HNMM), the asynchronous control law that relies on the detected
modes can be developed.

4) By establishing a novel Lyapunov functional, SPP-independent
sufficient conditions are attained such that the closed-loop dynamic
is stochastic finite-time bounded (SFTB).

The rest of this article is organized as follows. Section II formulates
the preliminaries. Section III presents the SFTB for discrete-time
SPLSs. Simulation examples are applied in Section IV. Finally, Section
V concludes this article.

Notation: E {Q} refers to the expectation of Q. λmax(Q)/λmin(Q)
signifies the maximum/minimum eigenvalues of Q. He(Q)means Q +
Q�. diag{· · · } implies a block diagonal matrix. Ψ̄ refers to the sample
space, F stands for the σ-algebra of subsets of Ψ̄, P symbolizes the
probability measure on F . ‖ · ‖ implies the Euclidean norm.

II. PROBLEM FORMULATION

In a fixed probability space (Ψ̄,F ,P), {δk, k ≥ 0} is identified as
a general right-continuous nonhomogeneous Markov process on the
probability space subject to a finite-state space N = {1, 2, . . . ,N }
with generator Ψ(σk)(k) = [ψ

(σk)
mn (k)]N ×N expressed as

ψ(σk)
mn (k) = Pr{δk+1 = n | δk = m} ∀m,n ∈ N (1)

where ψ(σk)
mn (k) ≥ 0 and

∑
n∈N ψ

(σk)
mn (k) = 1. The switched nonho-

mogeneous transition probability (SNTP) matrices Ψσk (k) are time-
varying matrices, which can be characterized by the following polytope
structure:

Ψ(σk)(k) = Ψ(σk)(�(k)) =

J1∑
ι=1

�l(k)Ψ
(σk,ι)

Ψ(σk,ι) =
[
ψ(σk,ι)

mn

]
N ×N

(2)

where �ι(k) ≥ 0 and
∑J1

ι=1 �ι(k) = 1, ι = {1, 2, . . . , J1}. Specifi-
cally,Ψ(σk,ι) are vertex matrices, and J1 implies the number of vertices
of Ψ(σk). It is clear that ψ(σk)

mn (k) =
∑J1

ι=1 �ι(k)ψ
(σk,ι)
mn . Specifically,

{σk, k ≥ 0} is recognized as a high-level deterministic switching func-
tion, which meets the mode-dependent average dwell time switching
and taking values over a set M = {1, 2, . . . ,M }. In this study, the
model (2) is called SNTPs, and switching signal σk is employed to
describe the deterministic switching of TPMs in Ψ(σk)(k).

Remark 1: The piecewise homogeneous transition probabilities
have been exploited in [8], which are time-dependent but invariant

within a certain time interval. Motivated by the aforementioned work, it
is remarkable that the MJSPLS (1) with SNTPs (2) is characterized by
both nonhomogeneous stochastic jumping process δk and deterministic
switching signal σk simultaneously. σk is identified as a higher level
switching signal, which releases a sequence of signals to govern suitable
feedback switching signals among the lower level nonhomogeneous
Markov process δk. In light of the mode-dependent average dwell
time approach having the better capability in compensating the effect
of arbitrary switching, the merits of the switched nonhomogeneous
Markov process can be easily recognized. When the switching signal
σk is transferred into a homogeneous Markov chain and J1 = 1, model
(1) corresponds to the piecewise homogeneous case [9]. When the
switching signal σk is fixed as a constant signal, model (1) degrades
to the nonhomogeneous case [7]. Thus, the investigation of NSTPs is
more general and complex.

Consider a class of discrete-time MJSPLSs described by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1(k + 1) = A11(δk)x1(k)+εA12(δk)x2(k)+B1(δk)u(k)

+C1(δk)ϕ(δk, ζ(k)) + F1(δk)ω(k)

x2(k + 1) = A21(δk)x1(k)+εA22(δk)x2(k)+B2(δk)u(k)

+C2(δk)ϕ(δk, ζ(k)) + F2(δk)ω(k)

ζ(k) = H1(δk)x1(k) + εH2(δk)x2(k)

z(k) = D1(δk)x1(k) + εD2(δk)x2(k)

(3)

where x1(k) ∈ R
ns , x2(k) ∈ R

nf are the slow and fast state vectors,
respectively. u(k) ∈ R

nu , and z(k) ∈ R
nz , respectively, denote the

control input and the controlled output. ϕ(·) stands for a memoryless
nonlinear function.ω(k) ∈ R

w is the external disturbance. Specifically,
the Lur’e nonlinearity ϕ(δk, ζ(k)) is a parameter-dependent memory-
less nonlinearity. ε ∈ (0, ε] is an SPP, and ε < 1 symbolizes the upper
bound of SPP. Aij(δk), Bi(δk), Ci(δk), Hi(δk), Di(δk), and Fi(δk)
(i, j = 1, 2) are known matrices with suitable dimensions.

Assumption 1: For given scalard > 0, the external disturbanceω(k)
is norm-bounded over interval [T1, T2] and meets W[T1,T2],d � {ω(k) :∑T2

k=T1 ω
�(k)ω(k) ≤ d}.

Assumption 2: ([13]) The nonlinear function ϕ(δk, ζ(k)) satisfies a
cone-bounded sector criteria and is decentralized being associated with
each scalar δk = m ∈ N , ϕm(ζ(k)) = ϕ(δk, ζ(k)), which meets the
following two conditions: 1) ϕm(0) = 0; and 2) there exist diagonal
matrices Ωm > 0

ϕm,l(ζ(k))[ϕm(ζ(k))− Ωmζ(k)]l ≤ 0. (4)

By resorting to Assumption 2, for any diagonal matrices
Λm > 0 ∀m ∈ N , it is clear that SC(m, ζ(k),Λm) �
ϕ�

m(ζ(k))Λm[ϕm(ζ(k))− Ωmζ(k)] ≤ 0. Obviously, from (4), it
yields [Ωmζ(k)]l[ϕm(ζ(k))− Ωmζ(k)]l ≤ 0, one further derives the
condition 0 ≤ ϕ�

m(ζ(k))Λmζm(ζ(k)) ≤ ϕ�
m(ζ(k))ΛmΩmζ(k) ≤

ζ�(k)ΩmΛmΩmζ(k) holds.
Remark 2: In [4], Lur’e nonlinearities are parameter-ε-independent

and some simple storage functions are proposed in Lyapunov func-
tionals. To our knowledge, the investigation of SPLSs has not been
extended to the discrete-time domain. To reduce the aforementioned
gap, the dynamic behavior of discrete-time SPLSs subject to a stochastic
switching process is studied within a certain interval. In contrast with the
existing results, Lur’e nonlinearityϕ(δk, ζ(k)) is both mode-dependent
and SPP ε-dependent, which signifies that the investigated dynamic (3)
is more general.
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Let x(k) = [x�1 (k) x
�
2 (k)]

�, the MJSPLS (3) can be reformulated
as ⎧⎨⎩

x(k + 1) = A(δk)Eεx(k) +B(δk)u(k)
+C(δk)ϕ(δk, ζ(k)) + F (δk)ω(k)

z(k) = D(δk)Eεx(k), ζ(k) = H(δk)Eεx(k)
(5)

whereA(δk) =

[
A11(δk) A12(δk)
A21(δk) A22(δk)

]
,B(δk) =

[
B1(δk)
B2(δk)

]
,C(δk) =[

C1(δk)
C2(δk)

]
,F (δk) =

[
F1(δk)
F2(δk)

]
,D(δk) = [D1(δk) D2(δk)],H(δk) =

[H1(δk)H2(δk)], Eε = diag{Ins , εInf
}.

Assumption 3: Notice that for all πk ∈ S = {1, 2, . . . ,S }, we
consider the pair (δk, πk) as HNMM, from which the mode detection
probabilities φms(k) are devised as

φms(k) = Pr{πk = s | δk = m} (6)

whereφms(k) ∈ [0, 1] and
∑

s∈S φms(k) = 1. The time-varying mode
detection probability matrix (DPM) Φ(k) = [φms(k)]m∈N ,s∈S can be
described by the following polytope:

Φ(k) = Φ(ν(k)) =

J2∑
�=1

ν�(k)Φ
(�), Φ(�) =

[
φ(�)
ms

]
S×S

where ν�(k) ≥ 0 and
∑J2

�=1 ν�(k) = 1,  = {1, 2, . . . , J2}. Φ(�) in-
dicate the vertex matrices, and J2 signifies the number of vertices of
Φ(k). It is clear that φms(k) =

∑J2
�=1 ν�(k)φ

(�)
ms.

Remark 3: To reveal the asynchronous framework between original
system mode and controller mode, the hidden homogeneous-Markov
model has been widely studied in literature [3], [14], where mode detec-
tion probabilities of the controller are presupposed to be time-invariant.
It is noteworthy that such assumption is not verified in real applications.
Inspired by the work of [15], the mode detection probabilities are
time-varying, which rely on the current moment. Thus, the HNMM is
addressed in this work, where the detection probabilities of controller
mode πk are time-varying and belong to a polytope set.

As the above discussion implies, the plant mode δk can be only
observed by the HNMM (6) with the detector πk. To carry out the
aforementioned special requirement, an asynchronous controller for
MJSPLS (5) is designed as{

u(k) = K(πk)Eεx(k) + L(πk)ϕ(πk, ς(k))
ς(k) = H(πk)Eεx(k)

(7)

where K(πk) and L(πk) are the controller gains to be solved.
Combining (5) and (7), for δk = m and πk = s, one has⎧⎨⎩

x(k + 1) = AmsEεx(k) + Cmϕm(ζ(k))
+BmLsϕs(ς(k)) + Fmω(k)

z(k) = DmEεx(k)
(8)

where Ams = Am +BmKs.
In what follows, some helpful definitions are recalled.
Definition 1: ([12]) For a switching signal σk and any k ∈ [0, T ],

defineNσp(k, T ) and Gp(k, T ) as the switching number and the whole
activating time of the pth subsystem during an interval [k, T ]. One
derives σ(k) subject to mode-dependent average dwell time τap, where
N0p > 0 is mode-dependent chatter bounds, and τap meets

Nσp(k, T ) ≤ N0p +
Gp(k, T )

τap
. (9)

Definition 2: ([10]) The MJSPLS (8) is SFTB with respect to (w.r.t.)
(c1, c2,R, [T1, T2],W[T1,T2],d) for all ω(t) ∈ W[T1,T2],d, where matrix

R > 0, and parameters 0 < c1 < c2, such that for all k ∈ [T1, T2]

x�(T1)Rx(T1) ≤ c1 ⇒ x�(k)Rx(k) ≤ c2 ∀k ∈ [T1, T2].

Our objective is to design an asynchronous controller (7), such
that the resulting system is SFTB with assigned H∞ perfor-
mance γ(γ > 0), similar to [16], z(k) satisfies

∑T
k=0 E {‖z(k)‖2} <

γ2
∑T

k=0 ‖ω(k)‖2.

III. MAIN RESULT

In what follows, for brevity, we define

V1(x(k), δk, σk) = x�(k)

J1∑
ι=1

�ι(k)(P
(p,ι)
m )−1x(k)

V2(x(k), δk, σk) = ϕ�
m(ζ(k))

J1∑
ι=1

�ι(k)(Δ
(p,ι)
m )−1ΩmHm

×Eεx(k),G
(p,ι)
m = {P (p,ι)

m ,Δ(p,ι)
m }

Tp = T ln(μp)/(ln(λ1c2)− ln((λ2 + λ3)c1 + γ2d)− Tp)

Tp = T ln(1 + αp) +
N∑

p=1

N0p ln(μp)

Γ(k) = γ2ω�(k)ω(k)− z�(k)z(k), E0 = diag{Ins , 0}

λ1 = min
m∈N ,p∈S,ι=1,...,J1

(λmin(R− 1
2 (P (p,ι)

m )−1R− 1
2 ))

λ2 = max
m∈N ,p∈S,ι=1,...,J1

(
λmax(R− 1

2 (P (p,ι)
m )−1R− 1

2 )

λ3 = max
m∈N ,p∈S,ι=1,...,J1

λmax

(
R− 1

2 (2EεH
�
m

× ΩmΔ(p,ι)
m ΩmHmEε)

−1R− 1
2

))
γ = γmax

p∈S
(exp{2T ln(1 + αp) +

N∑
p=1

N0p ln(μp)})1/2

Σ1,1
ιj�msp = diag{υ2

1Zιmsp −He(υ1W1),−2Δ(p,ι)
m ,−γ2I}

Σ1,2
ιj�msp = diag{υ2

1Zιmsp −He(υ1Uε),−2Δ(p,ι)
m ,−γ2I}

Σ1,3
ιj�msp = diag{υ2

1Zιmsp −He(υ1Uε),−2Δ(p,ι)
m ,−γ2I}

Σ2,℘
ιj�msp =

[√
2FX℘�

ms 2X℘�
ms Σ22,℘

ιj�msp Σ
22,℘
ιj�msp Σ

23,℘
ιj�msp

]
Σ3

ιj�msp = diag{−P (p,j)
1 , . . . ,−P (p,j)

N ,−τιjmspI,−Qιjmsp

− Sιjmsp,−I}, Eε = diag{Ins , εInf
}

Σ22,j
ιj�msp = [ΩsHsΘj 0 0]�(j = 1, 2, 3),Σ23,1

ιj�msp = [DmΘ1 0 0]

Σ23,2
ιj�msp = [DmΘ2 0 0],Σ23,3

ιj�msp = [DmΘ3 0 0]

X 1
ms = [(AmΘ1 +BmKsE0) Cm Fm]

X i
ms = [(AmΘi +BmKsEε) Cm Fm], (i = 2, 3)

Uε = W1 + εW2,Θf =

3∑
f=1

εf−1Gf , G1 = diag{U1, 0}

G2 =

[
U3 U�

5

U5 U2

]
G3 = diag{0,U4} W1 =

[
U1 0
U5 U2

]



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 68, NO. 11, NOVEMBER 2023 6807

W2 =

[
U3 U�

5

0 U4

]
F =

[√
ψp,ι

m1 · · ·
√
ψp,ι

mN

]
.

In this section, the SFTB of closed-loop dynamic (8) will be pre-
sented, and the upper bound of SPP will be calculated.

Theorem 1: Given constants c2 > c1 > 0, d > 0, αp > 0, γ, μp ≥
1, p ∈ S , matrices P

(p,ι)
m > 0, Δ

(p,ι)
m > 0, m ∈ N , p ∈ S, ι =

1, . . . , J1, and three K∞ functions λ1, λ2, and λ3, if there exists
Lyapunov functionals

V (x(k), δk, σk) =
2∑

l=1

Vl(x(k), δk, σk) (10)

with matrices

(G (p,ι)
m )−1 > 0, (G (p,ι)

m )−1 ≤ μp(G
(q,ι)
m )−1(p �= q) (11)

the closed-loop dynamic (8) is SFTB w.r.t. (c1, c2,R, [0, T ],W[0,T ],d)
and meets an H∞ performance index γ, such that ∀δk = m, σk = p

λ1x
�(k)Rx(k) ≤ V (x(k), δk, σk)

≤ (λ2 + λ3)x
�(k)Rx(k)

(12)

V (x(k + 1), δk+1, σk) ≤ (1 + αp)V (x(k), δk, σk)

+ Γ(k)
(13)

(λ2 + λ3)c1 + γ2d < exp (−Tp) λ1c2.
(14)

Thus, the switching signal σ(k) satisfying

τap > τ ∗ap = max [Tp, ln(μp)/ ln(1 + αp)] (15)

thus, we have
∑T

k=0 E {z�(k)z(k)} < γ2
∑T

k=0 ω
�(k)ω(k).

Proof: Please see the Appendix A. �
Remark 4: It is noteworthy that a novel Lyapunov functional

V (x(k), δk, σk) has been proposed, in which the matrices P (p,ι)
m and

Δ
(p,ι)
m simultaneously rely on parameter �ι(k), mode δk = m, and

switching signal σk = p. Apparently, by absorbing some useful infor-
mation (i.e., �ι(k), δk, σk) in Lyapunov functional V (x(k), δk, σk),
one can achieve more freedom in searching for feasible solutions, and
acquire better system performance. In addition, the switching signal
σk is subjected to the mode-dependent average dwell time giving more
flexibility in searching for a feasible solution, which can be degener-
ated to the case of average dwell time by letting αp = α, τap = τa,
Nσp = Nσ .

Remark 5: Most existing results on SPLSs are concerned with
the Lyapunov asymptotic stability over an infinite time horizon. In
practical application, there is a lack of investigation on SFTB for SPLSs,
not to mention to the nonhomogeneous stochastic switching process.
To fill this gap, the SFTB analysis has been made for MJSPLSs in
Theorem 1.

Notice that Theorem 1 gives the SFTB with assigned H∞ perfor-
mance for system (8), based on Theorem 1, the desired controller gains
will be derived in Theorem 2.

Theorem 2: Given constants ε > 0, c2 > c1 > 0, αp > 0, γ,

μp ≥ 1, τιjmp > 0, matrices P
(p,ι)
m > 0, Δ

(p,ι)
m > 0, Zιmsp > 0,

Qιj msp, Sιjmsp > 0, Ks, Ls, the closed-loop dynamic (8) is SFTB
w.r.t. (c1, c2,R, [0, T ],W[0,T ],d) and meets an H∞ performance in-
dex γ, such that for any m ∈ N , p ∈ M, ι, j ∈ {1, 2, . . . , J1},  ∈
{1, 2, . . . , J2}, the switching signal σk satisfies (15), condition (14)

holds and

U1 > 0 (16)[
U1 + εU3 εU�

5

εU5 εU2

]
> 0 (17)[

U1 + εU3 εU�
5

εU5 εU2 + ε2U4

]
> 0 (18)

[−λ2R I

∗ −P (p,ι)
m

]
< 0,

[
−P (p,ι)

m

√
λ1P

(p,ι)
m R

∗ −R

]
< 0 (19)

[−λ3R E0H
�
mΩm

∗ −Δ
(p,ι)
m

]
< 0,

[−λ3R EεH
�
mΩm

∗ −Δ
(p,ι)
m

]
< 0 (20)

[
−μpG

(q,ι)
m G (q,ι)

m

∗ −G (p,ι)
m

]
< 0 (21)

⎡⎣−(1 + αp)P
(p,ι)
m

[√
φ
(�)
m1P

(p,ι)
m · · ·

√
φ
(�)
mSP

(p,ι)
m

]
∗ −diag{Zιm1p, . . . , ZιmSp}

⎤⎦ < 0 (22)

[
υ2
2Qιjmsp −He(υ2Ys)

√
2FL

�
sB

�
m

∗ −diag{P (p,j)
1 , . . . , P

(p,j)
N }

]
< 0 (23)

[
−τιjmp τιjmpE0[

√
ψp,ι

m1H
�
mΩm · · ·

√
ψp,ι

mN ]

∗ −diag{Δ(p,j)
1 , . . . ,Δ

(p,j)
N }

]
< 0 (24)

[
−τιjmp τιjmpEε[

√
ψp,ι

m1H
�
mΩm · · ·

√
ψp,ι

mN ]

∗ −diag{Δ(p,j)
1 , . . . ,Δ

(p,j)
N }

]
< 0 (25)

[
υ2
3Sιjmsp −He(υ3Ys) 2L

�
sB

�
m

∗ −τιjmpI

]
< 0 (26)

[
Σ1,℘

ιj�msp Σ2,℘
ιj�msp

∗ Σ3
ιj�msp

]
< 0, (℘ = 1, 2, 3) (27)

Besides, if the conditions (14) and (15) and the linear matrix inequal-
ities (LMIs) (16)–(27) are feasible, the asynchronous controller gains
are

Ks = Ks (W1 + εW2)
−� , Ls = LsY

−1
s . (28)

Proof: Please see Appendix B. �
Notice that ε ∈ [0, ε] is an SPP in Theorem 2, and the upper-bound

of SPP can be maximized as the following optimization problem:

max ε

αp > 0, γ, μp ≥ 1, τιjmp > 0, c2 > c1 > 0

P (p,ι)
m > 0,Δ(p,ι)

m > 0, Zιmsp > 0

Qιjmsp, Sιjmsp > 0,Ks, Ls

∀m ∈ N , p ∈ M∀ι, j ∈ {1, . . . , J1}∀ ∈ {1, . . . , J2}

subject to

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

LMIs (16)–(27) and (14)
P

(p,ι)
m > 0,Δ

(p,ι)
m > 0

Zιmsp > 0, Sιjmsp > 0
∀m ∈ N , p ∈ M
∀ι, j ∈ {1, . . . , J1}
∀ ∈ {1, . . . , J2}.
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TABLE I
UPPER BOUND OF SPP FOR DIFFERENT CASES

IV. ILLUSTRATIVE EXAMPLE

Example 1: (Numerical Example) The parameters of the MJSPLS
with two modes are described as follows:

A1 =

⎡⎢⎢⎣
0.4 0.3 −1.6 0.3
0 2.4 0 0.9
0.3 0 0.9 1.8
1.7 1.3 0.6 1.2

⎤⎥⎥⎦ , B1 =

⎡⎢⎢⎣
0.1
0.3
0
0.2

⎤⎥⎥⎦ , C1 =

⎡⎢⎢⎣
0.1
0.2
0.3
0.4

⎤⎥⎥⎦
F1 = H1 = [0.1 0.1 0.1 0.1]�,D1 = [1 1 1 1]

A2 =

⎡⎢⎢⎣
0.2 0.3 −1.9 0.24
0 1.3 0 −0.6
0.3 0 0.9 2.1
2.4 1.5 0.3 1.8

⎤⎥⎥⎦ , B2 =

⎡⎢⎢⎣
0.1
0.2
0
1

⎤⎥⎥⎦ , C2 =

⎡⎢⎢⎣
0.1
0.2
0.3
0.4

⎤⎥⎥⎦
F2 = H2 = [0.1 0.1 0.1 0.1]�,D2 = [1 1 1 1].

For the MJSPLSs, the singularly perturbed matrix is selected asEε =
diag{1, 1, ε, ε}. Moreover, the nonhomogeneous stochastic switching
processes δk governed by the switching signal σk is unveiled as

Ψ(1,1) =

[
0.1 0.9
0.5 0.5

]
,Ψ(2,1) =

[
0.6 0.4
0.2 0.8

]
,Ψ(1,2) =

[
0.5 0.5
0.35 0.65

]
,

Ψ(2,1) =

[
0.05 0.95
0.95 0.05

]
.

Meanwhile, other parameters are chosen as γ = 1.5, (c1, c2,
R, [T1, T2],W[T1,T2],d) = (0.2, 15, diag{1, 1, 1, 1}, [0,10],0.01), Ω1

= 1.2, Ω2 = 1.8. λ1 = 2.5, αp = 0.001, μp = 1.01 (p = 1, 2). μp =
1.01 (p = 1, 2), and N0p = 0.

The purpose of this work is to design an asynchronous control strat-
egy with uncertain detected mode πk such that the inverted pendulum
model is SFTB. Next, we divide the DPM into three cases as follows.

Case 1: Ideal mode-dependent detector, i.e., δ(k) = π(k).

Case 2: The time-invariant DPM Φ1 = Φ2 =

[
0.3 0.7
0.95 0.05

]
.

Case 3: The time-varying DPM that is characterized in a polytope

set Φ1 =

[
0.3 0.7
0.95 0.05

]
,Φ2 =

[
0.5 0.5
0.2 0.8

]
.

Table I demonstrates the upper bound of SPP for three cases. From
Table I we get that case 1 gained larger values of upper bound of SPP
ε. Furthermore, it can be easily observed from cases 2 and 3 that when
a more reliable information is obtained, the lower value of SPP ε can
be acquired.

In what follows, to evaluate the manner of closed-loop MJSPLS (8)
for the case 3, the initial values are given asϑ(0) = [−0.1 0.2 0.1 0.2]�,
and ω(k) = 0.1 sin(4πk), the simulation results can be seen in Figs.
1–4. The evolutions of deterministic switching signal σk, system mode
δk, and controller mode πk are shown in Fig. 1. The state responses
of closed-loop systems (100 realizations) are plotted in Fig. 2. The
100 realizations of the evolution of z(k), u(k) and x�(k)Rx(k) are

Fig. 1. Evolutions of σk, δk, and πk.

Fig. 2. Responses of the state x(k) in Example 1 (100 realizations).

Fig. 3. Evolution of z(k), u(k), and x�(k)Rx(k) in Example 1 (100
realizations).

depicted in Fig. 3. Indicated by these figures, one manifests the validity
of the control scheme.

Example 2: (Practical Example) Consider an inverted pendulum
controlled by a dc motor with two modes, the dynamic equation of
motions is yielded as⎧⎨⎩

ẋ1(t) = x2(t)
ẋ2(t) =

g
l
sinx1(t) +

N Km
ml2

x3(t)
Laẋ3(t) = −KbN x2(t)− Rmx3(t) + u(t) + ω(k)

(29)

where the physical meanings of Km, Kb, N , La, and Rm(m =
1, 2) in (29) are presented in Table II. The parameters are given
as Km = 0.1Nm/A, Kb = 0.1Vs/rad, N = 10, La = 5mH, g =
9.8m/s2, l = 1m, and R1 = 1, R2 = 0.5, set ε = La is the SPP,
ϕm(ζ(k)) = 0.5Ωm sin(x1(k))(sin(x1(k)) + 0.1) and ϕs(ς(k)) =
0.5Ωs sin(x1(k))(sin(x1(k)) + 0.1) with Hm = Hs = [0.1 0.1 0.1]
and Ω1 = 1.2, Ω2 = 1.8. Letting x(k) = [x�1 (k) x

�
2 (k) x

�
3 (k)]

�, and
discretizing the continuous-time system (29) with sampling period
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Fig. 4. State trajectories of x(k) in Example 2 (50 realizations).

TABLE II
PARAMETERS MEANING

Ts = 0.02 s, the discrete-time MJSPLS can be inferred as

x(k) = AmEεx(k) +Bmu(k) + Cmϕm(ζ(k))

+ Fmω(k), (m = 1, 2)
(30)

where

A1 =

⎡⎣ 0.9878 0.0495 0.0183
−0.4848 0.9695 0.6237
0.1792 −0.6237 7.0952

⎤⎦ , C1 =

⎡⎣ 0.0122
0.4848
−0.1792

⎤⎦
B1 = F1 = [0.0003 0.0183 0.6270]�

A2 =

⎡⎣ 0.9878 0.0494 0.0212
−0.4844 0.9666 0.7768
0.2075 −0.7768 11.7722

⎤⎦ , C2 =

⎡⎣ 0.0122
0.4844
−0.2075

⎤⎦
B2 = F2 = [0.0004 0.0212 0.7804]�, Eε = diag{1, 1, ε}.

In what follows, different from the existing piecewise-homogeneous
Markov process [2], a generalized nonhomogeneous Markov
process δk governed by the switching signal σk is unveiled as

Ψ(1,1) =

[
0.2 0.8
0.7 0.3

]
, Ψ(2,1) =

[
0.5 0.5
0.9 0.1

]
, Ψ(1,2) =

[
0.05 0.95
0.45 0.55

]
,

Ψ(2,1) =

[
0.5 0.5
0.1 0.9

]
, and Φ1 =

[
0.1 0.9
0.9 0.1

]
,Φ2 =

[
0.8 0.2
0.6 0.4

]
.

D� = H� = [0.1 0.1 0.1], ( = 1, 2). The finite-time control
issue will be addressed for the inverted pendulum model by
selecting the parameter of (c1, c2,R, T , d) are c1 = 1.1, c2 = 15,
R = diag{1, 1, 1}, T = 20, d = 1. Other parameters are chosen as
αp = 0.05, μp = 1.15 (p = 1, 2), and N0p = 0. By resorting to
Theorem 1, it is clear that for any switching signal meeting τap =
2.8646 > max[(T ln(μp))/(ln(c2)− ln(λ1c1 + γ2d))− (T ln(1 +

αp) +
∑N

p=1N0p ln(μp)), ln(μp)/ ln(1 + αp)], the closed-loop
dynamic (8) is SFTB.

In the sequel, letting ε = 0.005, γ = 1.5, and λ1 = 1.01, by solving
the LMIs of Theorem 2, the asynchronous controller gains can be
attained. To evaluate the manner of closed-loop MJSPLS (8), the initial
values are given as ϑ(0) = [−0.5 0.7 − 0.5]�, and ω(k) = sin(4πk).
Based on the derived controller gains, the simulation results are shown

Fig. 5. Evolution of z(k), u(k), and x�(k)Rx(k) in Example 2 (50
realizations).

in Figs. 4 and 5, in which Fig. 4 shows the 50 realizations of state
trajectories of closed-loop dynamic (8), Fig. 5 displays the 50 re-
alizations of the trajectory of z(k), u(k), and x�(k)Rx(k). From
which one can observe visually that the evolution of x�(k)Rx(k)
in closed-loop dynamic (8) meets x�(k)Rx(k) ≤ c2 = 15. Eventu-
ally, one concludes that the closed-loop dynamic (8) is SFTB w.r.t.
(c1, c2,R, [0, T ],W[0,T ],d).

V. CONCLUSION

The asynchronous controller design issue has been addressed for
MJSPLSs in this work. The resulting dynamic parameters have been
modeled by a nonhomogeneous Markov chain, where time-varying
TP matrices are governed by a deterministic switching law. Based
on a novel Lyapunov functional, the SPP-independent sufficient con-
ditions have been exhibited within a fixed interval. In the end, two
computational examples have been adopted to show the feasibility and
applicability of the gained theoretical results.

APPENDIX A

In light of condition (13), it yields

E {ΔV (k)} = E {V (x(k + 1), δk+1, σk) | δk = m

σk = p} − E {V (x(k), δk, σk)}

≤ αpE {V (x(k), δk, σk)}+ Γ(k). (31)

Summing up the inequality (31) from kt to k, one gains

E {V (x(k), δk, σk) | δkt , σkt}

≤ (1 + αp)
(k−kt)E {V (x(kt), δkt , σkt)}

+
k−1∑
l=kt

(1 + αp)
(k−l−1)E {Γ(l)}.

(32)

Generally, one assumes σkt = p and σkt−1 = q at switching instant
kt. For μp ≥ 1, it yields from (11) that

E {V (x(kt), δkt , σkt)} ≤ μpE {V (x(kt), δkt , σkt−1
)}. (33)

Recalling the inequalities (32) and (33), one derives

E {V (x(k), δk, σk) | δkt , σkt}

< (1 + αp)
(k−kt)μpE {V (x(kt), δkt , σkt−1

)}

+

k−1∑
l=kt

(1 + αp)
(k−l−1)E {Γ(l)}. (34)
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For ∀k ∈ {1, 2, . . . , T }, it follows from Definition 1 and (34) that

E {V (x(k), δk, σk)}

< (1 + αp)
(k−kt)μσkt

E {V (x(kt), δkt , σkt−1
)}

+
k−1∑
l=kt

(1 + ασkt
)(k−l−1)E {Γ(l)} < · · ·

<
N∏

p=1

exp{Nσp(k0, k) ln(μp)} exp
{

N∑
p=1

Gp(k0, k)

× ln(1 + αp)

}
[V (x(k0), δk0

, σk0
)

+γ2

k−1∑
l=k0

ω�(l)ω(l)

⎤⎦ . (35)

Since Nσp(k0, k) ≤ N0p + Gp(k0, k)/τap, V (xk0
, δ0, σ0) ≤

maxm∈N ,p∈S,ι=1,...,J1
(λmax(R− 1

2 (P
(p,ι)
m )−1R− 1

2 + λmax(R− 1
2

(P
(p,ι)
m )−1R− 1

2 ) +λmax(R− 1
2 (EεH

�
mΩm(Δ

(p,ι)
m )−1 ΩmHmEε)

−1

R− 1
2 )))x�(k)Rx(k) = (λ2 + λ3)c1, and recalling

∑T
l=k0

ω�(l)ω(l)
≤ d, which gives rise to

E {V (x(k), δk, σk)}

≤ exp

{
N∑

p=1

N0p ln(μp)

}
exp

{
T max

[
ln(μp)

τap

+ ln(1 + αp)]

}(
(λ2 + λ3)c1 + γ2d

)
. (36)

Based on condition (14), one gets ln(λ1c2)− ln((λ2 +
λ3)c1 + γ2 d)− Tp > 0. Meanwhile, for the second term of
(36), one has T max[ln(μp)/τap + ln(1 + αp)] < ln(λ1c2)−
ln((λ2 + λ3)c1 + γ2 d)−

∑N
p=1N0p ln(μp). Recalling (10), it

is easy to achieve that V (x(k), δk, σk) ≥ minm∈N ,p∈S,ι=1,...,J1

(λmin(R− 1
2 (P

(p,ι)
m )−1R− 1

2 ))x�(k)R ×x(k) = λ1x
�(k)Rx(k).

Combining (36), which implies x�(k)Rx(k) < c2. According to
Definition 2, one concludes that closed-loop dynamic (8) is SFTB
w.r.t. (c1, c2,R, [T1, T2],W[T1,T2],d).

In what follows, the H∞ performance for closed-loop dynamic (8)
withω(k) �= 0will be presented. By the similar derivation, one achieves

E {V (x(k), δk, σk)} <
N∏

p=1

exp{Nσp(k0, k) ln(μp)}

× exp

{
N∑

p=1

Gp(k0, k) ln(1 + αp)

}
V (x(k0), δk0

, σk0
)

+
k−1∑
l=0

[
N∏

p=1

exp{(Np(l, k)) ln(μp)}

× exp

{
N∑

p=1

Gp(l, k) ln(1 + αp)

}
Γ(l)

]
. (37)

In light of τap > ln(μp)/ ln(1 + αp), which suffices to guaran-
tee Nσp(l, k) ln(μp) ≤ N0p ln(μp) + Gp(l, k) ln(1 + αp). Under the
zero-initial condition, recalling the relationship (37), which indicates

k−1∑
l=0

[
Nσ∏
p=1

exp{(Np(l, k)) ln(μp)}

× exp

{
Nσ∑
p=1

Gp(l, k) ln(1 + αp)

}
z�(l)z(l)

]

< γ2

k−1∑
l=0

exp

{
N∑

p=1

N0p ln(μp)

+ 2Gp(l, k) ln(1 + αp)

}
ω�(l)ω(l). (38)

Recalling μp ≥ 1 and αp > 0, letting k − 1 = T , which ren-
ders

∑T
k=0 E {z�(k)z(k)} < γ2

∑T
k=0 ω

�(k)ω(k), this completes
the proof. �

APPENDIX B

According to LMIs (16)–(18) and [4, Lemmas 1.2-1.3], which gives
rise toEεUε = U�

ε Eε > 0 for any ε ∈ (0, ε]. Meanwhile, with respect
to the well-known inequality (υU�

ε − Zιmsp)Z
−1
ιmsp(υUε − Zιmsp) ≥ 0,

we can get ∀υ > 0[
Σ̂1

ιj�msp Σ̂2
ιj�msp

∗ Σ3
ιj�msp

]
< 0, (℘ = 1, 2, 3) (39)

where Σ̂1
ιj� msp = diag{−U�

ε Z
−1
ιmspUε,−2Δ

(p,ι)
m ,−γ2I}, Σ̂2

ιj� msp =

[F X̂ �
ms X̂ �

ms Σ̂22
ιj�msp Σ̂22

ιj�msp Σ̂23
ιj�msp], Σ̂22

ιj�msp = [ΩsHsEε

Uε 0 0], Σ̂23
ιj�msp = [DmEεUε 0 0], X̂ms = [

√
2AmsEεUε√

2Δ
(p,ι)
m Cm

√
2Fm].

Next, define J (k) = V (x(k + 1), δk+1, σk | δk = m,σk = p)−
(1 + αp)V (x(k), δk, σk)− Γ(k).

In light of (10), which yields

E {V1(x(k + 1), δk+1, σk | δk = m,σk = p)}

= E

{
x�(k + 1)

∑
n∈N

ψ(p,ι)
mn (k)

J1∑
ι=1

�ι(k + 1)

× (P (p,ι)
n )−1x(k + 1)

}
.

(40)

Set �ι(k + 1) = �j(k) with�j(k) ≥ 0 and
∑J1

j=1�j(k) = 1, one

has
∑J1

j=1�j(k)(P
(p,j)
n )−1 =

∑J1
ι=1 �ι(k + 1)(P

(p,ι)
n )−1. Equation

(40) can be rewritten as

E {V1(x(k + 1), δk+1, σk | δk = m,σk = p)}

≤ E {2[AmsEεx(k) + Cmϕm(ζ(k))

+ Fmω(k)]
�

J2∑
�=1

ν�(k)
∑
s∈S

φ(�)
ms

J1∑
ι=1

J1∑
j=1

�ι(k)�j(k)

× P(p)
ıjm[AmsEεx(k) + Cmϕm(ζ(k))

+ Fmω(k)] + 2ϕ�
s (ς(k))L

�
sB

�
m

J2∑
�=1

ν�(k)
∑
s∈S

φ(�)
ms

×
J1∑
ι=1

J1∑
j=1

�ι(k)�j(k)P(p)
ıjmBmLsϕs(ς(k))}. (41)

where P(p)
ıjm =

∑
n∈N ψ

(p,ι)
mn (P

(p,j)
n )−1.
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Besides, by exploiting the condition (23), we can get

2ϕ�
s (ς(k))L

�
sB

�
mP(p)

ıjmBmLsϕs(ς(k))

≤ x�(k)EεH
�
s Ω

�
sQ

−1
ιjmspΩsHsEεx(k).

(42)

Substituting (42) into (41), which leads to

E {V1(x(k + 1), δk+1, σk | δk = m,σk = p)}

≤
J1∑
ι=1

J1∑
j=1

J2∑
�=1

�ι(k)�j(k)ν�(k)E

{
2
∑
s∈S

φ(�)
ms

× [AmsEεx(k) + Cmϕm(ζ(k)) + Fmω(k)]
�P(p)

ıjm

× [AmsEεx(k) + Cmϕm(ζ(k)) + Fmω(k)]

+
∑
s∈S

φ(�)
msx

�(k)EεH
�
s ΩsQ

−1
ιjmspΩsHsEεx(k)

}
. (43)

On the other hand, by analysis of (24)–(26), for any ε ∈ (0, ε], which
indicates∑

n∈N
ψ(p,ι)

mn EεH
�
nΩn(Δ

(p,j)
n )−1ΩnHnEε ≤ τ−1

ιjmpI. (44)

4τ−1
ιjmpL

�
sB

�
mBmLs < S−1

ιjmsp. (45)

By adopting the similar operations to V2(x(k + 1), δk+1, σk), the
following inequality can be gained:

E {V2(x(k + 1), δk+1, σk | δk = m,σk = p)}

≤
J1∑
ι=1

J1∑
j=1

J2∑
�=1

�ι(k)�j(k)ν�(k)E

{
4
∑
s∈S

φ(�)
ms

× [AmsEεx(k) + Cmϕm(ζ(k)) + Fmω(k)]
�

× τ−1
ιjmsp[AmsEεx(k) + Cmϕm(ζ(k)) + Fmω(k)]

+
∑
s∈S

φ(�)
msx

�(k)EεH
�
s ΩsS

−1
ιjmspΩsHsEεx(k). (46)

It follows from (21) that −(1 + αp)(P
(p,ι)
m )−1 +

∑
s∈S φ

(�)
ms

Z−1
ιmsp < 0. Taking (41)–(46) into account, one has

E {J (k)} ≤ η�(k)

J1∑
ι=1

J1∑
j=1

J2∑
�=1

∑
s∈S

�ι(k)

×�j(k)ν�(k)φ
(�)
msΣιj�mspη(k)s (47)

where η(k) = [x�(k) ϕ�(ζ(k)) ω�(k)]�, Σιj�msp = Σ
1

ιj�msp +

Σ
2�
ιj�msp(2P

(p)
ıjm+4τ−1

ιjmspI)Σ
2

ιj�msp+Σ
3�
ιj�msp(Q

−1
ιjmsp+ S−1

ιjmsp)Σ
3

ιj�msp +

Σ
4�
ιj�mspΣ

4

ιj�msp, Σ
1

ιj�msp = diag{−Z−1
ιmsp, −2(Δ

(p,ι)
m )−1, −γ2I},

Σ
2

ιj�msp = [AmsEε Cm Fm], Σ
3

ιj�msp = [ΩsHsEε 0 0], Σ
4

ιj�msp =
[DmEε 0 0].

According to (28), it holds that Ks = KsUε and Ls =
LsYs, where Uε = W1 + εW2. By means of the Schur comple-
ment to (47), premultiplying and postmultiplying Σιj�msp with

diag{U�
ε , (Δ

(p,ι)
m )−1, I, . . . , I} and its transpose, (39) can be ensured.

Besides, based on the Schur complement, conditions (19) and (20)
equal to λ1R < (P

(p,ι)
m )−1 < λ2R, then condition (12) can be guar-

anteed. By following a similar derivation of Theorem 1, one derives
x�(k)Rx(k) ≤ c2. This completes the proof. �
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