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ABSTRACT Bandwidth-based traffic signal coordination has long been an effective technique to make
traffic flows within a network more efficient, smoother, and safer. Existing network bandwidth optimization
models mainly focus on maximizing the bandwidth under NEMA phasing. The network bandwidth
maximization under other typical phasing schemes, namely the split or mixed phasing, has not been
intensively studied. To address this, a group of bandwidth-based network traffic signal coordination
models is proposed for different types of traffic networks. All the proposed models can simultaneously
optimize the key signal control variables, namely the phase sequences, offsets, and common cycle times.
Additionally, all the developed models are formulated as mixed-integer linear programming problems,
which guarantees that the global optimal solutions can be obtained using the branch-and-bound algorithm.
The results of the presented index, which is defined as the absolute difference of the interference variables
obtained through theoretical solutions and time–space diagrams, indicate that all the proposed models
are correct. Furthermore, simulation results demonstrate that split phasing can significantly reduce the
average delay time and the average number of stops compared with the existing NEMA phasing.

INDEX TERMS Bandwidth maximization, traffic signal coordination, phasing scheme, traffic network.

I. INTRODUCTION

CURRENTLY, traffic congestion has become one of the
most serious problems faced by transportation author-

ities. Compared with costly and time-consuming measures,
such as building new road infrastructures or expanding exist-
ing ones, efficient traffic signal control has been proven
to be one of the most cost-effective ways to mitigate traf-
fic congestion. Consequently, traffic signal optimization has
been studied extensively over the past several decades.
Research on traffic signal optimization can be roughly clas-
sified into three categories: classical mathematical methods,
simulation-based methods, and artificial intelligence-based
methods. The first category mainly focuses on developing
relationships between indicators and signal parameters and
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then minimizing disutility indicators (e.g., delays [1], [2]
and ecological cost [3]) or maximizing positive indica-
tors (e.g., bandwidths [4], [5] and capacity [6]) using
classical mathematical modeling. In the second category,
TRANSYT [7] and TRANSYT-7F [8] are the frequently used
simulation-based traffic signal timing optimization programs.
Artificial intelligence methods represented by machine learn-
ing have been widely used in the field of transportation,
such as traffic safety-related prediction [9], [10], traffic state
prediction [11], [12], automated driving [13], [14], and traf-
fic signal control [15], [16], [17]. References [15], [16],
and [17] report the use of deep reinforcement learning to
estimate the optimal traffic signal timing plans, which can
be classified into the third category. These three types of
methods can greatly improve the operational efficiency of
the traffic streams. Due to the lower input requirements and

c© 2023 The Authors. This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License.

For more information, see https://creativecommons.org/licenses/by-nc-nd/4.0/

VOLUME 4, 2023 755

HTTPS://ORCID.ORG/0000-0002-4614-1023
HTTPS://ORCID.ORG/0000-0003-2577-1402
HTTPS://ORCID.ORG/0000-0001-6263-7187


JING et al.: BANDWIDTH-BASED TRAFFIC SIGNAL COORDINATION MODELS

the easier visualization of the coordination control effect,
the bandwidth-based methods are the preferred choice of
traffic engineers [18]. Therefore, this paper also focuses on
bandwidth-based methods.
Morgan and Little [19] are pioneers that developed a

model to coordinate arterial traffic signals for maximum
bandwidth with fixed common cycle lengths, green and
red times, and vehicle speeds. Soon afterward, significant
improvements to this approach, e.g., allowing the common
cycle lengths and vehicle speeds to vary within upper and
lower limits, were made by Little [20]. Later, Little et al. [4]
proposed the well-known MAXBAND model, which maxi-
mizes the two-way bandwidths along an arterial by concur-
rently modifying signal control variables such as the common
cycle lengths, offsets, left-turn phase sequences, and pro-
gression speed. Based on MAXBAND, Chang et al. [21]
developed the MAXBAND-86 model, which solved the
signal synchronization problems in multiarterial closed
networks. The bandwidths for each directional link yielded
by MAXBAND are uniform. That is, MAXBNAD does not
take into consideration the heterogeneity of each directional
link. Different links have different demands for bandwidths,
as the traffic volume and saturation flow rate on each
link are not constant. Therefore, it is preferable that band-
widths vary with the links instead of being uniform along
the entire arterial. To tackle this issue, Gartner et al. [5]
proposed MULTIBAND, which yielded a variable band-
width for each directional arterial link. Later, Stamatiadis
and Gartner [22] extended MULTIBAND and developed a
network version model named MULTIBAND-96. After that,
a heuristic network decomposition procedure was presented
by Gartner and Stamatiadis [23] for a fast solution to network
bandwidth optimization problems. Following the logic of
MAXBAND or MULTIBAND, researchers have further stud-
ied bandwidth optimization problems in recent years. Typical
research on bandwidth optimization is summarized as fol-
lows. Zhang et al. [24] developed an asymmetric multi-band
model named AM-Band, which can relax the symmet-
ric band requirement of MULTIBAND. Yang et al. [25]
proposed a multi-path model that provided bandwidths for
multiple arterial path flows. Arsava et al. [26] proposed
the OD-BAND model, which provided progression bands
for arterial origin-destination (OD) streams. Ma et al. [18]
presented a partition-enabled multi-mode model that pro-
vided progressive bands for both passenger cars and transit
vehicles along a long arterial. Jing et al. [27] proposed a
bandwidth optimization model, called Pband, which con-
currently optimized the phasing scheme choices, phase
sequences, and offsets. Zhang et al. [28] developed two band-
width maximization models, MaxBandLA and MaxBandGN,
which solved the signal coordination problems for long arte-
rials and grid networks, respectively. Lu et al. [29] proposed
an algebraic method for arterial green wave coordination
control, which is applicable for mixed phasing schemes.
Later, Lu et al. [30] extended the previous work [29] and
presented an algebraic method for network-level green wave

coordination control. Yan et al. [31] developed a network
bandwidth optimization model to provide progressive bands
for major traffic streams by using vehicle trajectory data. To
enlarge the feasible region, Wang and Yao [32] proposed
a network band model with permitting the relaxation of
constraints.
In summary, arterial bandwidth optimization can improve

the traffic flow efficiency on the main arterial, but that on
the crossing arterials may be reduced. Network bandwidth
optimization can coordinate traffic signals of all arterials
within a network, which is more conducive to the improve-
ment of the overall network efficiency than single arterial
bandwidth optimization. However, existing bandwidth-based
network traffic signal coordination models, represented by
the well-recognized MAXBAND-86 or MULTIBAND-96,
mainly maximize the bandwidth under NEMA phasing
scheme. Network bandwidth maximization under the split or
mixed phasing schemes (see Section II) has been not inten-
sively studied. As a typical phasing scheme design mode
at a signalized intersection, the split phasing has its own
advantages. First, the split phasing can effectively balance
the volume to capacity ratio, queue length and delay time
of each lane [33]. Second, an intersection with through-left
shared lanes can only operate with the split phasing instead
of the NEMA phasing. Third, the split phasing can provide
a wide phase sequence optimization space, which helps to
obtain better traffic control effects. Therefore, it is very nec-
essary to formulate new models to maximize the network
bandwidth under the split or mixed phasing schemes. This
paper proposes a group of models for different types of traf-
fic networks to address the network bandwidth optimization
problems under split and mixed phasing schemes.
The remainder of this paper is organized as follows.

Section II describes the key concepts employed in this paper.
In Section III, explanations of the problems is presented. In
Section IV, the proposed network bandwidth optimization
models are formulated. A numerical example is given in
Section V to demonstrate the correctness and the supe-
rior performances of the proposed models. Conclusions are
provided in the last section.

II. CONCEPTS
To facilitate the understanding of the proposed bandwidth-
oriented models, some key concepts are introduced as below.

A. PHASING SCHEMES
1) NEMA Phasing: The NEMA phasing is a type of sig-
nal phasing scheme supported by the National Electrical
Manufacturers Association (NEMA). Fig. 1(a) and (b) illus-
trate four possible kinds of phase sequences in the W-E
and S-N directions of an intersection that operates with the
NEMA phasing.
2) Split Phasing: The split phasing is a type of signal phas-

ing scheme which traffic movements in each approach of an
intersection receive the right-of-way in turn. Fig. 2 illus-
trates six possible kinds of phase sequences when the split
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FIGURE 1. Four possible kinds of phase sequences in NEMA phasing scheme.
(a) Phase sequences in the W-E direction. (b) Phase sequences in the S-N direction.

FIGURE 2. Six possible kinds of phase sequences in split phasing.

phasing is used. In Fig. 2, the term “W-E-S-N” represents
one kind of phase sequence and means traffic movements
in the west, east, south, and north approaches receive the
right-of-way in turn. Other terms can be explained similarly.
Obviously, phase sequences in the W-E and S-N directions
of an intersection are interrelated when the split phasing is
in use.
3)Mixed Phasing: The concept of a mixed phasing scheme

means that some intersections in the traffic network operate
with the NEMA phasing and some operate with the split
phasing.

B. TYPES OF TRAFFIC NETWORKS
Depending on whether there are closed loops, traffic
networks are categorized into closed traffic networks,
unclosed traffic networks, and mixed traffic networks, as

FIGURE 3. Examples of different types of traffic networks. (a) Example of a closed
traffic network. (b) Example of an unclosed traffic network. (c) Example of a mixed
traffic network.

illustrated in Fig. 3(a), (b) and (c), respectively. In Fig. 3,
directions from west to east or from south to north along an
arterial are referred to as outbound. In the opposite directions,
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they are referred to as inbound. The notation (i, j) represents
the jth intersection on the ith arterial Ai, and j increases
sequentially from the value of 1 in the outbound. According
to this numbering convention, some intersections may have
two different notations, but they denote the same intersection.
1) Closed Traffic Network: A closed traffic network is

defined as a network in which each intersection is located
in one or more closed loops consisting of more than two
links. In Fig. 3(a), there are two closed loops: loops 1 and
2. Loop 1 consists of four links: links 1, 2, 3 and 4; loop
2 also consists of four links: links 3, 5, 6 and 7. It is clear
that each intersection shown in Fig. 3(a) is located in loops
1 or 2. In particular, intersections on A4 are located in both
loops 1 and 2.
2) Unclosed Traffic Network: An unclosed traffic network

is defined as a network in which there are no closed loops.
It is easy to see that there are no closed loops in the traf-
fic network illustrated in Fig. 3(b). That is to say, all the
intersections in Fig. 3(b) are not located in one or more
closed loops.
3) Mixed Traffic Network: A mixed traffic network is a

hybrid of closed and unclosed traffic networks. That is, some
intersections are located in one or more closed loops, and
some are not. For example, as illustrated in Fig. 3(c), (1, 2),
(1, 3), (1, 4), (2, 2), (2, 3), and (2, 4) are located in closed
loops 1 or 2 and the rest of intersections are not.

C. INTERSECTION CLASSIFICATION
Based on their locations in the traffic network, intersections
can be divided into three different types: Types I, II, and III.
Type I: intersections that are located in two arterials along
which bandwidth optimization will be conducted, and they
are not located in closed loops. Type II: intersections that are
located in two arterials along which bandwidth optimization
will be conducted, and they are located in one or more
closed loops. Type III: intersections that are only located
in one arterial along which bandwidth optimization will be
conducted. In Fig. 3, the empty circles, the solid circles,
and the empty squares represent intersections that belong
to Types I, II, and III, respectively. The main reason for
classifying intersections is to conveniently describe the phase
sequence constraints (see Section IV).

III. PROBLEM DESCRIPTION
The split phasing is a commonly used phasing scheme for
signalized intersections. The advantages of split phasing have
been elaborated in Section I. However, existing network
bandwidth-based models mostly optimize signal coordination
variables under NEMA phasing and rarely study the network
bandwidth optimization problems systematically under the
split phasing. In addition, the existing network bandwidth-
based models mainly focus on the closed traffic networks but
there are not only closed traffic networks but also unclosed
or mixed traffic networks in the real world. To address these
problems, this paper presents six different network band-
width optimization models, called Models 1–6. In details,

FIGURE 4. Time–space diagram for the proposed models.

Models 1 and 2 can be applied for bandwidth maximization
problems under the split and mixed phasing scheme in closed
traffic networks. The same problems in unclosed and mixed
traffic networks can be solved by applying Models 3 and 4
and Models 5 and 6, respectively.

IV. MODEL FORMULATION
The proposed models are built on traffic networks where
the numbering rules of the intersections are the same as
those shown in Fig. 3. Fig. 4 shows the spatial-temporal
relationships among the signal coordination control parame-
ters and variables of adjacent intersections. Symbols involved
in Fig. 4 are listed in Table 1.

In TABLE 1, g(i,j),K , g(i,j),D, r(i,j),K , r(i,j),D, t(i,j),(i,j+1),
t(i,j),(i,j+1), ε(i,j) and ε(i,j) are input parameters; b(i,j),(i,j+1),
b(i,j),(i,j+1), w(i,j), w(i,j),(i,j+1), w(i,j),(i,j+1), and w(i,j+1) are
decision variables. φ(i,j),(i,j+1), φ(i,j),(i,j+1) and �(i,j) are
derived variables. φ(i,j),(i,j+1) can be expressed by input
parameters, r(i,j),K , r(i,j+1),K and t(i,j),(i,j+1), and deci-
sion variables, w(i,j) and w(i,j),(i,j+1). φ(i,j),(i,j+1) can also
be expressed by input parameters, r(i,j),D, r(i,j+1),D and
t(i,j),(i,j+1), and decision variables, w(i,j),(i,j+1) and w(i,j+1).
�(i,j) are intranode offset variable and can be expressed by
0/1 variables, red and green times. Different values of the
0/1 variables can result in different phase sequences.

A. OBJECTIVE FUNCTION
As discussed previously, the objective function of the
developed models can be formulated as

maxB =
M∑

i=1

Ni−1∑

j=1

(
α(i,j),(i,j+1)b(i,j),(i,j+1)

+ α(i,j),(i,j+1)b(i,j),(i,j+1)

)
, (1)

where M is the number of arterials in the traffic networks,
Ni is the number of intersections on the ith arterial,
α(i,j),(i,j+1) is the weighting factor for the outbound band-
width, and α(i,j),(i,j+1) is the weighting factor for the inbound
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TABLE 1. Definitions of key symbols.

bandwidths. The weighting factors can be calculated as
follows:

α(i,j),(i,j+1) = V(i,j+1)

S(i,j+1)

α(i,j),(i,j+1) = V(i,j)

S(i,j)

⎫
⎬

⎭, (2)

where V(i,j+1) [V(i,j)] represents outbound [inbound] through
traffic volumes at (i, j+1) [(i, j)], and S(i,j+1) [S(i,j)] repre-
sents outbound [inbound] through saturation flow rates at
(i, j+1) [(i, j)]. Additionally, the values of α(i,j),(i,j+1) and
α(i,j),(i,j+1) can also be set by traffic engineers based on the
practical control needs.

B. MODEL CONSTRAINTS
1) Bandwidth Ratio Constraints: To avoid the occurrence of
a very small or a near-zero link bandwidth of one direction,
the following constraint should be satisfied:
(
1 − k(i,j),(i,j+1)

)
b(i,j),(i,j+1) ≥ (

1 − k(i,j),(i,j+1)

)
k(i,j),(i,j+1)b(i,j),(i,j+1),

i = 1, . . . ,M; j = 1, . . . ,Ni − 1, (3)

where

k(i,j),(i,j+1) = V(i,j)

V(i,j+1)

. (4)

It should be noted that equation (3) must be replaced by
b(i,j),(i,j+1) = b(i,j),(i,j+1) when k(i,j),(i,j+1) = 1. Similarly, the
values of k(i,j),(i,j+1) can also be specified by traffic engineers
based on the practical control needs.
2) Interference Constraints: To ensure that the left and

right boundaries of a progression band are located within
the green time and do not interfere with the red time, the
corresponding constraints can be expressed as

w(i,j) + b(i,j),(i,j+1) ≤ g(i,j),K

w(i,j),(i,j+1) + b(i,j),(i,j+1) ≤ g(i,j),D − ε(i,j)

w(i,j),(i,j+1) + b(i,j),(i,j+1) ≤ g(i,j+1),K

w(i,j+1) + b(i,j),(i,j+1) ≤ g(i,j+1),D

⎫
⎪⎪⎬

⎪⎪⎭
, (5)

i = 1, . . . ,M; j = 1, . . . ,Ni − 1.

3) Nonnegative Constraints: Based on the definitions of
variables w(i,j), w(i,j),(i,j+1), w(i,j),(i,j+1), w(i,j+1), b(i,j),(i,j+1),
b(i,j),(i,j+1), t(i,j),(i,j+1) and t(i,j),(i,j+1), they should satisfy the
following constraints:

w(i,j) ≥ 0
w(i,j),(i,j+1) ≥ 0
w(i,j),(i,j+1) − ε(i,j+1) ≥ 0
w(i,j+1) ≥ 0
b(i,j),(i,j+1) ≥ 0
b(i,j),(i,j+1) ≥ 0
t(i,j),(i,j+1) ≥ 0
t(i,j),(i,j+1) ≥ 0

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, i = 1, . . . ,M; j = 1, . . . ,Ni − 1.

(6)

4) Arterial Loop Constraints: The arterial loop constraints
arise because all intersections are operated with a common
cycle time. As shown in Fig. 4, the center of the inbound
red time at (i, j), the center of the outbound red time at (i, j),
the center of the inbound red time at (i, j+1) and the center
of the outbound red time at (i, j+1) can form an arterial
loop, which can be mathematically expressed by

φ(i,j),(i,j+1) + �(i,j) + φ(i,j),(i,j+1) − �(i,j+1) = m(i,j),(i,j+1),

(7)

where m(i,j),(i,j+1) is an integer variable that represents an
integer multiple of the common cycle length.
As shown in Fig. 4, variables φ(i,j),(i,j+1) and φ(i,j),(i,j+1)

can be formulated by

φ(i,j),(i,j+1) = 0.5r(i,j),K + w(i,j) + t(i,j),(i,j+1)

− w(i,j),(i,j+1) − 0.5r(i,j+1),K, (8)

φ(i,j),(i,j+1) = 0.5r(i,j),D + w(i,j),(i,j+1) + t(i,j),(i,j+1)

− w(i,j+1) − 0.5r(i,j+1),D. (9)

By substituting (8) and (9) into (7) to eliminate the intern-
ode offsets φ(i,j),(i,j+1) and φ(i,j),(i,j+1), the arterial loop
constraints can be updated to the following equation:
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FIGURE 5. Network closed loops of four intersecting segments.

FIGURE 6. Geometry of network clockwise loop constraint.

0.5
(
r(i,j),K + r(i,j),D

)− 0.5
(
r(i,j+1),K + r(i,j+1),D

)

+ (
w(i,j) + w(i,j),(i,j+1)

)− (
w(i,j),(i,j+1) + w(i,j+1)

)

+ (
t(i,j),(i,j+1) + t(i,j),(i,j+1)

)+ �(i,j) − �(i,j+1) = m(i,j),(i,j+1),

i = 1, . . . ,M; j = 1, . . . ,Ni − 1, (10)

where �(i,j) = �NEMA
(i,j) [�(i,j) = �

Split
(i,j) ] when (i, j) operates

with the NEMA [split] phasing. The formulas for �NEMA
(i,j)

and �
Split
(i,j) are given in the “6) Phase Sequence Constraints”

subsection.
5) Network Loop Constraints: The principle of arterial

loop constraints also applies to network loop constraints. As
shown in Fig. 5, the four intersecting segments form two
closed loops, namely clockwise and anticlockwise loops. The
clockwise loop constraint is equivalent to the anticlockwise
one. Therefore, only the clockwise loop constraint is needed
to be described. According to Fig. 6, the clockwise loop
constraint can be expressed as

φ(m,n),(m,n+1) − �SW
(c+1,e),(m,n+1) + φ(c+1,e),(c+1,e+1)

− �WN
(c+1,e+1),(m+1,f+1) + φ(m+1,f ),(m+1,f+1)

− �NE
(c,d+1),(m+1,f ) + φ(c,d),(c,d+1) − �ES

(c,d),(m,n)

= n(c,d),(c+1,e+1), (11)

where n(c,d),(c+1,e+1) is an integer variable, and �F1F2 (for
simplicity the subscript is dropped) is defined as the time
difference between the center of the red time for F1 (F1={S,
W, N, E}) at an intersection and the nearest center of the red
time for F2 (F2 ={W, N, E, S}) at the same intersection.
It is positive if the center of the red time for F1 is to the
right of the center of the red time for F2. Otherwise, it is
negative. Symbols S, W, N, and E in F1 and F2 represent
the through movement at the south, west, north, and east
approaches, respectively. In addition, note that there is a
sequential one-to-one match between the elements in F1
and those in F2.

Similarly, the internode offset variables in (11) can also
be eliminated, and the network loop constraints can further
be updated to

0.5
(
r(m,n),ST + r(c+1,e),WT + r(m+1,f ),NT + r(c,d),ET

)

− 0.5
(
r(m,n+1),ST + r(c+1,e+1),WT + r(m+1,f+1),NT + r(c,d+1),ET

)

+ (
w(m,n) + w(c+1,e) + w(m+1,f ),(m+1,f+1) + w(c,d),(c,d+1)

)

− (
w(m,n),(m,n+1) + w(c+1,e),(c+1,e+1) + w(m+1,f+1) + w(c,d+1)

)

+ (
t(m,n),(m,n+1) + t(c+1,e),(c+1,e+1) + t(m+1,f ),(m+1,f+1)

+ t(c,d),(c,d+1)

)− �SW
(c+1,e),(m,n+1) − �WN

(c+1,e+1),(m+1,f+1)

− �NE
(c,d+1),(m+1,f ) − �ES

(c,d),(m,n)

= n(c,d),(c+1,e+1), c ∈ {1, . . . ,M},m ∈ {1, . . . ,M}, d ∈ {1, . . . ,Nc},
n ∈ {1, . . . ,Nm}, e ∈ {1, . . . ,Nc+1

}
, f ∈ {1, . . . ,Nm+1

}
. (12)

Similarly, �F1F2 = �NEMA,F1F2 [�F1F2 = �Split,F1F2]
when an intersection operates with the NEMA [split] phas-
ing. The general formulas of �NEMA,F1F2 and �Split,F1F2

are also given in the “6) Phase Sequence Constraints”
subsection.
6) Phase Sequence Constraints: Phase sequences can be

optimized by giving general formulas for the variables � and
�(for simplicity, the superscripts and subscripts are dropped)
due to their close relation to the phase sequences. The general
formulas can be developed by introducing 0/1 variables. It is
noticeable that the intersections of different types have differ-
ent numbers of � and �. For the convenience of describing
the phase sequence constraints, suppose that subscripts (p, q)
and (r, s) of � in this subsection represent the intersection
located in the W-E and S-N arterials, respectively.
A) General Formulas for �NEMA

(p,q) and �NEMA
(r,s) for

Intersection of Type I: In the light of the MAXBAND [4] or
MULTIBAND [5] model, the general formulas for �NEMA

(p,q)

and �NEMA
(r,s) for an intersection of Type I are expressed by

�NEMA
(p,q) = y(p,q)g

NEMA
(p,q),WL − 0.5gNEMA

(p,q),WL

− z(p,q)g
NEMA
(p,q),EL + 0.5gNEMA

(p,q),EL, (13)

�NEMA
(r,s) = y(r,s)g

NEMA
(r,s),SL − 0.5gNEMA

(r,s),SL

− z(r,s)g
NEMA
(r,s),NL + 0.5gNEMA

(r,s),NL, (14)

where y(p,q), z(p,q), y(r,s), and z(r,s) are 0/1 variables through
which the phase sequence can be optimized, which can be
seen in Table 2.
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TABLE 2. Relationships between 0/1 variables and phase sequences in NEMA
phasing for an intersection of type I.

TABLE 3. Formulas for �
Split
(p,q) and �

Split
(r,s) under each phase sequence in split phasing.

It should be noted that the determination of the optimal
phase sequences in the W-E and S-N directions is indepen-
dent of each other at an intersection of Type I when the
NEMA phasing is used.
B) General Formulas for �

Split
(p,q) and �

Split
(r,s) for Intersection

of Type I: Based on similar logic to that when deriving
formulas for �NEMA

(p,q) or �NEMA
(r,s) , formulas for �

Split
(p,q) and

�
Split
(r,s) under each phase sequence illustrated in Fig. 2 are

directly shown in Table 3 and their general formulas can be
formulated as

�
Split
(p,q) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

3∑
h=1

(
v(p,q),h − 0.5u(p,q),h

)(
gSplit(p,q),WT + gSplit(p,q),ET

)

+(2v(p,q),3 − u(p,q),3
)
gSplit(r,s),NT, gSplit(r,s),ST ≥ gSplit(r,s),NT

⎡

⎢⎣

2∑
h=1

(
v(p,q),h − 0.5u(p,q),h

)

+ (
0.5u(p,q),3 − v(p,q),3

)

⎤

⎥⎦
(
gSplit(p,q),WT + gSplit(p,q),ET

)

+ (
u(p,q),3 − 2v(p,q),3

)
gSplit(r,s),ST, gSplit(r,s),ST < gSplit(r,s),NT

,

(15)

TABLE 4. Relationships between 0/1 variables and phase sequences in split phasing
for an intersection of type I.

�
Split
(r,s) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

3∑
h=1

(−1)h+1(v(r,s),h − 0.5u(r,s),h
)(
gSplit(r,s),ST + gSplit(r,s),NT

)

+(2v(r,s),3 − u(r,s),3
)
gSplit(p,q),WT, gSplit(p,q),ET ≥ gSplit(p,q),WT⎡

⎣

(
v(r,s),1 − 0.5u(r,s),1

)

+
3∑

h=2

(
0.5u(r,s),h − v(r,s),h

)

⎤

⎦
(
gSplit(r,s),ST + gSplit(r,s),NT

)

+(u(r,s),3 − 2v(r,s),3
)
gSplit(p,q),ET, gSplit(p,q),ET < gSplit(p,q),WT

.

(16)

Furthermore, 0/1 variables in (15) and (16) should sat-
isfy the following constraints to exclude the ineligible 0/1
combinations:

3∑
h=1

u(p,q),h = 1

3∑
h=1

u(r,s),h = 1

u(p,q),h − v(p,q),h ≥ 0,∀h ≤ 3
u(r,s),h − v(r,s),h ≥ 0,∀h ≤ 3

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

. (17)

It is easy to see that phase sequences in the W-E and S-N
directions are not independent at an intersection of Type I
when the split phasing is used. That is, there should be a
mutual phase sequence constraint to ensure that the optimal
phase sequence obtained in the W-E direction is the same
as that obtained in the S-N direction. The mutual phase
sequence constraint can be described by

u(p,q),h = u(r,s),h,∀h ≤ 3
v(p,q),h = v(r,s),h,∀h ≤ 3

}
. (18)

Table 4 shows how the introduced 0/1 variables select
the optimal phase sequence in the split phasing for an
intersection of Type I.
C) General Formulas for �NEMA

(p,q) , �NEMA
(r,s) and � for

Intersection of Type II: It is easy to see that under the NEMA
phasing, the phase sequences in the W-E and S-N direc-
tions are interdependent with each other at an intersection
of Type II. In other words, the optimal phase sequences are
simultaneously determined by �NEMA

(p,q) , �NEMA
(r,s) , and �.

The general formulas for �NEMA
(p,q) and �NEMA

(r,s) for an
intersection of Type II can be expressed by

VOLUME 4, 2023 761



JING et al.: BANDWIDTH-BASED TRAFFIC SIGNAL COORDINATION MODELS

�NEMA
(p,q) =

4∑

h=1

(
y(p,q)(r,s),h − 0.5z(p,q)(r,s),h

)(
gNEMA
(p,q),WL + gNEMA

(p,q),EL

)

+
8∑

h=5

(
y(p,q)(r,s),h − 0.5z(p,q)(r,s),h

)(
gNEMA
(p,q),WL − gNEMA

(p,q),EL

)
, (19)

�NEMA
(r,s) =

⎡

⎢⎢⎣

1,5∑
h

(
y(p,q)(r,s),h − 0.5z(p,q)(r,s),h

)
+

2,6∑
h

(
0.5z(p,q)(r,s),h − y(p,q)(r,s),h

)

⎤

⎥⎥⎦
(
gNEMA
(r,s),SL + gNEMA

(r,s),NL

)

+

⎡

⎢⎢⎣

3,7∑
h

(
y(p,q)(r,s),h − 0.5z(p,q)(r,s),h

)
+

4,8∑
h

(
0.5z(p,q)(r,s),h − y(p,q)(r,s),h

)

⎤

⎥⎥⎦
(
gNEMA
(r,s),SL − gNEMA

(r,s),NL

)
.

(20)

The general formulas for �
NEMA,NE
(p,q),(r,s) , �

NEMA,SW
(p,q),(r,s) ,

�
NEMA,WN
(p,q),(r,s) , and �

NEMA,ES
(p,q),(r,s) for an intersection of Type II

can be expressed, respectively, by

�
NEMA,NE
(p,q),(r,s) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2,4,6,8∑
h

(
z(p,q)
(r,s),h − 2y(p,q)

(r,s),h

)( 0.5rNEMA
(r,s),NT−

0.5rNEMA
(p,q),ET + gNEMA

(r,s),NT

)

+
1,3,5,7∑

h

(
z(p,q)
(r,s),h − 2y(p,q)

(r,s),h

)( 0.5rNEMA
(r,s),NT+

0.5rNEMA
(p,q),ET − gNEMA

(p,q),WL

)
,

gNEMA
(r,s),SL ≤ gNEMA

(p,q),WL

2,4,6,8∑
h

(
z(p,q)
(r,s),h − 2y(p,q)

(r,s),h

)( 0.5rNEMA
(r,s),NT−

0.5rNEMA
(p,q),ET + gNEMA

(r,s),NT

)

+
1,3,5,7∑

h

(
2y(p,q)

(r,s),h − z(p,q)
(r,s),h

)( 0.5rNEMA
(r,s),NT+

0.5rNEMA
(p,q),ET − gNEMA

(r,s),SL

)
,

gNEMA
(r,s),SL > gNEMA

(p,q),WL

,

(21)

�
NEMA,SW
(p,q),(r,s) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡

⎢⎢⎣

2,3∑
h

(
2y(p,q)(r,s),h − z(p,q)(r,s),h

)

+
5,8∑
h

(
z(p,q)(r,s),h − 2y(p,q)(r,s),h

)

⎤

⎥⎥⎦

(
0.5rNEMA

(r,s),ST−
0.5rNEMA

(p,q),WT + gNEMA
(r,s),ST

)

+

⎡

⎢⎢⎣

1,4∑
h

(
2y(p,q)(r,s),h − z(p,q)(r,s),h

)

+
6,7∑
h

(
z(p,q)(r,s),h − 2y(p,q)(r,s),h

)

⎤

⎥⎥⎦

(
0.5rNEMA

(r,s),ST+
0.5rNEMA

(p,q),WT − gNEMA
(p,q),EL

)
,

gNEMA
(r,s),NL ≤ gNEMA

(p,q),EL⎡

⎢⎢⎣

2,3∑
h

(
2y(p,q)(r,s),h − z(p,q)(r,s),h

)

+
5,8∑
h

(
z(p,q)(r,s),h − 2y(p,q)(r,s),h

)

⎤

⎥⎥⎦

(
0.5rNEMA

(r,s),ST−
0.5rNEMA

(p,q),WT + gNEMA
(r,s),ST

)

+

⎡

⎢⎢⎣

1,4∑
h

(
z(p,q)(r,s),h − 2y(p,q)(r,s),h

)

+
6,7∑
h

(
2y(p,q)(r,s),h − z(p,q)(r,s),h

)

⎤

⎥⎥⎦

(
0.5rNEMA

(r,s),ST+
0.5rNEMA

(p,q),WT − gNEMA
(r,s),NL

)
,

gNEMA
(r,s),NL > gNEMA

(p,q),EL

,

(22)

�
NEMA,WN
(p,q),(r,s) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡

⎢⎢⎣

1,3∑
h

(
z(p,q)(r,s),h − 2y(p,q)(r,s),h

)
+

6,8∑
h

(
2y(p,q)(r,s),h − z(p,q)(r,s),h

)

⎤

⎥⎥⎦

(
0.5rNEMA

(p,q),WT−
0.5rNEMA

(r,s),NT + gNEMA
(p,q),WT

)

+

⎡

⎢⎢⎣

2,4∑
h

(
z(p,q)(r,s),h − 2y(p,q)(r,s),h

)

+
5,7∑
h

(
2y(p,q)(r,s),h − z(p,q)(r,s),h

)

⎤

⎥⎥⎦

(
0.5rNEMA

(p,q),WT+
0.5rNEMA

(r,s),NT − gNEMA
(p,q),EL

)
,

gNEMA
(r,s),SL ≤ gNEMA

(p,q),EL
⎡

⎢⎢⎣

1,3∑
h

(
z(p,q)(r,s),h − 2y(p,q)(r,s),h

)

+
6,8∑
h

(
2y(p,q)(r,s),h − z(p,q)(r,s),h

)

⎤

⎥⎥⎦

(
0.5rNEMA

(p,q),WT−
0.5rNEMA

(r,s),NT + gNEMA
(p,q),WT

)

+

⎡

⎢⎢⎣

2,4∑
h

(
2y(p,q)(r,s),h − z(p,q)(r,s),h

)

+
5,7∑
h

(
z(p,q)(r,s),h − 2y(p,q)(r,s),h

)

⎤

⎥⎥⎦

(
0.5rNEMA

(p,q),WT+
0.5rNEMA

(r,s),NT − gNEMA
(r,s),SL

)
,

gNEMA
(r,s),SL > gNEMA

(p,q),EL

,

(23)

�
NEMA,ES
(p,q),(r,s) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1,4,5,8∑
h

(
2y(p,q)

(r,s),h − z(p,q)
(r,s),h

)( 0.5rNEMA
(p,q),ET−

0.5rNEMA
(r,s),ST + gNEMA

(p,q),ET

)

+
2,3,6,7∑

h

(
z(p,q)
(r,s),h − 2y(p,q)

(r,s),h

)( 0.5rNEMA
(p,q),ET+

0.5rNEMA
(r,s),ST − gNEMA

(r,s),NL

)
,

gNEMA
(p,q),WL ≤ gNEMA

(r,s),NL
1,4,5,8∑

h

(
2y(p,q)

(r,s),h − z(p,q)
(r,s),h

)( 0.5rNEMA
(p,q),ET−

0.5rNEMA
(r,s),ST + gNEMA

(p,q),ET

)

+
2,3,6,7∑

h

(
2y(p,q)

(r,s),h − z(p,q)
(r,s),h

)( 0.5rNEMA
(p,q),ET+

0.5rNEMA
(r,s),ST − gNEMA

(p,q),WL

)
,

gNEMA
(p,q),WL > gNEMA

(r,s),NL

.

(24)

The 0/1 variables in (19)–(24) should further satisfy
the following constraints to exclude the ineligible 0/1
combinations:

8∑
h=1

z(p,q)(r,s),h = 1

z(p,q)(r,s),h − y(p,q)(r,s),h ≥ 0,∀h ≤ 8

⎫
⎪⎬

⎪⎭
. (25)

Table 5 shows how the introduced 0/1 variables select the
optimal phase sequence at an intersection of Type II under
the NEMA phasing.
As illustrated in Fig. 1, there are four different phase

sequences for both the W-E and S-N directions under
the NEMA phasing, which leads to 16 different phase
sequences at an intersection of Type II. The 16 different
phase sequences are shown in Table 5. The first and second
numbers in parenthesis in Table 5 represent the number of
the phase sequence in Fig. 1(a) and (b), respectively.
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TABLE 5. Relationships between 0/1 variables and phase sequences in NEMA
phasing for an intersection of type II.

D) General Formulas for �
Split
(p,q), �

Split
(r,s) and � for

Intersection of Type II: Similarly, when the split phasing
is used, the optimal phase sequences of an intersection of
Type II are determined concurrently by �

Split
(p,q), �

Split
(r,s) and �.

Their general formulas can be expressed by

�
Split
(p,q) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

3∑
h=1

(
v(p,q)(r,s),h − 0.5u(p,q)

(r,s),h

)(
gSplit(p,q),WT + gSplit(p,q),ET

)

+
(

2v(p,q)(r,s),3 − u(p,q)
(r,s),3

)
gSplit(r,s),NT, gSplit(r,s),ST ≥ gSplit(r,s),NT⎡

⎢⎣

2∑
h=1

(
v(p,q)(r,s),h − 0.5u(p,q)

(r,s),h

)

+
(

0.5u(p,q)
(r,s),3 − v(p,q)(r,s),3

)

⎤

⎥⎦
(
gSplit(p,q),WT + gSplit(p,q),ET

)

+
(
u(p,q)
(r,s),3 − 2v(p,q)(r,s),3

)
gSplit(r,s),ST, gSplit(r,s),ST < gSplit(r,s),NT

,

(26)

�
Split
(r,s) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

3∑
h=1

(−1)h+1
(
v(p,q)(r,s),h − 0.5u(p,q)

(r,s),h

)(
gSplit(r,s),ST + gSplit(r,s),NT

)

+
(

2v(p,q)(r,s),3 − u(p,q)
(r,s),3

)
gSplit(p,q),WT, gSplit(p,q),ET ≥ gSplit(p,q),WT⎡

⎢⎣

(
v(p,q)(r,s),1 − 0.5u(p,q)

(r,s),1

)

+
3∑

h=2

(
0.5u(p,q)

(r,s),h − v(p,q)(r,s),h

)

⎤

⎥⎦
(
gSplit(r,s),ST + gSplit(r,s),NT

)

+
(
u(p,q)
(r,s),3 − 2v(p,q)(r,s),3

)
gSplit(p,q),ET, gSplit(p,q),ET < gSplit(p,q),WT

.

(27)

The general formulas for �
Split,SW
(p,q),(r,s), �

Split,WN
(p,q),(r,s),

�
Split,NE
(p,q),(r,s), and �

Split,ES
(p,q),(r,s)for an intersection of Type II can

be expressed, respectively, by

�
Split,SW
(p,q),(r,s) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

3∑
h=1

(
v(p,q)(r,s),h − 0.5u(p,q)

(r,s),h

)(
gSplit(r,s),ST + gSplit(p,q),WT

)

+
(

2v(p,q)(r,s),1 − u(p,q)
(r,s),1

)
gSplit(r,s),NT, gSplit(p,q),ET ≥ gSplit(r,s),NT⎡

⎢⎣

(
0.5u(p,q)

(r,s),1 − v(p,q)(r,s),1

)

+
3∑

h=2

(
v(p,q)(r,s),h − 0.5u(p,q)

(r,s),h

)

⎤

⎥⎦
(
gSplit(r,s),ST + gSplit(p,q),WT

)

+
(
u(p,q)
(r,s),1 − 2v(p,q)(r,s),1

)
gSplit(p,q),ET, gSplit(p,q),ET < gSplit(r,s),NT

,

(28)

�
Split,WN
(p,q),(r,s) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡

⎢⎣

(
0.5u(p,q)

(r,s),1 − v(p,q)(r,s),1

)

+
3∑

h=2

(
v(p,q)(r,s),h − 0.5u(p,q)

(r,s),h

)

⎤

⎥⎦
(
gSplit(p,q),WT + gSplit(r,s),NT

)

+
(

2v(p,q)(r,s),2 − u(p,q)
(r,s),2

)
gSplit(p,q),ET, gSplit(r,s),ST ≥ gSplit(p,q),ET⎡

⎢⎣

2∑
h=1

(
0.5u(p,q)

(r,s),h − v(p,q)(r,s),h

)

+
(
v(p,q)(r,s),3 − 0.5u(p,q)

(r,s),3

)

⎤

⎥⎦
(
gSplit(p,q),WT + gSplit(r,s),NT

)

+
(
u(p,q)
(r,s),2 − 2v(p,q)(r,s),2

)
gSplit(r,s),ST, gSplit(r,s),ST < gSplit(p,q),ET

,

(29)

�
Split,NE
(p,q),(r,s) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

3∑
h=1

(−1)h+1
(
v(p,q)(r,s),h − 0.5u(p,q)

(r,s),h

)(
gSplit(r,s),NT + gSplit(p,q),ET

)

+
(

2v(p,q)(r,s),1 − u(p,q)
(r,s),1

)
gSplit(p,q),WT, gSplit(r,s),ST ≥ gSplit(p,q),WT⎡

⎢⎣

2∑
h=1

(
0.5u(p,q)

(r,s),h − v(p,q)(r,s),h

)

+
(
v(p,q)(r,s),3 − 0.5u(p,q)

(r,s),3

)

⎤

⎥⎦
(
gSplit(r,s),NT + gSplit(p,q),ET

)

+
(
u(p,q)
(r,s),1 − 2v(p,q)(r,s),1

)
gSplit(r,s),ST, gSplit(r,s),ST < gSplit(p,q),WT

,

(30)

�
Split,ES
(p,q),(r,s) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

3∑
h=1

(−1)h+1
(
v(p,q)(r,s),h − 0.5u(p,q)

(r,s),h

)(
gSplit(p,q),ET + gSplit(r,s),ST

)

+
(
u(p,q)
(r,s),2 − 2v(p,q)(r,s),2

)
gSplit(p,q),WT, gSplit(r,s),NT ≥ gSplit(p,q),WT

3∑
h=1

(
v(p,q)(r,s),h − 0.5u(p,q)

(r,s),h

)(
gSplit(p,q),ET + gSplit(r,s),ST

)

+
(

2v(p,q)(r,s),2 − u(p,q)
(r,s),2

)
gSplit(r,s),NT, gSplit(r,s),NT < gSplit(p,q),WT

.

(31)

The 0/1 variables in (26)–(31) should satisfy the following
constraints to exclude the ineligible 0/1 combinations:

3∑
h=1

u(p,q)
(r,s),h = 1

u(p,q)
(r,s),h − v(p,q)(r,s),h ≥ 0,∀h ≤ 3

⎫
⎪⎬

⎪⎭
. (32)
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TABLE 6. Relationships between 0/1 variables and phase sequences in split phasing
for an intersection of type II.

Table 6 shows how the phase sequences in the split phas-
ing are represented by the 0/1 variables for an intersection
of Type II.
E) General Formulas for �NEMA

(p,q) and �NEMA
(r,s) for

Intersection of Type III: The general formulas for �NEMA
(p,q)

and �NEMA
(r,s) for an intersection of Type III are the same as

those in (13) and (14), respectively.
F) General Formulas for �

Split
(p,q) and �

Split
(r,s) for Intersection

of III: According to Table 3, the general formulas for �
Split
(p,q)

and �
Split
(r,s) for an intersection of Type III are:

�
Split
(p,q) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

2∑

h=1

(
v(p,q),h − 0.5u(p,q),h

)(
g
Split
(p,q),WT + g

Split
(p,q),ET

)

+ (
2v(p,q),2 − u(p,q),2

)
g
Split
(p,q),NT, g

Split
(p,q),ST ≥ g

Split
(p,q),NT

2∑

h=1
(−1)h+1(v(p,q),h − 0.5u(p,q),h

)(
g
Split
(p,q),WT + g

Split
(p,q),ET

)

+ (
u(p,q),2 − 2v(p,q),2

)
g
Split
(p,q),ST, g

Split
(p,q),ST < g

Split
(p,q),NT

,

(33)

where

2∑
h=1

u(p,q),h = 1

u(p,q),h − v(p,q),h ≥ 0,∀h ≤ 2

⎫
⎬

⎭, (34)

�
Split
(r,s) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

2∑
h=1

(
v(r,s),h − 0.5u(r,s),h

)(
gSplit(r,s),ST + gSplit(r,s),NT

)

+ (
2v(r,s),2 − u(r,s),2

)
gSplit(r,s),WT, gSplit(r,s),ET ≥ gSplit(r,s),WT

2∑
h=1

(−1)h+1(v(r,s),h − 0.5u(r,s),h
)(
gSplit(r,s),ST + gSplit(r,s),NT

)

+ (
u(r,s),2 − 2v(r,s),2

)
gSplit(r,s),ET, gSplit(r,s),ET < gSplit(r,s),WT

,

(35)

and

2∑
h=1

u(r,s),h = 1

u(r,s),h − v(r,s),h ≥ 0,∀h ≤ 2

⎫
⎬

⎭. (36)

Table 7 shows how the phase sequences in the split phas-
ing are represented by the 0/1 variables for an intersection

TABLE 7. Relationships between 0/1 variables and phase sequences in split phasing
for an intersection of type III.

of Type III. As shown in Table 7, some two different phase
sequences share the same 0/1 variables, which indicates that
the two phase sequences are equivalent in terms of bandwidth
maximization.
7) Common Cycle Time Constraints: If all the intersections

in the traffic network operate with the split phasing, the
common cycle time constraint can be expressed by

1

CSplit
max

≤ z ≤ 1

CSplit
min

. (37)

where CSplit
min and CSplit

max are the lower and upper limits on the
common cycle time when the split phasing is used, and z
represents the reciprocal of the common cycle time.
If some intersections in the traffic network operate with

the NEMA phasing and the other ones operate with the
split phasing, the common cycle time constraint can be
expressed by

1

min
{
CNEMA

max ,CSplit
max

} ≤ z ≤ 1

max
{
CNEMA

min ,CSplit
min

} . (38)

where CNEMA
min and CNEMA

max are the lower and upper limits on
the common cycle time when the NEMA phasing is used.
In summary, different bandwidth maximization models

can be established by combining the developed objective
function and constraints. Specifically, Models 1 and 2 can,
respectively, maximize the bandwidth in the split and mixed
phasing schemes for closed traffic networks. The same
maximization for unclosed and mixed traffic networks can
be achieved by Models 3 and 4 and Models 5 and 6,
respectively. Models 1–6 can be summarized as follows:
Model 1: (1), (2)
s.t. (3)–(6), (10), (12), (26)–(32), (37);
Model 2: (1), (2)
s.t. (3)–(6), (10), (12), (19)–(32), (38);
Model 3: (1), (2)
s.t. (3)–(6), (10), (15)–(18), (33)–(37);
Model 4: (1), (2)
s.t. (3)–(6), (10), (13)–(18), (33)–(36), (38);
Model 5: (1), (2)
s.t. (3)–(6), (10), (12), (15)–(18), (26)–(37);
Model 6: (1), (2)
s.t. (3)–(6), (10), (12)–(36), (38).
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The objective function and constraints in Models 1–6 are
linear, and some decision variables are required to be inte-
gers; thus, Models 1–6 are mixed-integer linear programming
problems. Note that we consider the most common situations
while summarizing Models 5 and 6. Specifically, there can
be no intersections of Type I in the mixed traffic networks.
If this occurs, the phase sequence constraints (15)–(18) in
Model 5 and (13)–(18) in Model 6 should be removed.

C. MODEL SOLUTION
As stated before, the proposed Models 1–6 are formu-
lated as mixed-integer linear programming problems and
can be solved by the branch-and-bound algorithm. Common
optimization software, such as Linear Interactive and General
Optimizer (LINGO), has the built-in branch-and-bound algo-
rithm to solve mixed-integer linear programming problems.
Therefore, the proposed Models 1–6 can be solved by
LINGO software, and there is no need to develop a
customized algorithm to solve the proposed models.

V. NUMERICAL EXAMPLE
In this section, three different cases (referred to as Cases
I, II, and III) were designed, and each case had two test
scenarios. The six test scenarios are referred to as Tests 1,
2, 3, 4, 5, and 6, which were used to verify Models 1, 2, 3, 4,
5, and 6, respectively. The optimization software LINGO was
used to solve the presented models to yield the coordination
plan for each test. The optimization software ran on a laptop
computer with a 2.6GHz i7-10750H CPU, 16GB of RAM,
and the 64-bit Windows 10 operating system.

A. BASIC PARAMETERS
The test traffic networks in Cases I, II, and III were closed,
unclosed, and mixed networks, respectively, and they are
illustrated in Fig. 7(a), (b), and (c). For simplicity, a part
of the closed traffic network and the whole unclosed traf-
fic network were extracted from the mixed traffic network,
which means some intersections in the three traffic networks
shared the same basic parameters. The traffic volume for
each movement at each intersection is shown in Table 8.
Symbols LT, TH, and RT in Table 8 represent the left-turn,
through, and right-turn movements, respectively. There were
three lanes on each approach at each intersection. The lane
near the road centerline was divided into an exclusive left-
turn lane and a shared left-through lane under conditions
in which the intersection operated with the NEMA and the
split phasing. The remaining two lanes were divided into a
through lane and an exclusive right-turn lane, respectively,
regardless of which phasing schemes were adopted. When
the mixed phasing scheme was used in the traffic networks,
intersections operating with the split phasing are listed as
follows: (1, 2), (1, 4), (2, 1), (8, 2), and (8, 3) in Case I;
(1, 2), (1, 4), (3, 2), (3, 4), (4, 2), and (5, 3) in Case II; and
(1, 2), (1, 4), (2, 1), (3, 2), (3, 4), and (4, 2) in Case III.
It was assumed that the outbound and inbound link distances

(c)

(b)

(a)

FIGURE 7. Test traffic networks. (a) Case I. (b) Case II. (c) Case III.

were the same, as were the progression speeds. Furthermore,
it was assumed that there are no initial queues on all links.
The link distances are shown in Fig. 7, and the progression
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TABLE 8. Traffic volumes at each intersection (pcu/h).

TABLE 9. Green time information at each intersection (cycles).

speeds of all the links were set to be 12.5 m/s. The saturation
flow rate was assumed to be 1800 pcu/h/lane.

B. MODEL SOLUTIONS
1) Green Time (in Cycles) Calculation: The green times for
the left-turn and through movements at each intersection
were calculated based on the traffic volumes shown in

Table 8 and the phasing schemes adopted. The computed
results of the green times are shown in Table 9. Note that
the first value in a cell in Table 9 is the green time when the
NEMA phasing was used, and the second value is the green
time when the split phasing was used if there are two values
in a cell. Then, the red times (in cycles) for the left-turn and
through movements can be easily obtained.
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TABLE 10. Lower and upper limits on common cycle time (s).

2) Common Cycle Time Calculation: The cycle time for
an intersection can be computed by:

C = L

1 − Y
X

, (39)

where L is the total lost time, Y is the total ratio of the
volume to the saturation flow rate, and X is the v/c ratio.
This study assumed L equaled 12 s and that the v/c ratio
was in the range of 0.9 to 0.95.
By using (39), the lower and upper limits on the

cycle time for an intersection can be easily obtained.
Then, the lower limit on the common cycle time was
max{Cpmin,(1,1), . . . ,C

p
min,(M,Ni)

} and the upper limit on it
was min{Cpmax,(1,1), . . . ,C

p
max,(M,Ni)

}. Symbol p represents
the phasing schemes: the NEMA or the split phasing.
Cpmin,(i,j) and Cpmax,(i,j) are the lower and upper limits for
(i, j). Therefore, the lower and upper limits on the common
cycle time for traffic networks in Cases I, II and III are
shown in Table 10.
3) Coordination Plan Generation: The coordination plans

of Tests 1, 2, 3, 4, 5, and 6 were generated by Models 1, 2,
3, 4, 5, and 6, respectively, and they are shown in Table 11.
According to the LINGO solution reports, it was known that
the global optimal solution for each test was found. In terms
of computation time, the minimum and maximum computa-
tion time were 0.8 s and 212.47 s, respectively, which means
that the optimal coordination plan was obtained in less 4 min-
utes, which was perfectly acceptable. In more detail, the
computation time of test 5 was larger than those of the five
other tests, which was because it had the largest number of
constraints.
The values of the key variables, the bandwidth, sequence,

and common cycle time were directly obtained from the
LINGO solution reports, and they are shown in Table 11.
However, the offset could not be directly obtained. In this
study, offset is defined as the time difference between the
beginning of the outbound green time at (i, j) and that at (i,
j+1). According to the definition, the offset can be computed
by w(i,j) + t(i,j),(i,j+1) −w(i,j),(i,j+1), and the computed results
are also displayed in Table 11.
The ratios (measured as percentages) of the outbound

[inbound] bandwidths obtained from the LINGO solution
reports to the outbound [inbound] theoretical bandwidths
were computed, and their results are shown in parenthesis
in Table 11. The outbound [inbound] theoretical bandwidth
is defined as the minimum green time between adjacent
intersections in the outbound [inbound]. As shown in
Table 11, the ratios greater than or equal to 80% in Tests

1, 2, 3, 4, 5, and 6 accounted for 83.3%, 100.0%, 90.0%,
100.0%, 90.0%, and 93.3%, respectively.

C. CORRECTNESS VERIFICATION
The correctness of Models 1–6 was verified by using
the time–space diagram. The principle of the correctness
verification is described as follows.
Based on the values of b(i,j),(i,j+1), b(i,j),(i,j+1), w(i,j),

w(i,j),(i,j+1), w(i,j),(i,j+1), t(i,j),(i,j+1), and t(i,j),(i,j+1), the phase
sequences, the common cycle times from the LINGO solu-
tion reports, as well as the green time information from
Table 9, we can also display the coordination plans in the
format of a time–space diagram. One can see that the fourth
interference variable w(i,j+1) was not used in the process of
drawing the time–space diagram. This was because that the
three interference variables, namely w(i,j), w(i,j),(i,j+1), and
w(i,j),(i,j+1) were sufficient to finish the time–space diagram.
In other words, a new fourth interference variable can be
obtained from the time–space diagram, and it is denoted as
wDraw

(i,j+1). w
Draw
(i,j+1) is defined as the time from the left side

of the inbound red time at (i, j+1) to the right side of
the corresponding inbound bandwidth. wDraw

(i,j+1) is positive
if the right side of the inbound bandwidth is to the left
of the left side of the inbound red time, otherwise it is
negative. At this point, there were two different values for
the fourth interference variable: one was wDraw

(i,j+1) obtained
from the time–space diagram, and the other was the theoret-
ical value w(i,j+1) obtained from the LINGO solution report.
Therefore, it is natural to think that the absolute difference
between wDraw

(i,j+1) and w(i,j+1) can be a new index to verify the
correctness of Models 1–6. The results of the new index are
shown in Table 12. Notice that the time–space diagrams in
this study were drawn using the Microsoft Visio software.
Four digits after the decimal point can be retained in the
software, which can fully satisfy the precision requirements
for correctness verification. Additionally note that, for sim-
plicity, the bandwidths were rounded to one decimal place
in Table 11. However, they were rounded to four decimal
places while drawing the time–space diagrams to ensure the
precision. In addition, it is common that the green and red
times must be integers, and therefore, they were rounded to
zero decimal places while drawing the time–space diagrams.
As shown in Table 12, the minimum and maximum values

of the absolute difference were 0 and 0.9697, respectively.
It is well known that the increase or decrease in the green
(red) time must be integers and are at least 1 s. From this
perspective, all the absolute differences were very small,
which indicated that all the proposed models are correct. The
absolute differences are due to the rounding of the common
cycle time, the green time, and the red time.

D. SIMULATION COMPARISON
The traffic simulation software VISSIM was utilized to com-
pare the performance of MULTIBAND-96 and Models 1 and
2. It is worth noting that MULTIBAND-96 mainly optimizes
bandwidths in closed traffic networks, as do Models 1 and 2.
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TABLE 11. (a) Coordination plans for tests 1 and 2 generated by models 1 and 2, respectively. (b) Coordination plans for tests 3 and 4 generated by models 3 and 4,
respectively. (c) The coordination plans for tests 5 and 6 generated by models 5 and 6, respectively.

Therefore, the above three models were compared. The
coordination plan for the closed traffic network illustrated
in Fig. 7(a), which was yielded by MULTIBAND-96, is

shown in Table 13. The measures of effectiveness (MOEs)
included the average delay time and the average number of
stops. To avoid randomness, each scenario was simulated
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TABLE 12. (a) Results of the absolute difference for case I. (b) Results of the
absolute difference for case II. (c) Results of the absolute difference for case III.

for ten replications using different random seeds. The start-
ing random seed and the increment were set to 42 and 10,
respectively. MOEs were obtained by averaging the 10 sim-
ulation results and they are summarized in Table 14. The
percentages in the parentheses in Table 14 represent the
increase or decrease in the MOEs compared with those of the
MULTIBAND-96 plans. In detail, Table 14 (a) and (b) shows

TABLE 13. Coordination plans generated by MULTIBAND-96.

the average delay time and the average number of stops,
respectively, on each link and Table 14 (c) shows the MOEs
of the entire traffic network.
From Table 14 (a) and (b), it can be observed that the

signal coordination plan generated by Model 1 resulted in
smaller average delay time on all links and smaller average
number of stops on all links except for the one between
intersections (2, 1) and (2, 2). In terms of the MOEs of
the entire traffic network, Model 1 plan produced smaller
average delay time and smaller average number of stops.
When the performance of the Model 2 plan was examined,
the average delay time and the average number of stops
produced by the Model 2 plan were smaller on some links
but larger on other links. At the same time, when checked
at the entire traffic network level, the Model 2 plan resulted
in larger average delay time but slightly smaller average
number of stops. According to the above analysis, one may
conclude that Model 1 outperformed MUTIBAND-96, but
the same conclusion could not be drawn for Model 2 in terms
of the performance measures, which indicated that the split
phasing scheme outperformed the existing NEMA phasing
scheme in reducing the average delay time and the average
number of stops.

VI. CONCLUSION
A group of bandwidth optimization models (referred to as
Models 1–6) for split or mixed phasing schemes in differ-
ent types of traffic networks has been proposed. Specifically,
Models 1 and 2 maximized the network bandwidth when the
split and mixed phasing schemes were used in closed traffic
networks. Models 3 and 4 and Models 5 and 6 achieved
the same results in unclosed and mixed traffic networks,
respectively. Each model concurrently optimized the phase
sequences, offsets and common cycle times. In addition,
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TABLE 14. (a) Comparison of average delay time on each link. (b) Comparison of
average number of stops on each link. (c) Comparison of MOEs of the entire traffic
network.

Models 1–6 were formulated as mixed-integer linear pro-
gramming problems and that were solved using the branch-
and-bound technique. Finally, we designed three different
cases and proposed a new index to verify the correctness of
Models 1–6. The results of the new index demonstrated that
the proposed models are correct. Furthermore, the simula-
tion results indicated that the split phasing scheme performed
better at reducing the average delay time and the average
number of stops. In this study, it was assumed that the
initial queue clearance times were predetermined, and the
corresponding formulas were not presented. Therefore, future
studies should focus on deriving the formulas describing the
initial queue clearance times.
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