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ABSTRACT Algorithms for triangle finding, the smallest nontrivial instance of the k-clique problem, have
been proposed for quantum computers. Still, those algorithms assume the use of fixed access time quantum
RAM. In this article, we present a practical gate-based approach to both the triangle-finding problem and
its NP-hard k-clique generalization. We examine both constant factors for near-term implementation on
a noisy intermediate scale quantum computing (NISQ) device and the scaling of the problem to evaluate
long-term use of quantum computers. We compare the time complexity and circuit practicality of the
theoretical approach and actual implementation. We propose and apply two different strategies to the
k-clique problem, examining the circuit size of Qiskit implementations. We analyze our implementations
by simulating triangle finding with various error models, observing the effect on damping the amplitude of
the correct answer, and compare to execution on six real IBM quantum machines. Finally, we estimate the
approximate quantum volume needed so that the smallest instance of our approach can be executable with
minimal error on a real NISQ device.

INDEX TERMS Clique finding, graph algorithm, Grover’s algorithm, noisy intermediate scale quantum
computing (NISQ).

I. INTRODUCTION
A clique is defined as a complete subgraph over a subset of
vertices in an undirected graph. Several computational prob-
lems address finding cliques in a given graph. These prob-
lems vary based on what information about the clique needs
to be found. One such problem is the k-clique problem, which
answers the question: “Given an undirected graph and a pos-
itive integer k, does a clique with size k exist?” The k-clique
problem is NP-complete for large values of k, as shown by
Karp [1] and Cook [2]. Probably, one of the most studied ver-
sions of the k-clique problem is the triangle-finding problem
(the three-clique problem), which has been addressed both
classically [3], [4] and quantumly [5], [6]. The best known
classical algorithm has time complexity O(n2.38), while the
best known quantum algorithm has time complexity O(n1.5),
where n is the number of nodes in the graph. Several quantum
algorithms have also been proposed for the k-clique problem
with k > 3 [6]–[8].

In this article, we present several implementations based
on Grover’s algorithm [9]. The asymptotic behavior of the
algorithm tells us that quantum computers will offer bet-
ter scaling than classical computers for a broad range of
problems in the long run. However, we must also assess
the constant factors, especially when considering near-term
implementation on a noisy intermediate scale quantum com-
puting (NISQ) device (see Section III). We use the algorithm
to solve the k-clique problem using Dicke or W states to
limit the search space, studying the tradeoff against circuit
size. The above algorithms assume the existence of constant
access time quantum RAMs (QRAMs) that can return a su-
perposition of data elements when queried with a superposi-
tion of keys (addresses), whereas the best proposed QRAM
implementation would be O(logN) access time [10], where
N = 2n is the size of the dataset held in the QRAM. More-
over, implementation of even logarithmic access time mem-
ory is not yet possible. Instead, gate-based representations of
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FIGURE 1. Overview of Grover’s algorithm’s steps.

graphs are necessary, with cost that exceeds the polynomial
gains promised by using Grover for triangle finding (see Sec-
tion IV). This article aims to decrease the gap between theory
and implementation by presenting a robust implementation
of the k-clique problem in general, regaining the quantum
advantage for larger problems.
We implement our proposed scheme using Python and

the Quantum Science Kit (Qiskit)1 developed by IBM [11].
Then, based on our data, we predict when the smallest in-
stance of the k-clique problem (triangle finding) can be
executed with minimal error on a real quantum computer
(see Section V). Finally, we conclude this article with some
discussions and future directions (see Section VI).

II. BACKGROUND
In this section, we will lay out some background knowledge
on Grover’s Search algorithm, the k-clique problem, and the
Dicke states.

A. GROVER’S SEARCH ALGORITHM
Grover’s search algorithm answers the question: “Given a
function f (x), what values of x cause f (x) to evaluate to
True?” The algorithm presents a framework for tackling
the search problem in an unsorted database with complexity
O(

√
N). It mainly consists of three sections, state prepara-

tion, the oracle, and the diffusion operator, which can be seen
in Fig. 1.
The algorithmic steps of Grover’s search are as follows.

1) Prepare the input in a symmetric-superposition state.
2) Apply Grover’s oracle to the prepared state.
3) Apply the diffusion operator to the oracle’s results.
4) Iterate over steps 2 and 3 until the answer is reached.

The first step of Grover’s algorithm is preparing the initial
state. In the simplest version, the initial state is prepared in
an equal superposition over the entire Hilbert space. That is
done by applying the Hadamard gate (H gate) to all input

1The Qiskit version used in this article is “0.15.0.”

FIGURE 2. General diffusion operator.

FIGURE 3. Different number of controlled Z gates. From the left, CCZ,
C⊗3Z, and C⊗4Z.

qubits. In this article, however, we use another approach to
create entangled symmetric states as an input to the oracle
(Dicke states) to decrease the size of the search space.
After the state preparation comes the oracle. The oracle is

a black box function that inverts the answer by flipping its
sign. Following that, the diffusion operator will magnify the
amplitude of the correct state while damping the amplitude of
other states until the amplitude of the answer is significantly
larger than the rest of the states.
The diffusion operator is formed by the inverse of state

preparation, C⊗nZ gate, and state preparation, as shown in
Fig. 2. The C⊗nZ gate cost is 2n− 1 gates, divided into 1
CZ gate and 2n− 2 CCX gates when n > 2. When n = 2,
however, we only need two H gates and a CZ gate to form a
CCZ. Starting from n = 3 to form the C⊗nZ gate, we will
need some ancillary qubits. The construction of the CCZ,
C⊗3Z, and C⊗4Z can be seen in Fig. 3.

The answer’s amplitude will grow to a maximum and then
decline after the optimal number of iterations opt_iter re-
peating cyclically. Therefore, we need to measure the answer
at the right time, which will lead to the first high amplitude
of the answer. The optimal number of times that steps 2 and
3 are repeated depends on two factors: the size of the search
space N and the number of answers for our search query m

(how many cliques in the graph) is opt_iter = �π4
√

N
m� [13].

For example, in Fig. 1, the search space is the entire Hilbert
space; in this case (four qubits), it is 24 cases 0000, 0001,.....,
1111. Hence, assuming that we have a question with only one
answer, we will have opt_iter of 3.

B. DICKE STATES
A Dicke state |Dnk〉 [14] is a fully symmetric entangled state
over the n-qubit Hilbert space with Hamming weight k. For
example, given a Hilbert space of four qubits, the Dicke
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state |D4
3〉 will be the superposition of 1

2 (|1110〉 + |1101〉 +
|1011〉 + |0111〉). The number of basis states with k Ham-
ming weight in a Hilbert space of n qubits is

(n
k

)
.

Definition II.1: Dicke state |Dnk〉 is an entangled superpo-
sition of all n states |s〉 with Hamming weight (hw) k:

∣∣Dnk 〉 =
(
n
k

)− 1
2 ∑
s∈{0,1}ns.t.hw(s)=k

|s〉. (1)

Dicke states represent an essential class of entangled
quantum states for their applications in quantum game the-
ory [15], quantum networking [16], and quantum metrol-
ogy [17]. Dicke states can be implemented in several differ-
ent ways; we followed the approach proposed in [18] to pre-
pare our Dicke states deterministically. The proposedmethod
computes the Dicke state for any Hamming weight k and n
qubits with O(kn) gates and O(n) depth [18].

C. W STATES
W states are a class of entangled quantum states that are a
special case of the Dicke state. W state is a Dicke state with
Hamming weight 1, such as |W 〉 = 1√

n
(|100. . .0〉 + · · · +

|01. . .0〉 + |00. . .01〉). The implementation of the W-state
preparation we used in this article is the algorithm proposed
in [19]. Since the W state is a special case of the Dicke state,
the method we chose to implement the Dicke state can be
used to implement a W state. However, the approach we
used to implement the W state is more efficient in terms of
circuit size and depth than the general Dicke state method.
The circuit size and depth for the W state are 17 and 22,
respectively, while for the Dicke state, they are 39 and 37,
respectively, for a Dicke state with weight 3 or a W state
on four qubits. This approach, however, cannot be extended
to implement an arbitrary k Hamming weight Dicke state.
Hence, we refer to them as two different approaches to state
preparation, and they are used to reduce the iterations needed,
which will be discussed in Section IV-C.
We must mention that using W states as our state prepa-

ration approach works only for clique size k = n− 1; oth-
erwise, W states cannot be used, and Dicke states have to
be used instead. When using Dicke state, we can search for
any size clique in any size graph. For example, if we have a
ten-node graph and we want to look for four cliques in it, we
can limit the search space to

(10
4

)
.

D. k-CLIQUE PROBLEM
Given an undirected graph (G), if there exists a subset of k
vertices that are connected to form a complete graph, then
it is said that G contains a k-clique—for example, Fig. 4
represents a graph of six vertices, which includes four cliques
between vertices 1, 2, 3, and 4.
The k-clique problem asks us to determine if the input

graphG contains a k-clique, and if it does, output the vertices
forming the clique [20]. A popular variant of this problem

FIGURE 4. Six-node graph with four cliques on nodes 1, 2, 3, and 4. The
output of Grover’s algorithm will be |011 110〉, with 1 for every node in
the clique and 0 otherwise.

only asks us to determine if G contains a k-clique [21]. (An-
other adaptation of this question, which we will not consider
in this article, asks us to list all cliques of size k [22].) Clas-
sically, several algorithms can find a clique of size k in any
graph with complexity O(nk ) [23]–[25]. Nevertheless, these
problems become NP-complete when k is large [1], [2], [26].
Clique-finding algorithms have many practical applica-

tions. One of the main fields they can be used in is chemistry,
to find chemicals matching a specific structure [27], to model
molecular docking, and to find the binding sites of chemi-
cal reactions [28]. They can also be applied to find similar
structures within different molecules [29]. Another field for
the clique-finding algorithms is automatic test pattern gen-
eration. Finding cliques helps confine the size of the test
sets [30]. The clique-finding problems are also used for proof
of work in cryptocurrencies [31]. Finally, in bioinformatics,
clique-finding algorithms are used to infer evolutionary trees,
predict protein structures [32], and find interacting clusters of
proteins [33].

III. IMPLEMENTATION
Efficient execution of Grover is a twofold problem: reducing
the number of iterations (see Sections II-B and IV-C), and
finding a practical implementation of each iteration. In this
section, we present two approaches to implementing the or-
acle circuit; we will call them the checking oracle and the
incremental oracle, respectively. The remainder of this sec-
tion will discuss both implementations in detail, starting with
the checking oracle. Although either implementation can be
used to find any k-clique in any given undirected graph, while
explaining how both implementations work, wewill consider
the simplest case possible, which is a three-clique problem
(finding a triangle). In all explanations, the graph in Fig. 5
will be used.

A. STATE PREPARATION
State preparation is the first step of the implementation. Usu-
ally, when implementing Grover’s algorithm, the states are
prepared in an equal superposition of the whole Hilbert space
using the H gate. Initializing into full superposition needs
only n H gates and time complexity O(1), since all H gates
can be run simultaneously, but unnecessarily searches the

VOLUME 1, 2020 3102911



Engineeringuantum
Transactions onIEEE

Metwalli et al.: FINDING SMALL AND LARGE k-CLIQUE INSTANCES ON A QUANTUM COMPUTER

FIGURE 5. Four-node graph containing a triangle (three-clique) on nodes
0, 1, and 2. This graph is used in Tables I and III.

FIGURE 6. Difference in search space with respect to the number of
nodes in the graph. A limited search space (the two solid lines) is
produced using state preparation (Dicke/W states) in the cases k = n/2
and k = n/4.

full Hilbert space of all possible subsets of nodes from 0
to n.

However, let us consider the case represented in Fig. 5.
If we wish to search for three cliques, then it makes no
sense to look for a subgraph with one, two, or even four
nodes. Instead, we should consider only subgraphs with k
nodes and then assess whether the induced subgraph con-
tains

(k
2

)
edges (the number of edges in a complete graph

of k vertices)—three edges in case of a triangle. Search-
ing over a limited space should be faster. However, it will
cause a significant increase in the state preparation gate
count.
Fig. 6 shows the change in the search space size for dif-

ferent clique sizes and approaches as the number of nodes
increases. In the figure, the x-axis represents the number of
nodes in the graph, and the y-axis represents the size of the
search space. The worst-case search space for subsets of n
nodes is 2n (upper dotted line). For fixed-size cliques, simple
search methods are polynomial (lower dashed lines, k = 3
and k = 5).When the clique size is a function of n, the search
space is superpolynomial, and classical search becomes im-
practical. Constrained-Hamming-weight quantum searches
using Dicke states extend the range of problems that can be
addressed using Grover’s algorithm (solid lines, k = n/4 and
k = n/2).

FIGURE 7. Checking-based oracle for the graph in Fig. 4. The ten edges
in the graph are expressed as ten groups of gates, giving the oracle cost
O(|E|).

B. CHECKING-BASED ORACLE
To determine that a triangle exists, we need to confirm that
three nodes are connected with three edges. This is exactly
what both the oracle implementations do. In the checking-
based oracle, each node in the graph is represented as a qubit,
and the edges between them are expressed using one or more
multiple Toffoli C⊗nNOT gates connecting specific qubits.
After all edges have been counted, the results are checked.
The sequence of C⊗nNOT gates forms a simple adder that
adds one every time an edge is encountered. In the case of a
triangle, after the C⊗nNOT gates, we need to check that we
have precisely three edges (112). To check for 112, we need
two qubits that we will call edges_counter.
In general, we need �log (k

2

)	 qubits to represent the
edges_counter. For example, for four cliques, the
edges_counter will be a three-qubit counter than can
count up to 7 (1112), and for a five cliques, which can
count up to 15 (11112), the edges_counter will need
four qubits, and so on. For example, if we want to construct
the oracle for the graph in Fig. 4, we will need six node
qubits, a three-qubit edge counter, and one-qubit edge flag.
The connection of the edges in the graph is then made, as
shown in Fig. 7.
Finally, to check if the edges_counter contains the

correct value, anotherC⊗nNOT gate needs to be applied, the
result of which will be saved in another qubit, edge_flag
[see Fig. 8(a)]. A similar circuit is then applied to count
nodes; a k-clique should have k nodes. Thenode_counter
needs �log k	 qubits with C⊗nNOT between them. If the
node_counter contains the correct number of nodes (k),
the qubit node_flag will become 1. Fig. 8(b) shows
the node counting section of the oracle. Finally, after
checking for both edges and nodes, a ccx is applied to
edge_flag and node_flag and stored in another qubit
clique_exists. If we have the correct number of both
the edges and the nodes, then a clique of size k exists; other-
wise, no clique exists.

3102911 VOLUME 1, 2020
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FIGURE 8. Checking-based oracle for the graph in Fig. 5. (a)
Checking-based oracle’s edges counter. (b) Checking-based oracle’s
nodes counter.

C. INCREMENTAL-BASED ORACLE
For incremental-based oracle, each node in the graph is
represented with a qubit, and the edges are expressed
using C⊗nNOT gates. The difference between this and
the checking-based oracle is in the edges_counter
and clique_flag. In this implementation, the
edges_counter is replaced with a one qubit
edge_flag, the edge_flag becomes 1 if and only
if an edge exists between two nodes. That flag is then used as
a control qubit controlling an increment circuit that adds one
every time it encounters an edge (see Fig. 9). In order for the
edge_flag to function correctly, we need to uncompute it
(reset to |0〉 state) after each increment.

The increment circuit size depends on the size of the
clique; it will need �log (k

2

)	 qubits. For example, when ap-
plying the oracle for a triangle (k = 3), we will need a two-
qubit increment circuit to count up to 3 or 112. Fig. 10 shows
different sizes of the increment circuit. The circuit for finding
the triangle in Fig. 5 needs two qubits for the increment
circuit in addition to some ancillary qubits to implement
the control functionality. After counting the edges in each
subgraph [see Fig. 9(a)], the qubit clique_edge_flag
will be 1 only if the number of edges is correct

(k
2

)
. When

applying this oracle on the entire Hilbert Space, another
circuit to count nodes needs to be added to the oracle [see
Fig. 9(b)]. The number of qubits needed in the increment
circuits when counting nodes will be �log k	. The number

FIGURE 9. Incremental-based oracle for the graph in Fig. 5. (a)
Incremental-based oracle’s edge counter. (b) Incremental-based oracle’s
node counter.

FIGURE 10. Different size increment circuits. From right to left, two-qubit
increment, three-qubit increment, and four-qubit increment circuits.

of nodes will be stored in qubit clique_node_flag.
Once both the edge counter and the node counter sections
of the oracle are executed, the clique_edge_flag and
clique_node_flag are used in a ccx to generate the
clique_flag, which will indicate if a clique of size k
exists in the graph or not.

IV. ANALYSIS
In order to test the efficiency of our implementation, we com-
pared various combinations of the problem variables. To be
consistent, the comparison is based on the smallest instance
of the problem, i.e., the triangle-finding problem, more pre-
cisely, finding the triangle in Fig. 5. The combinations in the
comparison are as follows:

1) Grover’s algorithm with checking-based oracle over
the entire Hilbert space;

VOLUME 1, 2020 3102911
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TABLE 1. Circuit Size, Depth (Length of Critical Path), and the Number of Qubits Needed for All Approaches of Checking-Based Oracle and
Incremental-Based Oracle for the Optimal Number of Iterations for the Triangle-Finding Problem in All Three Edges or More Four-Node Graph Shapes

TABLE 2. Gate Type and Count for Each State Preparation Approach

2) Grover’s algorithm with checking-based oracle over
limited search space using W-state preparation (W
state followed by n not gates);

3) Grover’s algorithm with checking-based oracle over
limited search space using Dicke-state preparation;

4) Grover’s algorithmwith incremental-based oracle over
the entire Hilbert space;

5) Grover’s algorithmwith incremental-based oracle over
limited search space using W-state preparation (W
state followed by n not gates);

6) Grover’s algorithmwith incremental-based oracle over
limited search space using Dicke-state preparation.

We will address the analysis from two perspectives, com-
plexity and practicality, comparing the type of gates and
depth of the resultant circuit. In addition, we will also dis-
cuss how different state preparation affects the amplitude of
the correct answer, using both the ideal-case simulation and
gate-error simulation.

A. GATE COUNT ANALYSIS
In quantum circuits, the more gates that involve multiple
qubits, the more unreliable and difficult it will be to get the
circuit to work on actual quantum hardware. First, we will
discuss the different circuit sizes for different implementa-
tions of the oracle and various state preparations. Again, as
a base case, we will compare the different approaches in
the case of finding a three-clique (triangle) in a four-node
graph. Table 1 shows the different operation counts from

TABLE 3. Number of NOT, CNOT, and CCNOT Gates in Checking-Based
and Incremental-Based Approaches for the Triangle-Finding Problem in
Fig. 5

both checking-based and incremental-based oracle for the
optimal oracle iteration count. The table shows the variation
of the circuit size for all four-node graph shapes with three
or more edges at optimal iteration. The size and depth used
here are when decomposing the circuit to only single-qubit
gates and cnot gates.
To better understand the numbers in Table 1, we need

to consider how many times the oracle is repeated. Since
Grover’s algorithm is periodic, the optimal number of rep-
etitions of the oracle and diffusion is calculated based on the
number of input qubits (number of nodes in the graph in our
case) and the number of solutions we want. For the sake of
this analysis, we will focus on the case where m = 1. If we
are using the entire search space, then N = 2n, and therefore,
the optimal number of iterations here will be three iterations.
However, if we are using Dicke/W states to limit our search
space, N= (n

k

)
, m = 1, giving an optimal iteration number of

one. Although the number of iterations is smaller with state
preparation (Dicke/W state), the circuit may increase in size,
based on the state preparation approach followed.While it is
relatively easy to prepare initial states in full superposition
(only n H gates), preparing initial state using Dicke/W states
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FIGURE 11. Construction of the CCNOT gate.

is a costly operation, with Dicke state being the most expen-
sive in gate count. Detailed layout of the gates used in every
state preparation is found in Table 2.
Circuit size by itself is crucial, but it is more important

to check the full list of gates used. More particularly, not,
cnot, ccnot, and C⊗nNOT gate counts play an essential
factor in whether the circuit can be applied to a real hardware
device or not. Table 3 lists the number of not, cnot, and
C⊗nNOT gates in every approach proposed for the optimal
number of iterations for each. Fig. 11 shows the construction
of the ccnot gate.
Another factor affecting whether a circuit is imple-

mentable or not is the circuit depth or length of the critical
path of the circuit. Unfortunately, the circuit depth is highly
dependent on the hardware layout of qubits and the connec-
tions between them. On the bright side, many works have
focused on optimizing and generalizing circuits depth and
size for any hardware qubit layout [34]–[38].

B. SIMULATION RESULTS ANALYSIS
This subsection discusses how the change in state preparation
affects the amplitude of the correct answer (probability of
success). To observe this change, we will simulate the circuit
twice, once using the ideal-case simulator (QASM simulator)
and another simulation with added gate error. The Qiskit Aer
module provides the pure-state QASM simulator. Aer is a
high-performance Qiskit simulation framework for quantum
circuits. It offers various back ends to meet different sim-
ulation ends. QASM simulates any given circuit assuming
ideal qubits and gates with no errors. The results of using
the QASM simulation are not realistic for current hardware
and represent the goal of future advancements in quantum
computers. However, for now, ideal simulators are used. For
more realistic results, Aer also provides a way to add noise
to the gates while assuming perfect qubits. In real life, both
qubits and gates are faulty and noisy, but adding gate noise
produces more realistic simulation results.
There are several types of errors that can be applied to

the QASM simulator that correlates with various quantum
errors [44] [45]; Qiskit Aer offers ten standard error models,
including depolarization error, reset error, and thermal error
with an option to create user-customized error models [11].
In addition, the user can choose whether to apply the error to
all qubits or a specific set of qubits. In our gate-error simula-
tion, we decided on a realistic thermal-error model (thermal
relaxation) and applied it to all qubits in the algorithm.

TABLE 4. Average Values of T1 and T2, Readout Error, and Single-Qubit
Error for Six Different IBMQ Devices

1) THERMAL-RELAXATION ERROR
Thermal relaxation needs two main parameters defined, T1
and T2, together called decoherence times. T1 is known as the
relaxation time constant; it is defined as the time needed for
the system to go from state |1〉 to |0〉 with probability 1

e . For
example, the probability of state |ψ〉 remaining at its state

for some time t is given by P(|ψ〉) = e
t
T1 . T2 is defined as

the dephasing time constant, expressing how long the phase
of certain qubit stays intact; in other words, it is the time from
state |−〉 to state |+〉 with probability 1

e [39].
In order for the values of T1 and T2 to be valid, they have

to satisfy the relation T2 ≤ 2T1. Since both T2 and T1 are,
in a sense, measures of qubit stability, larger values mean a
more stable qubit. The qubit will maintain its state without
decaying for a longer time, hence making it easy to measure
and use in complex algorithms.
In order to better understand how T1 and T2 affect the

amplitude of the correct answer, we applied our two proposed
oracle structures (for the graph in Fig. 5) to six different IBM
quantum (IBMQ) devices with different T1 and T2. Since the
value of T1 and T2 depends on the specific qubits, we took
the average T1 and T2 of the devices when we applied our
different circuits. Table 4 shows the average values of T1 and
T2, and the names of the six devices used. The table also
shows the average readout error and single-qubit gate-error
rate. We should point out that the error rates are determined
by gate execution times and the qubit T1 and T2 values. The
values chosen for the gate execution times are averages based
on actual devices as follows: U2 gates take 50 ns, U3 gates
take 100 ns, cnot gates take 300 ns, and, finally, the readout
will take 1000 ns.2 Fig. 12 shows the results of all proposed
approaches on each of the six devices. Various observations
can bemade by looking at the bar chart.Mainly, it can be seen
that the W-state preparation approach retains the correct an-
swer better than other methods, followed by the incremental-
based Dicke-state preparation approach. It can also be seen
that the ibmq_singapore device has the lowest error
among this set of devices, followed by ibmq_paris. These
two devices performed better than the rest because they have
the highest T1 and T2 among the 6 devices used in this article.
In addition, we added another simulation, where T1, T2 =
200 μs and 500 μs. These values were chosen to be notice-
ably larger than all six IBMQ devices we considered, while
remaining practical. As can be seen from the figure, these

2U2 and U3 are basic single-qubit unitary gates presented by Qiskit [40].

VOLUME 1, 2020 3102911



Engineeringuantum
Transactions onIEEE

Metwalli et al.: FINDING SMALL AND LARGE k-CLIQUE INSTANCES ON A QUANTUM COMPUTER

FIGURE 12. Amplitude damping effect of memory decoherence,
assuming perfect gates. The bars are the probability of finding the
correct answer after simulating a perfect machine (leftmost bar in each
group), T1 = T2 = 500, 200 (next two bars) as well as T1 and T2 based on
the simulation of six different IBMQ devices in Table 4 (last six bars). The
figure is sorted based on average error rate from lowest to highest.

simulations have the least error rate among all simulations
performed. Hence, increasing T1 and T2 by 60% reduced the
error rate and the damping in the amplitude of the correct
answer by nearly 42%.

2) DEVICE-SPECIFIC ERROR
The above case incorporates only memory errors; gates are
assumed perfect. Hence, to provide a more realistic effect
of noise models in NISQ devices, we applied the device-
specific noise models to three of our implementations. The
three implementations we chose to apply device-specific
models are checking-based oracle with W-state prepara-
tion, incremental-based oracle with W-state preparation, and
incremental-based oracle with Dicke-state preparation. We
chose these three approaches because they have the highest
error tolerance among the six strategies. All three imple-
mentations have nine qubits circuits and an ideal (QASM
simulator) amplitude of 1.
Considering Fig. 13, we can observe that when ex-

ecuting the checking-based oracle with W-state prepara-
tion, incremental-based oracle with W-state preparation, and
incremental-based oracle with Dicke state preparation on
real IBMQ devices, the error rate increases sharply. Even
the implementations with high error tolerance for changes
in T1 and T2 show a significant drop in the amplitude of the
correct answer, with error rate ranging from 93% to 96%.We
can also see that ibmq_singapore and ibmq_paris
maintained the best performance among the six devices used.
We compared running the approaches on the real devices to
simulating the devices’ error models on the QASM simulator
and found that the results are incredibly close, with negligi-
ble differences. That gave us confidence that using the error
models of the devices provides a valid representation of the
performance of the actual devices.

FIGURE 13. Probability of finding the correct answer using the
checking-based oracle with W-state preparation, incremental-based
oracle with W-state preparation, and incremental-based oracle with
Dicke-state preparation. Data were taken from executing the different
approaches on the six different IBMQ devices in Table 4.

C. TIME COMPLEXITY ANALYSIS
For our proposed approaches, we can split the time com-
plexity analysis into four main parts: analyzing the number
of iterations in Grover’s algorithm, the initial state prepara-
tion (in case of limited Hilbert space search) complexity, the
different oracles and diffusion operators complexities, and
finally analyzing the total complexity of the algorithm.

1) NUMBER OF ITERATIONS IN GROVER’S ALGORITHM

The oracle and the diffusion operator are repeated �π4
√

N
m� =

O(
√

N
m ) times, which depends on the size of the search space

and the expected number of answers. Assuming the simplest
case, where m = 1, such as the case in Fig. 5, the complex-
ity then becomes O(

√
N ). Note that it applies to the case

when the entire Hilbert space is used; however, if we limit
the search space using initial state preparation, the number
of iterations then depends also on the size of clique k and

becomes O(
√(n

k

)
).

2) STATE PREPARATION COMPLEXITY
In Section III, we proposed the usage of two different state
preparation techniques to limit the search space. We can
either use W-state preparation in case k = n− 1 or Dicke-
state otherwise. As mentioned in Section II, we followed the
algorithm in [19] to prepare the nodes qubits in a W state su-
perposition; the algorithm produces a circuit with complexity
O(log n) and depth ofO(n). Here, n represents the number of
qubits involved in the W-state preparation, which is, in our
case, the number of nodes |V |. Hence, the cost of preparing
W states becomes O(|V |). On the other hand, when using
the Dicke-state preparation proposed in [18], we get a circuit
with depth O(kn) and complexity O(n), where k is the clique
size, and n is the number of qubits. Therefore, the cost of
preparing the Dicke state becomes O(k|V |).
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TABLE 5. Complexities for the Different Steps of the Algorithm With and
Without the Initial State Preparation

3) ORACLE AND DIFFUSION OPERATOR COMPLEXITIES
First, we will discuss the complexity of the diffusion oper-
ator. As can be seen in Fig. 2, the diffusion operator con-
sists of the state preparation, a C⊗nZ gate, and the adjoint
of state preparation. Hence, we can generalize the complex-
ity of the diffusion operator as O(state_prep) + O(C⊗nZ) +
O(state_prep). The cost of the state preparation depends on
which approach is used; hence, it will beO(log |V |) in case of
W-state preparation or O(|V |) in case of Dicke-state prepa-
ration, as can be seen in Table 5. However, the complexity of
theC⊗nZ gate depends on the number of nodes |V |; therefore,
the complexity of the gate will be O(|V |). Consequently, the
cost of the diffusion operator will become O(state_prep) +
O(|V |), while its complexity will be O(state_prep).

The complexity of the oracle, also, depends on whether
an initial state preparation is used. Regardless of the ora-
cle implementation (checking-based or incremental-based),
the primary function of the oracle counts the number of
edges and nodes needed to compose a clique of size k. So,
the complexity of the oracle for the entire Hilbert space is
O(log(k) + |E| + |V |). When we use state preparation, we
are eliminating the need to count nodes; that is because we
only allow states with the specific k nodes activated at any
time to be included in the search space. Hence, the complex-
ity of the oracle when using initial state preparation to limit
the search space is O(log(k) + |E|).

4) ALGORITHM TOTAL COMPLEXITY
The total complexity of Grover’s algorithm can be expressed
as the number of iterations times the cost of one iteration.
The number of iterations, as discussed in previous subsec-

tions, can be presented as O(
√
(nk)
m ). Each iteration’s cost can

be divided into two parts, the oracle’s cost, and the diffu-
sion operator’s cost. Hence, the total complexity becomes

O(
√
(nk)
m ) × (O(oracle) + O(diffusion operator)). This com-

plexity assumes the initial state preparation of states in
the entire Hilbert space. However, if we used W state
or Dicke state as initial state preparation, the com-

plexity becomes O(state_prep) + O(
√
(nk)
m ) × (O(oracle) +

O(diffusion operator)).

V. DISCUSSION
To estimate the time when our proposed schemes of Grover’s
algorithm to solve the clique finding problem can be imple-
mented on a real device with minimal error, we need to ad-
dress two factors: the quantum volume (QV) and the device
performance.

A. QUANTUM VOLUME
IBM has proposed a single number indicator to describe the
quantum processing capabilities of any NISQ device. IBM
not only introduced the concept of QV [41].
QV represents the ability to run a circuit on an IBMQ

device with at least 2/3 probability of measuring an answer
that passes some statistical test [41].
Definition V.1: QV is the ability to run a square circuit

with at least 2/3 success probability. This success depends
on the number of qubits n and the depth of the circuit d [46]

QV ≈ 2
√
nd . (2)

In order to run the smallest instance of our proposed
scheme, which is the checking-based oracle with W-state
preparation, on a real device with a reasonable probability
of success, we need QV capable of running a circuit of depth
331.
However, our circuit is not square, but we can estimate

the machine quality needed as being roughly equivalent to
2

√
nd . For this circuit—checking-based oracle with W-state

preparation—the QV will be 2
√
nd ≈ 2

√
9∗331 ≈ 255. Hence,

a machine with fidelity equivalent to 55 should be able to run
the smallest instance of the algorithm.

B. DEVICE PERFORMANCE
Even among machines with similar QV, their performance
depends on more than just the number of qubits in the ma-
chine. It also depends on the device noisemodel, as discussed
in Section IV-B2 and the coupling map (the connectivity
between the qubits). That is why different devices with the
same number of qubits perform differently and have differ-
ent error rates. Each machine has a different error profile,
which makes it challenging to estimate the ability to im-
plement any algorithm on a real device based solely on its
QV. We analyzed the performance of our top three error-
resistant approaches (checking-based oracle with W-state
preparation, incremental-based oracle with W-state prepara-
tion, and incremental-based oracle with Dicke-state prepara-
tion) on the two machines with the overall best performance:
ibmq_singapore and ibmq_paris. We obtained the
error model of both these devices and modified it in three
ways in order to understand which factor affects the overall
error most.We changed the thermal relaxation error bymodi-
fying T1 and T2 while keeping all other errors untouched, then
did the same but with gate error, and, finally, edited both the
thermal relaxation error and the gate error together.
As can be seen in Fig. 14, changes in the error rate depend

on both the implementation of the circuit and the device used
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FIGURE 14. Effect of manipulating the error model of the ibmq_singapore and ibmq_paris devices in decreasing or increasing the error percentage.
Each color represents an approach, and the shades of the bars represent the modification type as follows: dark shade is modifying both T1 and T2 and
the gate error, the medium shade is modifying T1 and T2, and the light shade is modifying the gate error only.

for execution. The changes applied on the noise model were
increasing T1 and T2 by 25%, 50%, 75%, and 100%, while
decreasing the gate error by 25%, 50%, 75%, and 100%. The
difference in the error rate due to modifications (changing
T1 and T2 and gate error) can increase the device error up to
7.5% and decrease down to 20.5%. It can also be seen that the
incremental-based approach withW-state preparation has the
largest decrease in the error rate, especially when modifying
both T1 and T2 and the gate error. Finally, we can see that
changing T1 and T2 only leads to better results thanmodifying
the gate error only. Fig. 14 also shows that in some cases
modifying T1 and T2 and the gate error led to an increase in
the overall error rate. The reason behind this is that the overall
error depends on many factors, such as other types of error
(reset and readout errors and the measurement—machine
maintenance cycle), and the date on which experiments had
been conducted.3

VI. CONCLUSION
In this article, we proposed two approaches to utilizing
Grover’s algorithm to solve the k-clique problem on a NISQ
device, with theoretical asymptotic performance for long-
term use. We analyzed the performance of the proposed ap-
proaches from different perspectives, such as gate count, gate
type, and time complexity; we also analyzed the performance
of our method via simulation of six different IBMQ de-
vices. Moreover, the implementations proposed in this article
can be extended to include graphs with multiple number of
cliques—as long as the number of cliques are known—or if
there are multiple cliques, but we only want to find one.
In addition, we showed how theory and implementation

could be far apart when it comes to quantum algorithm

3Experiments on the real machines to extract the results presented in this
article were conducted from April 15 to April 25, 2020.

complexity, due to assumptions about hardware capabilities.
Finally, we estimated the approximate QV needed so that
the smallest instance of our approach can be executable with
minimal error on a real NISQ device.
Future directions for this article will include optimizing

both the checking-based and the incremental-based oracles
circuits in order to make them executable on NISQ devices
with lower QV than the estimated requirements calculated
in Section V. We will work on implementing more gate-
efficient oracles to solve the problem with smaller circuit
size/depth, as well as extending the algorithm to k-clique
problem cases, where the number of cliques is unknown or
larger than one by adding an implementation of a quantum
counter to the overall algorithm.
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