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A Variable Stiffness Spherical Joint Motor
by Magnetic Energy Shaping

Mengke Li , Qianhong Xiao , Zehui Wang , Chenjie Liu , and Kun Bai , Member, IEEE

Abstract—This article presents a robotic joint motor capable of
providing bio-joint-like motion and controllable stiffness in om-
nidirection. Unlike existing compliant actuators relying on elas-
tic elements or force/impedance control, the output shaft of the
proposed actuator can be stabilized at any equilibrium in antag-
onistic sense by purely manipulating the motor currents in the
electromagnets distributed on the spherical surface of the joint
socket. The multi-DOF orientation and the joint stiffness can be
simultaneously adjusted by dynamically shaping the magnetic en-
ergy of the motor in the vicinity of any specified equilibrium. The
relationship between the motor currents and the motor torque as
well as the torque gradients is established in closed-form for the
spherical joint motor (SJM), which allows for real-time shaping of
the magnetic energy and manipulation of the equilibrium and the
stiffness. The concept of the proposed variable stiffness motor with
the energy shaping method have been validated as a robotic wrist
equipped on a robotic manipulator. The results demonstrate that
the SJM is capable of providing dexterous motion and intrinsic
joint compliance in omnidirection while also allowing simple joint
design and efficient compliant manipulations for robots.

Index Terms—Compliant actuator, robotic joint, spherical
motor, variable stiffness actuator.

I. INTRODUCTION

IN ORDER for robots to work safely and efficiently in the
vicinity of human operators in unstructured environment,

joint compliance is one of the major trends in next generation
robotic manipulators [1], [2], [3]. While compliant behaviors
can be realized through torque sensing and control, intrin-
sic compliance enables more robust behavior for robots [4].
Existing solutions deliver intrinsic joint compliance basically
through elastic elements incorporated with motors to provide
controllable joint motion and adjustable stiffness [5]. The elastic
elements as well as the stiffness adjusting mechanisms usually
lead to complex structures leading to increased moment of inertia
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and unwanted mechanical backlashes/frictions. The complexi-
ties will even increase dramatically when multi-DOF joints are
required for a robot to perform complex tasks. It is desired that
robotic joint actuators featured with simple structure, dexterous
motion as well as intrinsic joint compliance are developed to
ensure compliant robotic manipulations in a wider range of
applications.

Compliant actuators are becoming increasingly important for
robots in emerging applications, such as cooperative robots,
rehabilitative robots and legged robots, where the tasks cannot
be explicitly defined in geometry because of the unstructured
environment or unpredictable human interactions [6]. Existing
compliant manipulations can be achieved in two ways: active
impedance control and intrinsic compliance. Active impedance
control basically manipulates the robotic joint torque to achieve
desirable dynamic relationship between the motion variables
and the contact forces during interactions [7], which is akin
to implementing a virtual spring and/or damper with desired
impedance/admittance in the interface between robot links and
objects/humans. The implementation of active impedance con-
trol primarily relies on force/torque feedback control [8], [9].
Since a torque loop is usually required in impedance control, the
torque sensing bandwidth/noise and the torque control stability
usually restrict the dynamic capability and robustness during
contact. Prior knowledge about the target stiffness is usually
required to ensure stable interaction and abrupt impacts can
also lead to instability for the feedback system [1]. Compliant
actuators, such as serial elastic actuators and variable stiffness
actuators, are composed of elastic elements (such as torsional
springs) and stiff motors in robotic joints. Compliant actuators
which provide intrinsic compliance with the elastic elements
instead of force/torque control to avoid hard contact provide
better robustness to impacts [10], better energy efficiency [11]
and increased dynamic bandwidth [12]. As elastic elements
usually have fixed stiffness which lacks the capability of flexibly
adapting to the tasks, a variety of mechanisms have been pro-
posed to alter the joint stiffness [13], [14], [15], [16] to achieve
better task adaptability. In order to simultaneously adjust the
robot link positions and the stiffness, at least two motors are
usually required in each joint. Therefore, robotic joints equipped
with compliant actuators can prevent instability during contact,
but at the cost of increased complexity in their structure. As
robotic manipulators need to possess movement and adjustable
stiffness in all directions to interact with unstructured environ-
ments, there still exists significant challenge to design compliant
actuators that can enable agile motion with simple structure
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while also fulfilling complex robotic manipulations and variable
compliance in omnidirections.

A flurry of research efforts have been conducted to design
novel actuators to provide dexterous motions and compliant
manipulations for robots. Among them are the spherical mo-
tors capable of multi-DOF rotational motions in one joint and
direct-drive torque manipulations of robot links [17], [18], [19],
[20]. Spherical motors utilize the interactions between the elec-
tromagnets (EMs) and permanent-magnets (PMs) distributed on
the spherical surfaces of a socket-like rotor and a ball-like stator,
which provides a bio-joint-like structure for robotic actuators to
render complex motion while maintaining concise design. In
[2], a back-drivable spherical wrist with smart compliance for
rendering human wrist-like capabilities in robotic applications
was presented; and active impedance control was proposed for
this wrist motor to synthetically impose both motion accuracy
and active compliance for dedicated wrist manipulations. Even
though the spherical wrist in [2] has shown superior perfor-
mances in dexterous motions and compliant manipulations, it is
still beneficial for robot joints to avoid the restrictions on system
stability and robustness in interactive tasks owing to active
impedance control. Therefore, this article proposes a spherical
joint motor (SJM) with adjustable intrinsic compliance from
actuation perspective (instead of control-level) to offer robotic
manipulations with better robustness and task adaptability while
still retaining the structural simplicity for rendering multi-DOF
motions and the direct-drive capability. The reminder of this
article offers the followings.

1) The concept of a SJM with variable stiffness in omnidirec-
tion is introduced. An energy shaping method for control-
ling the equilibrium and stiffness of the SJM to provide
intrinsic joint compliance without any elastic elements is
proposed. It is shown that a convex magnetic energy field
with the lowest energy at any desired equilibrium can
be formed by manipulating the motor currents. Unlike
conventional motors where the current inputs are only
used to control motor torque, a closed-form relationship
between the current inputs and motor torque as well as
torque gradient are derived in this article. Hence, the
currents can be used to adjust both motor torque and
torque gradient, which allows shaping of the magnetic
field to control the equilibrium and the joint stiffness of the
SJM.

2) The feasibility of the SJM as an intrinsic compliant joint is
validated on a cooperative robotic manipulator where the
SJM functions as an omnidirectional wrist with variable
stiffness. The performance of the SJM with energy shaping
method is compared to conventional active impedance
control, which show that the proposed method is capable
of providing intrinsic joint compliance with better robust-
ness and adaptability to unstructured environment. The
feasibility of the SJM wrist for performing peg-in-hole
operations and shape/stiffness perception of unstructured
targets have also been demonstrated. The SJM capable of
dexterous motion and variable stiffness in omnidirection
with simple joint design show great potentials in compliant
robotic manipulations.

Fig. 1. Design concept of a SJM for robots.

II. A VARIABLE STIFFNESS SJM WITH ENERGY SHAPING

Fig. 1 illustrates a bio-joint-like SJM designed for robotic
manipulators featured with dexterous motions and compliant
interactions. As detailed in Fig. 1, the stator and rotor of the SJM
consist of electromagnets (EMs, housed on the outer surface
of the stator) and permanent magnets (PMs, embedded in the
rotor) respectively. The PMs and EMs distribute on two con-
centric spherical surfaces with their axes pointing radially. The
rotor is supported through a low friction spherical rolling joint
(SRJ006C, Hephaist) which allows omnidirectional rotations in
one joint. The SJM is directly actuated by the electromagnetic
interactions between the PMs and the EMs. When the EMs are
supplied with current inputs, the magnetic energy in the EMs
and PMs leads to a three-dimensional magnetic torque τ on the
rotor, which translates into three-DOF rotations.

Fig. 2 presents the principle of the proposed magnetic energy
shaping method of the SJM for realizing variable joint stiffness.
As illustrated in Fig. 2(a), the shape of the magnetic energy can
be controlled in the vicinity of any arbitrary orientation with a
set of current inputs in the EMs. When a convex magnetic energy
field is formed with the desired equilibrium orientation (qe)
being the lowest energy point, the rotor shaft can be regulated at
the equilibrium in an antagonistic sense without any feedback
control or elastic elements. When the rotor shaft is pushed away
from the equilibrium by external forces/torques, the magnetic
torque (due to the restored magnetic energy) tends to push back
the shaft to the equilibrium (similar to a set of antagonistic
springs as illustrated in Fig. 2(a)) where the stiffness can be
adjusted by configuring the gradient of the energy field. The
equilibrium and the stiffness can be independently controlled
and in omnidirection due to the spherical joint configuration.

A. Antagonistic Torque by Magnetic Energy Shaping

Fig. 2(b) schematically presents the coordinate systems of the
SJM and the pole configuration where XYZ and xyz represent the
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Fig. 2. Illustration of variable joint stiffness by magnetic energy shaping.
(a) Variable joint stiffness at any desired equilibrium by magnetic energy
shaping. (b) Illustration of pole configuration and magnetic flux linkage in
EM-PM pairs.

stator and rotor frames, respectively. The EM poles are fixed in
stator frame; and all the PM poles rotate with the rotor frame
during motion where the rotor orientation is defined in terms
of Euler angles (roll, pitch, yaw) q = [α, β, γ]T. The rotation
matrix can be expressed as (1) with respect to the stator frame

R (α, β, γ)

=

⎡
⎣ CγCβ −SγCβ Sβ

SγCα + CγSβSα CγCα − SγSβSα −CβSα

SγSα − CγSβCα CγSα + SγSβCα CβCα

⎤
⎦ . (1)

In (1), S and C represent sine and cosine respectively. As
illustrated in Fig. 2(b), for the SJM driven by the PM and
EM poles, the magnetic flux linkage (MFL, based on which
the magnetic energy is derived) in each EM-PM pair can be
characterized as a function of the separation angle σ as (2)
assuming the PMs and EMs are axis-symmetric

Λ = λf (σ) . (2)

In (2), λ denotes the PM magnetization (with both magnitude
and polarity); and the separation angle σ between the EM and
the PM can be expressed as (3a) where s and r represent the unit
vectors from the origin to the geometrical centers of the EM and
PM respectively in XYZ frame

σ = cos−1 (r · s) where r = Rp. (3a-b)

In (3b), p is a constant vector representing coordinates of
the PM vector r with respect to the local rotor frame xyz.
The analytical solution for calculating the kernel function f
(characterizing MFL of an EM-PM pair at different σ) in (2)
can be found in [21].

As the magnetic energy stored in each EM equals to the
product of the supplied current and the MFL [22], for an SJM
consisting of NE EMs and NP PMs, the total magnetic energy
stored in the SJM can be expressed as (4) as a sum of the magnetic
energies stored in each EM, which can be computed based on
the MFL obtained in (2)

W =

NE∑
j=1

ujΛj =

NE∑
j=1

uj

NP∑
l=1

λlf(σj,l). (4)

In (4), uj denotes the current input in the jth EM (EMj); and
Λj is the total MFL in EMj contributed by all NP PMs; λl is the
magnetization of the lth PM (PMl); σj,l refers to the separation
angle between EMj and PMl.

For the scalar field W, as long as the gradients are zero at
the desired equilibrium qe and the Hessian matrix (consisting
of secondary derivatives) is positive definite, W will be a convex
field which has a local minimum at qe [23] (as illustrated
in Fig. 1(b)). Hence, according to the principle of minimum
energy, the rotor will be driven to minimum energy point qe

automatically due to the formed W field as long as (5) is satisfied{
∇W |q=qe

= 0

H(W )|q=qe
� 0

. (5)

Meanwhile, based on the principle of virtual displacement
[24], the gradient of the magnetic energy (with respect to the
orientation) is equal to the magnetic torque τ ; and the Hessian
matrix by definition is equivalent to the stiffness matrix k of the
motor, which can be expressed as

∇W =
dW

dq
= τ (6)

H(W ) =
d

dqT

(
dW

dq

)
=

dτ

dqT
= k. (7)

Equations (5)–(7) suggest that the motor torque and the torque
gradients (equal to the motor stiffness k) jointly determine
the shape of the magnetic energy field. As long as a convex
magnetic energy field is formed in the vicinity of an arbitrary
rotor orientation, the equilibrium as well as the directional
stiffness of the SJM is automatically set in an antagonistic sense.
In order to provide a means to shape the magnetic energy in
real-time, the relationship between the current inputs and the
motor torque/stiffness is established in the subsequent section.

B. Relationship Among Currents, Motor Torque and Stiffness

According to (3a) and (3b), the separation angle σj,l is q-
dependent. Substituting (4) into (6), (7), the magnetic torque τ
and the magnetic stiffness matrix k can be derived as

τ =

NE∑
j=1

uj

NP∑
l=1

λlf
′(σj,l)

dσj,l
dq

(8)

k =

NE∑
j=1

uj

NP∑
l=1

λl

[
f ′′(σj,l)

dσj,l
dq

dσj,l
dqT

+ f ′(σj,l)
d2σj,l
dqdqT

]
.

(9)
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In (8) and (9), f ′ = df/dσ, f ′′ = d2f/dσ2. Taking first and
second derivatives of (3a) with respect to q, the first and second
derivatives of the separation angle σj,l can be obtained as

dσj,l
dq

= − 1

sin (σlj)

⎡
⎣δ (Rα)
δ (Rβ)
δ (Rγ)

⎤
⎦ (10)

d2σj,l
dqdqT

= − cos (σlj)

sin3 (σlj)⎡
⎣δ (Rα) δ (Rα)
δ (Rα) δ (Rβ)
δ (Rα) δ (Rγ)

δ (Rα) δ (Rβ)
δ (Rβ) δ (Rβ)
δ (Rβ) δ (Rγ)

δ (Rα) δ (Rγ)
δ (Rβ) δ (Rγ)
δ (Rγ) δ (Rγ)

⎤
⎦

− 1

sin (σlj)

⎡
⎢⎣δ (Rαα)
δ (Rαβ)

δ (Rαγ)

δ (Rαβ)

δ (Rββ)

δ (Rβγ)

δ (Rαγ)

δ (Rβγ)

δ (Rγγ)

⎤
⎥⎦. (11)

In (10) and (11), R(�) = ∂R/∂(�),R(�)(∗) = ∂2R/∂(�)∂(∗);
δ is an operator transforming a matrix into a scalar in the form
of

δ (•) = sTj (•)pl. (12)

In (12), the constant vectors sj and pl represent the pole
coordinates of EMj and PMl, respectively,

Substituting (10), (11) into (8), (9), and rearranging the com-
ponents of k into vector form,k̄ 1 the relationship between the
energy field shape vector ε (consisting of motor torque and the
stiffness vector) and the motor current input vector u can be
obtained as

ε =

[
τ
k̄

]
=

[
M
N

]
u (13)

whereM = [m1 (q) , . . . ,mj (q) , . . . ,mNE
(q)] (13a)

N = [n1 (q) , . . . ,nj (q) , . . . ,nNE
(q)] (13b)

u = [u1, . . . , uj , . . . , uNE
]T . (13c)

For the jth EM, the components of M and N in (13a) and (13b)
can be obtained in closed-form as (14a) and (14b), respectively,
by substituting (10), (11) into (8), (9)

mj (q) = −
NP∑
l=1

λlf
′(σlj)

sin (σlj)

⎡
⎣δ (Rα)
δ (Rβ)
δ (Rγ)

⎤
⎦ (14a)

nj (q) =

NP∑
l=1

λl

sin3σlj⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
η (σlj)

⎡
⎢⎢⎢⎢⎢⎢⎣

δ (Rα) δ (Rα)
δ (Rβ) δ (Rβ)
δ (Rγ) δ (Rγ)
δ (Rα) δ (Rβ)
δ (Rβ) δ (Rγ)
δ (Rγ) δ (Rα)

⎤
⎥⎥⎥⎥⎥⎥⎦

− ζ (σlj)

⎡
⎢⎢⎢⎢⎢⎢⎣

δ (Rαα)
δ (Rββ)
δ (Rγγ)
δ (Rαβ)
δ (Rβγ)
δ (Rαγ)

⎤
⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(14b)

1k = dτ
dqT ∈ �3×3 is reduced to k̄ =

[
∂2W
∂α2 ,

∂2W
∂β2 ,

∂2W
∂γ2 ,

∂2W
∂α∂β ,

∂2W
∂β∂γ ,

∂2W
∂α∂γ

]T ∈ �6×1 as ∂2W
∂α∂β = ∂2W

∂β∂α ,
∂2W
∂α∂γ = ∂2W

∂γ∂α ,
∂2W
∂β∂γ = ∂2W

∂γ∂β for a
continuous field.

Fig. 3. Prototype SJM. (a) Robot with a SJM wrist. (b) SJM overview.
(c) Rotor embedded with PMs. (d) Stator housing EMs.

where η (σlj) = f ′′ (σlj) sinσlj − f ′ (σlj) cosσlj (14c)

and ζ (σlj) = f ′ (σlj) sin2σlj (14d)

Hence, (13) provides closed-form relationship between the
energy shape vector ε and current input u. Given a desired
shape vector εd = [τd, kd]T consisting of the desired torque
and stiffness at the desired equilibrium qe, an optimal current
input vector u can be computed in the form of pseudoinverse
using (15) for the SJM with redundant inputs (NE>9)

u =

[
M
N

]T([
M
N

] [
M
N

]T)−1

εd. (15)

When the motor is supplied with the current inputs computed
using (15), a convex magnetic energy field can be formed and the
rotor will be constrained by the magnetic field at the specified
equilibrium qe with an intrinsic joint stiffness of kd.

III. SJM PROTOTYPE DESIGN AND TESTS

An SJM prototype has been developed and equipped on a
robotic manipulator (Kuka iiwa) for test. As shown in Fig. 3, the
SJM is mounted on the distal end of the manipulator operating as
a dexterous wrist with omnidirectional motion and intrinsic com-
pliance. The torque mode of the manipulator is disabled in all
the tests. The motor size and weight as well as the PM/EM pole
configurations are summarized in Table I. The motor parameters
including the PM magnetizations and EM current densities were
calibrated and validated following the procedures presented in
[22]. The dynamic model of the proposed SJM can be derived
as

M(q)q̈+C(q, q̇)q̇+ g(q) = τ + τ e. (16)

In (16), M(q) is the rotor inertia matrix; C(q, q̇)q̇ is the
combined centripetal and Coriolis torque vector; g(q) is the
gravitational torque vector; τ and τ e are the electromagnetic
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TABLE I
SJM PARAMETERS

Fig. 4. Numerical results and curve-fitting parameters of kernel function f
(magnetic flux linkage) and its first/second derivatives.

driving torque and the external torque applied on the rotor,
respectively. The detailed formulation can be found in [22].

When the gravitational torque (which contributes to the po-
tential energy similar to the magnetic energy) is taken into
consideration, (5) can be rewritten as (17) to form a convex
potential energy at equilibrium qe, and the desired shape vector
εd can be specified by taking into account of the rotor gravity{

∇W = τ + g = 0

H(W ) = dτ
dqT + dg

dqT � 0
. (17)

As an illustration, the kernel function f and its first and second
derivatives for computing the M, N components in (14a) and
(14b) have been numerically computed as a function of the
PM-EM separation angle as shown in Fig. 4. Note that the nu-
merical results are normalized with respect to the peak values. To
assist real-time implementation of (14a) and (14b), curve-fitting
functions with closed-form expressions are obtained based on
the numerical values where the polynomial coefficients are
also summarized in Fig. 4. For illustration, the implementation

Fig. 5. Comparison of three compliant joint configurations and their rotor
responses to impulsive external torques.

procedures for realizing a desired joint stiffness kd at a desired
equilibrium qe are summarized as follows.

1) Calculate the components in (14a) and (14b) using the
curve-fitting functions shown in Fig. 4 with separation
angles calculated with (3a) at the desired equilibrium
orientation qe.

2) Specify a desired shape vector εd = [τd,kd]
T consisting

of a desired torque τd (to compensate for the gravitational
torque in (16) and a desired joint stiffness matrix kd.

3) Compute the desired current input vector u with (15).
4) Supply the currents into the EMs with current amplifiers.

A. Simulation: Joint Compliance Comparisons

The effectiveness of the proposed SJM with magnetic energy
shaping method is validated. Specifically, three configurations
for achieving joint compliance (see Fig. 5) are compared as
follows.

1) C1-Ideal Joint Spring: Ideal spring that can provide stiff-
ness in all directions with the form

τ spring = kc1q̃ (18)

where kc1 is the stiffness matrix and q̃(= q− qe) is the joint
deflection from the equilibrium. Note that an ideal joint spring
with linear stiffness in omnidirection is not applicable in practice
and it is only used in this simulation to provide the reference
responses of an ideal intrinsic compliant joint.

2) C2-Energy Shaping: Joint compliance is achieved
through the proposed SJM with a joint stiffness matrix equal to
kc2. The currents for delivering the desired torque shape vector
are computed using (15).

3) C3-Impedance Control: Impedance control law (19a)
with feedback of the joint angle is used to provide joint com-
pliance (C3 in Fig. 4), which leads to the desired impedance in
(19b) by substituting (19a) into the dynamic model in (16)

τ = Mq̈+C(q, q̇)q̇+ g(q)− kc3q̃ (19a)

τ e = kc3q̃. (19b)

The computation process of current input for generating the
desired torque determined by (19a) can be found in [2].

In this simulation, an impulsive external torque is applied on
the rotor shaft as shown in Fig. 5 at 0.2 s with a magnitude of
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Fig. 6. Illustration of currents and potential energy fields for C2 and C3.
(a) Current inputs. (b) Illustration of total energy field W and torque components
in C2. (c) Illustration of energy field W and motion states (at 0.25 and 0.45s)
in C3.

0.2 Nm. The desired joint stiffness matrices (kc1, kc2, kc3) in
all three cases are set as an diagonal matrix diag(0.3,0.3, 2.5)
and the equilibrium is set at qe = [0,0,0]T. Fig. 5 compares
the simulated responses for all three configurations. The rotor
motions in all three cases show very similar dynamic responses
when subject to an impulse torque, which demonstrates that
the joint driven with both the energy shaping method and the
impedance control can provide equivalent joint compliance that
an ideal joint spring delivers. As C1 is not applicable in practice,
the subsequent simulations focus on comparing C2 and C3 in
terms of computational efficiency and robustness.

Fig. 6 compares the computed current input and the resultant
energy field for C2 and C3. The computational periods for C2
and C3 are 2.25 and 2.36 ms, respectively, (based on MATLAB
2023b). Note that even if C2 and C3 cost comparable compu-
tational time in one cycle, C2 with intrinsic compliance only
need to execute once for a desired equilibrium while C3 based

Fig. 7. Illustration of joint robustness during contact with unstructured envi-
ronment. (a) Simulation configuration, environment stiffness ke = 0.35N·m/rad.
(b) Comparison of joint responses. The inner wall is pressed from its initial
boundary (dotted line) towards the reference qe (dashed line) and the solid lines
denote the actual trajectories with different joint stiffness.

on feedback requires instantaneously update of control torque
and currents in each cycle [see Fig. 6(a)].

To demonstrate the effectiveness of the energy shaping
method, the formed energy field is plotted in Fig. 6(b) in (α,
β) space where the simulated rotor motion trajectory is super-
imposed; the components of the torque applied on the rotor are
also shown in Fig. 6(b). The results show that a minimum energy
point is formed at the desired equilibrium qe with a constant set
of current inputs computed using the proposed energy shaping
method. The rotor starting from any point will automatically
converge to qe (see the motion trajectory in Fig. 6(b) without
feedback control. Antagonistic torque is applied on the rotor at
the equilibrium in all directions (see the torque components in
Fig. 6(b).

As a comparison, the potential energy fields of the joint with
the impedance control in C3 are plotted in Fig. 6(c). Note that as
the impedance control supplying time-varying currents based on
simultaneous feedback, the energy field are also time-varying.
To assist visualization, the energy profiles were plotted at two
time stamps for C3 in Fig. 6(c) (t1 = 0.25 s and t2 = 0.45 s as
denoted in Fig. 4). It can be seen that the potential field formed
in C3 cannot guarantee the stability of qe at each sampling cycle
(qe is not the lowest point in the vicinity). Although asymptotic
convergence can be guaranteed to certain extent by continuously
changing the energy field based on real-time feedback, the con-
tact instability may occur especially when the feedback system
is subject to sensor bandwith/noises or the system in contact
with unknown environment.

The difference in robustness of C2 and C3 is best illustrated
with Fig. 7 where the responses of the rotor shaft for interact-
ing with unstructured environment are simulated. As shown in
Fig. 7(a), the rotor shaft is commanded to follow a reference
trajectory qe (1/4 circle counter-clockwise as denoted by the
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dashed line) to make contact with the inner wall of a target (with
stiffness ke). When the shaft presses the target, a reaction force
normal to the boundary is applied on the shaft which translates
into an interactive torque [see Fig 7(a)].

Fig. 7(b) presents the simulated responses for the joint driven
by C2 and C3, respectively, when different stiffness are specified.
Specially, the reference trajectory is followed by C2 by contin-
uously changing the equilibrium. It can be seen that compliant
interactions can be guaranteed for both C2 and C3 when the joint
stiffness is small. However, when the joint stiffness increases
(larger than that of the environment stiffness), unstable contact
can be observed for C3 at K = 2. C2 with intrinsic joint com-
pliance provides better robustness in contact with unstructured
environment and the joint stiffness can be flexibly specified in a
much larger range.

B. Experiments

The capability of the SJM with energy shaping method for
providing a compliant omnidirectional robotic joint are experi-
mentally investigated. The proposed energy shaping algorithms
have been deployed onto a DSP-based controller (TI, C2000)
with an execution period of 5 ms. The currents were supplied
with a 12-channel driver (with embedded current loop). The
orientation of the wrist was recorded by an inertial measurement
unit sensor (IMU, Glonavin MY530HE).

1) Variable Stiffness/Equilibrium Test: The variable joint
stiffness with the proposed method have been experimentally
tested where the configurations as well as the results are pre-
sented in Fig. 8.

As shown in the figure, the rotor shaft is positioned at different
orientations around a specified equilibrium and the magnetic
restoring torque were measured with a torque sensor (ATI
Mini40) at steady-state. The tests were conducted at two dif-
ferent equilibria (qe1, qe2) with three different stiffness values.
Fig. 8(b)–(c) presents the components of the restoring torque
as functions of joint angles at qe1 and qe2, respectively. The
results show that the joint stiffness can be precisely controlled
and the torque linearity is within 5% in 10° range (±5°) in
the vicinity of each equilibrium in all directions. To illustrate
the relationship between the joint stiffness and the shape of W,
Fig. 8(d) and (e) plots the W profiles and current inputs supplied
into the EMs at qe1 for different specified joint stiffness. It can
be seen that steeper W field with larger torque gradient kd leads
to larger joint stiffness (with larger currents). The energy fields
in Fig. 8(d) and (e) also imply that the equilibrium is unique
in α–β domain for the formed convex field. As the EM/PM
poles have a repetitive distribution in the spinning direction
(with a 60° period), the stiffness will present periodic patterns
in γ-direction. Therefore, when the joint is pushed out of the
60° range in γ-direction by external forces, it will stabilize at
next equilibrium in the neighborhood. In practice, the stiffness
can be increased at the boundary to constrain the joint or the
equilibrium can be continuously changed to move the effective
stiffness range.

Fig. 8. Controllable joint stiffness at arbitrary equilibrium. (a) Experimental
configuration. (b) Restoring torque at qe1 = [0 0 0]. (c) Restoring torque at qe2

= [10 5 0]. (d)–(f) illustration of energy W and current inputs for kd1, kd2, kd3

at qe1, respectively.
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Fig. 9. Point-to-point variation of equilibrium, kd = diag (0.1,0.1,0.8).
(a) Euler angle responses. (b) Energy fields and motion trajectories. (c) Current
inputs at qe1, qe2, qe3.

TABLE II
OPEN-LOOP SPECIFICATIONS

2) Point-to-Point Variation of Equilibrium: The rotor orien-
tation can be regulated at different positions by changing the
equilibrium of the SJM. Fig. 9(a) presents the rotor responses
when the equilibrium was sequentially changed from an initial
orientation qe0 to three different orientations qe1, qe2, qe3 (see
Table II). Fig. 9(b) and (c) plots the magnetic energy field W and
the current inputs in the EMs at qe1, qe2, qe3 where the motion
trajectories are superimposed.

The experimental results suggest that the equilibrium can be
changed to arbitrary orientation to accomplish point-to-point
motion for robotic joints. The open-loop specifications given in
Table II show that the rotor can be quickly changed from one
equilibrium to another with rise time less than 0.1 seconds and
settling time less than 1.4 s.

The robustness of point-to-point response was also tested.
Fig. 10(a) presents the joint response for a 46° step change in the
desired equilibrium. Fig. 10(b) presents the joint response when
a step change was commanded while the rotor was still in the
oscillations from previous step change. The results demonstrate
that the joint with energy shaping method is capable of providing
robust point-to-point response when the system is subject to
large and abrupt inputs.

Fig. 10. Illustration of point-to-point robustness, kd = diag (0.1,0.1,0.8).
(a) 46° step. (b) Step change in transient phase.

Fig. 11. Trajectory tracking responses of the SJM, reference orientation
qd = [5sint, 5cost, 0], execution time/cycle = 5 ms, joint orientation on left
and end-effector trajectory on right.

3) Continuously Changing Equilibrium for Trajectory Track-
ing: As the current inputs for controlling the magnetic energy
are obtained in closed-form in (15), the magnetic energy of the
SJM can be shaped in real-time which allows for dynamically
change of the joint stiffness and equilibrium. Fig. 11 presents
the responses for the end-effector to track a desired circular
trajectory by continuously changing the rotor equilibrium. The
orientation of the wrist was measured by the IMU and the
position of the end-effector was recorded using (3b). During
the test, a torque in the following form has been complemented
in a feedforward sense to compensate the dynamics of the rotor

τ 0 = M (qd) q̈d +C (qd, q̇d) +G (qd) .

The execution time per cycle during the test was 5 ms. The
real-time responses of the joint orientation and the trajectory of
the end-effector shown in Fig. 10 demonstrates that the desired
trajectory can be tracked in real-time with good precision using
the proposed method, which also permits the SJM to perform
motion-based tasks.

IV. DEMONSTRATIONS

The feasibility of a robotic manipulator equipped with a SJM
for accomplishing compliant manipulations is validated in the
following two demonstrations.

A. Peg-in-Tilt-Hole With SJM Wrist (No Force Sensor)

The capability of dealing with compliant operation of the
robotic manipulator equipped with a SJM wrist is tested in a
peg-in-hole operation (see Fig. 12). Unlike conventional robots
relying on force/torque sensors for performing peg-in-hole op-
erations, the SJM enables a robot to accomplish the task with a
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Fig. 12. Peg-in-tilt-hole with SJM-based robotic wrist. xtytzt denotes the
coordinate of the TCP. xwywzw represents the wrist coordinate.

compliant wrist where the equilibrium/stiffness can be flexibly
configured.

Fig. 12 presents the experimental setup and schematically
illustrates the peg-in-hole process. As shown in the figure, a
gripper for picking up the pegs is installed on the robot wrist.
The goal is to insert the pegs into the tilt holes (with tilt angles
varying from 5° to 10°) in the workpiece. xtytzt denotes the co-
ordinate attached to the tool center point (TCP, the position and
orientation can be directly controlled by the robot controller);
xwywzw represents the wrist coordinate in which the gripper/peg
is fixed. As illustrated in Fig. 12, the peg-in-hole operation with
a robot equipped with a SJM wrist is proposed in a two-phase
procedure:

1) Phase 1. Reach and Bend: The robot TCP is controlled
to reach along zt-axis so that the tip of the peg (with lead
angle) gets into the tilt hole. The peg is bent during the
reaching phase which lead the wrist to passively rotate
due to the interaction torque τe between the peg and the
workpiece.

2) Phase 2. Adjust Robot Pose: The orientation of the TCP
is controlled to rotate around the end point E to align zt
with zw, where the orientation of the wrist is recorded by
the IMU.

The two-phase process is executed repeatedly until the peg
is fully inserted into the tilt hole. Fig. 13 presents experimental
results for insertions into two holes with different tilt angles.
Fig. 13(a) and (b) present the responses of the wrist angle and
the displacement of the TCP, respectively. To assist visualiza-
tion, the captured images of the robot poses at the initial state
and the final state are shown in Fig. 13(c). The results demon-
strate that the robotic wrist enables the peg to comply with the
holes and successfully lead the robot to adjust the pose to finish
the insertion process into holes with different angles (around 5°
and 10°, respectively, in this demonstration). The SJM with the
proposed insertion regime eliminates the need of force/torque
sensors and can be applied for holes with a large range of
tilting angles without any teaching or prior-knowledge-based
programming.

B. Shape/Stiffness Perception in Unstructured Environment

It is essential for robots to detect the stiffness of interactive
targets to ensure stable contact in unstructured environment

Fig. 13. Robot wrist responses in peg-in-hole test, hole #1 has a tilt angle
around 5-deg, hole #2 has a tilt angle around 10°. (a) Wrist inclination angle as
a function of the TCP moving distance (b) Recorded TCP displacement during
the insertion. (c) Captured robot poses at initial and final states (for hole #1).

Fig. 14. Interaction with unstructured target. The inner wall is composed of
four sectors filled with medium in different stiffness: I (ecoflex, HS-00-10),
II(ecoflex, HS-00-30), III(ecoflex, HS-00-50), IV(dragon-skin, HS-A-10). More
grey level represents higher hardness.

[25], [26]. The feasibility of the robot with SJM for perceiving
the shape and the stiffness of an unstructured target is also
demonstrated. Fig. 14 presents the experimental setup where
a finger driven by the SJM wrist is used to detect the target. The
interior body of the target is segmented into four sections each
filled with soft materials with different hardness (the materials
and the nominal hardness are denoted in Fig. 14). To assist
understanding, the task is best defined in task space with altitude
and azimuth angles (θ, ψ). The relationship between the task
space variables and the Euler angles in wrist space can be
expressed as (20a-b) as illustrated in Fig. 14

θ = arccos (CβCα) , ψ = arccos (Sβ/Sθ) . (20a-b)

The detection process is characterized by two procedures.
1) Shape Perception With Low Joint Stiffness: The robotic

wrist is first set with low stiffness (k = 0.3) to detect the interior
shape of the target. The task is performed for the wrist to follow
a reference trajectory (θr, as illustrated in Fig. 14) by specifying
continuous equilibria in the task space. It is assumed that the
detected interior shape is approximately close to its original
shape of the target when the wrist stiffness is very low.

2) Stiffness Perception With High Joint Stiffness: The wrist
is set to high joint stiffness (k = 0.8) to detect the stiffness of the
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Fig. 15. Shape and stiffness detection results. (a) Detected boundaries in
task space (θ, ψ) when the target interact with the wrist at different joint
stiffnesses. (b) Estimated stiffnesses of the target (c) deformed boundaries and
estimated/measured stiffness.

target by following the same reference trajectory. The interior
wall is compressed by the finger when the wrist performs the
scanning motion in the task space. The compressed trajectory is
recorded which is used to estimate the stiffness of the target. The
relationship among the joint stiffness (k), target stiffness (Ke),
the initial boundary (θ0), the compressed boundary (θc), and the
reference trajectory (θr) are derived in Fig. 14.

Fig. 15(a) presents the detected inner boundaries of the target
when interacting with the SJM under different joint stiffness.
Note that the interior body is compressed towards the radial
direction when the joint stiffness is set at a higher value. The
estimated stiffness of each section of the target are shown in
Fig. 15(b). To assist visualization, the detected boundaries and
the stiffness are also plotted as a function of the azimuthal
angle ψ in Fig. 15(c). Fig. 15(c) also compares the estimated
stiffness and the stiffness measured with a force gauge, which
show good agreement (with mean percentage error less than
20%). The results show that the proposed method offers an
effective means for dynamically detecting and perceiving the
unstructured environment and stable contact can be ensured due
to the intrinsic compliance of the SJM when interacting with
object in different stiffness.

V. CONCLUSION

This article proposed a SJM for robots capable of multi-DOF
motion in one joint and variable stiffness in omnidirections.
An energy shaping method by simultaneously controlling both
motor torque and torque gradients with motor currents was
proposed, which allows for independently changing the equi-
librium and the joint stiffness without any elastic elements
or force/torque based feedback control. A prototype SJM was

developed and tested. The results show that desired joint stiffness
was well rendered around any specified equilibrium which was
also continuously changed for tracking motion. A 5% stiffness
linearity can be guaranteed in a 10° range in all directions. The
SJM equipped on a Kuka robotic manipulator as a compliant
wrist has shown good performances in peg-in-hole tests without
force/torque sensors (with hole tilting angle larger than 10°).
The SJM wrist also demonstrated the capability of perceiving
shape and stiffness of unstructured environment with perception
error less than 20%.

Based on the capability of manipulating the stiffness and
equilibrium of an omni-directional joint, it was beneficial to
smartly plan the motion-stiffness configurations in order to
improve the efficiency as well as the interactive performances
of the proposed motor. Therefore, our future work will explore
planning algorithms for the proposed motor to provide enhanced
robotic joint with smart and robust interactive manipulations.
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