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ABSTRACT Finite-time leader-following consensus problem of second-order multi-agent system (MAS)
with nonlinear dynamics under directed communication topology is investigated in this paper. Based on
the event triggered mechanism, a novel finite-time integral sliding mode control strategy is proposed to
guarantee that the consensus stability of MAS can be reached within the upper limit of the time, which
can be predicted according to the initial state of MAS. The event-triggered condition on the basis of
the defined novel measurement error effectively reduces the energy dissipation of the system and the
update frequency of the controller, and the deduced lower bound expression of the event-triggered time
interval avoids the occurrence of zeno behavior. Numerical simulation results illustrate the effectiveness
and feasibility of the proposed algorithm.

INDEX TERMS Nonlinear, multi-agent system, event-triggered, finite-time, sliding mode control.

I. INTRODUCTION

INRECENT years, with the rapid development of high and
novel technologies such as computers and artificial intel-

ligence, the MAS with parallel computing capabilities and
distributed collaborative control technology has been widely
used in the fields of filters in sensor networks, collaborative
control of drone formations, intelligent transportation and so
on. The MAS interacts with information through the commu-
nication topology, thereby cooperating to complete tasks, so
it has stronger fault tolerance, robustness and scalability [1].
And the information transmission and sharing capabilities
of the system have become important factors affecting the
consensus control of MAS.
In the traditional time-triggered mechanism, Agents

exchange information and update control protocols after a
fixed period of time. Its effectiveness and robustness have
been relatively mature in the 1990s [2], [3], and have

The review of this article was arranged by Associate Editor Chi-Hua
Chen.

been widely used in first-order [4], [5], [6] and second-
order [7], [8], [9] MAS. In an actual MAS, communication
resources such as the bandwidth of the communication
network and the energy of the agent itself are extremely lim-
ited. The traditional periodic sampling mechanism can reduce
the communication frequency of the system to a certain
extent. However, when the system is operating under rela-
tively ideal situations or the states of the system tends to be
consistent, still adopting a fixed time period for information
interaction will inevitably cause the waste of limited com-
munication resources. Therefore, it is necessary to design a
reasonable communication trigger mechanism to economize
limited communication resources, so as to realize the consen-
sus control of MAS. Astrom K.J. proposed an event-triggered
control strategy in the monograph [10], which is differ-
ent from the time-triggered mechanism. The event-triggered
mechanism is a communication trigger mechanism that only
conducts information interaction when it is “needed”, that is,
when the behavior set by the mechanism occurs (such as the
error value of the system state reaches a certain threshold),

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/

570 VOLUME 3, 2022

HTTPS://ORCID.ORG/0000-0001-5646-3950
HTTPS://ORCID.ORG/0000-0001-7340-9606


the system conducts information interaction, control proto-
cols update and other operations. Therefore, the introduction
of the event-triggered mechanism in the consensus control of
MAS can greatly reduce the communication frequency, econ-
omize communication resources and reduce the energy loss
of the agent itself. The control strategy based on the event-
triggered mechanism has become a hotspot of research by
scholars due to its flexibility, intelligence and development
prospects.
The event-triggered mechanism has been applied earlier

in the single agent system. In [11], the injection engine
compressor control protocol based on the event-triggered
mechanism can effectively reduce the update frequency of
the controller. In MAS, Dimarogonas proposed a distributed
event-triggered control protocol in [12], in which each agent
updates the control protocol at its own event-triggered time,
but needs to consider the state of the neighbor agent at the
latest trigger time.In order to further economize communi-
cation resources and reduce the event-triggered frequency,
the dynamic event-triggered mechanism starts from another
angle and introduces internal dynamic variables on the basis
of static event-triggered control, such as [13].
Another key factor that affects the consensus control of

MAS is the convergence time. The asymptotic consensus of
the system means that the state of the agent tends to be con-
sistent when time tends to infinity, so the convergence speed
cannot be guaranteed, such as the asymptotic consensus con-
trollers in [5], [6], [7]. However, the finite-time consensus
can make the system state consistent in a predictable time
according to the initial conditions. It has greater research
significance due to its faster convergence speed and better
anti-interference performance, for example [8], [9]. In order
to reduce the number of updates of the system while ensuring
the convergence speed of the MAS, the finite-time con-
sensus problem based on event-triggered mechanism under
the fixed topology and switching topology respectively was
studied [14], and reference [15] discussed the finite-time con-
sensus problem based on event-triggered mechanism under
the directed communication topology. However, in practical
MAS, there is often the influence of nonlinear dynamics.
Literature [16] designed a distributed finite-time consensus
controller for the second-order nonlinear MAS under undi-
rected communication topology, and reference [17] proposed
a finite-time sliding mode algorithm with faster conver-
gence speed for the consensus problem of second-order
nonlinear MAS under directed network topology, but the
controllers designed in [16], [17] did not possess the event-
triggered mechanism that could economize communication
resources. For two situations of leader and no leader, two
non-linear event-triggered control strategies were proposed
for the finite-time consensus problem under the undirected
network topology in [18]. Due to the robustness of the
sliding mode control for model uncertainty and external
interference, in [19], a finite-time integral sliding mode con-
trol method was proposed to solve the consensus problem
of second-order MAS with disturbances. Compared with the

reference [19], not only a finite-time integral sliding mode
control algorithm is utilized to eliminate the influence of
bounded disturbances for the consensus problem of first-
order MAS, but also the event-triggered mechanism was
introduced in the controller [20].
If the event is triggered infinitely many times within a

finite time, the phenomenon is called zeno behavior [21].
In the research of event-triggered strategy, a key task is to
exclude zeno behavior. At present, there are two main ways
to eliminate the occurrence of zeno behavior. One is that a
fixed positive lower bound proved existing in time interval
between any two adjacent event-triggered moments. For
example, the event-triggered strategy combined with peri-
odic sampling proposed only detected events at the sampling
point [22], so the event-triggered time only occurs at the
sampling point, and reference [23] proposed a non-periodic
intermittent detection event-triggered condition ensuring that
the time interval of the event-triggered moment is a fixed
constant number. Another way is that proving that zeno
behavior does not exist is the method of proof by contra-
diction. First assume that there is zeno behavior, then there
is a convergence point in the sequence of event-triggered
moments (the limit value of the event-triggered moment is
a fixed normal number), and then prove that this assump-
tion contradicts the inherent nature of the system, excluding
the existence of zeno behavior [24], [25].The application
of event-triggered mechanism in the consensus control of
MAS has achieved certain theoretical results, but most of
the theoretical researches focus on the first-order MAS. In
the second-order MAS, not only including the consensus of
the position, but also the consensus of the speed, so it is
more complicated and more difficult. In [26], a necessary
condition for solving the consensus problem of second-order
MAS is that the directed graph has a directed spanning tree.
Finite-time event-triggered sliding mode control for one-
sided Lipschitz nonlinear systems was investigated in [27],
an observer-based sliding mode controller was utilized and
LMIs was also used to get some sufficient conditions for
finite time stability.
Motivated by the aforementioned works, event-triggered

mechanism is utilized in the finite-time consensus control
for second-order MAS. A novel event-triggered function is
proposed for the designed finite-time event-triggered con-
troller. The rest of this paper is organized as follows.
Preliminaries including some algebraic knowledge and some
usful lemmas is given in Section II, dynamics of the MAS
is given in Section III, and the problem is proposed. Finite-
time event-triggered controller is proposed in Section IV,
also rigious proof of stablity and no zeno behavior is given.
In Section V, a simulation example is given to illustrate the
property of the proposed algorithm. And conclusion is given
in Section VI.

II. PRELIMINARIES
For a system composed of n agents, it can be represented
by a directed graph G = (V,E,A), where V = {1, 2, . . . ,N}
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is used to describe the collection of agents in system, V =
{(i, j), i, j ∈ V, i �= j} represents the set of edges, and the
weighted adjacency matrix A = (aij) ∈ R

n×n. The directed
edge (i, j) ∈ E means that the agent can receive information
from the agent j, and the direction of information flow is
irreversible. If (i, j) ∈ E then aij > 0 otherwise aij = 0. In
a directed graph G , if there is at least one node that has
a directed path to other nodes, then the graph G contains
a directed spanning tree. The directed path from node i to
node j can be expressed as (i, i1), (i1, i2), . . . , (il, j), where
node ik ∈ V, k = 1, 2, . . . , l. The Laplacian matrix L of
the directed graph G is defined as L = D − A, where D =
diag(d1, . . . , dn), di = ∑n

i=1 aij.
For the MAS composed of one leader agent and n fol-

lower agents, the leader agent is represented by node 0, and
the follower agent is represented by node i(i = 1, . . . , n),
and its communication topology is a directed graph Ḡ. The
communication topology of n follower agents is represented
by a directed graph G is a subgraph of Ḡ. The weight matrix
of the graph Ḡ is L̄ = L+ B. Where B = diag{b1, . . . , bn},
if the follower agent i can receive the status information of
leader agent, then bi > 0, otherwise bi = 0.
Lemma 1 [28]: For the system given by ẋ = f (x), f(0)=0,

x ∈ R
n, If there exists a function V(x) ∈ C

1 defined on a
neighbourhood of the origin such that

1) V(x) is positive definite;
2) V̇(x)+ cVη(x) ≤ 0, where η ∈ (0, 1), c > 0.

Then the origin is locally finite-time stable, and the finite
time T depending on the initial state x(0) is:

T(x(0)) ≤ V1−η(x(0))
c(1 − η)

(1)

Lemma 2 [29]: For the system given by ẋ = f (x),
f (0) = 0, x ∈ R

n, If there exists a function V(x) ∈ C
1

defined on a neighbourhood of the origin such that

1) V(x) is positive definite;
2) V̇(x) + c1Vη(x) + c2V(x) ≤ 0, where η ∈ (0, 1),

c1, c2 > 0.

Then the origin is locally finite-time stable, and the finite
time T depending on the initial state x(0) is:

T(x(0)) ≤ ln
[(
c2V1−η(x(0))+ c1

)
/c1

]

c2(1 − η)
(2)

Lemma 3 [30]: If the directed graph Ḡ of MAS contains
a directed spanning tree, then the matrix L̄ is invertible, and
all its eigenvalues have positive real parts.
Lemma 4 [31]: For xi ∈ R, i = 1, . . . , n, α ∈ (0, 1], then

(

n∑

i=1

|xi|)α ≤
n∑

i=1

|xi|α ≤ n1−α(
n∑

i=1

|xi|)α (3)

For x ∈ R
n, |α| ∈ (0, 1), then

∥
∥xα

∥
∥ ≤ n1−α‖x‖α (4)

III. PROBLEM STATEMENT
A. SYSTEMS DESCRIPTIONS
Considering the second-order nonlinear MAS composed of
one leader agent and n follower agents. The dynamics of
the agent j(i = 1, . . . , n) are described as

ẋi = vi xi ∈ R
m

v̇i = ui + f (xi, vi, t) vi ∈ R
m (5)

where xi, vi, f (xi, vi, t), ui are the position, the velocity, the
unknown nonlinear vector function, and the coupling input
respectively.
The dynamics of the leader is given as below

ẋ0 = v0 xi ∈ R
m

v̇0 = u0 + f (x0, v0, t) vi ∈ R
m (6)

where x0, v0, f (x0, v0, t), u0 are the position, the velocity, the
unknown nonlinear vector function, and the controller of the
leader,respectively.
Assumption 1: The directed graph Ḡ contains a directed

spanning tree.
Assumption 2: There exist non-negative constants μ1 and

μ2, such that

‖f (xi, vi, t)− f (x0, v0, t)‖2 ≤ ρ1‖xi − x0‖2 + ρ2‖vi − v0‖2

B. NOTATION
For any vector ψ = [ψ1, ψ2, . . . , ψn]T ,ψi ∈ R, signum func-
tion sign(ψ) = [sign(ψ1), . . . , sign(ψn)]T , and hyperbolic
tangent function tanh(ψ) = [tanh(ψ1), . . . , tanh(ψn)]T . For
matrix � ∈ R

n×n, then ‖�‖2 = √
λmax(�T�), λmax(•) and

λmin(•) represent the maximum and minimum eigenvalues of
the matrix, respectively. Let Im represents the m-dimensional
unit matrix, and 1m represents the m-dimensional unit vec-
tor. In the following, let “⊗” denotes the Kronecker product,
and “◦” denote the product of the corresponding elements
of two vectors of the same dimension, and let “‖•‖” instead
of “‖•‖2” to denote the 2-norm.

IV. EVENT-TRIGGERED FINITE-TIME SLIDING MODE
CONSENSUS ALGORITHM DESIGN
This section considers the finite-time consensus problem of
the second-order nonlinear MAS, and its directed commu-
nication topology satisfies the Assumption
Define the consensus error of the agent i as

e1i =
n∑

j=1

aij
(
x̄i − x̄j

) + bix̄i

e2i =
n∑

j=1

aij
(
v̄i − v̄j

) + biv̄i (7)

where x̄i and v̄i respectively represent the position track-
ing errors and speed tracking errors of the agent i, and
˙̄x(t) = v̄i(t), which are defined as follows
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x̄i(t) = xi(t)− x0(t)+ di
v̄i(t) = vi(t)− v0(t) (8)

where di ∈ R
m represents the distance expected to main-

tain between the follower agent and the leader agent,
and D = [dT1 , . . . , d

T
n ]T . Let ε1 = [eT11, . . . , e

T
1n]T , ε2 =

[eT21, . . . , e
T
2n]T , X̄ = [x̄T1 , . . . , x̄

T
n ]T , V̄ = [v̄T1 , . . . , v̄

T
n ]T , then

ε1 = (L+ B)⊗ Im · X̄
ε2 = (L+ B)⊗ Im · V̄ (9)

Taking the derivative of (8), we can obtain

ε̇1 = ε2

ε̇2 = (L+ B)⊗ Im · (Ũ + F − 1n ⊗ f0) (10)

where Ũ = [ũT1 , . . . , ũ
T
n ]T, ũi = ui − u0, and F =

[f (x1, v1, t)T, . . . , f (xn, vn, t)T]T. The sliding surface S̄ is
defined as

S̄ = C1 ⊗ Im · sign(ε1)+ C2 ⊗ Im · ε2 + C3 ⊗ Im · ε1 (11)

where C1 = diag(c11, . . . , c1n), C2 = diag(c21, . . . , c2n),
C3 = diag(c31, . . . , c3n), cij > 0, ∀i, j. If β 	 1, then
sign(ε1) ≈ tanh(βε1), and it can be obtained that

S̄ = C1 ⊗ Im · tanh(βε1)+ C2 ⊗ Im · ε2 + C3 ⊗ Im · ε1 (12)

Taking the derivative of (11), we can obtain

˙̄S = C1 ⊗ Im · β
[
(1mn − tanh2(βε1)) ◦ ε2

]

+ [C2 · (L+ B)] ⊗ Im ·
(
Ũ + F − 1n ⊗ f0

)

+ C3 ⊗ Im · ε2 (13)

The integral sliding mode surfaceis S defined as follows

S = S̄−
∫ t

0
Wη(t)dt (14)

where W(t) = −(L+ B)⊗ Im · S̄, and η ∈ (0.5, 1) is strictly
the ratio of positive odd numbers. The derivative of (13) is

Ṡ = ˙̄S−Wη (15)

The event-triggered finite-time sliding mode consensus con-
troller is designed as follows

Ũ(t) = [C2 · (L+ B)]−1 ⊗ Im ·
{
−C1 ⊗ Im · β

[(
1mn

− tanh2(βε1)
)

◦ ε2

]
− C3 ⊗ Im · ε2(tk)

+ Wη(tk)− K1 ⊗ Im · sign(S(tk))

− μ · sign(S(tk))− K2 ⊗ Im · S(tk)
}

(16)

where K1 = diag(k11, . . . , k1n), K2 = diag(k21, . . . , k2n),
kij > 0, ∀i, j, and μ = ‖C2 · (L+B)‖[‖(L+B)−1‖(ρ1‖ε1‖+
ρ2‖ε2‖) + ρ1‖D‖]. For t ∈ [tk, tk+1), tk is the latest event-
triggered time for all follower agents, and the follower agent
only updates the control protocol at the event-triggered time.
Since the leader agent moves independently and its trajectory
is not affected by the follower agents, the leader agent has no

trigger time. The measurement error of the event-triggered
mechanism is defined as

e(t) = C1 ⊗ Im · β
[(

1mn − tanh2(βε1)
)

◦ ε2

−
(
1mn − tanh2(βε1(tk))

)
◦ ε2(tk)

]

+ C3 ⊗ Im · (ε2 − ε2(tk))−Wη +Wη(tk)

+ K1 ⊗ Im · (sign(S)− sign(S(tk)))

+ μ · (sign(S)− sign(S(tk)))

+ K2 ⊗ Im · (S− S(tk)) (17)

Theorem 1: Consider the leader-following second-order
non-linear MAS (5) and (6), the event-trigger error controller
(16) can make the tracking errors converge to zero in finite
time, if the event-triggered function is chosen as

h(t) = ‖e‖ − λmin(K1)− λmin(K2)‖S‖ + δ (18)

where 0 < δ < λmin(K1), and the convergence time T meets

T ≤
√

2V1(0)

δ
+ (2V2(0))

1−η
2

(1 − η)λmin(L+ B)

+
ln

(√
2V3(0)λmin(C

−1
2 C3)/λmin(C

−1
2 C1)+ 1

)

λmin

(
C−1

2 C3

) (19)

where V1, V2 and V3 are the selected Lyapunov functions
which are given in the proof.
When the event-triggered function h(t) ≥ 0, whch means that
‖e‖ − λmin(K1) − λmin(K2)‖S‖ + δ, the event is triggered,
then all followers update the control protocol at the same
time.
Proof: First select the Lyapunov function as

V1 = 1

2
STS (20)

Taking the derivative of (19), substituting (13) and (15)
into it, we can obtain

V̇1 = ST[C2 · (L+ B)] ⊗ Im · (F − 1n ⊗ f0)

+ ST
{
C1 ⊗ Im · β

[(
1mn − tanh2(βε1)

)
◦ ε2

]

+ [C2 · (L+ B)] ⊗ Im · Ũ
+ C3 ⊗ Im · ε2 −Wη

}
(21)

Based (15 and (16)

V̇1 = ST[C2 · (L+ B)] ⊗ Im · (F − 1n ⊗ f0)

+ ST(e− K1 ⊗ Im · sign(S)

− μ · sign(S)− K2 ⊗ Im · S
≤ ‖S‖[‖C2 · (L+ B)‖‖F − 1n ⊗ f0‖ + ‖e‖

− (λmin(K1)+ μ)− λmin(K2)‖S‖
]

(22)

Based on Assumption 2 and the properties of the norm,
we can find that

VOLUME 3, 2022 573



HAN et al.: EVENT-TRIGGERED FINITE-TIME SLIDING MODE CONTROL

‖F − 1n ⊗ f0‖
= ∥

∥(f1 − f0)
T, . . . , (fn − f0)

T]T
∥
∥

≤ ∥
∥(‖f1 − f0‖, . . . , ‖fn − f0‖)T

∥
∥

≤ ‖(ρ1‖x1 − x0‖ + ρ2‖v1 − v0‖, . . . ,
ρ1‖xn − x0‖ + ρ2‖vn − v0‖)T

∥
∥

≤ ‖(ρ1‖x̄1 − d1‖ + ρ2‖v̄1‖, . . . ,
ρ1‖x̄n − dn‖ + ρ2‖v̄n‖)T

∥
∥

≤ ‖[ρ1(‖x̄1‖ + ‖d1‖)+ ρ2‖v̄1‖, . . . ,
ρ1(‖x̄n‖ + ‖dn‖)+ ρ2‖v̄n‖]T

∥
∥

≤ ρ1
∥
∥(‖x̄1‖, . . . , ‖x̄n‖)T

∥
∥ + ρ1

∥
∥(‖d1‖, . . . , ‖dn‖)T

∥
∥

+ ρ2
∥
∥(‖v̄1‖, . . . , ‖v̄n‖)T

∥
∥

≤ ρ1
∥
∥X̄

∥
∥ + ρ2

∥
∥V̄

∥
∥ + ρ1‖D‖

≤
∥
∥
∥(L+ B)−1

∥
∥
∥(ρ1‖ε1‖ + ρ2‖ε2‖)+ ρ1‖D‖ (23)

Hence using (22) and μ = ‖C2 · (L+ B)‖[‖(L+ B)−1

‖(ρ1‖ε1‖ + ρ2‖ε2‖)+ ρ1‖D‖], we have

V1 ≤ ‖S‖(‖e‖ − λmin(K1)− λmin(K2)‖S‖) (24)

When the event-triggered function h(t) ≤ 0, ‖e‖ ≤
λmin(K1)+ λmin(K2)‖S‖ − δ, then

V1 ≤ −δ‖S‖ ≤ −√
2δV

1
2

1 (25)

According to Lemma 1, it can be seen that under the
action of the controller (16), the sliding mode surface S can
realize S = 0 and Ṡ = 0 in finite time, and the convergence
time T1 satisfies

T1 ≤
√

2V1(0)

δ
(26)

Then select the Lyapunov function as

V2 = 1

2
S̄T[(L+ B)⊗ Im]T[(L+ B)⊗ Im]S̄ (27)

Let pi = ∑
j∈ni aij(s̄i − s̄j) + bis̄i, P = [pT1 , . . . , p

T
n ]T =

(L+ B)⊗ Im · S̄, then
V2 = 1

2
PTP (28)

When Ṡ = 0, then ˙̄S = Wη = −[(L + B) ⊗ Im · S̄]η, and
taking the derivative of (27), we can obtain

V̇2 = −PT[(L+ B)⊗ Im][(L+ B)⊗ Im · S̄]η

= −PT[(L+ B)⊗ Im]Pη

≤ −λmin(L+ B)PTPη (29)

Since the positive odd ratio parameter η ∈ (0.5, 1), and
combined with Lemma 4, we know

V̇2 ≤ −λmin(L+ B)(
mn∑

i=1

|pi|1+η)

≤ −λmin(L+ B)(‖P‖2)
1+η

2

≤ −2
1+η

2 λmin(L+ B)V
1+η

2
2 (30)

According to Lemma 1, under the action of the controller
(16), the state of the system can reach and remain on the
sliding mode surface S̄ = 0 within finite time, and the
convergence time T2 satisfies

T2 ≤ (2V2(0))
1−η

2

(1 − η)λmin(L+ B)
(31)

Based on (12) and the sliding mode surface S̄ = 0, we can
obtain

ε2 = −
(
C−1

2 C1

)
⊗ Im · sign(ε1)−

(
C−1

2 C3

)
⊗ Im · ε1 (32)

Selecting the Lyapunov function as

V3 = 1

2
εT1 ε1 (33)

Taking the derivative of (33) and substituting (32) into the
derivative, we can obtain

V̇3 = εT1

[
−

(
C−1

2 C1

)
⊗ Im · sign(ε1)

−
(
C−1

2 C3

)
⊗ Im · ε1

]

≤ −λmin

(
C−1

2 C1

)
‖ε1‖ − λmin

(
C−1

2 C3

)
‖ε1‖2

≤ −√
2λmin

(
C−1

2 C1

)
V

1
2

3 − 2λmin

(
C−1

2 C3

)
V3 (34)

It can be seen from Lemma 2 that the position consensus
error of the MAS can achieve in finite time. And on the
sliding surface , it can be seen from (33) that the speed con-
sensus error can also achieve in finite time. The convergence
time satisfies

T3 ≤
ln

(√
2V3(0)λmin

(
C−1

2 C3

)
/λmin

(
C−1

2 C1

)
+ 1

)

λmin

(
C−1

2 C3

) (35)

Next, we need to analyze whether the system has a mini-
mum event-triggered time interval strictly greater than zero,
which means that there is no zeno behavior. When the
event-triggered function (18) satisfies h(t) ≥ 0, the event
is triggered. Combining (17), we can see that between any
two adjacent event-triggered moments, ‖e‖ increases from
zero to λmin(K1) + λmin(K2)‖S‖ − δ. Therefore, when the
growth rate is the fastest, the event-triggered time interval is
the smallest. In this case, when the minimum time interval
is a value greater than zero, it can be guaranteed that there
is no zeno behavior.
Theorem 2: Based on Assumptions 1 and 2, the MAS

which is given in (5) and (6). The event-triggered errror
controller is designed in (16) and event-triggered function is
given in (18), the system does not have zeno behavior under
any initial conditions, and the event-triggered time interval
Tm satisfies

Tm ≥ λmin(K1)− δ

σ
(36)

where σ represents the maximum growth rate of ‖e‖ which
is given as below
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FIGURE 1. Communication topology.

σ = 2mnβ2‖C1‖‖ε2
2‖max

(
β
√
mn‖C1‖ + ‖C3‖

)

‖ε̇2‖max + η(mn)3−2η‖L+ B‖(2V2(0))
2η−1

2 (37)

Proof: When the sliding mode surface S = 0 and Ṡ = 0,
combining (16) to derive ‖e‖ as follows

d‖e‖
dt

≤
∥
∥
∥
∥
de

dt

∥
∥
∥
∥

≤
∥
∥
∥
∥
d

dt

{
C1 ⊗ Im · β

[(
1mn − tanh2(βε1)

)
◦ ε2

]

+ C3 ⊗ Im · ε2 −Wη
}∥
∥

≤ β‖C1‖‖ − 2β tanh(βε1) ◦
(
1mn − tanh2(βε1)

)
◦ ε2

2

+
(
1mn − tanh2(βε1)

)
◦ ε̇2‖ + ‖C3‖‖ε̇2‖

+
∥
∥
∥ηWη−1 ◦ Ẇ

∥
∥
∥

≤ 2mnβ2‖C1‖
∥
∥
∥ε2

2

∥
∥
∥ + (

β
√
mn‖C1‖ + ‖C3‖

)‖ε̇2‖
+ η

∥
∥
∥Wη−1

∥
∥
∥
∥
∥
∥−(L+ B)⊗ Im · ˙̄S

∥
∥
∥

≤ 2mnβ2‖C1‖
∥
∥
∥ε2

2

∥
∥
∥ + (

β
√
mn‖C1‖ + ‖C3‖

)‖ε̇2‖
+ η‖L+ B‖

∥
∥
∥Wη−1

∥
∥
∥
∥
∥Wη

∥
∥ (38)

By Lemma 4, we can obtain

η‖L+ B‖
∥
∥
∥Wη−1

∥
∥
∥
∥
∥Wη

∥
∥

≤ η(mn)3−2η‖L+ B‖‖W‖2η−1

≤ η(mn)3−2η‖L+ B‖‖P‖2η−1

≤ η(mn)3−2η‖L+ B‖(2V2(0))
2η−1

2 (39)

Since the MAS (5) can achieve finite-time consensus under
the action of the controller (16) and the event-triggered func-
tion (18), both ‖ε2

2‖ and ‖ε̇2‖ have upper bounds, which are
taken as ‖ε2

2‖max and ‖ε̇2‖max. And combining (39), we can
obtain

d‖e‖
dt

≤ 2mnβ2‖C1‖‖ε2
2‖max + (

β
√
mn‖C1‖ + ‖C3‖

)

‖ε̇2‖max + η(mn)3−2η‖L+ B‖(2V2(0))
2η−1

2

≤ σ (40)

FIGURE 2. Position tracking trajectory.

For any t ∈ [tk, tk+1), tk is the latest event-triggered moment
for all follower agents, the time interval Tm = tk+1 − tk, and
‖e(tk)‖ = 0 at the event-triggered moment, we can obtain

‖e(t)‖ − ‖e(tk)‖ = ‖e(t)‖ ≤ (t − tk)σ ≤ Tmσ (41)

When the event-triggered function (18) satisfies h(t) ≥ 0,
the event is triggered, we have
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FIGURE 3. Position tracking error.

‖e(t)‖ ≥ λmin(K1)+ λmin(K2)||S‖ − δ

≥ λmin(K1)− δ (42)

Combining (41) and (42), we can obtain (36). It can be
seen from (36) that the event-triggered time interval is strictly
greater than zero, so there is no zeno behavior.

FIGURE 4. Velocity tracking trajectory.

V. EXAMPLE SIMULATION
Considering the MAS composed of four agents, including
three follower agents and one leader agent, and the leader
node is 0. The directed communication topology is shown
in Fig. 1. Hence we have

L =
⎡

⎣
0 0 0

−1 1 0
−1 −1 2

⎤

⎦ B =
⎡

⎣
1 0 0
0 0 0
0 0 0

⎤

⎦

576 VOLUME 3, 2022



FIGURE 5. Velocity tracking error.

The simulation model of MAS as follows

ẋi = vi xi ∈ R
m

v̇i = ui + f (xi, vi, t) vi ∈ R
m

The initial positions of the system are selected as x0(0) =
[4, 3, 4]T, x1(0) = [1, 3, 4]T, x2(0) = [0,−1,−2]T,
x3(0) = [−6,−6,−3]T. The initial states of speed are
selected as v0(0) = [−1, 0,−5]T, v1(0) = [2, 4, 3]T,

FIGURE 6. Three-dimensional trajectory of MAS.

FIGURE 7. Event-triggered time.

v2(0) = [1, 2.5, 1.5]T, v3(0) = [−3, 5, 0]T. Select the
distances expected to maintain between the follower
agent and the leader agent as d1 = [2, 2, 2]T, d2 =
[5, 5, 5]T, d3 = [8, 8, 8]T. Take the nonlinear function
as f (xi, vi, t) = −0.01(cos(t) cos(xi) + sin(ẋi)). Adopting
controller (15) and event-triggered function (17), where
β = 100, ρ1 = ρ2 = 0.0025, η = 0.6, δ = 0.001,
K1 = diag(0.01, 0.01, 0.01), K2 = diag(0.01, 0.01, 0.01),
C1 = diag(0.001, 0.001, 0.001), C2 = diag(0.2, 0.2, 0.2),
C3 = diag(0.2, 0.2, 0.2). The controller of the leader agent
is designed as u0 = [ sin(t), cos(t), 0.1 cos(0.08t)]T.
Under the action of the controller (16) and the event-

triggered function (18), the position tracking trajectory,
position tracking errors, velocity tracking trajectory, velocity
tracking error and three-dimensional trajectory of MAS are
shown in Fig. 2, Fig. 3, Fig. 4, Fig. 5, and Fig. 6 respectively.
From Fig. 2 to Fig. 6, it can be seen that the position and

speed of all follower agents can accurately track the leader
agent in finite time, and the upper bound of finte time of
reaching consensus can be predicted by (19).
The event-triggered time interval of MAS for the 15s is

shown Fig. 7. In order to show the superior performance of
the proposed event-triggered control strategy in reducing the
energy dissipation of the system and the update frequency
of the controller, the denser part marked by the rectangular
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FIGURE 8. Magnification of the marked area.

FIGURE 9. Variation trend of measurement error norm ‖e‖ and threshold ‖e‖max .

box is enlarged, as shown in Fig. 8. Though the triggered
times is a lot, there is also interval exists between these
event-triggering instants for the 1s, we can know that there
is no zeno behavior.
Fig. 9 shows the evolution process of the measurement

error norm ‖e‖ of the system in the time period marked by
the rectangular box, where threshold ‖e‖max= λmin(K1) +
λmin(K2)‖S‖−δ . When the value of ‖e‖ increases from zero
to ‖e‖max, the event is triggered. At this time, all follower
agents interact with information and update the controller at
the same time.

VI. CONCLUSION
In this paper, we deal with the finite-time leader-following
consensus problem of the second-order MAS. The proposed
finite-time integral sliding mode algorithm effectively elimi-
nates the influence of nonlinear dynamics in the system due
to its inherited robustness, and forces the states of MAS to
reach the designed terminal sliding mode surface in finite
time and maintain on it. Compared with the traditional time-
triggered control strategy, the proposed algorithm combined
with the event-triggered mechanism economizes the commu-
nication bandwidth and computing resources of the system.
For the purpose of verifying the theoretical analysis and

the effectiveness of the proposed algorithm, a simulation
example is conducted for the MAS. Also, we can find that
the event-triggered time interval has a lower limit, so zeno
behavior can be avoided.
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