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Abstract—The design of a suboptimal controller for
continuous-time Markov jump singularly perturbed systems with
partially unknown dynamics is studied in this brief. With fast
and slow decomposition technique, the original Markov jump
singularly perturbed systems are decomposed into fast and slow
subsystems as a new attempt. On this basis, an offline parallel
Kleinman algorithm and an online parallel integral reinforce-
ment learning algorithm are presented to cope with the different
subsystems, respectively. Meanwhile, the controllers obtained by
the above two algorithms are used to design the suboptimal con-
trollers for original systems. Furthermore, the suboptimality of
the proposed controllers is also discussed. Finally, an example of
the electric circuit model is shown to illustrate the applicability
of the proposed method.

Index Terms—Markov jump systems, fast and slow decom-
position technique, singularly perturbed systems, reinforcement
learning.

I. INTRODUCTION

HE PAST few decades have witnessed that two-time-

scale phenomenon receives much attention due to its
frequent occurrence in various fields such as mechanical
systems, electrical networks and mobile robots [1], [2], [3].
To describe the phenomenon of the two-time-scale, singularly
perturbed systems (SPSs) are introduced as one of an impor-
tant strategy. In [4], the authors adopted a time-scale separation
technique to decompose the SPSs. However, in this brief,
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the random jumps in practical systems caused by unexpected
events and attacks are not considered [5]. Thus, how to cap-
ture the inevitable stochastic switching phenomenon in SPSs
has become a hot topic.

Markov jump systems (MJSs) have been widely investigated
due to their ability to describe random switching phenomena
between different subsystems [6], [7], [8], [9]. The switching
between modes is subject to the Markov process and the switch-
ing rules are described by the transition rate [10]. Furthermore,
the combination of those two systems, namely, Markov jump sin-
gularly perturbed systems (MJSPSs), have emerged. However,
the existing results about MISPSs are obtained by offline calcula-
tion, which requires accurate system matrices information [11].
There is no doubt that this is a harsh condition in practical
application. Therefore, it has become a challenging problem to
obtain controllers through data and has attracted a large number
of scholars to conduct relevant research.

On the other hand, integral reinforcement learning (IRL), as
a learning mechanism in which an agent constantly updates its
policy in the process of interacting with the environment to
obtain the maximum reward, is similar to finding the optimal
policy in optimal control to minimize the performance index
to some extents [12]. For example, a novel IRL approach is
developed to find a solution for multiplayer non-zero sum
games in MJSs with completely unknown dynamics [13].
Thereinto, the design of optimal controller for MJSPSs with
unknown dynamics had been a largely under explored domain,
which also arouses our curiosity about it.

Summarizing above considerations, the issue of the design
of controller for MJSPSs with partially unknown dynamics
is investigated. The main contributions are summarized as
follows

(1) On the basis of singularly perturbed theory (SPT), the
linear continuous-time MIJSPSs with unknown dynamics of
the slow subsystem are analyzed for the first time, and the
dependence on singularly perturbed parameter (SPP) in design
of controller is eliminated.

(2) The time-scale separation technique is applied to the
MISPSs, so the controller design problem of the original
MIJSPSs is transformed into two subproblems related to fast
and slow subsystems. An offline algorithm is used to obtain the
optimal controller for the fast subsystem, while a model-free
RL algorithm is used to obtain the optimal controller for the
slow subsystem.
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(3) Different from obtaining the controller of original
systems directly, the optimal controller corresponding to the
fast and slow subsystems are used to reconstruct the compos-
ite controller, and the suboptimality of the controller proposed
in this brief is proved.

Notation: R™ refers to m-dimensional real matrix. ®
denotes the Kronecker product. ||| indicates the Euclidean
norm for vector or spectral norm for matrix. For matrix A,
A > 0 indicates that A is a positive definite matrix. For
B € R™", vec(B) = [b11,b12, ... bins - bons oo byl
C € R™M C = [c11,2€21, €22y -+« s 2Cmls 2Cm2s -+« s Cam] -
E{-} means the mathematical expectation. I, means the n-
dimensional identity matrix.

II. PROBLEM FORMULATION

Consider a class of linear continuous-time MISPSs
described by

F1 = A (8w)x1w + 41230220

+ B1 (3 ) ucr ()

exa(n = A21 (30 ) X1 +A2(3) ) %20
+ Ba(3n ) ucry 2
Yoy = C1(3)x10 + C2(30 )20 3)

where x¢) € R"! is the slow state and X1 € R™ is the fast
state; x() = [xlT(t) xg(t)]T € R” refers to the system state;
up € R™, yp € RP represent the control input and output,
respectively; 0 < ¢ < 1 refers to SPP. A11(9(y), A12(3¢)),
A21(9¢)), A22(3¢r)), B1(3(r)), B2(3¢r)), C1(d(ry)) and C2(9(y)) are
mode-dependent matrices with appropriate dimensions. For
convenience, they are labeled as A114, A124, A214> A224> Blas
B4, Cia, Caq, respectively. {0(,, t > 0} is the Markov chain
and get values from a finite set M £ {1,2,..., M}, where
M means the total number of modes. The Markov process is
considered with the following transition rates

Pr{a(t+At) =b| a(t) = a}
_ | map At + o(AD)
T 1+ waaAt+ o(AD)

b#a
b=a

where At > 0, lima;—o(0(At)/AL) = 0; a,b € M, 7z >

0(b # a) is the jumping rate, which means jumping from mode

a at time ¢ to mode b at time ¢+ Af and 7wy = — Y. 7.
beM, b#a

Then, for the further analysis, some assumptions are given.

Assumption 1: A11q, A12¢ and Bj, are unknown whereas
Aj1a, A22q and By, are known.

Assumption 2: Ajp, is nonsingular.

According to [4], the systems (1)-(3) can be rewritten into
the following forms without fast state

371(:) = Al1aX1(r) +A12aX2(r) + B1ali(y)
0 = A21aX1(r) + A22aX2(r) + Boali(y)
Yy = CraX1(r) + CaaXor)

where X, X2(, U and Y represent the slow state, fast
state, control input and output within the slow state.
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Under Assumption 2, the slow subsystems (4)-(5) can be
obtained as

jcs(l) = Asaxs(t) + Bsa”s(t) 4
Ys(t) = Csaxs(t) + Dm”x(r) (5)

where x5y = X1, Ys¢9 = Yy Us)y = U@)s Asa =
Allg — AlZaAz_zlaAZIa, Bsa = Bia — A12aA2_21aBZa’ Cyy =
Cia — C2aA2_21aA21a and Dy, = _CZaAz_zlaBZa-

When analyzing the fast subsystems, all variables related to
the slow subsystems can be treated as a constant. Therefore,
we can get the following equation

0 = eXa() = A214X1(r) + A2aX2(r) + Boall(r)- (6)

Making the difference between the (6) and (2), the fast
subsystems (7)-(8) can be obtained as

X7() = A2aXf(1) + Baally(s) (7)
yroy = CaaXr(ry (®)

where xr(n) = Xa() = X2(1)» Ur(r) = UGy — U(r)> Vi) = V(5) = Vs(0)-

In the next section, we will discuss the design of con-
trollers for subsystems separately according to their different
characteristics.

IIT. MAIN RESULTS

In this section, the design method of composite controller
for MJSPSs is introduced. And the suboptimality of composite
controller is also discussed.

For fast subsystems, the performance index can be
expressed as

o0
T T
Jta (¥ s () = E { / (xf(r)CZaClexf(T)
t

T
+ '{fa(z)Raufa(r)> }

In order to minimize the performance index, the optimal
policy is given as

A pT
Uy = =Ry By PrXr

where R, > 0 is a weighting matrix, P§, is the solution of
following coupled algebraic Riccati equations (CAREs)

0 = AL Pra + PaAna — PraBaR; ' B}, Pra

M
+ Y TP + C,Coa. 9)
b=1
However, it is difficult to obtain Py, from (9) directly. In
order to obtain the solutions of (9), an offline parallel algo-
rithm using subsystem transformation method from [14] is
presented in the following. According to [15], we assume the
initial stabilizing gains are known.
In order to obtain the optimal policy for slow subsystems,
the following conversion is made in advance for subsequent
calculation

—1
Ws(r) = Us(r) T+ (Ra + DZ;IDSQ) DSTaCsaxs(t)~ (10)
Combine (4) and (10), it follows that
).Cs(t) = Assaxs(t) + Bsawx(t) (11

where Agq = Agq — Bsa(Ro + DxTaDsa)_leTaCsw
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For (11), the optimal control policy is designed as

W;ﬁa(t) = _G?axs(f)
-1
= _(Ra + DZGD‘W) BSTaP*GsaxS(l) (12)

where P, . can be obtained by solving following CAREs

M
0= AssaPGsa + PGsaAssa + Ossa + Z TabPGsh
b=1

-1
— PGsaB sa( +DT sa) BZ,;PGsa
where Qg = C (IPI Dyo(Ry + DsTaDsa)_leTa)Csa-
With (12), the following performance index can be
minimized

00
Jwsa (xs(t) s Wm(t)) = E{[ (WSTa(T) (Ra + DZ‘aDsa)Wm(r)
t

+xST(r)staxs(r))dT}' (13)

Although the authors in [16] proposed an adaptive dynamic
programming technique that does not rely on prior knowl-
edge of system matrices to obtain optimal controller, this
technique can not be directly used to design controller due
to the performance index corresponding to the slow subsys-
tems in this brief are different from [16]. Now, the optimal
control problem of the original slow subsystems can be trans-
formed into the optimal control problem of (11). According
to Vixgp) = xsT(t)Pwas(t) and (13), the integral Bellman
equation are obtained as

T pk)
xs(t)PGsaxS(f)
)
_ (" pw g
- xs(r)staxS(T) T
t

t+68t
+2 / e (G(")) R.G*Dx, 0 dr
t

T (k)
Xs(t+81) PGsaxS(f+5l) -

148t
+2 / o (GU‘)) DLDuGE D xydr
t
s T T k+1
+ 2/ Wia(r) (Ra +DsaDSa)G£a+ )xS(T)dT

where 6t m]?a{ls a sn}(all time interval and Qm = Qssa +
Y1 TPl + (Gl (Ra + DL Dso) G-

Since the state xgp) in (11) is virtual, we choose xi() to
replace xg;) in the data collection process. For the purpose
of distinguishing between using ideal data and actual data,
when using xi(;, rewrite the above mentioned Pgy, and Gy,
into P, and G,. To facilitate subsequent analysis, subsys-
tem transformation method is also used and the following

definitions are given as
T
o]
A 5t
Qlaxl)cl = I:fto X1g ® X14dT,

N
%axlxl — [919
. T
[ x1a ®X1adf]
j—1
A 1 1 d r
Ay w, = 1o *la ® Wsadt, ffj—l Xla ® WsadT

- Xlnja ]T7
]T

where g; =
with X;

F1) —X15_1))> X1a = [ X112, X124,

A 2
:[xlla’ X11aX12a;s - X12aX1njas . xlnla
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With the above preparations, a compact form is presented
to acquire G},

(9] -1
P/ T T
k k k k
|:vec( /(k+l))j| = ((ws(a)> ws(a)) (ws(a)> ﬁs(a) (14)

k k k .
where wv(a) = [Baxx» A AW, ﬁs(a) Q[axlxlvec(Q/v(va)) with

k
A® = ax.xluZ]@(G/‘ NT(R,+DLD D)) = 22gr v, () @
/ — /
(Ra+DT Do) 0% = Ossat+ 0 map P V(G T (Ra+
/
D) GoX.

Now a novel parallel Algorithm 2 is presented to get the
optimal solutions of revised slow subsystems.

When optimal control policies are obtained by using
Algorithm 2, according to (10), the optimal gain of the slow
subsystems with state variable x(; can also be obtained at the
same time, and its form presented as following

—1
K}, = G,y + (Ra + D,Dss)” DL, Cya.

When the optimal gains corresponding to the subsystems
are obtained, composite controller gain can be defined as

Kia = | (2 + KiaA B2 ) Ky + K ZiyA2ias Ko (15)
Then, the composite controller can be given as
Ucat) = —KigX)-

Theorem 1: The performance index Jeq(x(), ufj(t)) with
composite controller “?2(;) and Jopa (X()» Uopra(ry) With optimal
controller satisfy

Jea ()C(t), MSE(,)) = Jopta (-x(l)v uopta(t)) +o(e).

Proof: Since x,(;) can not be measured directly, xj; is used
to replace x4 in Algorithm 2. Meanwhile, according to [17],
Xs(n and xj( differ by a small constant related to SPP. Then,
it can be deduced that

Ueatn = l”" usa(t) + ttga(r) + 0(e)
sa(t) +o(e) + ufa(t) +o0(¢)
= Uopta(r) T o(g)
where uopia() = —KopiaX(ty = Ry Bl PopiaX()» thereinto Pypiq

is the solution of the following CAREs

0= Aggpopta + PoptaAas + Ou

M
- PaptaBaeRngZgPopm + Z 7Tabpoplb
b=1
Allg Al2q a| Bl
where Ag 2| : ,Bae =
“ e A, e A0 |74 e~ 'By,
Then,  Jopia(X(r)s Uoprary)  and  Jeq(x(p), ufg(,)) can be
defined as

00
Joptu (x(t) , uapta(t)) = E{/(; (xz;)an(r)

+ ”me(f)Rauopm(t))dt} (16)
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Algorithm 1 An Offline Parallel Model-Based Algorithm

Step I: Give a set of initial stabilizing gain matrices
{ K(O) K(O) K(O)].
f] k] f2 9y fM ’
Step II: Solve P}‘a from M parallel decoupled algebraic

Lyapunov equations with Azza = Ay, + ”—5“1,12
k+1) (% k
PV Az = BaukS )

T
A k k
+ (A22a - BZaKf(a)> P;a+1)

_ O\ ) At
- <Kfa ) RaKfa - Qa

k1 k
where Q;Ca+ ) = CZTaC;?al—i- Zg”:]k’baléa nabP;b); )
Step III: Update Ky, " by Ko™ = R; BT P{):

Step IV: Repeat Step II and Step III with k = k4 1 until
HPgH) — P}f) < €1, where €] > 0 is a predefined small
threshold;

Step V: Obtain the approximated optimal control policy as

*)
Utar) = — K, Xpa()-

Algorithm 2 An Online Parallel Model-Free Algorithm
Step I: Give a set of initial stabilizing gain matrices
G/(O) G/(O) .G;S‘(,),)d] and employ wg) = —G/S(ao)xla(t) + e,

s1 2 =82 00
as the control input during learning stage, where e, is the
exploration noise;

Step II: Solve P/G(];)a and G;(akﬂ) from the equation (14);
Step III: Let k = k + 1 and repeat Step II until

/(k+1) / (k)
P Gsa P Gsa

small threshold;
Step IV: Obtain the approximated optimal control policy as
Wean) = —Goi X1a(r)-

‘ < e, a € M, where ¢, > 0 is a predefined

o)
Jea <x(t)’ u?(t)) = E{/(; (x{f) QaX(z)

T
+ (ugj(,)) RS )de).  (17)

By comparing (16) and (17), one can obtain that

Jea (x(t), u?jm) = Jopta (-x([)v uopta(t)) + o(e).

The proof is completed. |

Remark 1: When the fast state changes quickly and it can
not be measured, the controller of the original systems can
only be obtained from the slow subsystems after the fast and
slow decomposition. As a special case in designing composite
controller, (15) can be rewritten as K, = [ K}, 0], where K/,
is regarded as the reduced order gain.

Now, the reduced controller can be given as

Ura(r) = —KoX()-

Theorem 2: The performance index J.(x(, ufj(t)) with
reduced order controller uf;’([) and  Jopra (X(r)» Uopra(r)) With
optimal controller satisfy

Jra <x(,), ufj(,)> = Jopta(X(t)» toptatry) + 0(€).
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Fig. 1. An electronic circuit with jumping characteristics.

Proof: The proof process is similar to that of Theorem 1,
so it is omitted here. ]

IV. SIMULATION

In this section, a practical electronic circuit which is mod-
ified from [18] is shown to confirm the practicability of
proposed methods. The circuit schematic diagram is given in
Fig. 1. And the circuit can be modeled as MJSPSs and state
equations can be given in the following

{Ul(t) =U—ucr — Ik

. ” 18
Cuc(,) = OlU—I—Il(t) — MR—;) —I—]z(,) (18)

where coefficient « = 0.5, C = 100mF means the capac-
itance, L = 1H represents the inductance, ¢ = 0.1; I,y =
OI1(), both I1( and Ir;) mean the current. The ideal voltage
source is taken as control input uyy = U. x1() = I and
X2() = U Tefer to state vectors. Consider that the circuit
operates in model a, R} = 52, R, = 0.05€2, and in model
b, Ry = 1022, R, = 0.2Q2. In Fig. 1, Ry, Ry and R3 rep-
resent[resistance. 'I]he transition rate matrix is considered as

T=115 —15

modeled as

Thus, the system equation (18) can be
Mk = Aixy + Biug)

-5 -1 -10 -1
A“:[IO —20}’ Ab:[ 10 —5]’

I, = diag{l, e}, B, =Bp = |:015:|.

where

The weighting matrices are selected as Q, = [011 Oil :|,

11
Qb=[1 1},Ra=Rb=1-

For fast subsystems, set €, = 1 x 107> and the optimal
controller gains are obtained after 7th iterations by using
Algorithm 1

Ki' =0.0032, K = 0.0438.

Next, Algorithm 2 is used to acquire optimal controllers
for slow subsystems with unknown dynamics. Set the ini-
tial feedback gains G;Elo) = G;(ho) = 10. The two exploration
noises for subsystems in Algorithm 2 are set as e, = e, =
Z}Q‘f (sin(0.5¢) + sin(0.017r)), respectively. Select predefined
threshold as €; = 1 x 107>, Then, the approximate optimal
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Fig. 2. Convergence of Gég() and G;(lf) for subsystems.

TABLE I
THE VALUE OF PERFORMANCE INDEXES WITH DIFFERENT
CONTROLLER IN TWO MODES

Jopt Je Jr
Mode a  10.42549  10.43313  10.42757
Mode b 33.86826  33.86845  33.88098

control gains are given as follows after 8th iterations by
executing Algorithm 2

G® =0.1478, G'¥ =0.3095.

In Fig. 2, as the number of iterations increase, the difference
between the value obtained by Algorithm 2 and the optimal
value obtained when the system dynamic is known gradually
approaches zero.

Now, the composite controller and the reduced order con-
troller under the two modes can be given directly

K® =[0.1488 0.0032], K'Y =[0.5215 0.0438],
K® =[0.1504 0],k =[0.6065 0].

In order to verify the suboptimality of the designed con-
trollers, these controllers will be compared with the optimal
controllers. The optimal controller gains are shown as

Kopra = [0.1466  0.0007 ], Kopus = [0.4221  0.0726].

Choose the initial states as xy = [1 0.1]7, then the spe-
cific value for various performance indexes for infinite time is
given in the Table I. Comparing the data presented in Table I,
it can be obtained that the performance loss with composite
controller and reduced order controller are 0.073%, 0.02% in
mode a, and 0.00056%, 0.037% in mode b.

V. CONCLUSION

In this brief, the fast and slow decomposition method has
been used for the first time to study continuous-time SPSs with
random jump parameters with partially unknown dynamics.
Firstly, SPT has been used to decompose the original systems
into fast subsystems and slow subsystems. Then, the optimal
controllers have been designed respectively for the two subsys-
tems with different characteristics. Furthermore, the optimal
controllers of each subsystem have been applied to construct
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the composite controller and the reduced order controller for
original systems. At the same time, the effectiveness of the
presented results have been illustrated by a electronic circuit
model.
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