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Kinematic Synthesis of a Serial Robotic Manipulator by Using
Generalized Differential Inverse Kinematics
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Abstract—In this paper, we propose an optimization method to determine
the design parameters comprising joint displacement parameters in a serial
manipulator having small degrees of freedom realizing an approximated
target trajectory. Using generalized differential kinematics, we can achieve
efficient optimization without solving the inner-loop optimization required
to obtain the reachable points.

Index Terms—Kinematic synthesis, generalized differential inverse
kinematics, optimization of design, serial manipulator.

I. INTRODUCTION

Articulated six-axis or seven-axis robotic arms are often used in
manufacturing when complex three-dimensional (3-D) motions are re-
quired (e.g., automatic welding of a car body). A manipulator with six
degrees of freedom (DoFs) is typically selected because it can move its
end-effector to the desired position and orientation. However, a seven-
axis robotic arm is preferred when there is a risk of robot self-collisions
or collisions of robots with environment. At the same time, majority of
the robotic arms in manufacturing lines move in specified trajectories
and do not require to engage all the DoFs. For example, the manipulator
can use a very small number of DoFs if a task requires the end-effector
of the robot to loosely follow a planned path (e.g. to avoid collisions).
A robotic manipulator with the minimum DoFs required to accomplish
a specific task reduces the energy used to operate the manipulator and
the cost of the manipulator itself. The demand for such task-specific
designs of manipulators has been increasing in recent years because
of the advances in manufacturing technology (including 3-D printing).
However, it is difficult to manually design a robotic arm with complex
joint displacements for a specific task. Joint displacement optimization
is one methodology to solve this problem and realize flexible and
task-specific manipulator designs.

On the basis of various indices, optimal designs and kinematic syn-
theses of serial and parallel manipulators have been extensively dis-
cussed, especially in the 1980s and 1990s, from the viewpoints of
reachable and dexterous workspaces [1], [2] (e.g. of a serial chain with
three revolute joints [3], six revolute joints [4]–[7], or other combi-
nations of joints [8]). An optimal design of 3-DoF serial and parallel
manipulators based on the condition number of the Jacobian matrix
was proposed in [9] and [11], which has been considered in several
other works as well [10]–[12]. Other criteria, including the avoid-
ance of a singular configuration [13], [14], manipulability [15], and
some requirements to accomplish the given tasks [16], have been dis-
cussed from the viewpoint of an optimal robotic manipulator design.
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Fig. 1. Conceptual illustrations of two types of motion synthesis for a given
trajectory. (a) Kinematic synthesis by selecting several positions on a given
trajectory. (b) Kinematic synthesis by approximating a given trajectory.

Researchers have discussed the kinematic synthesis of simple modular
robots for a given task based on several criteria, such as the workspace
volume, positioning accuracy, mechanical simplicity, and solvability
of inverse kinematics [17], [18]. In addition, a computation method has
been proposed for the kinematic synthesis and design of a manipulator
based on its dynamics [19], [20]. By considering the dynamics of the
system, Ha et al. [21] proposed a flexible computational approach to
optimize the design of the open- and closed-loop robots with the motion
trajectory itself by considering the trajectory as the design parameter
and using the implicit function theorem.

The studies on the problem addressed in this paper focused mainly
on kinematic synthesis for realizing a serial chain manipulator that can
help achieve given end-effector configurations. The algebraic equations
to realize the given configurations have been formulated for many
types of serial chains, including serial chains with two revolute joints
[22], two cylindrical joints [23], three revolute joints [24], [25], and
more complicated combinations of joints [26]–[29]; some of them
were solved algebraically, whereas others were solved numerically
[30]–[32]. A generalized method was proposed in [33] and [34] to
determine the number of positions of the end-effector to specify the
design parameters of a given serial chain and to derive equations to be
solved using Clifford algebra. The authors have numerically solved the
derived equations.

In various cases, where a continuous trajectory of the end-effector
is provided, there is no kinematic-synthesis-based solution for a serial
chain manipulator with five or fewer joints that can follow the specified
trajectory. Kinematic synthesis by selecting as many positions from the
end-effector trajectory as required to specify the structural parameters
was realized in [32] and [34] [see Fig. 1(a)]. By contrast, in this paper,
we propose a methodology to derive a serial chain having fewer than
five joints to realize an approximate end-effector trajectory that is as
close as possible to a given trajectory without choosing any specific
positions [see Fig. 1(b)]. This approach is useful when certain important
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Fig. 2. Conceptual illustrations of the two approaches to obtain the trajectory
of the end-effector realized by having the given joint displacements as close as
possible to a given trajectory. (a) The approach that uses iterative calculation to
obtain the closest position and orientation over the trajectory. (b) The approach
that uses differential inverse kinematics to follow a given trajectory as close as
possible.

positions are difficult to choose from the target trajectory or when a
smooth trajectory is required to follow the target trajectory.

A straightforward methodology to solve this task is the optimization
of the joint dispositions by solving the inverse kinematics problem for a
given joint disposition over a given end-effector trajectory and evaluat-
ing the errors between the target and the result. The problem with such
an approach is that the computation is expensive. Recently, the inverse
kinematics of a wide variety of serial manipulators have been solved
quickly using an analytical method [35]. However, for a manipulator
with fewer than six DoFs, inverse kinematics may not have any exact so-
lutions for a given end-effector’s position and orientation in many cases.
No general analytical method has been proposed to obtain the joint con-
figurations that realize small errors in the end-effector’s position and
orientation with respect to the target; majority of the methods require at
least numerical calculations, such as the iterative procedure to reach the
closest position and orientation to those of the end-effector for the given
joint displacements. Our objective is to derive joint displacements to
follow the target trajectory of the end-effector’s position and orienta-
tion as close as possible, even in the case of small DoFs. Therefore, an
iterative procedure is required for the evaluation of joint displacements
in kinematic synthesis and for solving inverse kinematics over a given
trajectory, as depicted in Fig. 2(a). The duplicated optimization process
for the inverse kinematics and structural parameters is computationally
expensive.

Therefore, in this paper, we calculate the trajectory realized by em-
ploying the joint displacements obtained in an optimization step by
using differential inverse kinematics. Our optimization method eval-
uates the joint displacements by comparing the calculated and target
trajectories. Differential inverse kinematics derives the velocities of
joints from their relation represented by the Jacobian to realize the tar-
geted velocity of the end-effector. Its advantage is the pseudo-inverse
of the Jacobian that provides a unique solution of the joint velocities,
making the velocity of the end-effector to be close to the target velocity
in the least squares sense. The trajectory realized by the joint displace-
ments to follow the target trajectory can be obtained by calculating the
differential inverse over the given trajectory, as depicted in Fig. 2(b).
The joint displacements can be evaluated by checking the error be-
tween the calculated and target trajectories. This methodology makes
it possible to avoid the dual optimization of the inverse kinematics
and joint displacements. Furthermore, we use the generalized differen-
tial inverse [36] to evaluate the errors in the position and orientation
equivalently.

The rest of this paper is organized as follows. In Section II, we
introduce the proposed methodology for kinematic synthesis. The sec-
tion also describes the representation of the trajectory and the structure
of the manipulator using the twist and the methodology to calculate
the error for a given trajectory and structural parameters. In addition,
Section II outlines the procedure for optimizing the structural

Fig. 3. Target and actual derivation of the end-effector realized by the
manipulator specified by the set of twists.

parameters based on this error. In Section III, the proposed method is
applied to examples of the kinematic synthesis problem.

II. METHODOLOGY

A. Definition of Target Trajectory and the Given
Joint Displacement

Let pd (s) ∈ R3 be a given trajectory of the position of an end-
effector of a manipulator, and Rd (s) ∈ SO(3) be a given trajectory
of the orientation of the end-effector relative to the spatial frame. The
parameter s ∈ R is used to represent these trajectories. The derivative
of the motion of the rigid body fixed at the end of the manipulator
relative to the spatial frame is expressed as follows:

̂V d =

[

R′
dRT

d −R′
dRT

d pd + p′
d

0 0

]

. (1)

In this paper, p′ is Lagrange’s notation to represent the derivative of a
variable p with respect to the parameter s. The twist coordinate of the
derivative shown in Fig. 3 is expressed as follows:

V d =

[

RT
d p′

d

(RT
d R′

d )∨

]

(2)

where∨ represents the transformation that projects the rotational matrix
onto the corresponding rotational axis [37].

The joint displacements also are represented by the twist coordinates
in this method. Let the serial manipulator have n joints. When the
norms of the joint twists do not affect the resultant design of the
joints, the ith joint can be represented by twist ξi ∈ RP 5 . Here, RP 5

refers to the real projective space of dimension five. The kinematic
structure of the manipulator is described by the set of all joint twists as
Ξ = {ξ1 , ξ2 , . . . , ξn }.

As explained in the previous section, differential inverse kinemat-
ics is used to derive the structural parameters for following a given
trajectory. When Ξ is given, the derivative of the end position of the
manipulator V e is given by

V e = JΞ (θ,Ξ)θ′ (3)

where θ = [θ1 , θ2 , . . . , θn ] ∈ Rn is the joint configuration of the ma-
nipulator relative to the referential position decided appropriately, and
JΞ ∈ R6×n is a spatial manipulator Jacobian defined by using the joint
twists as follows:

JΞ (θ,Ξ) =
[

ξ1 Ad(

e ξ̂1 θ 1

)ξ2 · · · Ad(

e ξ̂1 θ 1 ···e ξ̂i−1 θ i−1

)ξi

]

(4)

where Adg ∈ R6×6 is an adjoint matrix that transforms a twist
from one coordinate to another coordinate given by g ∈ SE(3), and

eξ̂1 θ1 · · · eξ̂i−1 θ i−1 is the product of the exponential formulations of
the manipulator kinematics [32], [37]. Therefore, Ξ represents the
joint displacements when they are in referential configuration, that is,
θ = 0.
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Fig. 4. Types of joints: (a) screw joint, (b) revolute joint, and (c) prismatic
joint.

Fig. 5. Shifts of joints with which the end-effector motion is invariant:
(a) screw joint, (b) revolute joint, and (c) prismatic joint.

The joints represented by the twists generate screw motions, which
imply that the motion of the rigid body is defined by proportionate
transition and rotation, as shown in Fig. 4(a). This type of joint may
be realized by a ball screw with a given pitch, but a prismatic joint or
a revolute joint are used more widely as the mechanical components
of the manipulator joints. For designing a manipulator composed of
revolute [see Fig. 4(b)] and prismatic [see Fig. 4(c)] joints, we need to
constrain the twist in the optimization as follows:

vT
i ωi = 0 when the i th joint is revolute (5)

ωi = 0 when the i th joint is prismatic (6)

where vi and ωi are the transitional and rotational components, respec-
tively, and ξi = {vi , ωi}. Other types of joints including the cylindri-
cal, plane, and spherical joints, can be regarded as the combinations of
the revolute and prismatic joints with a few additional constraints [32],
but these joints are not relevant to the scope of this paper.

The twist representation of the joint describes the motion of the end-
effector when this joint has instantaneous movement. In these types of
joints, joint displacements can shift to some specific direction without
having any effect on the end-effector motion caused by the shifted joint,
as shown in Fig. 5. The end-effector motion caused by a screw joint is
invariant with the shifting of the joint displacement in the direction of
its joint axis, as shown Fig. 5(a). In the case of the revolute joint, the
invariant in the end-effector motion also shifts in the direction of the
joint axis, as shown Fig. 5(b). The motion caused by a prismatic joint is
invariant to shifting in every direction, as shown Fig. 5(c). Therefore,
the joint represented in this twist does not specify the displacements in
these directions. Although the decision of joint displacements in these
invariant directions is important to avoid self-collision and to avoid
collisions with the environment and the large-scale manipulator; we do
not deal with the joint displacements in the invariant direction because
they do not change the resultant motion of the end-effector.

B. Derivation of Trajectory Tracking Error

In this paper, our aim is to find a suitable Ξ to generate a trajectory
for the end-effector of the manipulator, which is as close as possible to
the desired trajectory. In other words, the structural parameters Ξ are
optimized by calculating the errors between the target derivative V d
and the realized derivative V e of the manipulator by using the struc-
tural parameters Ξ. Therefore, we need to calculate the derivatives of
joint angles that realize the desired trajectory of the end position of the
manipulator. The inverse of the Jacobian is used to derive the instanta-
neous derivative of the joint angles to achieve instantaneous motion that
is close to the derivative of the target trajectory. In many cases where

the relationship between the joint configuration and the configuration
of the end-effector is not bijective, the Moore–Penrose pseudo-inverse
of the Jacobian is used to solve the inverse problem of the derivatives
of the joints and the end-effector. However, Doty et al. [36] pointed
out that the Moore–Penrose pseudo-inverse of the Jacobian, which rep-
resents the relationship between the twists, is inappropriate in a few
cases because of the differences in the units between the rotation and
the translation, and they proposed a generalized inverse of the Jacobian,
which is expressed as follows:

J#
Ξ =

[

JT
Ξ M v JΞ

]−1
JT

Ξ M v (7)

when n < 6. Here, M v is a weighting matrix. We can choose from
many types of weighting matrices. Researchers have used a kinetic
energy metric in [36] and [38]. They proposed this metric based on
the fact that the kinetic energy of a rigid body is a physical quantity
obtained by its rotational and translational motions, and this metric
does not depend on the referential frame. As a result, we can obtain the
generalized inverse, which is physically invariant for the differences
among its units and its referential frame. The kinetic energy metric for
the end-effector with respect to the body frame fixed on its center of
mass is given as follows:

M b
v =

[

mI 0

0 I

]

(8)

where m is the mass andI the moment of inertia tensor. M v is obtained
by transforming the body frame into the spatial frame. Therefore, a
least-squared, minimum-norm solution of the derivatives of the joint
configurations for the target derivative of the end position is given as
follows:

θ′ = J#
Ξ V d . (9)

Using (9), the end-effector is gradually moved to follow the desired
trajectory. This is basically the same as the case of the control method
for robotic manipulators, called the pseudo-inverse control [39]. As the
result, the resultant trajectory of the end-effector when it was moved
using (9) and the sum of the squared differences between the resultant
and desired trajectory is defined as follows:

e =
∫ se

0

(

V d − JΞ J#
Ξ V d

)T

M v

(

V d − JΞ J#
Ξ V d

)

ds (10)

where V d (0) is the target derivative in the initial configuration and
V d (se ) the target derivative at the end of the trajectory. M v is multi-
plied; therefore, (10) is the accumulation of the instantaneous kinetic
energy required to adjust the resultant end-effector’s velocity to the
target velocity if the parameter s is time. As a result, the variants orig-
inating from the differences in the units of translation and rotation and
the differences between the referential frames are compensated for the
same reason as stated above.

In the following sections, we assume that the initial configuration is
the referential configuration, that is θ(0) = 0. Therefore, Ξ represents
the joint displacements when the manipulator is in the initial config-
uration in the trajectory. We note that the method optimizes the joint
displacements based on the approximated trajectory by differential
inverse, and the end-effector on the initial placement gradually drifts
from the target in the approximated trajectory. The joint displacements
and the generated instantaneous rigid body motions of the end-links of
these joints are considered in the proposed optimization process, but
the end-effector’s exact position and orientation are not specified in this
optimization process, even though the target’s rigid body motion is de-
fined by the target motion of the end-effector given by (1). This means
that we set the target in the optimization as the trajectory of the rigid
body motion but not as the point specified on the rigid body. Therefore,
we can set the end-effector on the trajectory after the optimization.
Although setting the end-effector to coincide with the end-effector
on the initial point of the target trajectory is intuitive, as shown
in Fig. 6(a), we also set it to coincide with the target end-effector’s
position and orientation on any point of the trajectory, as shown in
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Fig. 6. End-effector’s trajectory depending on its initial displacement.

Fig. 6(b) and (c). Nevertheless, that choice does not affect the objective
given by (10) because the choice does not change the instantaneous
rigid body motion with respect to the spatial frame.

C. Optimization of Structural Parameters

The types of joints and their displacements are calculated by mini-
mizing error e. To do this, we solve the following optimization problem:

minimize
Ξ

e. (11)

When these twists are represented by the spherical coordinates of the
surface of a hemisphere, each twist ξi is described by using five vari-
ables, {φi1 , φi2 , φi3 , φi4 , φi5}, where φi1 , φi2 , φi3 , φi4 ∈ [0, π], and
φi5 ∈ [0, π) are parameters of the angular coordinates. Each twist is
represented by using these parameters as follows:

̂ξi =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

cos φi1

sin φi1 cos φi2

sin φi1 sin φi2 cos φi3

sin φi1 sin φi2 sin φi3 cos φi4

sin φi1 sin φi2 sin φi3 sin φi4 cos φi5

sin φi1 sin φi2 sin φi3 sin φi4 sin φi5

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (12)

As a result, this problem can be regarded as an optimization problem
in the bounded R5×n space, where n is the number of joints.

The optimization problem in kinematic analysis or synthesis can
be solved efficiently if they are described in some quadratic form
[40]–[42]. However, (10) is not in a quadratic form because of the
integral. Therefore, we chose a derivative-free optimization methodol-
ogy to solve the problem. Many types of derivative-free optimization
methods are available [43]. An example of solving the optimization
problem by using a derivative-free method, called multilevel coordi-
nate search [44], is shown in Section III.

When the joint is revolute or prismatic, we can use solve the op-
timization problem for other parameters. When the ith joint is a
revolute joint, the corresponding twist can be represented by using
four angular parameters {φi1 , φi2 , φi3 , φi4}, where φi1 ∈ [0, π) and
φi2 , φi3 , φi4 ∈ [0, π]. The twist is given by

̂ξi =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

cos φi1 cos φi4

sin φi1 cos φi2 cos φi4

sin φi1 sin φi2 cos φi4

− sin φi1 cos φi3 sin φi4

(cos φi1 cos φi2 cos φi3 − sin φi2 sin φi3 ) sin φi4

(cos φi1 sin φi2 cos φi3 + cos φi2 sin φi3 ) sin φi4

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(13)

when the ith joint is prismatic; the corresponding twist can be repre-
sented by two angular parameters {φi1 , φi2}, where φi1 ∈ [0, π] and

φi2 ∈ [0, π). The twist is given by

̂ξi =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

cos φi1

sin φi1 cos φi2

sin φi1 sin φi2

0

0

0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (14)

Therefore, the adequate dispositions of the revolute and prismatic joints
that accomplish the given trajectory are determined by solving the
optimization problem for these parameters.

III. EXAMPLES OF OPTIMIZATION

In this section, we give an example of the optimization of joint
disposition. The design target of this example is a robotic manipulator
drawing a letter on a surface with a specific number of joints. We show
three examples when the robotic manipulator draws 1) the letter “T”
on a flat surface without changing the orientation of the end-effector,
2) the letter “O” on a flat surface by rotating the end-effector, and 3)
the letter “R” on an egg-shaped object by maintaining the end-effector
normal to the surface of the object. These three examples correspond to
the following three problems: 1) the problem of a simple planar motion
having a trivial solution; 2) the problem of simple planar motion having
no trivial solution; and 3) the problem of a complex motion in 3-D
space. We will compare the results for these problems under various
conditions to discuss the proposed method.

For every case, the target trajectory needs to be discretized to
compute the evaluation function (10) and solve the problem. Let the
numerical differential of the discretized trajectory with respect to
the body frame be V b

d (s), where s ∈ {0, 1, . . . , se} is a parameter
that specifies the trajectory; se corresponds to the sample number
here. In the following examples, we discretized the trajectory so that
the weighted norm of the numerical differential will be constant.
Weighting compensates for the difference of units between the
translational and rotational components in V b

d and is represented by
a twist. We define a weighting matrix as follows:

N =

[

cv I 0

0 cω I

]

(15)

where cv and cω are the constants for the weighting translational and
rotational components, respectively. These constants determine the
balance between the translational and rotational components in the
discretization. The resultant discretized trajectory is selected such that
the following is satisfied:

‖NV b
d‖ = u (16)

where u ∈ R is a given value of the norm. This norm determines the
number of discretized points. In this paper, we do not examine the
optimal decision of those parameters; although this decision affects the
accuracy of the approximated trajectory calculation. High-resolution in
the discretization increases the accuracy involved in following the tar-
get trajectory, but it makes the computation expensive. In the examples,
we decided cv and cω to make the maximum ratio between the trans-
lation and the rotation on the target trajectory small. On the basis of
the decided cv and cω , we adjusted u by checking the resultant number
of the discretized points. Table I lists the parameters for each example
including the resultant number of the discreted points on the trajectory.

For calculating the generalized inverse of the Jacobian represented
by (7), the kinetic energy metric represented by (8) requires inertia
parameters. Although the inertia parameter of the end-effector or the
object held by it will be used as the measure in the actual designing
procedure, we used the constants cv and cω as the inertia parameters
instead of the actual parameters for the sake of simplicity as follows:

m = cv , I = cω I . (17)
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TABLE I
PARAMETERS, RESULTANT DISCRETE-POINT NUMBER, AND RESULTANT

COMPUTATION TIME

We set cv = 10.9 [kg] and cω = 1.0 [kg.m2 ] in the following examples.
Furthermore, we regard parameter s as time for clarity of the physical
meaning of the error function.

We used MATLAB (Mathworks, Natick, MA, USA) for our calcu-
lations. We chose the multilevel coordinate search [44] to solve the
optimization problem in (11) by using the procedure mentioned in the
previous section, and we used the implementation of the multilevel co-
ordinate search on MATLAB [45] created by one of the authors of the
work in [44]. Table I also shows the computation time for the examples;
these values were obtained by using a MacBook Pro with a 3.3 GHz
Intel Core i7 processor and 16 GB RAM.

A. Drawing “T” on a Plane With Two Joints

In our first example, we designed a manipulator with two joints
for drawing the letter “T” on a flat surface without changing the end-
effector’s orientation, as shown in Fig. 7(a). This simple design problem
had a trivial solution for following the path with two joints; the two
prismatic joints had axes in different directions on the plane of the
flat surface. The end-effector of the designed manipulator could com-
pletely follow the given trajectory. In this example, we show that our
methodology derives this trivial solution.

The twists obtained are as follows:

ξ1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−0.5670

0.8237

0.0000

0.0000

0.0000

0.0000

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, ξ2 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1.0000

0.0000

0.0000

0.0000

0.0000

0.0000

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (18)

Fig. 7(b) shows the resultant joint displacements in the initial orien-
tation of the manipulator and the trajectory, which is generated when
the manipulator is controlled to follow the desired trajectory based on
the generalized inverse represented by (9). We can see that ω1 = 0
and ω2 = 0 in (18). Therefore, the obtained joints are prismatic joints.
Furthermore, we can also see that the direction of the joint axes is
in the xy plane. Consequently, the obtained joints are a trivial solu-
tion, as we expected. As a result, the end-effector of the manipulator
can follow the path correctly, and the sum of squared differences was
e = 8.46 × 10−37 [J.s], which was quite a small error.

We note that the relative direction of the joint axes was not uniquely
determined in this problem. Furthermore, the joint axes were not or-
thogonal to each other because there were no restrictions for making
them orthogonal in our method. As a result, one solution was chosen
in the optimization process.

B. Drawing “O” on a Plane With Two Joints

The second example is the design of the manipulator with two joints
for drawing the letter “O” on a flat surface. This is different from the
previous example because in this example, while following the path to
draw the letter “O,” the end-effector gradually rotated about the axis
perpendicular to the surface [see Fig. 8(a)]. It is obvious that the solution
of this design problem does not completely follow the target trajectory,

Fig. 7. (a) Target trajectory to design a manipulator to draw the letter “T”
on a flat surface without changing the end-effector’s orientation. (b) Joint dis-
placements obtained by the optimization of the two joint twists in the initial
orientation of the manipulator, target trajectory, and resultant trajectory drawn
by the manipulator.

Fig. 8. (a) Target trajectory for designing a manipulator to draw the letter “O”
on a flat surface with the rotation of the end-effector. (b) Joint displacements
obtained by the optimization of two joint twists in the initial orientation of
the manipulator, the target trajectory, and the resultant trajectory drawn by the
manipulator.

as in the previous example. Therefore, the objective here is that the
displacements of the two joints that realize the approximated trajectory
of the end-effectors remain as close as possible to the original trajectory.
In this section, we show that the joint displacements for realizing the
approximated trajectory can be obtained by using our proposed method.

The obtained twists are as follows:

ξ1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣
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0.0000

0.0000

0.0000
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0.0000

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (19)

Fig. 7(b) shows the resultant joint displacements. In (19), vT
1 ω1 =0

and ω2 = 0; therefore, they are a revolute joint and a prismatic joint,
respectively. Fig. 8(b) also shows the target trajectory and the resul-
tant trajectory generated by the designed manipulator. The drawn path
seems close to the target path, but they do not fit perfectly. As a result,
the error was relatively larger than that in the previous example; the
sum of squared differences was e = 3.36 × 10−5 [J.s].

To show that the obtained joint displacements are better than other
displacements, Fig. 9 shows the trajectories obtained by the general-
ized inverse when we displace the prismatic joint in different angles.
Fig. 9(a) and (b) shows the cases in which the prismatic joint is dis-
placed inclining at 90◦ and 45◦, respectively, relative to the optimal
displacement around the axis perpendicular to the xy plane. We can
see that the error in the path gradually becomes small as the displace-
ment gets closer to the optimal joint displacement. We confirmed that
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Fig. 9. Trajectories drawn by the manipulator with the prismatic joint inclined
with respect to the optimal displacement around the axis perpendicular to the
xy plane. (a) 90◦ inclination. (b) 45◦ inclination.

Fig. 10. Letter “R” drawn on an egg shell. The robotic arm to draw the letter
“R” on an egg shell was developed by using the proposed methodology for
optimizing the design of the joint dispositions.

the error including the orientation also decreases as the displacement
gets closer to the optimal value.

C. Drawing “R” on a Plane With Two to Three Joints

The final example is more complex than the previous two examples.
Fig. 10 shows the joint displacements designed for drawing the letter
“R” on an egg-shaped object by maintaining the end-effector vertical
to the surface of the object. We show the optimal joint displacements
in the three cases (two screw joints, three screw joints, and an RPR
manipulator) in which the joint restrictions were different. The optimal
displacement changes according to the restrictions on the types and
number of the joints.

1) Optimization Result for Two Joints: First, the twists rep-
resenting the two joints were optimized. The obtained twists are as
follows:

ξ1 =

⎡
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. (20)

Fig. 11. Joint displacements obtained by the optimization of two joint twists
in the initial orientation of the manipulator and resultant trajectories: (a) the
front view, (b) the right-side view, and (c) the top view.

Fig. 12. Joint displacements obtained by the optimization of three joint twists
in the initial orientation of the manipulator and the resultant trajectory: (a) the
front view, (b) right-side view, and (c) the top view.

The sum of the squared differences between the resultant and the de-
sired trajectories was e = 3.01 × 10−5 [J.s]. Fig. 11 shows the resultant
joint displacements in the initial orientation of the manipulator and the
trajectory, which was generated when the manipulator followed the de-
sired trajectory based on the generalized inverse represented by (9). It
can be seen that the resultant trajectory is close to the desired trajectory,
but there are differences between these trajectories.

2) Optimization Result for Three Joints: The twists represent-
ing three joints were then optimized, and we obtained the following
twists:
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. (21)

In this case, the sum of the squared differences was less than that in the
previous case by one order of magnitude; it was e=3.07×10−6 [J.s].
The resultant joint displacements in the initial orientation and the re-
sultant trajectory are shown in Fig. 12. The resultant trajectory seems
to be very close to the desired trajectory.

We can see that a few components are almost zero. The pitches of
the screw motion caused by these twists are h1 = −0.00026, h2 = ∞,
and h3 = 0.06390, where h1 , h2 , and h3 are the pitches of ξ1 , ξ2 ,
and ξ3 , respectively. This means that the joint represented by ξ2 is
a prismatic joint, and the joints represented by ξ1 and ξ3 are close
to revolute joints. Therefore, the twists were optimized again under
the constraint that ξ2 was a prismatic joint, and that ξ1 and ξ3 were
revolute joints, as described in the next section.

3) Constrained Optimization Result for Three Joints: The
twists representing the three joints were then optimized under the con-
straint that the first and the third joints were revolute joints and the
second joint was a prismatic joint. Optimization was applied to four
parameters in the angular coordinates of a revolute joint and to two
parameters in the angular coordinates of a prismatic joint. Therefore, a
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Fig. 13. Joint displacements obtained by the constrained optimization of
three joint twists in the initial orientation of the manipulator and the resultant
trajectory: (a) the front view, (b) the right-side view, and (c) the top view.

Fig. 14. (a) Manipulator designed based on the optimization result.
(b) Sequence of photographs of the manipulator in the process of drawing a
letter on an egg-shaped object.

total of 10 parameters represented the twists. The obtained twists were
as follows:

ξ1 =
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. (22)

In this case, the sum of the squared differences was
e=2.35×10−6 [J.s]. The error was reduced by constraining the prob-
lem because the parameter space in the optimization decreased in size
from 15 to 10, and the solver found a better local optimal solution. The
resultant joint displacements in the initial orientation and the resultant
trajectory are shown in Fig. 13.

D. Implementation

Finally, to validate the optimization result, we developed a manipu-
lator to draw the letter “R” on an egg-shaped object based on the result
in Section III-C3. Fig. 14(a) shows the developed manipulator. Axes 1,
2, and 3 in the figure correspond to ξ1 , ξ2 , and ξ3 in the optimization
result, respectively. Axes 1 and 3 are the axes of the revolute joints, and
Axis 2 is the axis of a prismatic joint.

As explained in Section II-B, the representation of the joints in
the twist does not specify the location of the joint in the specified
directions. The end-effector motion caused by the joint is invariant for

the shifting in these directions. Specifically, the end-effector motion is
invariant for the shifting of a revolute joint along the axial direction
and for the shifting of a prismatic joint in any direction. We are not
concerned with how those unspecified design parameters, including
the link connecting the joints, were determined in this paper. In this
example, we designed the manipulator by shifting the joints in their
invariant directions and by checking self-collisions and collisions with
the environment including the egg-shaped object on the computer-aided
design application Autodesk Inventor (Autodesk, Inc., Sausalito, CA,
USA).

The revolute joints were driven by dc-geared motors (TG-01H-FU-
23-KA, Tsukasa Electric Co., Ltd., Tokyo, Japan), and the prismatic
joint was driven by a dc-geared motor (TG-01H-FU-509-KA, Tsukasa
Electric Co., Ltd., Tokyo, Japan). The angles of the revolute joints
were measured by using potentiometers (CP-2HB, Midori Precisions
Co., Ltd., Tokyo, Japan), and the displacements of the prismatic joints
were measured by using an optical absolute encoder (E6A2-CW3C,
Omron Corporation, Kyoto, Japan). A pen was attached to the end-
point of the manipulator, so that its tip was in contact with the surface
of the egg-shaped object fixed to the center of the manipulator. Between
the pen and the manipulator, small springs were installed to apply a
pressing force on the object.

The manipulator drew the letter by following the discretized trajec-
tory of the position and orientation of the end-effector (defined in the
first part of this section). While the manipulator was controlled, the
links between the joints were lifted by wires and weights to compen-
sate for the weight of the manipulator and the ease of feedback control.
The motors of the manipulator were controlled by using a simple PID
controller with feedback from the potentiometers and a rotary encoder.

Fig. 14(b) shows the resultant trajectory of the manipulator when
it was controlled to draw the letter “R” on the egg-shaped object. As
shown in Fig. 14(b), the manipulator that we developed was able to
draw the letter correctly.

IV. CONCLUSION

In this paper, we proposed an optimization-based methodology to
calculate the joint displacement of a serial manipulator to follow an
approximate trajectory of an end-effector. Instead of solving various
inverse kinematics problems for different points on the trajectory during
optimization, we used the generalized differential inverse kinematics to
obtain the approximated trajectory realized by joint kinematics. Finally,
a few examples of kinematic synthesis by using the proposed method
were shown with the design and implementation of the manipulator
based on the optimization result.

Unlike other researches on kinematic synthesis, in this paper, we did
not specify the points through which the end-effector of a manipulator
must pass with a given orientation. In case an appropriate number of
such points is given, the kinematic synthesis problem can be solved.
However, when only the target trajectory is given, the kinematic syn-
thesis needs to be performed by using some approximation. Therefore,
the proposed method is useful in the latter case, especially when the
points on the trajectory need to be evaluated equally. Furthermore, the
proposed method introduced the differential inverse for the evaluation
and realized the optimization of a high-dimensional parameter space at
low calculation cost.

This methodology has a few limitations that must be overcome to
improve the efficiency and generalize the method. In particular, an effi-
cient and reliable optimization method is required to enhance the pro-
posed methodology. The evaluation function introduced in the method
is non-differentiable, and the optimized parameters were represented
on a manifold. Therefore, only a very few optimization methods can
be applied to our problem, and we used an existing derivative-free op-
timization methodology without modifying it. If a more appropriate
optimization method matching the problem was available, a manipula-
tor design with a smaller error from the target could have been achieved
efficiently. The technique of optimization on manifolds has attracted a
lot of attention these days [46], [47], although further research needs
to be done to apply it to the optimization in this paper. Furthermore, as
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we explained in Section II-A, we have only considered the functional
aspect of the joints represented as twists, and we have not dealt with
their actual positions in the design of a manipulator. The joints’ actual
positions in the design relate to the size of the links connecting them or
the self-collisions of the joints and the links. Ideally, these should also
be solved in the optimization process, for example, by transforming the
joint twists into the Denavit–Hartenberg parameters with additional pa-
rameters and optimizing these parameters considering the constraints
on these parameters related to the collisions and the size at the same
time. This kind of extension of the proposed method will enhance the
versatility of the method. These subjects will be investigated in our
future research.
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