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ABSTRACT Nonlocal calculus-based macroscopic traffic models overcome the limitations of classical
local models in accurately capturing traffic flow dynamics. These models incorporate “nonlocal” elements
by considering the speed as a weighted mean of downstream traffic density, aligning it more closely with
realistic driving behaviors. The primary contributions of this research are manifold. Firstly, we choose
a nonlocal LWR model and Greenshields fundamental diagram and prove that this traffic flow model
satisfies the well-posed conditions. Furthermore, we prove that the chosen model maintains bounded
states, laying the groundwork for developing numerically stable schemes. Subsequently, the efficacy of
the proposed nonlocal model is evaluated through extensive field validation using real traffic data from
the NGSIM dataset and developing a stable numerical scheme. These validation results highlight the
superiority of the nonlocal model in capturing traffic characteristics compared to its local counterpart and
establish its enhanced accuracy in reproducing complex traffic behavior. Therefore, this research expands
both the theoretical constructs within the field and substantiates its practical applicability.

INDEX TERMS Macroscopic traffic model, nonlocal calculus, nonlocal LWR model.

I. INTRODUCTION

CLASSIC macroscopic models such as the LWR model
∂tρ(t, x) + ∂xf (ρ(t, x)) = 0, where ρ : R+ × [a, b] →

[0, ρm] is the time and space varying traffic density defined
on a road segment [a, b] and where the values of the function
output reside in [0, ρm], ρm being the jam density. The
density-dependent traffic flow is f (ρ) and is given as the
product of density-dependent speed v(ρ) and density as
f (ρ) = ρv(ρ).

The problem with this model is in the velocity term
v(ρ(t, x)) as the velocity at (t, x) is the function of traffic
density ρ at (t, x). This means that there is no look-ahead
behavior of the driver in the model. There are two ways
to deal with it. One way is to add a gradient term to the
velocity function as v(ρ, ∂xρ) = v0(ρ)+k∂xρ. This converts
the original hyperbolic LWR PDE into a diffusive (parabolic)
one. However, the problem is that the model is still local,
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and the velocity still depends on completely local traffic
behavior at the same (t, x).

The other method that can be used employs a nonlocal
velocity effect. An example is the model studied in [1],
and [2]. The model is ∂tρ(t, x) + ∂x[ρ(t, x)v(ρ(t, x) ∗d
wd(x))] = 0, where ∗d is the downstream convolution defined
as ρ(t, x) ∗d wd(x) = ∫ x+d

x ρ(t, y)wd(y− x)dy. Here wd(x) is
a nondecreasing probability function, i.e.,

∫
R
wd(x)dx = 1,

with support on [0, d]. This model clearly takes into account
the lookahead nonlocal nature of driving.
There is a great deal of recent development in the topic of

extending traffic models and conservation laws to nonlocal
versions [3], [4], [5], [6], [7], [8], [9], [10], [11]. This
makes sense as the actual reality and the physics of the
phenomenon clearly indicate the driver’s view of integrating
traffic conditions in front, which corresponds to the spatial
integration of local traffic density in front of the driver.
Research Gaps: The development of a nonlocal LWR

model and its usage for practical applications requires
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addressing some issues. Firstly, the well-posedness is an
essential property of a partial differential equation model. It
entails a theorem of the existence, uniqueness of its solution,
and the continuity of the solution to its initial condition.
The chosen model must be well-posed for it to be useful.
Secondly, a prevailing limitation in numerous numerical
schemes for nonlocal models is the inability to ensure that
the original bounds imposed on the traffic flow are preserved
throughout its evolution [11]. This constraint is critical for
practical applications, particularly the upper bound on traffic
jam density, which originates from the physical principles
governing traffic modeling. Lastly, field validations are
required to compare the efficacy of local and nonlocal models
in capturing the complex traffic phenomenon.
Contributions: This paper addresses the research gaps

mentioned earlier. Specifically, it contributes to the field of
traffic flow modeling as follows.

1) We demonstrate the well-posedness of the adopted
nonlocal LWR model and the Greenshields fundamen-
tal diagram by proving (Theorems 2 and 3) that they
satisfy the well-posedness conditions provided in [1],
and [2].

2) We resolve the boundedness issue through Lemma 1.
By proving the Lemma, we demonstrate that the
nonlocal LWR model adheres to the boundedness
without violation, enabling the construction of stable
numerical schemes.

3) We implement an adapted Lax-Friedrichs algorithm
to generate numerically stable, approximate solutions.
The schemes were designed using two look-ahead
kernels.

4) Finally, the practical effectiveness and robustness of
our proposed nonlocal model are substantiated through
a thorough field validation using real-world traffic data
from the NGSIM dataset. With additional analysis of
the convolution window size and model performance
comparison, we showcase the developed models’
superior performance and utility in reconstructing the
field data.

II. BACKGROUND
In this section, we will illustrate a nonlocal version of the
traffic model originally developed by Lighthill, Whitham,
and Richards called the LWR model [12], [13], [14]. The
speed relationship with density can be linear (Greenshield’s
model, [15]), logarithmic model (Greenberg model, [16]),
exponential (Underwood model, [17]), bell-shaped (Drake
model, [18]), etc. The models can also exhibit multiple
phases [5], [19] and use statistical Physics [20]. There also
exist higher-order traffic flow dynamics and traffic network
models [21].

A. NONLOCAL LWR MODEL
The nonlocal model that we will use is illustrated in Figure 1.
Traffic density ρ(t, x) is a time-varying scalar field defined

FIGURE 1. Nonlocal Traffic Density Field.

on x ∈ [0, �], where ρ(t, x) ∈ [0, ρm], ρm being the jam
density, i.e., the traffic density when the traffic speed is zero.
The variable ρd(t, x) is the smoothed look-ahead traf-

fic density obtained by a convolution of ρ(t, x) with a
look-ahead kernel function η(x). The kernel function η(x)
generalizes the probability density function wd(x), defined
earlier.

ρd(t, x) = ρ(t, x) � η(x) =
∫ x+d

x
ρ(t, y)η(y− x)dy (1)

where symbol � has been used for a look-ahead convolution.
The kernel η(x) ∈ Cn([0, d];R+) is a non-increasing function
and has the following property.

∫ d

0
η(x)dx = 1 (2)

The conservation law is

∂tρ(t, x) + ∂x[ρ(t, x)v(ρd)] = 0 (3)

As mentioned previously, we can use one of the models for
v(ρd) as a function of ρd. Without loss of generality, we
will use Greenshields relationship in this paper:

v(ρd) = vf

(

1 − ρd

ρm

)

(4)

where vf is the free low speed, and ρm is the jam density.

B. A GENERAL INITIAL BOUNDARY VALUE PROBLEM
In this section, we define the sense in which the solution of
the conservation law with its initial condition and boundary
conditions has to be considered for it to be well-posed [22].
However, the model used in [22] is generic, and we
will adapt it specifically for developing a nonlocal initial
boundary value problem for LWR paired with Greenshields
fundamental diagram.
In order for the model that we present to be useful for

applications, the model must be well-posed; otherwise, the
model becomes useless for any meaningful analysis. Well-
posedness is an important property of a partial differential
equation (PDE). A well-posed PDE entails a theorem of
the existence and uniqueness of its solution as well as the
continuity of the solution to its initial condition. Specifically,
the model must have at least one solution for the given
initial condition, which refers to the existence of the
solution. Moreover, there should only be one solution for
the given initial condition. The solution should be stable
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to initial conditions, which means that small changes to
initial conditions should produce only small changes to the
evolution of the system trajectories. To this end, Definition 1
is a weak entropy (Kruzhkov) solution. Definition 1 and
Theorem 1 illustrate the requirements for the model to be
well-posed.

1) MODEL DESCRIPTION

The general initial boundary value problem is

∂tρ(t, x) + ∂xf (t, x, ρ, ρ(t, x) ∗ η(x)) = 0, (t, x) ∈ R
+ × (a, b)

ρ(0, x) = ρ0, x ∈ (a, b)

ρ(t, a) = ρa(t), t ∈ R
+

ρ(t, b) = ρb(t), t ∈ R
+ (5)

f ∈ C2(R+ × [a, b] × R × R;R) satisfies

f (t, x, 0, r) = 0, ∀t, x, r,
sup
t,x,ρ,r

|∂ρ f (t, x, ρ, r)| < K1,

sup
t,x,r

|∂x f (t, x, ρ, r)| < K2|ρ|,
sup
t,x,r

|∂rf (t, x, ρ, r)| < K2|ρ|,
sup
t,x,r

|∂xx f (t, x, ρ, r)| < K2|ρ|,
sup
t,x,r

|∂xrf (t, x, ρ, r)| < K2|ρ|,
sup
t,x,r

|∂rrf (t, x, ρ, r)| < K2|ρ| (6)

We have K1 > 0, K2 > 0 which are constants, and η ∈
(C1 ∩ W1,∞)(R;R) with

∫

R

η(x)dx = 1 (7)

Conservation laws generally have discontinuities due to
shock waves and contact discontinuities, as well as rar-
efaction waves, which require the notion of weak and
vanishing viscosity or entropy solutions. The initial and
boundary values also need to be understood in the weak
sense [22], [23], [24] as shown below. For the sake of
completeness, we borrow the following definition for this
notion of the solution from [22].
Definition 1: Given the initial condition ρ0 ∈

L∞((a, b);R), and the two boundary conditions ρa, ρb ∈
L∞(R+;R), ρ ∈ BV(R+ × (a, b);R) is a weak entropy
solution in the sense of Kruzhkov, if ∀φ ∈ C1

0(R
2;R+), and

∀κ ∈ R, we have
∫ ∞

0

∫ b

a

(

|ρ − κ|∂tφ + sgn(ρ − κ)
[
f (t, x, ρ, r(t, x))

− f (t, x, κ, r(t, x))
]
∂xφ

− sgn(ρ − κ)
d

dx
f (t, x, κ, r(t, x))φ

)

dxdt

+
∫ b

a
|ρ0 − κ|φ(0, x)dx

+
∫ ∞

0
sgn(ρa − κ)

[
f (t, x, ρ(t, a+), r(t, a))

− f (t, x, κ, r(t, a))
]
φ(t, a)dt

+
∫ ∞

0
sgn(ρb − κ)

[
f (t, x, κ, r(t, b))

− f (t, x, ρ(t, b−), r(t, b))
]
φ(t, b)dt ≥ 0 (8)

The initial and boundary conditions are understood in
a weak sense consistent with entropy and satisfy trace
property [23], [25], [26].

(sgn(ρ(t, a+) − κ) − sgn(ρa(t) − κ))

(f (t, a, ρ(t, a+), r(t, a)) − f (t, a, κ, r(t, a))) ≤ 0,

∀κ ∈ R, x = a

(sgn(ρ(t, b−) − κ) − sgn(ρb(t) − κ))

(f (t, b, ρ(t, b−), r(t, b)) − f (t, b, κ, r(t, b))) ≥ 0,

∀κ ∈ R, x = b (9)

2) WELL-POSEDNESS AND PROPERTIES

The well-posedness result and solution properties of the
model given in Section II-B1. (titled, Model) are presented
in the theorem below [22].
Theorem 1: Given the hypothesis and conditions of

Equation (5), Equation (6), and Equation (7), ρ0 ∈ (L∞ ∩
BV)((a, b);R+), ρa, ρb ∈ (L∞∩BV)(R+;R+), then ∀t > 0,
ρ ∈ BV((0, t) × (a, b);R+) is a weak entropy solution in
the sense of Kruzhkov satisfying the conditions prescribed
in Equation (8), and having the properties stated here.
The properties provide bounds on the ‖ρ(t, ·)‖L∞(a,b),
‖ρ(t, ·)‖L1(a,b), and ‖ρ(t, ·)‖TV(a,b) norms.

‖ρ(t, ·)‖L∞(a,b) ≤ eLt‖ρ0‖L∞(a,b)

‖ρ(t, ·)‖L1(a,b) ≤ ‖ρ0‖L1(a,b) + α
(‖ρa‖L1[0,t] + ‖ρb‖L1[0,t]

)

TV(ρ(t, ·); (a, b)) ≤ eκ1tTV(ρ0; (a, b)) + κ2

κ1

(
eκ1t − 1

)

+ TV(ρa; [0, t]) + TV(ρb; [0, t]) (10)

Continuity of the solution in L
1(a, b) with respect to time

is shown by

‖ρ(t2, ·) − ρ(t1, ·)‖L∞(a,b) ≤ C(t2)(t2 − t1) (11)

The uniqueness of the solution is obtained by the continuity
property of the solution with respect to the initial and
boundary data as shown in Equation (12) where ρ and σ are
two solutions with initial data ρ0 and σ0, and the boundary
data ρa, ρb, σa, and σb.

‖ρ(t, ·) − σ(t, ·)‖L1(a,b)

≤ eSt
[‖ρ0 − σ0‖L1(a,b) + κ4

(‖ρa − σa‖L1[0,t]

+ ‖ρb − σb‖L1[0,t]
)]

(12)

The terms α, L, S , κ1, κ2, κ3, and κ4 are all defined
in [22].

III. ANALYSIS OF NONLOCAL INITIAL BOUNDARY
VALUE LWR
In this section, we will apply the existing well-posedness
results for the model shown in Section II-B2. to our chosen
initial boundary value problem shown in Section II-A. In
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other words, we prove that the chosen model - nonlocal
LWR paired with Greenshields fundamental diagram - is
well-posed.

∂tρ(t, x) + ∂xf (t, x, ρ, ρ(t, x) � η(x)) = 0,

(t, x) ∈ R
+ × (a, b)

ρ(0, x) = ρ0, x ∈ (a, b),

ρ(t, a) = ρa(t), ρ(t, b) = ρb(t), t ∈ R
+ (13)

f ∈ C2(R+ × [a, b] × R × R;R) is given by

f (t, x, ρ, ρ(t, x) � η(x))

= ρv(ρd) = vfρ

(

1 − ρd

ρm

)

= vfρ

(

1 −
∫ x+d
x ρ(t, x)η(y− x)dy

ρm

)

(14)

Now, we check the conditions on the flow f to be satisfied
for our model.

A. FLOW CONDITIONS
The conditions to be satisfied and the corresponding analysis
is presented next.

1) ZERO CONDITION

The condition to be satisfied is

f (t, x, 0, r) = 0, ∀t, x, r (15)

which is clearly satisfied by substituting ρ = 0 into the
formula for f provided in Equation (14).

2) FIRST ORDER CONDITIONS

The conditions to be satisfied are

sup
t,x,ρ,r

|∂ρ f (t, x, ρ, r)| < K1,

sup
t,x,r

|∂xf (t, x, ρ, r)| < K2|ρ|,
sup
t,x,r

|∂rf (t, x, ρ, r)| < K2|ρ| (16)

In order to prove supt,x,ρ,r |∂ρ f (t, x, ρ, r)| < K1, we first
prove the following lemma.
Lemma 1: Given ∀x ∈ (a, b), ρ0(x) ∈ [0, ρm] =⇒ ∀t >

0, x ∈ (a, b), ρ(t, x) ∈ [0, ρm].
Proof: On any characteristic parameterized as (t, x(t)),

we have

∂tρ(t, x) + ∂xf (t, x(t), ρ(t, x(t)), ρd(t, x(t))) = 0 (17)

On the initial point of this characteristic, we obtain

|ρd(0, x(0))| = |[ρ(0, x) � η(x)](x(0))|
=

∣
∣
∣
∣

[∫ x+d

x
ρ(0, x)η(y− x)dy

]

(x(0))

∣
∣
∣
∣

≤ ρm

∣
∣
∣
∣

[∫ x+d

x
η(y− x)dy

]

(x(0))

∣
∣
∣
∣ = ρm (18)

Theorem 2: The solution to the nonlocal initial boundary
value LWR presented in Equation (13) satisfies

sup
t,x,ρ,r

|∂ρ f (t, x, ρ, r)| < K1 (19)

Proof: We obtain the formula for f (t, x, ρ, r) from
Equation (14).

f (t, x, ρ, r) = ρv(r) = vfρ

(

1 − r

ρm

)

(20)

We have already shown in Lemma 1 that r ∈ [0, ρm],
and hence

fρ(t, x, ρ, r) = v(r) = vf

(

1 − r

ρm

)

≤ vf (21)

Theorem 3: The solution to the nonlocal initial boundary
value LWR presented in Equation (13) satisfies

sup
t,x,r

|∂xf (t, x, ρ, r)| < K2|ρ|,
sup
t,x,r

|∂rf (t, x, ρ, r)| < K2|ρ| (22)

Proof: We again use the formula for f (t, x, ρ, r) from
Equation (14). We easily see that fx(t, x, ρ, r) = 0 and hence,
the first condition is satisfied. For the second condition, we
perform the following analysis:

|∂rf (t, x, ρ, r)| =
∣
∣
∣
∣∂r

[

vfρ

(

1 − r

ρm

)]∣
∣
∣
∣ ≤ vf

ρm
|ρ| (23)

3) SECOND ORDER CONDITIONS

The conditions to be satisfied are

sup
t,x,r

|∂xxf (t, x, ρ, r)| < K2|ρ|,
sup
t,x,r

|∂xrf (t, x, ρ, r)| < K2|ρ|,
sup
t,x,r

|∂rrf (t, x, ρ, r)| < K2|ρ| (24)

We see by using the formula for f (t, x, ρ, r) from
Equation (14) that all the three-second order partial deriva-
tives are zero and, hence, trivially satisfy the second order
conditions for the model.

B. NUMERICAL SCHEME AND KERNEL DESIGN
In [22], an adapted Lax-Friedrichs algorithm has been used to
produce approximate solutions to the general model in order
to prove the well-posedness by the application of Helly’s
compactness theorem. We divide our space interval (a, b)
into n steps with the space increment 
x taken as 
x =
(b − a)/n and time increment 
t. Then based on (13), the
time update difference equation is given by,

ρ
[
n+ 1, j

] = 1

2

(
ρ
[
n, j+ 1

] + ρ
[
n, j− 1

])

− 
t

2
x

[
f
(
n, j+ 1, ρd

[
n, j+ 1

])

− f
(
n, j− 1, ρ

[
n, j− 1

])]
, (25)
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FIGURE 2. Convolution Kernels.

where ρd(t, x) is the nonlocal density at the point (t, x) as
defined via look-ahead convolution. If η(x) is the kernel
defined on the interval [0, d] where d < (b − a), then to
compute (1) numerically we use,

ρd
[
n, j

] =
( nd−1∑

i=0

ρ
[
n, j+ i

]
η[i]

)


x, (26)

where nd
x = d. Finally we use (14) to compute the flux.
For our simulations, we use the following two types of the
kernel.

1) The constant kernel, η(x) = Kχ[0,d](x) such that K =
1/d. Here χ[0,d](x) is the characteristics function.

2) Linearly decreasing kernel, η(x) = K(d−x)χ[0,d] such
that K = 2/d2.

In both cases, K is such that
∫ d

0 η(x)dx = 1. We notice
that to compute ρd at the space variable j; we need
to know the local density data ρ in the interval [j, j +
nd − 1]. Due to this reason, the right boundary conditions
need to be ‘thick.’ We call this boundary condition to
be nonlocal. Another important aspect of this numerical
algorithm is stability. We observe that if we have 
t
sufficiently small compared to 
x, then we almost always get
a numerically stable solution due to the Courant-Friedrichs-
Lewy condition [27]. While working with the real data, we
implement a smaller time discretization than given in the
dataset using a simple interpolation scheme. That scheme
helps us to get numerically stable solutions for the nonlocal
equation. The illustration of the convolution kernels is shown
in Figure 2.

FIGURE 3. Spatio-temporal binning strategy.

IV. FIELD VALIDATION
A. DATA DESCRIPTION
For this paper, we use traffic flow data of the US-101 freeway
from the NGSIM dataset. The NGSIM program captured
high-resolution vehicle trajectory video data at four locations
between 2005 and 2006 [28]. In this program, freeway and
urban arterial data were collected to assist the FHWA Traffic
Analysis Tools Program. The two freeway segments are
I-80 and US-101, whereas the two arterial segments are
Lankershim Boulevard and Peachtree Street. A network of
the synchronized digital camera was used to capture video
data, which was translated into microscopic vehicle trajectory
data via a customized software application called NGVIDEO.
The temporal resolution of the NGSIM trajectory data is 100
ms. That translates to a sampling frequency of 10 Hz. These
high-resolution vehicle trajectory data offer the exact location
and detailed lane positions of each vehicle. In addition, it
provides a vehicle’s relative locations with respect to other
vehicles in the study area.
Freeway Segments: Vehicle trajectories on a 1640ft long

segment of I − 80 in Emeryville, California, were captured
from the seven synchronized digital video cameras on April
13, 2005. The 45 minutes long video data has three equal
time segments from three different periods: 1) 4:00 p.m. to
4:15 p.m., 2) 5:00 p.m. to 5:15 p.m., and 3) 5:15 p.m. to
5:30 p.m. Vehicle trajectories on a 2100ft long segment of
US101 (Hollywood Freeway) in Los Angeles, California,
were captured from the eight cameras positioned on a 36-
story building near to the freeway. The 45-minute video data
has three equal time segments: 1) 7:50 a.m. to 8:05 a.m.,
2) 8:05 a.m. to 8:20 a.m., and 3) 8:20 a.m. to 8:35 a.m.
June 15, 2005. There is an on-ramp and an off-ramp
at approximately 590ft (Ventura Boulevard) and 1280ft
(Cahuenga Boulevard) locations, respectively, on the studied
segment of US101. There is an on-ramp at approximately
400ft location on the studied segment of the I−80 highway.
US101 has five main lanes and one auxiliary lane between
the ramps in the studied areas, while I−80 has six mainlines,
including a high occupancy lane.
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FIGURE 4. The NGSIM Dataset, US-101 Freeway, 7:50pm - 8:35pm June 15, 2005.

FIGURE 5. Parameter Estimation of ρm and vf .

Binning Strategy: NGSIM provides high-resolution vehicle
trajectory data, which is in a Lagrangian setting. To construct
velocity and density, the trajectories need to be converted into
Eulerian bins. Some popular binning methods are provided
in [29], [30]. Next, we briefly describe how to convert the
vehicular traces to extract their spatio-temporal pattern. For
example, let’s define the 2D spatio-temporal domain or grids
as [0, l]×[0, t] (see Figure 3). Any bin in the defined domain
is characterized by

bi,j = (
[i
x, (i+ 1)
x] × [

j
t, (j+ 1)
t
])
i∈(1···nx),j∈(1···nt)

(27)

where, the number of spatial bins nx = l

x and number of

temporal bins nt = t

t

Ṽi,j = Meantrace∈bi,j(V(trace)) (28)

We assume that the traffic variables, such as velocity,
density, or flow, are constant in each bin and that trajectories
leave a trace on the spatio-temporal bins [29]. Considering

x = 20ft/bin and 
t = 5sec/bin, we have constructed
velocity and density fields from NGSIM data of US-101
freeway, which is shown in Figure 4(a) and Figure 4(b).
Figure 4(c) shows the corresponding flow field.

For estimating traffic parameters such as free-flow velocity
and jam density, we utilized the density and velocity data set
discussed earlier (see Figure 5). More details on the data can
be found in [31], [32]. We first created a mapping between

the density and velocity data points and then applied linear
regression. The y-intercept of the linear regression is the jam
density, and the x-intercept is the free flow velocity. The
estimated free-flow speed vf is 80 feet per second, and the
estimated jam density ρm is 0.12 vehicle per ft.

B. RESULTS AND DISCUSSION
We evaluate the effectiveness of the nonlocal LWR
model paired with Greenshields fundamental diagram by
performing the reconstruction of field data similar to
our previous works using physics-informed deep learning
(see [31], [33], [34]).
Now, we present the reconstructed density field by five

models - one local LWR model and four nonlocal LWR
models using the modified Lax-Friedrichs scheme described
earlier. The nonlocal LWR models vary in configuration
based on the kernel type (constant or linearly decreasing)
and the width of the kernel window (60 ft and 200 ft).
The numerical solution setup of nonlocal LWR models

using the modified Lax-Friedrichs scheme is shown in
Figure 6. We use the initial condition (t = 0), the lower
boundary condition (x = 0), and a thick upper boundary
condition (for the computation of ρd) as the sole training
input. For nonlocal models, the convolution kernel acts in
the rolling look-ahead window shown in the figure.
We use the relative squared error (RSE) defined in (29)

to measure the inaccuracy in the reconstructed density field.
In (29), ρ(x( j), t( j)) is the ground truth value of vehicle
density at location x( j) and time t( j), and ρ̂(x( j), t( j)) is the
estimated value of ρ(x( j), t( j)) from the model output. N1
is the total number of spatial locations, and N2 is the total
number of timestamps in the dataset:

RSE =
∑N1·N2

j=1

∣
∣ρ̂

(
x( j), t( j)

) − ρ
(
x( j), t( j)

)∣∣2

∑N1·N2
j=1

∣
∣ρ

(
x( j), t( j)

)∣∣2
× 100% (29)

The model with the smallest RSE is the nonlocal LWR
model with a linearly decreasing kernel and a 60-ft look-
ahead window. The evaluation of reconstruction results is
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FIGURE 6. Reconstruction by nonlocal LWR with Look-ahead.

TABLE 1. Performance analysis: Inaccuracy in reconstruction.

tabulated in Table 1, and the best performance is marked in
bold.

For comparison, the original NGSIM data is plotted in
Figure 7(a), and the reconstructed density fields are shown in
the following figures: Figure 7(b) is the reconstruction by the
local LWR model. Figure 7(c) and Figure 7(d) are generated
by the nonlocal (constant kernel) LWR models with a look-
ahead window of 60-ft and 100-ft, respectively. Similarly,
Figure 7(e) and Figure 7(f) are individually produced by
nonlocal (linearly decreasing kernel) LWR models with a
look-ahead window of 60-ft and 100-ft.
Additionally, we perform the sensitivity analysis on the

size of the convolution window and investigate its impact
on the performance of the nonlocal models. The results are
summarized in Table 2 and visualized in Figure 8.

From the sensitivity analysis result, we observe that
the best-performing convolution window size for the linear
kernel is 60 feet. The model with the linearly decreasing
convolution kernel, which gradually discounts the weight
of traffic information further away from the driver within
the 60-ft convolution window, achieved the best RSE results
among all models. If the convolution kernel is substituted
with the constant version, then equal weights are assigned
to the traffic state values in front of the driver during the
convolution process. The most suitable window size is 160
feet in this case.

TABLE 2. Sensitivity analysis: Convolution window size on model performance.

V. CONCLUSION
In conclusion, this work propels the field of macroscopic
traffic flow modeling forward by addressing the boundedness
issue inherent in previous models. A nonlocal LWR model
paired with Greenshields fundamental diagram was chosen
for analysis, and the well-posedness of the model and bound-
edness of the states were established within the previously
established framework in the literature. The resolution of
this limitation in the chosen model paves the way for
more realistic and practical traffic modeling. The imple-
mentation of the Lax-Friedrichs algorithm, augmented with
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FIGURE 7. The NGSIM Dataset and Reconstructions.

FIGURE 8. Convolution Window Size on Nonlocal Model Performance.

two look-ahead kernels, provides a scheme for numerically
stable and accurate traffic field reconstruction. Through
validation using the NGSIM dataset, we demonstrate that the
proposed nonlocal model outperforms its local counterparts
in capturing real-world traffic flow patterns. Furthermore, the
design of two look-ahead kernels and the sensitivity analysis
to identify the optimal look-ahead window size provide
valuable insights. Thus, this research makes important
theoretical and practical contributions to the field of traffic
flow modeling. In future work, other fundamental diagrams
such as the inverse-lambda shaped fundamental diagram [35],
and triangular fundamental diagram [36] can be considered

in conjugation with nonlocal traffic flow models. The Well-
posedness of these models, boundedness of the states, and
field validation will be promising future research directions.
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