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Abstract—We study the problem of adaptive dynamic pro-
gramming (ADP) based on optimal control of linear singularly
perturbed systems (SPSs) subject to completely unknown dynam-
ics. Previous works on ADP-based optimal control of SPSs require
that the fast dynamics of the system are either known a priori
or unknown but asymptotically stable, and such results are lim-
ited to standard cases, i.e., the internal dynamics of their fast
subsystems are nonsingular. In this brief, these conditions can
be removed through a sequential procedure to design feedback
gains of both fast and slow states in the framework of ADP. In
this procedure, two optimal control problems are formulated for
the prefeedback fast subsystem and the modified slow subsys-
tem. Then, a data-driven two-stage value iteration algorithm is
imposed to learn the optimal controller without using any system
dynamics. Fundamentally different from existing works, an ini-
tial admissible control policy is no longer needed during learning.
Finally, the effectiveness of the learning algorithm is proved by
a simulation example.

Index Terms—Adaptive dynamic programming (ADP), optimal
control, singularly perturbed systems (SPSs), value iteration,
data-driven control.

I. INTRODUCTION

MANY dynamic systems in engineering fields can be
modeled as singularly perturbed systems (SPSs) such

as unmanned aerial vehicles [1], flexible manipulators [2],
industrial processes [3], and electric circuits [4]. Due to the
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coupled fast and slow phenomena, it is known that there exist
potential high dimensionality and numerical stiffness issues
in the control and synthesis of SPSs [5], [6]. To alleviate
these problems, a common method is to decompose SPSs
into two reduced-order parts in different time scales, and then
design a composite controller in terms of control problems
of separated slow and fast subsystems. Such composite con-
troller can stabilize the original full-order SPS for sufficiently
small singular perturbation parameter [5]. However, this model
reduction technology is highly dependent on the information of
model parameters, no matter if decomposing systems or imple-
menting composite controllers. In reality, accurate knowledge
of system dynamics is hardly captured.

As a computational intelligence method, adaptive dynamic
programming (ADP), an important branch in reinforcement
learning, has been broadly studied by researchers from
academia and industry [7]. When system dynamics are uncer-
tain, ADP can employ data measurements to seek optimal
controllers. Specifically, ADP can be leveraged to iteratively
compute an approximate solution to the algebraic Riccati
equation (ARE) relating to the optimal control problem of
a linear system, without requiring any information of model
parameters [8]. A comprehensive survey on ADP control and
application was given in [9].

Since ADP can be independent of specific model parame-
ters, extending ADP to reduced-order control of SPSs is of
significance [2], [6], [10]. When the internal dynamic of a
fast subsystem is Hurwitz, state feedback and output feedback
based model-free reduced control strategies were proposed
in [11] to solve linear quadratic regulation using ADP. In [12],
the method was further extended to a robust control case. But
such a reduced feedback controller could cause the system
to be far from its desired performance because of ignoring
fast dynamics [5]. When the slow dynamics are unknown
and the fast dynamics are known, some researchers posed
ADP-based reduced-order composite control approaches for
linear [13], interconnected [14], Markov jump [15], and non-
linear SPSs [16]. It should be pointed out, however, that
these approaches are only available for standard SPSs, i.e.,
the internal dynamics of their fast subsystems are nonsingu-
lar, which are used to decompose system. Therefore, a natural
question to ask is: how can we develop an ADP algorithm
for both standard and nonstandard SPSs to overcome the
aforementioned limitations (for instance, the fast dynamics
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are either known a priori or unknown but asymptotically
stable)?

Motivated by the above-mentioned question, we propose an
alternative data-driven ADP control approach for linear SPSs,
whose structures have no standard limitation. In particular,
two optimal control problems in a sequential procedure are
formulated to design feedback gains of both fast and slow
states. The fast component is designed first to stabilize a fast
mode, and then the slow component is to stabilize a slow mode
of the prefeedback system. We provide sufficient conditions for
the existence of these solutions. In the framework of ADP, a
value iteration-based data-driven two-stage learning algorithm
is leveraged to seek the target policy without using any system
dynamics, which does not require an initial admissible control
policy during learning. To the best of our knowledge, value
iteration [8] is generalized to SPSs for the first time in this
brief. Moreover, we prove the closed-loop stability under mild
conditions. We believe that the proposed scheme is helpful to
facilitate the development of ADP-based data-driven control
for SPSs with uncertain dynamics.

II. PROBLEM FORMULATION AND PRELIMINARIES

Consider the linear SPS

ẋ = A11x+ A12z+ B1u (1)

εż = A21x+ A22z+ B2u (2)

where x ∈ R
n1 and z ∈ R

n2 are the slow and fast states,
respectively, u ∈ R

m is the control input, ε > 0 is the singular
perturbation parameter which denotes the degree of time-scale
separation between x and z, Aij ∈ R

ni×nj and Bi ∈ R
ni×m

(i, j = 1, 2) are constant matrices.
In this brief, when Aij and Bi (i, j = 1, 2) are unknown, we

want to find an optimal feedback controller

u = −Fxx− Fzz (3)

that asymptotically stabilizes (1), (2) for all ε ∈ (0, ε0]. Note
that the structure of the conventional composite controller con-
tains the information of A−1

22 B2 and A−1
22 A21 [5], [13], [14],

[15]. Although the authors of [2] and [10] tried to identify the
fast dynamics by setting ε = 0, the parameter perturbations
from ε �= 0 must result in estimation errors. Unlike existing
results, we shall develop ADP algorithm to directly learn the
feedback gains Fz and Fx in a sequential procedure, so as to
realize the model-free control of SPSs. We assume that ε is
known whose rationale has been pointed out in [6, Remark 1].

At the outset, we define

uz � −Fzz (4)

ux � −Fxx = u− uz. (5)

By replacing u with a prefeedback control uz in (1), (2), the
decoupled fast subsystem is given by [10]

εżzf = A22zzf + B2uzf (6)

where zzf ∈ R
n2 and uzf ∈ R

m are the fast subsystem state
and control input for (1), (2) under u = uz. We first formulate
an optimization problem for designing the feedback gain Fz.

Problem 1: For fast subsystem (6), find the optimal feed-
back gain Fz such that the control input uzf = −Fzzzf

minimizes the performance index

Jz =
∫ ∞

0
(zT

zf Qzzzf + uT
zf Ruzf )dt (7)

where Qz � 0 and Rz � 0 are the predefined weight matrices.
A routine assumption in SPSs is made for control designs.
Assumption 1: The pair (A22, B2) is stabilizable.
When the prefeedback input uz = −Fzz obtained from

Problem 1 is applied to (1), (2), by (5), we have

ẋ = A11x+ (A12 − B1Fz)z+ B1ux (8)

εż = A21x+ (A22 − B2Fz)z+ B2ux. (9)

It is shown in [11] that the reduced control input ux =
−Fxx can be designed based on the slow subsystem of the
system (8), (9) to stabilize the full system (8), (9) for all
ε ∈ (0, ε0] if (A22−B2Fz) is Hurwitz. Setting ε = 0 and then
using (9) to eliminate z from (8), the modified slow subsystem
is expressed as

ẋxs = Asxxs + Bsuxs (10)

where xxs ∈ R
n1 , uxs ∈ R

m are the state and control input
respectively, and As = A11 − (A12 − B1Fz)(A22 − B2Fz)

−1A21
and Bs = B1 − (A12 − B1Fz)(A22 − B2Fz)

−1B2. It is worth
emphasizing that if the solution to Problem 1 exists, then
(A22 − B2Fz) must be a nonsingular matrix by optimal con-
trol theory [17]. The modified slow system (10) derived in
this brief can circumvent the limitation on nonsingularity of
A22 in the past literature [10], [11], [12], [13], [14], [15].
Consequently, our results shall be available for both standard
and nonstandard SPSs. To design Fx, we formulate second
optimization problem.

Problem 2: For modified slow subsystem (10), find the
optimal feedback gain Fx such that the control input uxs =
−Fxxxs minimizes the performance index

Jx =
∫ ∞

0
(xT

xsQxxxs + uT
xsRuxs)dt (11)

where Qx � 0 and Rx � 0 are the predefined weight matrices.
The following lemma is recalled to reveal the relationship

between x and xxs, which is used in our learning algorithm.
Lemma 1 [5]: Consider the full system (8), (9) and the

modified slow subsystem (10). If (A22 − B2Fz) is Hurwitz,
then there exists a scalar ε0 > 0 such that for any ε ∈ (0, ε0],
the trajectories x(t) and xxs(t) satisfy

xxs(t) = x(t)+ Ox(ε) (12)

for all finite t ≥ 0.

III. MAIN RESULTS

In this section, in the absence of knowledge of Aij and Bi

(i, j = 1, 2), we devise a data-driven value iteration algorithm
to find the controller (3) optimized from Problems 1 and 2.
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A. Solutions to Problems 1 and 2

According to standard LQR theory [17], under
Assumption 1, the optimal feedback gain of Problem 1
associated with (6) and (7) is

Fz = R−1BT
2 Pz (13)

with Pz � 0 being the unique solution to the ARE

AT
22Pz + PzA22 + Qz − PzB2R−1BT

2 Pz = 0. (14)

In what follows, one rank condition, which is independent
of the predesign gain matrix Fz, is given to guarantee the
stabilizability of (10).

Lemma 2: Let Assumption 1 hold. The pair (As, Bs) is
stabilizable if

rank

[
sIn1 − A11 −A12 B1
−A21 −A22 B2

]
= n+ m, ∀s ∈ C

+. (15)

Proof: It is well known that Ā22 = A22 − B2Fz is always
Hurwitz for any Fz in (13). Then by (15) we have

rank

[
sIn1 − A11 −A12 B1
−A21 −A22 B2

]

= rank

[
sIn1 − A11 −A12 + B1Fz B1

Ā−1
22 A21 In2 −Ā−1

22 B2

]

= rank

[
sIn1 − As 0 Bs

Ā−1
22 A21 In2 −Ā−1

22 B2

]

= rank

[
sIn1 − As 0 Bs

0 In2 0

]
= n+ m, ∀s ∈ C

+

which implies (As, Bs) being stabilizable.
Remark 1: By analogy to the proofs of Lemma 2, when A22

is nonsingular, it is not difficult to derive

rank

[
sIn1 − A11 −A12 B1
−A21 −A22 B2

]

= rank

[
sIn1 − Ās 0 B̄s

0 In2 0

]
= n+ m, ∀s ∈ C

+

with Ās = A11 − A12A−1
22 A21 and B̄s = B1 − A12A−1

22 B2. This
means that the modified slow subsystem (10) and the inher-
ent slow subsystem of (1), (2) have the same condition on
stabilizability.

Likewise, under the conditions in Lemma 2, the optimal
feedback gain of Problem 2 associated with (10) and (11) is

Fx = R−1BT
s Px (16)

with Px � 0 being the unique solution to the ARE

AT
s Px + PxAs + Qx − PxBsR

−1BT
s Px = 0. (17)

In the following proposition, we show that the con-
troller (3) obtained from (13) and (16) is an optimal input
for system (1), (2) with one performance index.

Proposition 1: Consider (1), (2) and let the conditions in
Lemma 2 hold. Then, the controller (3) obtained from (13)
and (16) minimizes the performance index

Jε =
∫ ∞

0
(XTQX + uTRu)dt. (18)

Proof: We rewrite (1), (2) in the more compact form

Ẋ = AεX + Bεu (19)

where X =
[

x
z

]
, Aε =

[
A11 A12

ε−1A21 ε−1A22

]
, and Bε =

[
B1

ε−1B2

]
.

Let

Pε =
[

P1 0
0 εPz

]
� 0 (20)

where BT
1 P1 − BT

s Px = 0. By (14), it is checkable that Pε is
the solution to the ARE

AT
ε Pε + PεAε + Q− PεBεR−1BT

ε Pε = 0 (21)

where Q =
[

Q1 Q2

QT
2 Qz

]
with

Q1 = P1B1R−1BT
1 P1 − AT

11P1 − P1A11

Q2 = P1B1R−1BT
2 Pz − AT

21Pz − P1A12.

By [17], the solution to the standard LQR problem associated
with (18) and (19) is determined by u = −FX, where F =
R−1BT

ε Pε. It is not difficult to derive u = −FX = −Fxx−Fzz.
This completes the proof.

B. Data-Driven ADP Scheme

Before proceeding, for A = [a1, a2, . . . , am] ∈ R
n×m, B =

[bij] ∈ R
n×n, and C = [ci] ∈ R

n, we define

vec(A ) � [aT
1 , aT

2 , . . . , aT
n ]T ∈ R

nm

ves(B ) � [b11,2b12, . . . , 2b1n, b22, 2b23, . . . , 2bn−1,n, bnn]T

∈ R
0.5n(n+1)

vev(C ) � [c2
1, c1c2, . . . , c1cn, c2

2, c2c3, . . . , cn−1cn, c2
n]T

∈ R
0.5n(n+1).

For any two vectors α and β, we further define

Tα = [
∫ t1

t0
vev(α)dτ ,

∫ t2

t1
vev(α)dτ , . . . ,

∫ tq

tq−1

vev(α)dτ ]T

�αβ = [
∫ t1

t0
α ⊗ βdτ ,

∫ t2

t1
α ⊗ βdτ , . . . ,

∫ tq

tq−1

α ⊗ βdτ ]T

�αα = [α ⊗ α|t1t0 , α ⊗ α|t2t1 , . . . , α ⊗ α|tqtq−1
]T

where 0 ≤ t0 < t1 < · · · < tq−1 < tq are constants, q
is a positive integer, and ⊗ denotes the Kronecker product
operator.

Inspired by [8], the model-based value iteration algorithm
is leveraged to solve the ARE (14) by

Pk+1
z = hk(A

T
22Pk

z + Pk
zA22 + Qz − Pk

zB2R−1BT
2 Pk

z)+ Pk
z

Fk
z = R−1BT

2 Pk
z , k = 0, 1, 2, . . . (22)

where P0
z � 0 and hk denotes the step size satisfying hk > 0,∑∞

k=0 hk = ∞, and
∑∞

k=0 h2
k <∞. Based on (2) and (22), we

have

zT(t +�t)εPk
zz(t +�t)− zT(t)εPk

zz(t)

=
∫ t+�t

t
[zTHk

z z+ 2xTAT
21Pk

zz+ 2(Ru)TFk
z z]dτ (23)
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where Hk
z = AT

22Pk
z + Pk

zA22 and �t is the sampling interval.
Using Kronecker product, (23) is reformulated as the algebraic
matrix equation

Xz

⎡
⎣ ves(Hk

z )

vec(AT
21Pk

z)

vec(Fk
z )

⎤
⎦ = Yk

z (24)

where Xz = [Tz, 2�zx, 2�z(Ru)] and Yk
z = ε�zzvec(Pk

z). As
shown in [18], we choose u to satisfy the rank condition

rank(Xz) = n2(n2 + 1)

2
+ n1n2 + n2m (25)

then the uniqueness of both Hk
z and Fk

z to (24) is guaranteed.
In what follows, we find the slow state gain Fx using system

measurements. The ARE (17) can be solved by the model-
based value iteration algorithm

Pl+1
x = hl(A

T
s Pl

x + Pl
xAx + Qx − Pl

xBsR
−1BT

s Pl
x)+ Pl

x

Fl
x = R−1BT

s Pl
x, l = 0, 1, 2, . . . (26)

where P0
x � 0 and hl denotes the step size satisfying hl > 0,∑∞

l=0 hl = ∞, and
∑∞

l=0 h2
l < ∞. Based on (10) and (26),

we have

xT
xs(t +�t)Pl

xxxs(t +�t)− xT
xs(t)P

l
xxxs(t)

=
∫ t+�t

t
[xT

xsHl
xxxs + 2(Ruxs)

TFl
xxxs]dτ (27)

where Hl
x = AT

s Pl
x + Pl

xAs. Since xxs and uxs are the state and
input of the decomposed virtual subsystem (10), these signals
cannot be measured from the full-order plant (8), (9). Thanks
to Lemma 1, we replace xxs and uxs with x and ux during
learning, which has also been commonly adopted in the past
literature [2], [3], [10], [11], [12], [13], [14], [15], [16]. Then,
we rewrite (27) as

xT (t +�t)Pl
xx(t +�t)− xT (t)Pl

xx(t) =
∫ t+�t

t
[xTHl

xx+ 2(Rux)
T Fl

xx]dτ

(28)

which implies the algebraic matrix equation

Xx

[
ves(Hl

x)

vec(Fl
x)

]
= Y l

x (29)

where Xx = [Tx, 2�x(Rux)] and Y l
x = �xxvec(Pl

x). Similarly, u
is chosen to satisfy the rank condition

rank(Xx) = n1(n1 + 1)

2
+ n1m (30)

then the uniqueness of both Hl
x and Fl

x to (29) is guaranteed.
We define the collection of bounded nonempty sets {Bi

b}∞b=0
as Bi

b ⊆ Bi
b+1, b ∈ Z+, and limb→∞Bi

b = P
ni , where i = 1, 2

and P
n denotes the set of n× n symmetric and positive defi-

nite matrices. Now, the data-driven value iteration-based ADP
algorithm to learn the target controller (3) optimized from
Problems 1 and 2 is presented in Algorithm 1. Clearly, there
exist two learning stages. In the first stage, the measurements
of x, z, and u are collected until (25) holds for computing the
gain Fz. Then, based on the learned Fk

z , the measurements of
x and ux are collected until (30) holds for computing the gain
Fx in the second stage. Note that these rank conditions can be
ensured in the spirit of exploration noise [8], [18].

Algorithm 1 Two-Stage Value Iteration Algorithm
1: Apply a locally essentially bounded input u to excite (1), (2) such that

(25) holds. Select a threshold σz > 0 and a symmetric P0
z � 0

2: k, b← 0
3: repeat
4: Solve Hk

z and Fk
z from (24)

5: P̃k+1
z ← Pk

z + hk(Hk
z + Qz − (Fk

z )T RFk
z )

6: if P̃k+1
z /∈ B1

b then
7: Pk+1

z ← P0
z , b← b+ 1

8: else Pk+1
z ← P̃k+1

z
9: end if

10: k← k + 1
11: until ||Pk

z − Pk−1
z ||/hk < σz

12: Apply a locally essentially bounded input u = ux −Fk
z z to excite (1), (2)

such that (30) holds. Select a threshold σx > 0 and a symmetric P0
x � 0

13: l, b← 0
14: repeat
15: Solve Hl

x and Fl
x from (29)

16: P̃l+1
x ← Pl

x + hl(Hl
x + Qx − (Fl

x)
T RFl

x)

17: if P̃l+1
x /∈ B2

b then
18: Pl+1

x ← P0
x , b← b+ 1

19: else Pl+1
x ← P̃l+1

x
20: end if
21: l← l+ 1
22: until ||Pl

x − Pl−1
x ||/hl < σx

23: Use u = −Fl
xx− Fk

z z as the optimal feedback controller

Theorem 1: Let Assumption 1 and (15) hold. For
Algorithm 1, limk→∞Fk

z = Fz and limk,l→∞Fl
x = Fx+OFx(ε).

Proof: Algorithm 1 is deduced from the model-based value
iteration algorithms (22) and (26). For stage-one learning,
by [8], limk→∞Fk

z = Fz on the basis of its equivalence. Since
A22 − B2Fk

z is Hurwitz for k→∞, by Lemma 1, there exists
xxs(t) = x(t) + Ox(ε) for t ≥ 0. Then, by adopting the same
line of proofs as in [10] and [11], it can be easily shown
limk,l→∞Fl

x = Fx + OFx(ε) during stage-two learning.
Theorem 2: Under the conditions of Theorem 1, let u =
−(Fx +OFx(ε))x− Fzz be the target controller obtained from
Algorithm 1 with ||OFx(ε)|| ≤ d. If we choose Qx > In1 and
R−1 ≥ d2Im, then u asymptotically stabilizes system (1), (2).

Proof: Substituting u into (1), (2) yields

ẋ = (A11 − B1Fx + B1OFx(ε))x+ (A12 − B1Fz)z (31)

εż = (A21 − B2Fx + B2OFx(ε))x+ (A22 − B2Fz)z (32)

whose fast subsystem is stable because of Ā22 being Hurwitz.
The stability of closed-loop system (31), (32) is guaranteed if
its slow subsystem

ẋxs = [As − BsFx + BsOFx(ε)]xxs (33)

is stable [5]. Define the Lyapunov candidate Vxs = xT
xsPxxxs.

By (16) and (17), along the trajectories of (33), it follows that

V̇xs = −xT
xs(Qx + FT

x RFx)xxs + 2xT
xsO

T
Fx

(ε)BT
s Pxxxs

= −xT
xs[Qx − OT

Fx
(ε)ROFx(ε)]xxs

− xT
xs[Fx − OFx(ε)]

TR[Fx − OFx(ε)]xxs ≤ 0

which implies that (33) is asymptotically stable.
Remark 2: In Algorithm 1, the dimensions of unknown

parameters in (24) and (29) are c1 = n2(n2+1)/2+n1n2+n2m
and c2 = n1(n1 + 1)/2+ n1m, respectively. As a contrast, the
unknown parameters, for the full-order value iteration, in (17)
of [8] is c = (n1 + n2)(n1 + n2 + 1)/2 + (n1 + n2)m. Note
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Fig. 1. Convergence of Pz, Fz, Px, and Fx.

that the computational complexity of inverting a p-dimensional
matrix is O(p2.376) [19]. Since c = c1 + c2, the proposed
two-stage learning Algorithm 1 has much lower computational
complexity per iteration than [8, Algorithm 2].

IV. SIMULATION

In this section, a benchmark SPS is considered as a numer-
ical example to confirm Algorithm 1. The model matrices of
the form (1), (2) are as follows [5], [11]

A11 =
[

0 0.4
0 0

]
, A12 =

[
0 0

0.345 0

]
, B1 =

[
0
0

]

A21 =
[

0 −0.524
0 0

]
, A22 =

[−0.465 0.262
0 −1

]
, B2 =

[
0
1

]

with ε = 0.001. We set weight matrices in Problems 1 and 2
as Qz = Qx = 10I2 and R = 1. In Algorithm 1, we choose
the parameters

Bi
b = {P ∈ P

2:||P|| ≤ 210(b+ 1)}, ∀b = 0, 1, 2, . . .

for i = 1, 2, σz = σx = 0.001, hk = 1/k, and hl = 5.2/l. The
data for the stage-one learning is collected on [0, 2] and the
stage-two learning is [2, 4] to guarantee (25) and (30) with the
initial values x(0) = [1, 1]T and z(0) = [− 1,−1]T .

The simulation tests are performed in 64-bit MATLAB and
run on a 1.80 GHZ, 4 GB of RAM, Intel Core i5 computer.
Fig. 1 shows the trajectories of ||Pk

z −Pz||, ||Fk
z −Fz||, ||Pl

x−
Px||, and ||Fl

x − Fx|| during learning. The convergent kernel
matrices are given below

Pz =
[

10.0402 0.6869
0.6869 2.3663

]
, Px =

[
80.5684 60.8782
60.8782 66.8253

]

which are approximately identical to their optimal values. In
addition, we list Table I to compare the performance between
our method and existing methods [13], [14], [15], [16].

V. CONCLUSION

This brief studied data-driven ADP control problem for
linear SPSs with completely unknown dynamics. A novel
two-stage value iteration algorithm was developed to sequen-
tially solve two optimal control problems related to the
separated fast and slow state feedback gains. The first contri-
bution of this brief is that the developed model-free learning
algorithm is applicable to both standard and nonstandard SPSs.

TABLE I
PERFORMANCE COMPARISON OF TWO-STAGE LEARNING

METHOD AND EXISTING METHODS

The second contribution is that the present algorithm does not
require an initial admissible control policy. For SPSs, the slow
state varies much slower than the fast state does. Thus, con-
trol designs based on asynchronously sampled measurements
may be more computationally efficient, as will be considered
in our future work.
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