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ABSTRACT Grover adaptive search (GAS) is a quantum exhaustive search algorithm designed to solve
binary optimization problems. In this article, we propose higher order binary formulations that can simul-
taneously reduce the numbers of qubits and gates required for GAS. Specifically, we consider two novel
strategies: one that reduces the number of gates through polynomial factorization, and the other that halves
the order of the objective function, subsequently decreasing circuit runtime and implementation cost. Our
analysis demonstrates that the proposed higher order formulations improve the convergence performance
of GAS by reducing both the search space size and the number of quantum gates. Our strategies are also
beneficial for general combinatorial optimization problems using one-hot encoding.

INDEX TERMS Graph coloring problem (GCP), Grover adaptive search (GAS), higher order unconstrained
binary optimization (HUBO), quadratic unconstrained binary optimization (QUBO), traveling salesman
problem (TSP).

I. INTRODUCTION
Given the concerns regarding the semiconductor miniatur-
ization limit [1], [2], quantum computing technology is an-
ticipated to have a significant impact on scientific fields,
such as cryptography, quantum chemical calculation, and
combinatorial optimization [3]. As for quantum combinato-
rial optimization, there are two major approaches: 1) quan-
tum approximate optimization algorithm (QAOA) [4] and
2) Grover adaptive search (GAS) [5]. The QAOA depends
on noisy intermediate-scale quantum devices, whereas GAS
benefits from the realization of future fault-tolerant quantum
computing (FTQC).
In both classical and quantum computing, conventionally,

combinatorial optimization problems have been formulated

as quadratic unconstrained binary optimization (QUBO)
problems [6]. QUBO problems are supported by well-known
high-performance mathematical programming solvers, such
as the CPLEXOptimizer1 and Gurobi Optimizer,2 which use
the branch and bound algorithm designed for classical com-
puting. In addition, the semidefinite relaxation technique [7]
can be used to obtain a suboptimal solution in polynomial
time. Quantum annealing [8] and coherent Isingmachines [9]
also support QUBO problems. Given their attractive demon-
strations [10], [11], both could potentially benefit a range of
industrial applications.

1https://www.ibm.com/products/ilog-cplex-optimization-studio/cplex-
optimizer

2https://www.gurobi.com/solutions/gurobi-optimizer/
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Unlike the QUBO case, when solving a higher order un-
constrained binary optimization (HUBO) problem in classi-
cal computing, it is common to add auxiliary variables and
reformulate the problem into a QUBO or an integer pro-
gramming problem. Here, the addition of auxiliary variables
exponentially enlarges the search space and makes it more
difficult to obtain an optimal solution, thus increasing the
importance of an efficient solver designed for HUBO prob-
lems [12]. Since the interaction among qubits is not limited
to two, in quantum computing, a HUBO formulation arises
as a natural approach. The QAOA is an established quantum
algorithm that can deal with a HUBO problem [13] and is
particularly useful when an approximated solution is suffi-
cient. In contrast, GAS [5] is an exhaustive search algorithm
that has the potential for finding a global optimal solution
of a HUBO problem, which is currently the one and only
approach in quantum computing.
Assuming FTQC, GAS provides a quadratic speedup for

solving a QUBO or HUBO problem [5]. Specifically, for n
binary variables, O(2n) evaluations are required in the clas-
sical exhaustive search, whereas the query complexity of
GAS is O(

√
2n), and this improvement is termed quadratic

speedup. In conventional studies, the major challenge for
Grover-based algorithms is the construction of a quantum
circuit for computing an objective function. To address this
challenge, Gilliam et al. [5] proposed a systematic method
to construct a quantum circuit corresponding to a QUBO
or HUBO problem with integer coefficients. In this circuit,
addition and subtraction correspond to phase advance and
delay, respectively, and the objective function value is ex-
pressed by the two’s complement.3 With the aid of this two’s
complement representation, the state in which the objective
function value becomes negative can be identified by only a
single Z gate. After the pioneering work by Gilliam et al. [5],
an extension to real coefficients [16] andmethods of reducing
constant overhead [17], [18], [19] have been considered.

A quantum circuit of GAS requires approximately n+ m
qubits,4 where n is the number of binary variables and m is
the number of qubits required for representing the objective
function value. That is, the number of qubits can be reduced
by reducing the number of binary variables and restricting the
value range of the objective function. In addition, the number
of quantum gates is mainly determined by the number of
qubits and the number of terms in the objective functionwith-
out factorization, as exemplified in [5] and its open-source
implementation available in Qiskit.
In conventional studies [20], [21], [22], [23], [24], [25], in-

novative formulations for combinatorial optimization prob-
lems, such as the traveling salesman problem (TSP) and
the graph coloring problem (GCP), have been considered

3It is stated in [5] that Gilliam’s construction method is similar to the
quantum Fourier transform adder [14]. Given the other modern quantum
adders, such as [15], there exist othermethods to construct the Grover oracle.

4To be precise, some ancillae are required but not dominant.

to reduce the number of binary variables. Specifically, Tabi
et al. [21] mapped the GCP to a higher order optimization
problem of aHamiltonian using binary encoding and reduced
the number of qubits required for the QAOA. In addition,
Glos et al. [24] formulated the TSP as a HUBO problem and
reduced the number of qubits. Then, the authors combined
both the QUBO and HUBO formulations, demonstrating the
reduction in the number of gates compared with the HUBO
only case [24]. Following the pioneering studies [21], [24],
in the channel assignment problem, Sano et al. [26] devised a
HUBO formulation with different binary encoding methods
and reduced the numbers of qubits and gates required for
GAS. Both themethods [24], [26] of reducing the numbers of
qubits and gates are promising when compared with a simple
HUBO formulation; however, both involve an increase in the
number of gates compared with the original QUBO formu-
lation. Ideally, both the numbers of qubits and gates should
be reduced in terms of implementation cost, feasibility, and
circuit runtime, which is a common issue that should be
addressed.
Against this background, we propose a general method of

reducing the numbers of qubits and gates required for GAS.
The major contributions of this article are summarized as
follows.

1) We propose a strategy termed HUBO with polynomial
factorization (HUBO-PF) that reduces the number of
gates by allocating Gray-coded binary vectors to in-
dices and factorizing terms in the objective function.
The factorized terms are mapped to quantum gates, and
X gates are as successive as possible, resulting in a
significant decrease in the total number of gates.

2) In addition, we propose a strategy termed HUBO with
order reduction (HUBO-OR) that halves the maximum
order of the objective function at the cost of slightly
increasing the number of qubits.

3) Numerical analysis demonstrates the reduction in the
numbers of qubits and gates compared to the original
QUBO formulation, which is first achieved with our
strategies. This reduction accelerates the convergence
performance of GAS.

The fundamental limitation of GAS is that it assumes a
future realization of FTQC. In general, Grover’s algorithm
is sensitive to noise, and it cannot provide a quantum advan-
tage on a current quantum computer [27], [28]. Even under
quantum-favorable assumptions, it is known that quantum-
accelerated combinatorial optimization takes much longer
execution time on a current small quantum computer than
on a classical computer [29].
The rest of this article is organized as follows. In Sec-

tion II, we review the conventional HUBO formulations for
the GCP and the TSP as examples. In Section III, we propose
HUBO-OR and HUBO-PF strategies. In Section IV, we pro-
vide theoretical and numerical evaluations for the proposed
strategies. Finally, Section V concludes this article.

3101712 VOLUME 5, 2024
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II. CONVENTIONAL QUBO AND HUBO
FORMULATIONS [6], [21], [24], [26]
Lucas [6] provided Ising model formulations for many NP-
complete and NP-hard problems, including QUBO problems
with one-hot encodings, such as TSP and GCP. In this sec-
tion, we review QUBO and HUBO formulations [6], [21],
[24], [26] for the TSP and the GCP as representative exam-
ples. Note that some formulations are different from the orig-
inal ones introduced in [21], [24], and [26] but are essentially
equivalent in a broader sense.

A. QUBO TO HUBO CONVERSION WITH REDUCED
QUBITS
A QUBO problem that relies on one-hot encoding can be
reformulated as a HUBO problem with a reduced number
of qubits. Here, one-hot encoding is an encoding method
that represents an activated index as a one-hot vector. For
instance, an activated index of 1 is represented as [1 0 0 0],
whereas 3 is represented as [0 0 1 0]. These vectors can alter-
natively be represented as binary vectors, such as 1 → [0 0]
and 3 → [1 0]. This encoding method using binary vectors
is called binary encoding. The binary encoding reduces the
number of binary variables by one logarithmic order [21],
[24], [26]. In [21] and [24], binary vectors are assigned to in-
dices in ascending order, whereas binary vectors are assigned
to indices in descending order in [26]. Later, a HUBO for-
mulation with ascending assignment is termed HUBO-ASC,
whereas a HUBO formulation with descending assignment
is termed HUBO-DSC.
If an optimization problem has multiple indices, a target

index that should be binary encoded can be identified by the
logarithm of the original search space size S. Specifically,
the number of binary variables that is sufficient to represent
the whole search space is given by �log2 S� [24]. If this
number includes a cardinality represented in the logarithm,
the corresponding index can be represented in binary.
Note that, in the QUBO to HUBO conversion considered

in this article, a QUBO problem formulated without one-hot
encoding, such as the set packing problem [6], cannot be
formulated as a HUBO problem.

B. EXAMPLE 1: TRAVELING SALESMAN PROBLEM
The TSP is a problem of finding a route that minimizes the
total travel cost when a salesman passes through all the cities
once and returns to the city from which the salesman started.

1) QUBO FORMULATION [6], [24], [30]
Let N be the number of cities. A typical QUBO formulation
with one-hot encoding is expressed as [6], [24], [30]

min
x

EQUBO
TSP (x) =

N−1∑
u=1

N∑
v=u+1

Wuv

N∑
i=1

xuixvi+1

+ λ1

N∑
v=1

(
1 −

N∑
i=1

xvi

)2

+ λ2

N∑
i=1

(
1 −

N∑
v=1

xvi

)2

s.t. xvi ∈ B (1)

where each of u and v denotes the index of the city, i denotes
the order of cities to be visited, andWuv denotes the distance
between the cities. Binary variables are defined as

xvi =
{
1, (visit the vth city in the ith order)

0, (otherwise)
(2)

for 1 ≤ v ≤ N and 1 ≤ i ≤ N. That is, this QUBO formu-
lation requires N2 binary variables. In (1), λ1 and λ2 are
penalty coefficients for constraints. Specifically, λ1 imposes
a constraint that the salesman can only visit each city once,
and λ2 imposes a constraint that the salesman cannot visit
more than one city at the same time.
As clarified in [24], this QUBO formulation is not efficient

in terms of the number of qubits required. Since the TSP
has N! solutions, it is sufficient to encode all the possible
solutions by �log(N!)� = N logN − N log e+ �(logN) bi-
nary variables [24], which is smaller than N2 in the QUBO
formulation.

2) HUBO FORMULATION [24], [26]
The QUBO formulation of the TSP has two indices: N cities
and its order of visits. Since both depend on the number of
cities, N, either is acceptable. In this article, the index of the
order of visits is binary encoded.
The index i of the order of visits is represented as a

binary vector [bi1 bi2 · · · biB], where the vector length is
B = �log2 N�. That is, the HUBO formulation of the TSP re-
quires N�log2 N� binary variables. In HUBO-ASC, the B-bit
sequence is defined by

[bi1 bi2 · · · biB] = [i− 1]2 (3)

where [·]2 denotes the decimal to binary conversion. Note
that this HUBO-ASC formulation is essentially identical
with that given in [24]. By contrast, in HUBO-DSC, the B-bit
sequence is defined by

[bi1 bi2 · · · biB] = [N − i+ 1]2. (4)

Note that this HUBO-DSC formulation is an analogy of [26].
In both the HUBO-ASC and HUBO-DSC cases, we have
new binary variables xvr for 1 ≤ v ≤ N and 1 ≤ r ≤ B, and
a binary state where the vth city is visited in the ith order is
indicated by

δ
(B)
vi (x) =

B∏
r=1

(1 − bir + (2bir − 1)xvr )︸ ︷︷ ︸
xvr if bir=1, (1−xvr ) if bir=0

(5)

which is equivalent to the binary indicator variable (2) of the
QUBO case.
As an example, for the TSP with N = 4 cities, Table 1

shows the relationship between binary vectors [bi1 bi2] and
the state δ

(2)
vi (x) for the index i. In the HUBO-ASC case,

[xv1 xv2] = [0 0] indicates a state, where the v = 1st city is
visited in the i = 1st order, and δ

(2)
11 (x) becomes 1. Similarly,

in the HUBO-DSC case, [xv1 xv2] = [1 1] indicates the same
state. As given, the total number of terms in δ

(2)
vi (x) remains

VOLUME 5, 2024 3101712
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TABLE 1. Example of Binary Encodings in HUBO-ASC/DSC

the same for HUBO-ASC and HUBO-DSC since we have
N = 4. IfN is not a power of 2, HUBO-DSC reduces the total
number of terms and simplifies the corresponding quantum
circuit. That is, in Table 1, if N = 3, the term (1 − xv1)(1 −
xv2) for i = 4 is not included in the objective function, and
the total number of terms is reduced.
The objective function that represents the traveling cost is

given by

EHUBO
TSP1 (x) =

N−1∑
u=1

N∑
v=u+1

Wuv

N∑
i=1

δ
(B)
ui (x)δ(B)

vi+1(x). (6)

To impose the constraint that the salesman cannot visit more
than one city at the same time, we add

EHUBO
TSP2 (x) =

N∑
i=1

(
1 −

N∑
v=1

δ
(B)
vi (x)

)2

. (7)

In addition, if N < 2B, we add a penalty function to impose
the constraint that the order of visits must be less than or
equal to N, i.e.,

EHUBO
TSP3 (x) =

N∑
v=1

2B∑
i=N+1

δ
(B)
vi (x). (8)

Overall, from (6)–(8), our HUBO-ASC or HUBO-DSC for-
mulation of the TSP is given by

min
x

EHUBO
TSP (x)=EHUBO

TSP1 (x) + λ′
1E

HUBO
TSP2 (x) + λ′

2E
HUBO
TSP3 (x)

s.t. xvr ∈ B (9)

where λ′
1 and λ′

2 denote the penalty coefficients for imposing
the constraints.

C. EXAMPLE 2: GRAPH COLORING PROBLEM
Given an undirected graph G = (V, E ) and a set of colors
I, the GCP is a problem of coloring vertices V or edges
E . Later, the cardinalities of V , E , and I are denoted by
V = |V|, E = |E |, and I = |I|, respectively. In this article,
we consider a vertex coloring problem in which adjacent
vertices are painted with different colors.

1) QUBO FORMULATION [6], [21]
A typical QUBO formulation for the GCP is expressed as [6]

min
x

EQUBO
GCP (x) =

∑
(u,v)∈E

I∑
i=1

xuixvi

+ λ

V∑
v=1

(
1 −

I∑
i=1

xvi

)2

s.t. xvi ∈ B (10)

where each of u and v denotes the vertex indices, i denotes
the color indices, and λ denotes the penalty coefficient for
imposing a constraint: each vertex can only be painted with
one color. Binary variables are defined as

xvi =
{
1, (the vth vertex is painted with the ith color)

0, (otherwise).

(11)

2) HUBO FORMULATION [21], [26]
The search space size of the original GCP is given by

SGCP = IV (12)

and �log2(SGCP)� = �V log2 I� binary variables are suffi-
cient to represent the whole set of solutions. Then, the color
indices should be represented as binary vectors in the HUBO
formulation. The number of bits required to represent the
color index is

B′ = �log2 I�. (13)

In HUBO-ASC, B′ bits are assigned to color indices in as-
cending order, which is essentially identical with the HUBO
formulation proposed in [21]. By contrast, in HUBO-DSC,
B′ bits are assigned to color indices in descending order,
which is an analogy of [26]. In both the cases, we have
new binary variables xvr for 1 ≤ v ≤ V and 1 ≤ r ≤ B′, and
a binary state where the vth vertex is painted with the ith
color is indicated by δ

(B′ )
vi (x) of (5), which is equivalent to

the binary indicator variable (11) of the QUBO case. The
relationship between bir and xvr in δ

(B′ )
vi (x) is the same as that

given in Table 1. Overall, our HUBO-ASC or HUBO-DSC
formulation of the GCP is given by

min
x

EHUBO
GCP (x) =

∑
(u,v)∈E

I∑
i=1

δ
(B′ )
ui (x)δ(B

′ )
vi (x)

+ λ′
V∑

v=1

2B
′∑

i=I+1

δ
(B′ )
vi (x)

s.t. xvr ∈ B (14)

where λ′ denotes the penalty coefficient for imposing a con-
straint: the number of colors should be less than or equal
to I.

III. PROPOSED GATE COUNT REDUCTION STRATEGIES
The previous study [26], HUBO-DSC, reduced the number
of gates by the descending assignment of binary vectors as
compared to the ascending assignment, HUBO-ASC, used
in [21] and [24]. However, even with HUBO-DSC, the num-
ber of gates remains higher than that in the original QUBO

3101712 VOLUME 5, 2024
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FIGURE 1. Quantum circuits for computing E (x) = x1x2x3 − (1 − x1)x3.
(a) HUBO-ASC/DSC. (b) HUBO-PF.

formulation. To address this issue, in this section, we propose
two novel strategies that reduce the number of quantum gates
required for GAS.

A. HIGHER ORDER FORMULATION WITH POLYNOMIAL
FACTORIZATION: HUBO-PF STRATEGY
In the HUBO formulation with binary encoding reviewed
in Section II, an arbitrary index 1 ≤ i ≤ I is mapped to a
binary vector [bi1 · · · bi�log2 I�], and each binary number cor-
responds to a term (1 − x) or x. Then, the resultant objec-
tive function has many terms, including (1 − x) and x. Here,
(1 − x) = 0 holds if x = 1, and (1 − x) = 1 holds if x = 0.
Using these relationships, HUBO-PF reduces the number
of quantum gates in GAS as much as possible. HUBO-PF
exploits the gate construction method proposed by Gilliam
et al. [5]. Gilliam’s method supports a QUBO or HUBO ob-
jective function and allows one to construct a quantum circuit
in a systematic manner. For example, if we have a HUBO-
ASC or HUBO-DSC function E(x) = x1x2x3 + x1x3 − x3,
the corresponding circuit is systematically constructed as
given in Fig. 1(a), where we have n = 3 qubits for binary
variables and m = 3 qubits for encoding the values of the
objective function. In the beginning of Fig. 1(a), an equal
superposition is created by the Hadamard gate H⊗6. An
arbitrary coefficient in the HUBO function, denoted by a, is
represented as θ = 2πa/2m, and the corresponding unitary
operator is given by [5]

UG(θ ) = R(2m−1θ ) ⊗ R(2m−2θ ) ⊗ · · · ⊗ R(20θ ) (15)

FIGURE 2. Quantum circuit for computing (1 − x1)x2x3 − (1 − x1)x3,
where X gates are canceled.

and the phase gate [5]

R(θ ) =
[
1 0

0 e jθ

]
. (16)

Then, the first third-order term 1 · x1 · x2 · x3 corresponds to
the controlled-UG(1 · π/4) in Fig. 1(a), which is controlled
by |x1〉, |x2〉, and |x3〉. The definition of the Grover operator
G is detailed in [5], and it is applied L times to amplify the
states of interest. Note that an open-source implementation
of GAS is available in Qiskit.
The idea of HUBO-PF is to map factorized terms directly

to quantum gates. Specifically, the original Qiskit imple-
mentation of GAS [5] supports an objective function with-
out factorization and constructs a quantum circuit, including
gates corresponding to all the terms. Here, there is no need
to expand the objective function sequentially. That is, since
the objective functions, such as EHUBO

TSP (x) and EHUBO
GCP (x),

are already factorized, the factorized terms can be directly
mapped to quantum gates.
We describe HUBO-PF in detail using a concrete example.

In Fig. 1(a), we had a HUBO-ASC/DSC function

E(x) = x1x2x3 + x1x3 − x3 (17)

but it could be factorized into

E(x) = x1x2x3 − (1 − x1)x3. (18)

Since the X gate is equivalent to a bit flipping, the multi-
plication of (1 − x1) is equivalent to a multiplication of x1
sandwiched between two X gates. Then, in the factorized
case, the term −(1 − x1)x3 can be mapped to a controlled
unitary gate sandwiched between two X gates as in Fig. 1(b).
As given, Fig. 1(a) has three UG(θ ) gates, which are reduced
to two in Fig. 1(b), although both the circuits are equiva-
lent. In addition, successive X gates can be canceled each
other. For example, if we have another factorized function
(1 − x1)x2x3 − (1 − x1)x3, the corresponding quantum cir-
cuit can be constructed as in Fig. 2. As given, we have two
(1 − x1) terms, and originally, four X gates are required in
total. Here, the (1 − x1) terms are mapped to a circuit in the
same manner as in Fig. 1(b), and X gates become successive.
The X gates with dotted lines in Fig. 2 cancel each other and
can, therefore, be eliminated. Other X gates that were not

VOLUME 5, 2024 3101712
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TABLE 2. Example of Binary Encoding in HUBO-PF

canceled are single-qubit operations; potential parallelism
with other quantum gates can be expected.
One fundamental question arises in this situation: how can

wemake X gates as successive as possible? A solution by op-
timization is undesirable due to its large overhead in solving
a combinatorial optimization problem. To make X gates as
successive as possible, we can devise a binary allocation so
that the bits change one by one with respect to the index.
Such an allocation method is commonly known as the Gray
code in digital communications, which mitigates bit errors
because the Hamming distance among adjacent bits is kept
one.
In HUBO-ASC or HUBO-DSC, binary vectors are as-

signed to indices in ascending or descending order. In
HUBO-PF, the first index is assigned to a binary vector with
all ones, and subsequent binary vectors are the same as the
Gray code. In this way, (1 − x) terms are kept as contiguous
as possible. Table 2 shows an example of binary encoding
of three bits in HUBO-PF that can reduce the number of X
gates. A binary vector [1 · · · 1] is assigned to the first index,
and the following binary vectors are changed one by one,
which is the same as the Gray code. That is, with respect
to the index i, binary numbers have many successive zeros.
In a certain objective function, a summation is calculated in
ascending order with respect to the index. A quantum circuit
is constructed in that order, and X gates will naturally be con-
secutive. This HUBO-PF assignment minimizes the number
of X gates in a heuristic manner without imposing additional
optimization cost. Note that HUBO-PF is also applicable
to the QUBO case if the objective function contains many
(1 − x) terms. Unlike the GCP and the TSP, if an objective
function has an irregular indexing, the HUBO-PF assignment
cannot reduce the number of X gates. But, in that case, the
Gray code optimized with respect to the irregular indexing
would also reduce the number of X gates.

B. HIGHER ORDER FORMULATION WITH ORDER
REDUCTION: HUBO-OR STRATEGY
In practice, a quantum computer has limited connectivity
among qubits, and this limitation imposes additional circuit
latency [31]. Our HUBO-PF strategy is optimal in terms of
the number of qubits and gates, although it induces high-
order terms in the objective function, resulting in many con-
trolled gates and interactions among qubits. To circumvent

TABLE 3. Example of Binary Coding in HUBO-OR

this issue, we propose a strategy referred to as HUBO-OR,
which serves as an intermediate strategy situated between
HUBO-PF and the conventional QUBO, thereby striking a
balance between the two. HUBO-OR halves the maximum
order of the objective function with the sacrifice of a small
increase in the number of qubits.
The idea of HUBO-OR is to map limited binary vectors to

indices. Specifically, binary vectors that have an even number
of ones, including a binary vector with all zeros, are assigned
to the target indices in order to halve the maximum order. In
HUBO-OR, the first index is assigned to a binary vector with
all zeros. Subsequent binary vectors, sorted in ascending or-
der, have an even number of ones. This strategy is particularly
beneficial for HUBO problems, where interference occurs
among the same indices, such as overlapping colors in the
GCP.Let us check an example of HUBO-OR formulation.
In the GCP case, we have I colors, and the number of bits
required to represent the color index is

B′′ = �log2 I� + 1 (19)

rather than �log2 I�, since we only use the limited binary
vectors, which have an even number of ones. The number
of bits B′′ is large enough that the total of available binary
vectors is calculated as

�B′′/2�∑
r=0

(
B′′

2r

)
= 2�log2 I� ≥ I (20)

for I ≥ 1. For example, if we have I = 4 colors, B′′ =
�log2 4� + 1 = 3 bits are sufficient to represent the color
index. Table 3 shows a binary encoding of three bits in
HUBO-OR. In this formulation, the first index is assigned
to the all-zero binary vector, and the following indices are
assigned to binary vectors that have an even number of ones.
For new binary variables xvr for 1 ≤ v ≤ V and 1 ≤ r ≤ B′′,
a binary statewhere the vth vertex is paintedwith the ith color
is indicated by δ

(B′′ )
vi (x) of (5), where the relationship between

the index i, bir, and xvr in δ
(B′′ )
vi (x) is given in Table 3.

Similar to the first term of the HUBO-ASC/DSC formula-
tion (14), the objective function that represents the interfer-
ence among vertices is given by

EHUBO-OR
GCP1 (x) =

∑
(u,v)∈E

B′′∏
r=1

(1 − xur − xvr ) (21)
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which is always positive since each of the binary vectors
contains even number of ones. Another method to make it
positive is to compute the square (1 − xur − xvr )2, but this
computation is not desirable in terms of order reduction. To
impose the constraint that no index is assigned to a binary
vector having an odd number of 1, we add

EHUBO-OR
GCP2 (x) =

V∑
v=1

I∑
i=1

(Hi mod 2) δ(B
′′ )

vi (x) (22)

where Hi denotes the Hamming weight of an index i, i.e.,

Hi =
B′′∑
r=1

bir. (23)

In addition, we add a penalty function to impose the con-
straint that the number of colors to be painted is less than or
equal to I if I < 2B

′′−1 = 2�log2 I�, i.e.,

EHUBO-OR
GCP3 (x) =

V∑
v=1

2B
′′∑

i=I+1

δ
(B′′ )
vi (x). (24)

Overall, our HUBO-OR formulation of the GCP is given by

min
x

EHUBO-OR
GCP (x) = EHUBO-OR

GCP1 (x)

+ λ′′
1E

HUBO-OR
GCP2 (x) + λ′′

2E
HUBO-OR
GCP3 (x)

s.t. xvr ∈ B (25)

where λ′′
1 and λ′′

2 denote penalty coefficients.
According to the HUBO-ASC/DSC formulation of (14),

the maximum order is calculated as 2B′ = 2�log2 I�. By con-
trast, according to the HUBO-OR formulation of (25), the
maximum order is calculated as B′′ = �log2 I� + 1, which is
almost halved.
Note that HUBO-OR and HUBO-PF can be combined in

some cases. In the case of GCP, HUBO-PF is applicable to
the constraint terms EHUBO-OR

GCP2 (x) and EHUBO-OR
GCP3 (x) because

of the sequential references to index i in summation. But, in
EHUBO-OR
GCP2 (x), we have limited cases where Hi mod 2 = 1 is

satisfied successively for increasing i, and in EHUBO-OR
GCP3 (x),

we have limited terms from i = I + 1 to 2B
′′
. Then, it is

also considered that the positive effect of gate count reduc-
tion could be limited. The combination of HUBO-PF and
HUBO-OR strategies may require additional optimization to
significantly reduce the number of gates.

IV. ALGEBRAIC ANALYSIS AND NUMERICAL
EVALUATION
In this section, we analyze the conventional QUBO, HUBO-
ASC [21], [24], and HUBO-DSC [26], as well as the pro-
posed HUBO-PF and HUBO-OR in terms of the numbers of
qubits and quantum gates, where the GCP is considered as
an example.5 Note that we omit the discussion on the depth

5Our proposed strategies are applicable to other QUBO problems relying
on one-hot encoding.

of quantum circuit, because it heavily depends on heuristic
algorithms used in the transpilation process and the assumed
connectivity of a quantum computer, leading to different con-
clusions depending on specific assumptions.
The search space size of the original GCP is given by

SGCP = IV (26)

indicating that the optimal number of binary variables should
be

n = log2(SGCP) = V log2 I. (27)

Then, if the number of binary variables becomes much larger
than n, that formulation may not be efficient in terms of the
number of qubits.

A. ANALYSIS ON THE NUMBER OF QUBITS
First, we analyze the number of qubits required for GAS.
GAS requires approximately n+ m qubits [5], where n is
the number of binary variables and m is the smallest integer
satisfying [18]

−2m−1 ≤ min[E(x)] ≤ max[E(x)] < 2m−1 (28)

due to the two’s complement representation of the objective
function.6

1) QUADRATIC UNCONSTRAINED BINARY OPTIMIZATION
From (10), the conventional QUBO formulation for the GCP
requires

n = VI (29)

binary variables. When considering an equal superposition
of 2n states, the size of search space is

C = 2n = 2VI (30)

which is larger than SGCP for most typical parameters. From
(10), the objective function value is always positive, and its
maximum is

max(EQUBO
GCP (x)) = EI + λV (I − 1)2. (31)

Then, the number of qubits required to encode EQUBO
GCP (x) is

m = �log2(max(EQUBO
GCP (x)))� (32)

since EQUBO
GCP (x) itself is always positive. The total number of

required qubits is calculated as7

n+ m = VI +
⌈
log2

(
EI + λV (I − 1)2

)⌉
= �(VI). (33)

2) HUBO WITH ASCENDING/DESCENDING ASSIGNMENT
In the HUBO-ASC/DSC case, we have

n′ = V�log2 I� (34)

6In practice, additional qubits are required due to the gate decomposition
and the connectivity of a quantum device.

7We use �(·) for asymptotic lower bounds.
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binary variables, and the size of search space is

C′ = 2n
′ = 2V�log2 I� =

(
2log2 I+O(1)

)V = �(IV ) (35)

which is almost equal to the original size of search space
SGCP. From (14), the maximum value of the objective func-
tion is

max
(
EHUBO
GCP (x)

)
= E. (36)

Then, since the objective function value is always positive,
the number of qubits required to encode EHUBO

GCP (x) is

m′ = �log2(max(EHUBO
GCP (x))�. (37)

The total number of required qubits is calculated as

n′ + m′ = V�log2 I� + ⌈
log2 E

⌉ = �(V log2 I). (38)

3) HUBO WITH POLYNOMIAL FACTORIZATION
Note that HUBO-PF requires the same number of qubits as
the HUBO-ASC/DSC case since it relies on the equivalent
objective function of (14), where terms are not expanded. The
size of search space is also the same as that in (35).

4) HUBO WITH ORDER REDUCTION
In the HUBO-OR case, we have

n′′ = V (�log2 I� + 1) (39)

binary variables, and the size of search space is

2n
′′ = 2V (�log2 I�+1) = �(IV ) (40)

which is the same as that in the HUBO-ASC/DSC case. From
(25), the maximum value of the objective function is

max(EHUBO-OR
GCP (x)) = E (41)

and the number of qubits required to encode EHUBO-OR
GCP (x) is

m′′ = �log2(max(EHUBO-OR
GCP (x))� = m′. (42)

The total number of required qubits is calculated as

n′′ + m′′ = V (�log2 I� + 1) + ⌈
log2 E

⌉ = �(V (log2 I + 1)).
(43)

Fig. 3 shows the number of qubits required by the con-
ventional and proposed formulation methods, where we set
I = V/4 and E = 3V . In addition, all the penalty coefficients
are set to 1. As shown in Fig. 3, the derived asymptotic lower
bounds, given in (33), (38), and (43), were almost identi-
cal to the actual number of qubits calculated if the number
of vertices V was sufficiently large. HUBO-ASC/DSC/OR
required significantly fewer qubits than the conventional
QUBO, indicating that the proposed HUBO formulation can
reduce the size of search space.

B. ANALYSIS OF QUANTUM GATE COUNT
Second, we analyze the number of quantum gates, which is
an important evaluation metric that determines the feasibility
of a quantum circuit. In this article, we construct concrete

FIGURE 3. Numbers of qubits required by the conventional and
proposed formulation methods, where markers indicate actual numbers
and lines indicate their asymptotic lower bounds given in (33), (38), and
(43).

quantum circuits using Gilliam’s construction method [5]
and count the specific numbers of quantum gates. In the
following, we analyze the number of gates corresponding to
the state preparation operator Ay in GAS [5, Eq. (4)], which
has a dominant impact on the constructed circuits of GAS.

1) QUADRATIC UNCONSTRAINED BINARY OPTIMIZATION
In the conventional QUBO formulation, the number of H
gates is

GH = n+ m = �(VI). (44)

The numbers of R and controlled-R (CR) gates can be cal-
culated using (32). Specifically, the number of CR gates cor-
responds to the number of first-order terms in the objective
function and is calculated as

GCR = VIm = �(VI log2(λVI
2)). (45)

Similarly, the number of controlled-controlled-R (CCR or
C2R) gates is calculated as

GCCR =
(
EI +V

(
I

2

))
· m = 2EI +VI(I − 1)

2
· m

= �(VI2 log2(λVI
2)). (46)

2) HUBO WITH ASCENDING ASSIGNMENT
In the HUBO-ASC formulation, the number of H gates is

G′
H = n′ + m′ = �(V log2 I). (47)

Similar to the QUBO case, the numbers of R and multiple-
qubit CkR gates can be calculated from (37), where 1 ≤ k ≤
B′ denotes the number of control qubits. We calculate the
number of kth order terms, which is given by

G′
CkR =

{
E

(
2B′

k

)
−
(
B′

k

) V∑
v=1

deg(v) − 1

}
· m′
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= �

(
(2 log2 I)

k

k!
E log2 E

)
(48)

where deg(v) denotes the degree of the vertex v. In addition,
the number of CkR gates for B′ < k ≤ 2B′ is calculated as

G′
CkR = E

(
2B′

k

)
· m′ = �

(
(2 log2 I)

k

k!
E log2 E

)
. (49)

3) HUBO WITH DESCENDING ASSIGNMENT
In the HUBO-DSC formulation, it is not possible to derive
the numbers of gates in using closed-form expressions. The
basic trend remains the same as in the HUBO-ASC case, but
the number of gates can be reduced, which depends on the
problem parameters.

4) HUBO WITH POLYNOMIAL FACTORIZATION
In the HUBO-PF formulation, a quantum circuit is con-
structed using the factorized objective function as in (14).
The analysis of gate count poses a certain degree of complex-
ity. The number of H gates is the same as (47). According to
(37), the number of CR gates is calculated as

G′
CB′R = V (2B

′ − I) · m′

= V (2log2 I+O(1) − I)(log2 E + O(1))

= �
(
V log2 E

)
(50)

and

G′
C2B′R = EI · m′ = �

(
EI log2 E

)
(51)

since the objective function consists of only B′-order and
2B′-order terms. In addition, HUBO-PF introduces the use
of additional X gates, and the gate count is calculated as

2B
′
VB′ = �

(
VI log2 I

)
(52)

which can be further reduced to

G′
X = 2B

′
V = �(VI) (53)

by canceling successive X gates. That is, as exemplified in
Table 2, the X gates become maximally successive by using
the simple Gray code, thereby reducing the number of gates
significantly.

5) HUBO WITH ORDER REDUCTION
In the HUBO-OR formulation, according to (43), the number
of H gates is

G′′
H = n′′ + m′′ = �(V log2 I). (54)

From (42), for a general 1 ≤ k ≤ B′′, the number of CkR
gates is calculated as

G′′
CkR =

{
2kE

(
B′′

B′′ − k

)
−
(
B′′

k

) V∑
v=1

(Ev − 1)

}
· m′

= �

(
(2 log2 I)

k

k!
E log2 E

)
. (55)

FIGURE 4. Actual numbers of terms required by the conventional and
proposed formulation methods.

FIGURE 5. Estimated numbers of T gates required by the conventional
and proposed formulation methods.

C. NUMERICAL EVALUATION OF QUANTUM GATE COUNT
To evaluate the conventional and proposed formulationmeth-
ods, we assume that I = V/4 and E = 3V hold upon increas-
ing the number of vertices V . Moreover, we set deg(v) = 6
and all the penalty coefficients to 1. Note that in Figs. 4–8,
markers were added to make each line easier to distinguish,
which had no special intentions. First, Fig. 4 shows the actual
number of terms in the objective function of each formula-
tion method. Here, we considered the QUBO, HUBO-ASC,
HUBO-DSC, and HUBO-OR formulations, where the corre-
sponding terms were expanded, while the terms were not ex-
panded in the HUBO-PF case. We calculated the actual num-
ber of terms in the HUBO-DSC case and used the derived
exact count in other cases given in Section IV-B. Specifically,
in the QUBO case, the number of terms can be calculated
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FIGURE 6. Estimated number of total T gates required to obtain the
optimal solution.

FIGURE 7. Transition of objective function values with respect to query
complexity.

FIGURE 8. CDF of the query complexity required to obtain the optimal
solution.

from (45) and (46) as

GCR + GCCR = αI

(
E + V (I + 1)

2

)
. (56)

Similarly, actual numbers of terms were calculated in other
HUBO-ASC, HUBO-OR, and HUBO-PF cases. As shown
in Fig. 4, when compared with HUBO-ASC, HUBO-DSC
reduced the number of terms in most cases because it
generated fewer terms in the form of (1 − x). Although
HUBO-ASC/DSC/OR exhibited a larger number of terms
than QUBO, HUBO-PF succeeded in reducing the number
of terms significantly.
Next, we count the number of T gates, which is an im-

portant metric when assuming surface-code-based FTQC.
Specifically, we count the number of T gates used in the state
preparation operator Ay in GAS [5, Eq. (4)] and ignore the
gates required for the quantum Fourier transform. The phase
gate R(θ ) of (16) may yield numerous T gates depending
on the value of θ . For instance, R(π/4) = T and R(π/2) =
TT hold true, but using the Solovay–Kitaev algorithm [32],
R(π/3) is decomposed into 84 H gates and 99 T gates, with a
square error of about 1.20 · 10−3. The implementation cost of
R(θ ) is considered constant, irrespective of each formulation
method, and its decomposition does not affect the relative
comparison. The corresponding T-count increases withO(m)
but is negligible compared to the increase in O(n). Then, in
the following, we assume that R(θ ) is not decomposed, and
its T-count is ignored.
When assuming that R(θ ) is not decomposed, according

to [33], the number of T gates required to decompose CnR
for n ≥ 2 into CR is 14(n− 1) with n− 1 auxiliary qubits
(or ancillae). Then, a CR gate is decomposed into cnot and
single-qubit unitary gates, including R(θ ). In the QUBO,
HUBO-ASC/DSC (=HUBO-PF), and HUBO-OR formula-
tions, the required numbers of ancilla qubits are

a = 1 (57)

a′ = 2�log2 I� − 1 (58)

a′′ = �log2 I� (59)

respectively. Here, it is clear that the number of ancilla qubits
is negligible compared with the total number of qubits n+ m
for each formulation method. The number of gates can be
further reduced by using the relative-phase Toffoli (RTOF)
gate, which approximates the function of the Toffoli gate.
Specifically, the number of T gates required to decompose
an arbitrary n qubit unitary operator is 14(n− 1) when the
original Toffoli gates are used [33], whereas Maslov’s ap-
proach [34] reduces it to 8(n− 1) using RTOF gates. Then,
Fig. 5 shows the estimated number of T gates required by
each formulation method, where we used GCkR, G

′
CkR

, and
G′′
CkR

expressions given in Section IV-B. In the HUBO-DSC

case, we counted CkR gates numerically. As shown in Fig. 5,
HUBO-DSC and HUBO-OR reduced the number of T gates
in most cases compared with HUBO-ASC. For a large prob-
lem size, surprisingly, HUBO-PF had fewer T gates than
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QUBO. This indicates that HUBO-PF is the best formula-
tion strategy in terms of the numbers of qubits and T gates.
For reference, we evaluated the estimated number of total T
gates required for obtaining the optimal solution, where the
estimated number of T gates shown in Fig. 5 was used, and
the total number of Grover operators was assumed to be

√
2n,√

2n′ , or
√
2n′′ for each formulation. As shown in Fig. 6, the

proposed HUBO formulations reduced the total number of T
gates compared with the conventional QUBO in almost all
the cases.

D. NUMERICAL EVALUATION OF CONVERGENCE
PERFORMANCE
Finally, we evaluated the convergence performance of GAS
using each formulation method, where we set (V, I) = (5, 4).

Fig. 7 shows the transition of objective function values
of QUBO, HUBO-OR, and HUBO-PF, where the number
of Grover operators required to reach the optimal solution
was calculated, and the objective function values were nor-
malized within [0, 1]. Compared with QUBO and HUBO-
OR, HUBO-PF converged to the optimal solution the fastest
on average. Note that HUBO-ASC/DSC achieves the same
query complexity as the HUBO-PF case, but it is expected
that HUBO-PF further reduces the circuit runtime due to its
reduction in gate count.
In addition, Fig. 8 shows the cumulative distribution

function (CDF) of the query complexity required to con-
verge to the optimal solution. That is, Fig. 8 is a different
representation of Fig. 7. As shown in Fig. 8, HUBO-PF
converged the fastest with almost 100% probability. The
sizes of search spacewere 2n = 2VI = 220, 2n

′ = 2V�log2 I� =
210, and 2n

′′ = 2V�log2 I� = 215 for QUBO, HUBO-OR, and
HUBO-PF, respectively. This reduction in the search space
size leads to a significant speedup.
In Figs. 7 and 8, the query complexity of the QUBO case

may be improved if we use the Dicke state [35] instead
of creating an equal superposition state by the Hadamard
gates. Nevertheless, the proposed HUBO-PF strategy still
has advantages in terms of the number of qubits and gates,
subsequently decreasing circuit runtime and implementation
cost. In addition, the proposed HUBO-OR is an intermediate
strategy betweenQUBO andHUBO-PF, which is suitable for
a quantum computer that has limited connectivity.

V. CONCLUSION
In this article, we reviewed HUBO-ASC/DSC formulations
that effectively reduce the number of qubits required for
GAS, using the TSP and the GCP as representative ex-
amples. Then, we proposed the novel strategies: one that
decreased the number of gates through polynomial factor-
ization, termed HUBO-PF, and the other that halved the
order of the objective function, termed HUBO-OR. Our
analysis demonstrated that the proposed strategies enhance
the convergence performance of GAS by both decreas-
ing the search space size and minimizing the number of

quantum gates. Our strategies are particularly beneficial for
general combinatorial optimization problems using one-hot
encoding.
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