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ABSTRACT The safety of autonomous vehicles (AVs) is a critical consideration for their widespread
adoption. Responsibility sensitive safety (RSS) is proposed to serve as a model checking tool for AV safety.
However, RSS alone cannot guarantee safety when they are mixed with human-driven vehicles (HDVs).
These HDVs may disregard safety rules, creating dilemmas for AVs where they must choose between
crashing into their leader or crashing into their follower. This manuscript defines this dilemma regarding
the longitudinal driving and extends it to platooning scenarios with an arbitrary number of vehicles,
referred to as polylemma. In polylemma, a violation of safety rules by one vehicle inevitably results in at
least one crash between neighboring vehicles. To avoid the polylemma scenario, the manuscript proposes
a human error-tolerant (HET) driving strategy, wherein AVs maintain an additional gap and prepare for
moderate deceleration to account for potential errors by human drivers. The manuscript derives the risk
reduction and capacity variation resulting from the implementation of this strategy at a given market
penetration rate (MPR) using real world trajectory data. The analysis indicates that a 50% MPR would
reduce risks due to human error by 80%, with a decrease in capacity which vary different for background
traffic flow speed.

INDEX TERMS Mixed autonomous vehicles, responsibility sensitive safety, human driver error tolerant,
polylemma avoidance, longitudinal driving strategy.

I. INTRODUCTION
A. BACKGROUND AND MOTIVATIONS

AUTONOMOUS vehicle technology has garnered sig-
nificant interest from researchers and has been the

focus of numerous studies [1], [2], [3], [4], [5]. Among the
various advantages it offers [6], ensuring traffic safety is
of utmost importance in order to gain consumer trust and
adoption [7]. Multiple research efforts have addressed this
issue [8], [9], and the concept of Responsibility Sensitive
Safety has emerged as a formal framework to fulfill this
purpose [10], [11], [12], [13], [14]. Recently, RSS has
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been further developed and applied to a wide range of
scenarios [5], [15], [16], [17], [18], [19], [20].
Despite the intended purpose of RSS in ensuring the

safety of autonomous vehicles, it is important to note
that absolute prevention of collisions is unattainable [20],
[21], [22], [23] due to the inherent limitations of directly
controlling human-driven vehicles. HDVs may exhibit risky
or erroneous behavior, as outlined by [3], [24], [25], and
present considerable heterogeneity regarding risk levels [26].
Even if AVs strictly adhere to the rules specified by RSS or
other safety guidelines, the presence of HDVs introduces the
possibility of collisions. Surrounding HDVs may disregard
safety regulations, forcing AVs into unavoidable collision
scenarios. To mitigate this risk, one potential solution
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is to leverage AV movements to indirectly reduce the
risk [27]. For example, the application of AVs in absorbing
traffic waves in mixed traffic flows has garnered significant
attention, as discussed by [28].
To illustrate the scenario where HDV error is introduced

and our strategy, we consider a simple scenario involving
a platoon of three vehicles, with the AV positioned in
the middle. Suppose the last vehicle, an HDV, follows
the AV too closely, disregarding the RSS rule. In such a
situation, if the lead vehicle comes to a complete stop,
the collision between the lead vehicle and the AV can be
avoided because the AV adheres to the RSS rule. However,
due to the smaller gap between the AV and its follower,
a collision between the AV and the last vehicle becomes
inevitable. To prevent a crash with its follower, the AV must
drive with a moderate deceleration, thus leaving sufficient
space for the last HDV to stop. However, this may result
in a collision with the lead vehicle. We introduce the
term “dilemma” to describe this particular circumstance.
To avoid the dilemma, the AV needs to maintain an
additional distance and decelerate at a moderate rate, as
compared to the deceleration specified in RSS. By adjusting
the AV’s behavior in this manner, accommodation can be
made for human driver errors, thereby reducing the risk
associated with traffic flow operation. According to the
National Highway Traffic Safety Administration (NHTSA),
94% of all traffic accidents are caused or influenced by
human error [29], [30]. By proposing a driving strategy
that tolerates human driver errors, a significant portion of
the risks stemming from human factors can be mitigated.
The case study section reveals that a 50% MPR (market
penetration rate) would lead to an 80% risk reduction in
specific traffic scenarios, highlighting the potential benefits
of the proposed strategy.

B. CONTRIBUTIONS AND MANUSCRIPT
ORGANIZATIONS
The contributions of the manuscript are as follows:
- The dilemma and trilemma scenarios are explicitly

defined.
- The polylemma which is a generalization of the dilemma

and trilemma, is defined. The polylemma implicate a
potential traffic flow risk;
- A human-error-tolerant longitudinal driving strategy is

proposed to avoid the polylemma phenomena;
- The ratio and probability of polylemma in current real

world traffic flow datasets are calculated;
- The risk reduction and the variation of speed-

density after the human-error-tolerant driving is applied are
calculated.
- The capacity variation of the proposed strategy is

calculated.
The organization of the manuscript is as follows: Section II

provides a comprehensive review; Section III explicitly
defines the dilemma and trilemma scenarios. In Section IV,
the dilemma and trilemma are generalized to the polylemma

scenario; Section V calculates the risk reduction and capacity
variation of the proposed strategy; Section VI present the
case study against several real world dataset; the conclu-
sion and remarks are provided in the last section of the
manuscript.

C. NOTATIONS LIST
RSS: responsibility sensitive safety
HDV and AV: human driven vehicles and autonomous

vehicles
AV: autonomous vehicles
IVD: inter-vehicle-distance
MPR: market penetration rate
HET: human error tolerant
PDF and CDF: probability distribution function and

cumulative distribution function;
DRSSi→j: the critical distance (or minimal distance) specified

by RSS rule between follower (vehicle i) and leader
(vehicle j);

DRSS: when all vehicles’ speeds and attributes (reaction
time, deceleration, acceleration) are the same, then critical
distances specified by RSS are also the same, and are
indicated by DRSS;

Di→i−1: the gap between vehicle i and its leader vehi-
cle i-1;
aaci : the assumed acceleration for vehicle i in the equation

calculating DRSSi→j;
āi: the deceleration of vehicle i in the RSS equation;
τi: the reaction time of vehicle i in the RSS equation;
vi,0: the initial speed of vehicle i in the RSS equation;
ā′
i: the moderate deceleration of vehicle i in order to avoid

dilemma;
ā′′
i : the moderate deceleration of vehicle i in order to avoid

trilemma;
D∗
hw and D

∗
hw: the critical distance for dilemma and

trilemma avoidance.
DX

hw: general expression of the critical distance for general
polylemma platoon, where there are X+1 vehicles in the
platoon, and the DX

hw is specified for the second vehicle in
the platoon. When X=2 (i.e., dilemma), DX

hw is the same as
D∗
hw; when X=3 (trilemma), DX

hw is the same as D
∗
hw;

ρ: the market penetration rate of AV.
lveh: vehicle length.
fhw(h|v) and Fhw(h|v): the probability density function

and cumulative distribution function of the space gap, which
depends on the speed; Note that h doesn’t include the vehicle
length.
k and v: density and speed.
pdilemma and ptrilemma: the occurrence probability of

dilemma and trilemma
ptrilemma\ dilemma: probability of a trilemma where there is

no dilemma in sub-platoon;
preduce|N AVs: the risk reduction for platoon when there are

N consecutive AVs;
hdilemma: the average space gap of 3-vehicles platoon

which is in critical dilemma state;
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htrilemma\ dilemma: the average space gap of 4-vehicles
platoon which is in critical trilemma state while the former
three vehicles are not in dilemma;
p(hN+1Lemma = h|v,N AVs): the probability distribution of

average space gap for N+1Lemma when there are N AVs;
p(hN+2Lemma\N+1Lemma = h|v,N AVs): the probability

distribution of average space gap for N+2Lemma when
there are N AVs, but the former N+1 vehicles are not in
N+1Lemma state;
p(hXLemma|v, ρ): the distribution of average space gap for

arbitrary polylemma scenario, where X ranges from 2 to
infinity;
pHET(h|v) and pHET(k|v): the distribution of the space gap

and density when the HET avoidance strategy is applied.
CDFHET(h|v) and CDFHET(k|v): the cumulative distribu-

tion function of space gaps and density when the HET is
applied.

CDFN+2 Lemma(h|v, ρ,N AVs): the CDF of the gaps of
N+2Lemma after HET is applied when there are N AVs
with MPR as ρ;

keq
AA(v): the equilibrium density of autonomous vehicle;

keq
AH(v): the equilibrium density of a AV follows a HDV.

It equals 1
DRSS(v)+lveh

S(· � h): step function formulation of CDF. It is defined
as S(h � h) = 0 if h < h, and S(h � h) = 1 otherwise.

Dirac(·, ·): shorthand for Dirac function.
ηdilemma: the ratio of dilemma occurrence in a platoon of

real world dataset.
kjam: the jam density
� vl−f(t) and af(t): the speed difference series and

follower’s acceleration series for a two vehicle platoon;
σ� vl−f,af(τ ): cross-covariance function which depends on

reaction delay τ ;
μ� vl−f and μaf : the mean of the speed difference series

and follower’s acceleration series
r� vl−f,af(τ ): cross-correlation function which depends on

reaction delay τ ;
ap olylemma: a predefined acceleration rate for HET;

II. LITERATURE REVIEW
The adoption of provable safe driving strategies has been a
focus in various domains, including microscopic traffic flow
modeling [31] and autonomous vehicle development [32].
In the realm of microscopic traffic flow modeling, scholars
such as [33], [34], [35], [36] have proposed different
formulas that emphasize safety requirements, specifically
minimal time headway [37] or space gaps. Moreover, [36]
introduces the concept of a perception-reaction process with
a pre-determined delay for the follower in the event of an
emergency brake initiated by the leading vehicle.
Due to the rise of autonomous vehicles, a set of safety

principles has been proposed which are similar to the models
developed for microscopic traffic flow analysis [38]. These
principles offer more granular details about the underlying
movement processes of the involved vehicles [39]. In these
safety principles, regulations regarding the inter-vehicle

distance [40] or gaps have been introduced. In recent years,
the formulation of safety rules for autonomous vehicles has
been formalized as a verification problem, following standard
practices in the realm of software engineering [41]. An influ-
ential formulation in this area is the Responsibility-Sensitive
Safety framework, developed by Intel and Mobileye [21].
Considering longitudinal driving, RSS specifies a minimum
distance between two vehicles. This is accomplished by
assuming a maximum deceleration for the leading vehicle
and a normal deceleration for the following vehicle.
The original formulation of the RSS for longitudinal

driving is relatively simple and relies on assumptions that
may be too strong. Many critics have proposed improvements
to address these issues. For example, one criticism is
that the calculated distance is overly conservative [42],
compromising efficiency. Remedies have been developed
to address this, such as the establishment of a situation
awareness RSS [43], which distinguishes different traffic
states. Another improvement is the development of a dif-
ferentiated RSS triggering algorithm [44], which calculates
three RSS distances based on different speed profiles and
deceleration rates of the following vehicle. Similar improve-
ments in conservation can be found in other studies [42].
Additionally, when autonomous vehicles are equipped with
communication capabilities, such as in ACC [37], [45] and
CACC configurations [40], or additional sensors [46], the
RSS can be more specific and the results can be further
investigated. Furthermore, the parameters in the RSS models
are calibrated using safety critical data extracted from normal
driving observations [47], [48].
The aforementioned theoretical and empirical studies

indicate that incorporating safety by design would be advan-
tageous for the advancement of autonomous vehicles [49].
However, current approaches primarily concentrate on the
mathematical modeling of AVs’ responsibilities, assuming
that human-driven vehicles will behave as expected [50]. In
a mixed flow of autonomous and human-driven vehicles,
HDVs may exhibit considerable heterogeneity [51] and
significant risks, which cannot be disregarded by AVs as
they could potentially lead to unavoidable collisions [52].

Given that HDVs are not controllable directly, it is feasible
to achieve specific objectives through AVs’ controllers.
Utilizing controlled vehicles to influence the movement
dynamics is not a novel concept [53]. For example,
AVs have been employed to mitigate jerks or oscillation
waves [28], [54]. However, the utilization of AVs to mitigate
safety risks in RSS configurations has not yet been reported.
This research examines scenarios where HDVs themselves
do not adhere to the rules of safe driving and pose risks to
AVs. A novel concept called polylemma, which generalizes
the notions of dilemma and trilemma, is proposed to describe
situations where AVs overlook risks due to HDVs’ violations
of safety rules. Polylemma is triggered when one or more
HDVs violate the RSS, placing the nearest AVs in a
precarious condition. An associated avoidance strategy is put
forth to address this issue.
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FIGURE 1. Time line of the deceleration events for dilemma description.

III. DILEMMA AND TRILEMMA: DEFINITION AND
AVERAGE HEADWAY
A. DEFINITION OF DILEMMA
Consider a platoon consisting of three vehicles denoted as
1, 2, and 3.
Fig. 1-a provides the initial configuration, where the

positions of the vehicles are denoted as x1, x2 and x3
respectively. Initial speeds are v1,0, v2,0 and v3,0 respectively.
At time t=0, vehicle 1 undergoes an abrupt deceleration,
reaching a full stop with a maximum deceleration represented
by ā1. Following a duration of τ2 (corresponding to the
reaction delay of vehicle 2), vehicle 2 initiates deceleration
with a value of ā2. Subsequently, after a time interval of
τ3 (characterizing the reaction delay of vehicle 3), vehicle
3 decelerates to a complete stop using a deceleration rate
of ā3.

The RSS (Responsibility-Sensitive Safety) framework
defines a minimum inter-vehicle distance for vehicle 2,
denoted as DRSS2→1, between vehicle 1 and 2. This distance
guarantees that, throughout the deceleration process, there
will be no collisions between the two vehicles, regardless of
the control policy implemented by vehicle 2. It is assumed
that during the reaction time of τ2, vehicle 2 may utilize the
acceleration aac2 . The calculation of this minimum distance
(i.e., DRSS2→1) is outlined in [45] as follows. Suppose during
the reaction time of τ2, vehicle 2’s acceleration is aac2 , then
if ā1 > ā2,

DRSS2→1

=
[
aac2

2

(
aac2

ā2
+ 1

)
τ 2

2 + v2,0

(
aac2

ā2
+ 1

)
τ +

((
v2,0

)2

2ā2
−

(
v1,0

)2

2ā1

)]
+

(1)

If ā1 < ā2:

DRSS2→1

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(
v2,0 − v1,0

)
τ2 + τ 2

2
2

(
a1 + aac2

) + (v1,0 − v2,0 −(a1+aac2 )τ2)
2

2(a2−a1)
,

if τ2 ∈
[

v1,0 − v2,0
aac2 +a1

,
v1,0

a2
a1

−v2,0

aac2 +a2

]
[
aac2
2

(
aac2
ā2

+ 1
)
τ 2

2 + v2,0

(
aac2
ā2

+ 1
)
τ2 +

(
(v2,0)

2

2ā2
− (v1,0)

2

2ā1

)]
+
, otherwise

(2)

Similarly, we can write the RSS distance of vehicle 3,
DRSS

3→2. If vehicle 3 violates the RSS rule by maintaining a
gap d3→2 smaller than DRSS

3→2 from vehicle 2, a collision may
still occur between vehicle 3 and 2. To avoid a collision,
vehicle 2 can adopt a moderate deceleration ā′

2 instead of
ā2. However, a moderate deceleration of vehicle 2 implies
that the distance DRSS

2→1 is insufficient, and a greater distance
which accommodate ā′

2, indicated as D∗
hw, is required. Hence

we have the definition of dilemma as follows:
Definition of dilemma. If the actual gap d2→1 satisfies the

condition DRSS
2→1 < d2→1 < D∗

hw, the following conclusions
can be drawn: 1) If vehicle 1 decelerates abruptly, a collision
between vehicle 2 and vehicle 1 can be avoided if vehicle
2 use the deceleration of ā2. However, vehicle 2 will still
collide with vehicle 3, who violates the RSS rule. 2) To avoid
a collision with vehicle 3, vehicle 2 must apply deceleration
no stronger than ā′

2. However, the condition d2→1 < D∗
hw

implies that a collision will occur between vehicle 2 and
vehicle 1. This explanation clarifies the situation of vehicle
2, where at least one collision is inevitable, thus defining it
as a dilemma. The events classification for d1→2 is provided
in (3).

⎧⎪⎨
⎪⎩
d1→2 > D∗

hw, no RSS and no Dilemma

DRSS2→1 ≤ d1→2 < D∗
hw, Dilemma

d1→2 < DRSS2→1, RSS violation

(3)

The formula for the critical dilemma gap D∗
hw can be derived

as follows, which is divided into two steps: 1) In the first
step, we calculate the required deceleration ā′

2 when the real-
time gap d3→2 < DRSS

3→2, indicating a violation of RSS by
vehicle 3; 2) Given the deceleration ā′

2, we determine the
value of D∗

hw.
Step 1: solving required moderate deceleration ā′

2
Essentially, determining the deceleration ā′

2 involves solv-
ing the inverse problem of RSS. The original expression [45]
for the RSS distance DRSS

3→2 is expressed as follows.
If

{ā2 ≥ ā3} ∪
{

{ā2 < ā3} ∩
{

τ /∈
[

v2,0 − v3,0

aac3 + ā2
,

v2,0
ā3
ā2

− v3,0

aac3 + ā2

]}}

DRSS3→2 =
[
aac3

2

(
aac3

ā3
+ 1

)
τ 2

3 + v3,0

(
aac3

ā3
+ 1

)
τ3 +

((
v3,0

)2

2ā3
−

(
v2,0

)2

2ā2

)]
+

(4)

Else:

DRSS3→2 = (
v3,0 − v2,0

)
τ3 + τ 2

3

2

(
a2 + aac3

)
+
(
v2,0 − v3,0 −(

a2 + aac3

)
τ3
)2

2(a3 − a2)
(5)

We replace DRSS
3→2 in (4) and (5) with the given gap D3→2,

and solve the deceleration ā2. The candidate solutions of ā′
2
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from (4) and (5) (which are indicated using ā#
2 and ā

2 ) are
as follows:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ā#
2 = ā3 v2

2,0

(aac3 )
2
τ 2

3 +aac3 ā3τ 2
3 +2aac3 τ3 v3,0 −2d3→2ā3+2ā3τ3 v3,0 + v2

3,0

(a)

ā
2 =

−(
aac3

)2
τ 2

3 − aac3 ā3τ
2
3 + 2aac3 τ3 v2,0 −2aac3 τ3 v3,0 −

2d3→2ā3 − 2ā3τ3 v2,0 +2ā3τ3 v3,0 − v2
2,0 +2 v2,0 v3,0 − v2

3,0
aac2 τ 2

3 −2d3→2+ā3τ 2
3 −4τ3 v2,0 +4τ3 v3,0

(b)

(6)

Then, if

{
ā#

2 ≥ ā3
} ∪

⎧⎨
⎩{

ā#
2 < ā3

} ∩
⎧⎨
⎩τ3 /∈

⎡
⎣v2,0 − v3,0

aac3 + ā#
2

,

v2,0
ā3
ā#

2
− v3,0

aac3 + ā#
2

⎤
⎦
⎫⎬
⎭
⎫⎬
⎭

ā′
2 = ā#

2

= ā3 v2
2,0(

aac3

)2
τ 2

3 + aac3 ā3τ
2
3 + 2aac3 τ3 v3,0 −2d3→2ā3 + 2ā3τ3 v3,0 + v2

3,0

(7)

Else:

ā′
2 = ā

2

=
−(
aac3

)2
τ 2

3 − aac3 ā3τ
2
3 + 2aac3 τ3 v2,0 −2aac3 τ3 v3,0 −

2d3→2ā3 − 2ā3τ3 v2,0 +2ā3τ3 v3,0 − v2
2,0 +2 v2,0 v3,0 − v2

3,0

aac2 τ 2
3 − 2d3→2 + ā3τ

2
3 − 4τ v2,0 +4τ3 v3,0

(8)

Step 2: find the Dhw∗ given ā′
2

The problem of finding D∗
hw is the same as in conven-

tional RSS setting. The only difference is that the original
deceleration of vehicle 2 (i.e., ā2) is replaced by the required
deceleration, ā′

2. The result is summarized in the following.
If

{
ā1 ≥ ā′

2

} ∪
⎧⎨
⎩{

ā1 < ā′
2

} ∩
⎧⎨
⎩τ2 /∈

⎡
⎣ v1,0 − v2,0

aac2 + ā1
,

v2,0
ā′

2
ā1

− v2,0

aac2 + ā1

⎤
⎦
⎫⎬
⎭
⎫⎬
⎭:

D∗
hw =

[
aac2

2

(
aac2

ā′
2

+ 1

)
τ 2

2 + v2,0

(
aac2

ā′
2

+ 1

)
τ +

((
v2,0

)2

2ā′
2

−
(
v1,0

)2

2ā1

)]
+
(9)

Else:

D∗
hw = (

v2,0 − v1,0
)
τ2 + τ 2

2

2

(
a1 + aac2

)
+
(
v1,0 − v2,0 −(

a1 + aac2

)
τ2
)2

2
(
ā′

2 − a1
) (10)

The results of (7) and (8) can be used to expand (9) and
(10), but due to their complexity, they will not be presented
here. The difference between the RSS distance DRSS2→1 and
D∗
hw represents the extra distance reserved for the reckless

driving of vehicle 3.

1) STATE SPACE OF RSS

Using D∗
hw, the state space comprising two gaps (d3→2 and

D2→1) can be partitioned into five zones, as presented in
Fig. 2. In zone 1 (upper left zone), vehicle 3 adheres to
the recommended safe separation distance, while vehicle 2

FIGURE 2. Dilemma specification.

FIGURE 3. Trilemma scenario: (a) the example platoon; (b) time line of the
deceleration; (c) the trilemma.

violates it. In zone 2, both vehicles (2 and 3) abide by the
RSS guidelines. In zone 3, both vehicles contravene the RSS.
In zone 4, vehicle 3 maintains a shorter gap (less than DRSS3→2)

from vehicle 2, necessitating a gentle deceleration from
vehicle 2 to ensure an additional buffer distance, represented
by the critical line. Each gap value D3→2(t) for vehicle 3 has
a corresponding critical gap for vehicle 2 (D∗

hw in the figure).
When the actual gap is smaller than D∗

hw, vehicle 2 is at
risk of colliding either with vehicle 1 or vehicle 3.

B. TRILEMMA: A PLATOON WITH THREE VEHICLES
The trilemma is an extension of the dilemma and can be
illustrated in Fig. 3-a with four vehicles (numbered 1 to
4). In this scenario, assuming vehicles 2 and 3 follow the
recommended safe separation, and vehicle 4 violates the
RSS. Initial speeds are v1,0, v2,0, v3,0 and v4,0 respectively.
If vehicle 1 abruptly decelerates, a collision between vehicle
4 and vehicle 3 would occur.
To prevent a collision with vehicle 4, vehicle 3 is assumed

to use a gentle deceleration. Consequently, vehicle 2 (an AV)
also needs to decelerate moderately since it cannot directly
control vehicle 3. This necessitates maintaining a special
distance between vehicles 2 and 1 to accommodate vehicle
3’s deceleration behavior. This required distance is denoted
as D

∗
hw, and is dependent on various factors within the

platoon, such as τ2, τ3, τ4, v1,0, v2,0, v3,0, v4,0, d4→3, d3→2.
This situation is represented by the concept of the trilemma,
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visualized in Fig. 3-c. The trilemma showcases three trian-
gles: one representing the safety between vehicle 1 and 2,
another representing the safety between 2 and 3, and the
third representing the safety between 4 and 3. Trilemma
indicates that, one cannot guarantee the above three safeties
simultaneously, if d2→1 < D

∗
hw. Thus there must at least one

crash event occurs.
The determination of D

∗
hw involves several steps, akin

to the dilemma scenario. Firstly, we compute the required
deceleration ā′

3 for vehicle 3 to adjust for vehicle 4’s error,
considering the parameters d4→3 and τ4. Secondly, based
on ā′

3 and τ3, we determine the deceleration ā′′
2 for vehicle

2, which accounts for accommodating vehicle 3. Lastly, we
calculate the D

∗
hw.

Step 1: find the required deceleration ā′
2

The process of the deriving of ā′
3 is the same as ā′

2 in (7)
and (8). The process is omitted and the results are presented
directly. The candidate solution (ā#

3 and ā
3 , basically the

same as ā#
2 and ā

2 in (6) of desired deceleration of vehicle
3 from RSS equation are:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ā#
3 = ā4 v2

3,0

(aac4 )
2
τ 2

4 +aac4 ā4τ 2
4 +2aac4 τ4 v4,0 −2d4→3ā4+2ā4τ4 v4,0 + v2

4,0

(a)

ā
3 =

−(
aac4

)2
τ 2

4 − aac4 ā4τ
2
4 + 2aac4 τ4 v3,0 −2aac4 τ4 v4,0 −

2d4→3ā4 − 2ā4τ4 v3,0 +2ā4τ4 v4,0 − v2
3,0 +2 v3,0 v4,0 − v2

4,0
aac3 τ 2

4 −2d4→3+ā4τ 2
4 −4τ4 v3,0 +4τ4 v4,0

(b)

(11)

Then, if

{
ā#

3 ≥ ā4
} ∪

⎧⎨
⎩{

ā#
3 < ā4

} ∩
⎧⎨
⎩τ4 /∈

⎡
⎣v3,0 − v4,0

aac4 + ā#
3

,

v3,0
ā4
ā#

3
− v4,0

aac4 + ā#
3

⎤
⎦
⎫⎬
⎭
⎫⎬
⎭

ā′
3 = ā4 v2

3,0(
aac4

)2
τ 2

4 + aac4 ā4τ
2
4 + 2aac4 τ4 v4,0 −2d4→3ā4 + 2ā4τ4 v4,0 + v2

4,0

(12)

Else, the required deceleration is calculated as:

ā′
3 =

−(
aac4

)2
τ 2

4 − aac4 ā4τ
2
4 + 2aac4 τ4 v3,0 −2aac4 τ4 v4,0 −

2d4→3ā4 − 2ā4τ4 v3,0 +2ā4τ4 v4,0 − v2
3,0 +2 v3,0 v4,0 − v2

4,0

aac3 τ 2
4 − 2d4→3 + ā4τ

2
4 − 4τ4 v3,0 +4τ4 v4,0

(13)

Step 2: find the ā′′
2

The solution method of ā′′
2 basically is the same as ā′

3. We
directly present the results. When derive ā′′

2 , it is assumed
that the vehicle 3 would decelerate using ā′

3, rather than
original ā3. Thus we just need to replace ā3 using ā′

3 in (7)
and (8), and get the results:

ā′′
2 = ā′

3 · v2
2,0(

aac3

)2
τ 2

3 + aac3 · ā′
3 · τ 2

3 + 2aac3 τ3 v3,0 −2d3→2 · ā′
3 + 2ā′

3 · τ3 v3,0 + v2
3,0

(14)

Or

ā′′
2 =

−(
aac3

)2
τ 2

3 − aac3 · ā′
3 · τ 2

3 + 2aac3 τ3 v2,0 −2aac3 τ3 v3,0 −
2d3→2 · ā′

3 − 2ā′
3 · τ3 v2,0 +2ā′

3 · τ3 v3,0 − v2
2,0 +2 v2,0 v3,0 − v2

3,0

aac2 τ 2
3 − 2d3→2 + ā′

3 · τ 2
3 − 4τ v2,0 +4τ3 v3,0

(15)

Similarly we also didn’t to expand (14) and (15) using
(12) and (13) as the results are complex.
Step 3: find the Dhw∗
The solution of D∗

hw basically is similar to D∗
hw. We

replace ā′
2 in (9) and (10) using ā′′

2 , and we have the results. If

{
ā1 ≥ ā′′

2

} ∪
⎧⎨
⎩{

ā1 < ā′′
2

} ∩
⎧⎨
⎩τ2 /∈

⎡
⎣ v1,0 − v2,0

aac2 + ā1
,

v2,0
ā′′

2
ā1

− v3,0

aac2 + ā1

⎤
⎦
⎫⎬
⎭
⎫⎬
⎭:

D∗
hw =

[
aac2

2

(
aac2

ā′′
2

+ 1

)
τ 2

2 + v2,0

(
aac2

ā′′
2

+ 1

)
τ +

((
v2,0

)2

2ā′′
2

−
(
v1,0

)2

2ā1

)]
+

(16)

Else, the critical dilemma distance is specified by:

D∗
hw = (

v2,0 − v1,0
)
τ2 + τ 2

2

2

(
a1 + aac2

)
+
(
v1,0 − v2,0 −(

a1 + aac2

)
τ2
)2

2
(
ā′′

2 − a1
) (17)

IV. POLYLEMMA: GENERALIZATION OF DILEMMA AND A
HUMAN ERROR TOLERANT SOLUTION
A. POLYLEMMA DEFINITION
Consider a platoon consisting of N vehicles, where N
can vary from 3 to infinity. The leader vehicle designated
as vehicle 1. If the Nth vehicle in the platoon violates
the rules of the Responsibility-Sensitive Safety and comes
too close to vehicle N-1, it necessitates a more moderate
deceleration by vehicle N-1 to avoid a collision. This, in
turn, requires a gentle deceleration by vehicle N-2, and so
on. The aforementioned deductive chain can be iterated until
it reaches vehicle 2, where a larger gap between vehicle 2
and vehicle 1 is necessary to accommodate the moderate
decelerations of vehicles 3 to N-1. Once vehicle 2 fails to
maintain such gap, polylemma forms. Theoretically, vehicle
number X ranges from 2 to infinity. A platoon adhering to
the polylemma consists of X+1 vehicles, with the critical
gap between vehicle 1 (the platoon leader) and vehicle 2
denoted as DX

hw.

B. RECURSIVE INFLUENCE OF FOLLOWER’S
DECELERATION CHANGE ON LEADER’S
DECELERATION UNDER THE CRITICAL RSS SCENARIO
Downstream vehiclesmust undergo amoderate deceleration to
accommodate the decreasing mild decelerations of upstream
vehicles. We examine the variation in deceleration of
downstream vehicles in response to decelerations of upstream
vehicles within the critical RSS gap. Considering two vehicles,
with vehicle 1 as the leader and vehicle 2 as the follower,
we derive the differential ∂ ā1

∂ ā2
under RSS requirement. If

{ā1 ≥ ā2} ∪ {{ā1 < ā2} ∩ {τ /∈ [ v1,0 − v2,0
aac2 +ā1

,
v1,0

ā2
ā1

−v2,0

aac2 +ā1
]}}:

∂ ā1

∂ ā2

= 0.25ā2 · v2
1,0

(−aac2 τ 2
2 + 2DRSS

2→1 − 2τ2DRSS
2→1

)
(

0.5
(
aac2

)2
τ 2

2 + 0.5aac2 ā2τ
2
2 + aac2 τ2 v2,0 −DRSS

2→1ā2 + ā2τ2 v2,0 + v2
2,0

)2
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FIGURE 4. Recursive influence of required deceleration in a platoon of 20 vehicles.

+ v2
1,0(

aac2

)2
τ 2

2 + aac2 ā2τ
2
2 + 2aac2 τ2 v2,0 −2 DRSS

2→1 ā2 + 2ā2τ2 v2,0 + v2
2,0

(18)

Else:
∂ ā1

∂ ā2

= −
τ 2

2

(
−(
aac2

)2
τ 2

2 − aac2 ā2τ
2
2 + 2aac2 τ2 v1,0 −2aac2 τ2 v2,0 −

2DRSS2→1ā2 − 2ā2τ2 v1,0 +2ā2τ2 v2,0 − v2
1,0 +2 v10 v2,0 − v2

2,0

)
(
aac2 τ 2

2 − 2DRSS2→1 + ā2τ
2
2 − 4τ2 v1,0 +4τ2 v2,0

)2

+ −aac2 τ 2
2 − 2DRSS2→1 − 2τ2 v1,0 +2τ2 v2,0

aac2 τ 2
2 − 2DRSS2→1 + ā2τ

2
2 − 4τ2 v1,0 +4τ2 v2,0

(19)

Fig. 4 presents the required decelerations for each vehicle
in the 20-vehicle platoon. Interestingly, the second-to-last
vehicle needs to apply a deceleration of −2.9m/s2, as
opposed to the originally prescribed −3.5sm/s2, at the
speed of 12 m/s. Consequently, the third-to-last vehicle must
apply a deceleration of −2.497m/s2. This process continues,
eventually leading to the first vehicle in the platoon requiring
a deceleration of −0.06m/s2, significantly lower than the
initial −3.5m/s2.

C. HUMAN ERROR TOLERANT (HET) STRATEGY
The HET strategy involves three steps: identification of
the violating vehicle in terms of RSS, calculation of the
necessary deceleration and gap for each downstream vehicle
until the RSS-specified gap is satisfied, and determination
of which autonomous vehicle in the polylemma should
implement the HET strategy. Finally, the execution of the
HET strategy takes place.

1) POLYLEMMA-PLATOON IDENTIFICATION

In a platoon, simultaneous violations of the RSS may occur
in multiple vehicles. Each violation creates micro-Lemma
instances. When a micro-Lemma requires the adjustment
of required deceleration in another micro-Lemma down-
stream, the two micro-Lemma instances combine to form
a macro-Lemma. Fig. 5 illustrates a scenario involving
a micro-Lemma platoon and a Macro-Lemma platoon:

FIGURE 5. Lemma-platoon.

vehicle 7 violates the RSS rule, necessitating behavioral
adjustments from vehicle 5 (an AV) and vehicle 4 (a HDV)
to accommodate the violation. Consequently, vehicles 4 to
7 form a trilemma. Additionally, vehicle 4 itself violates the
RSS rule, resulting in another trilemma formed by vehicles
1 to 4.

2) HUMAN ERROR TOLERANT (HET) BY GAP
RESERVATION

Regarding the scenarios in Fig. 5, there are two options:
Option 1: Vehicle 2 addresses the avoidance of the

Trilemma by solely taking into account the RSS violation of
vehicle 4, while vehicle 5 focuses on the avoidance of the
Dilemma by considering only the RSS violation of vehicle
7. The critical gaps (D3

hw, or equivalently D
∗
hw) for these

two vehicles are calculated separately.
Option 2: Vehicle 5 remains inactive, while vehicle 2

implements the avoidance of the Hexalemma (which involves
7 vehicles) by considering the RSS violations of both vehicle
4 and vehicle 7. In this case, the critical gap is denoted
as D6

hw, as indicated in general for polylemma avoidance
(where X equals 6).
Based on the findings from Fig. 4, which show that

a milder deceleration is required when more vehicles are
involved, we select option 1 as the preferred avoidance
strategy for polylemma. Vehicle 2 and vehicle 5 need to
increase the gaps to a value denoted as D

∗
hw.

V. POTENTIAL RISK REDUCTION, FUNDAMENTAL
DIAGRAM AND CAPACITY IMPLICATIONS
The implementation of the polylemma-avoidance strategy
has the potential to mitigate risks and alter the time headway.
In this section, we focus on quantifying the impact of this
strategy on risk reduction, changes in the average gap, and
capacity.

A. GENERAL STEPS
Our analysis primarily focuses on longitudinal driving in
the context of background traffic flow. To calculate the risk
reduction and capacity after the HET strategy is applied,
we use the following steps: 1) Firstly, the background
traffic flow is represented by density distribution for a
given speed v, p(k|v); 2) the probability of the polylemma
scenario for each possible X is formulated, considering a
given AV’s MPR ρ and speed v; 3) the risk reduction
probability and density k for any speed v following the
application of the HET strategy are formulated. The resultant
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QI: DILEMMA OF RSS IN LONGITUDINAL MIXED AVs FLOW

FIGURE 6. Background traffic flow representation: NGSIM dataset.

density and gap distributions are denoted as pHET(k|v)
and pHET(h|v), respectively. Their cumulative distribution
functions are represented as CDFHET(k|v) and CDFHET(h|v).
4) the capacity is determined as the maximum expected flow
rate.
Regarding background traffic flow in step 1, taking the

U.S. background traffic flow as an example, the speed-
density relationship in the NGSIM dataset is illustrated in
Fig. 12-b (using Edie definition). The RSS rule defined in
(1) and (2) establishes a relationship between speed and
space headway which is indicated by critical RSS in Fig. 6-b.
The probability distribution of speeds is represented by
p(v) (shown in Fig. 6-c), while the conditional distribution
of density given a speed is denoted as p(k|v). With the
assumption of a known and uniform vehicle length (lveh), we
can indirectly calculate the distribution of gaps based on the
relationship between density (k) and gap (h), i.e., k = 1

h+lveh
.

We use the notations fhw(h) (or fhw(h|v)) and Fhw(h) (or
Fhw(h|v)) to represent the probability density function PDF
(or conditional PDF) and cumulative distribution function
CDF (or conditional CDF) of space gaps in the background
traffic flow.

B. POTENTIAL RISK REDUCTION
We begin by examining the scenarios involving a single AV,
namely the dilemma (represented in Fig. 1) and trilemma
(shown in Fig. 3). In the dilemma, the vehicle types sequence
is H→A→H, while in the trilemma, it is H→H→A→H,
with the arrow indicating the direction from follower to
leader. The probabilities of these two combinations, given a
specific MPR ρ, are calculated as follows:

{
p(HAH) = (1 − ρ)ρ(1 − ρ) = ρ(1 − ρ)2 (a)

p(HHAH) = (1 − ρ)(1 − ρ)ρ(1 − ρ) = ρ(1 − ρ)3 (b)

(20)

The probability of the dilemma can be calculated by
multiplying the probability of the combination occurring with

the probability that the gap d3→2 between the 2nd and 3rd
vehicles is smaller than the critical RSS:

pdilemma = p(HAH) · p
(
d3→2 < DRSS3→2

)
= ρ(1 − ρ)2 · p

(
d3→2 < DRSS3→2

)
(21)

The probability p(d3→2 < DRSS3→2) implies that vehicle
3 already violate the RSS. The probability of trilemma is
calculated similarly:

ptrilemma = p(HHAH) · p
(
d4→3 < DRSS4→3

)
· p(d3→2 < D∗

hw

) ·
= ρ(1 − ρ)3p

(
d4→3 < DRSS4→3

)
· p(d3→2 < D∗

hw

)
(22)

D∗
hw is the critical dilemma distance specified by (9) and

(10). The probability that the trilemma occurs while there is
no dilemma of the leading three vehicles is calculated as:

ptrilemma\ dilemma = p(HHAH) · p
(
d4→3 < DRSS4→3

)
·p
(
DRSS3→2 < d3→2 < D∗

hw

)
= ρ(1 − ρ)3p

(
d4→3 < DRSS4→3

)
·p
(
DRSS3→2 < d3→2 < D∗

hw

)
(23)

Therefore, the risk reduction probability when one AV is
presented preduce|1 AV can be expressed as:

preduce|1 AV = pD ilemma + ptrilemma\ dilemma

= ρ(1 − ρ)2 · p
(
d3→2 < DRSS3→2

)
+ρ(1 − ρ)3p

(
d4→3 < DRSS4→3

)
·p
(
DRSS3→2 < d3→2 < D∗

hw

)
= ρ(1 − ρ)2Fhw

(
DRSS3→2|v

)
+ ρ(1 − ρ)3

·Fhw

(
DRSS4→3|v

)(
Fhw

(
D∗
hw|v) − Fhw

(
DRSS3→2|v

))
(24)

Next we consider the case when there are arbitrary N AVs

at the middle, i.e., H

N︷ ︸︸ ︷
A · · ·AH and HH

N︷ ︸︸ ︷
A · · ·AH, where N ≥ 2.

The occurrence probability of the platoon can be expressed
as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

p

⎛
⎜⎝H

N︷ ︸︸ ︷
A · · ·AH

⎞
⎟⎠ = (1 − ρ)ρN(1 − ρ) = ρN(1 − ρ)2 (a)

p

⎛
⎜⎝HH

N︷ ︸︸ ︷
A · · ·AH

⎞
⎟⎠ = (1 − ρ)(1 − ρ)ρN(1 − ρ) = ρN(1 − ρ)3(b)

(25)

Then, the probability of N + 1Lemma and N + 2Lemma
are calculated as follows:

pN+1Lemma = p

⎛
⎝H

N︷ ︸︸ ︷
A · · ·AH

⎞
⎠ · p

(
dN+2→N+1 < DRSSN+2→N+1

)
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= ρN(1 − ρ)2Fhw

(
DRSSN+2→N+1

)
(26)

The probability of N + 2Lemma is calculated as follows

pN+2Lemma = p

⎛
⎝HH

N︷ ︸︸ ︷
A · · ·AH

⎞
⎠

· p
(
dN+3→N+2 < DRSSN+3→N+2

)
p
(
dN+2→N+1 < D∗

hw

)
= ρN(1 − ρ)3Fhw

(
DRSSN+3→N+2

)
Fhw

(
D∗
hw

)
(27)

The probability of N+2Lemma occurrence which exclude
the N + 1Lemma event is expressed as:

pN+2Lemma\N+1Lemma

= p

⎛
⎝HH

N︷ ︸︸ ︷
A · · ·AH

⎞
⎠

· p
(
dN+3→N+2 < DRSSN+3→N+2

)
· p

(
DRSSN+3→N+2 < hN+2→N+1 < D∗

hw

)
= ρN(1 − ρ)3Fhw

(
DRSSN+3→N+2

)
[
Fhw

(
D∗
hw

) − Fhw

(
DRSSN+3→N+2

)]
Hence, when there are N AVs, the risk reduction can be

calculated as

preduce|N AVs = PN+1Lemma + PN+2Lemma\N+1Lemma

= ρN(1 − ρ)2 Fhw

(
DRSSN+2→N+1

)
+ρN(1 − ρ)3 Fhw

(
DRSSN+3→N+2

)
[
Fhw

(
D∗
hw

) − Fhw

(
DRSSN+3→N+2

)]
(28)

Finally, the total risk reduction when the MPR is ρ for
the speed v is given by:

preduce =
∞∑
N=1

preduce|N AVs

=
∞∑
N=1

ρN(1 − ρ)2Fhw

(
DRSS

)
+ ρN(1 − ρ)3

·Fhw

(
DRSS

)(
Fhw

(
D∗
hw

) − Fhw

(
DRSS

))
(29)

C. EFFICIENCY COMPROMISING INVESTIGATION VIA
THE CAPACITY
1) AVERAGE SPACE GAP DISTRIBUTION OF A GIVEN
POLYLEMMA PLATOON

We first consider the distribution of average space gap
hdilemma for critical dilemma scenario in platoon
Fig. 1-a. The average space gap hdilemma is

2lveh+d3→2+D∗
hw

2 − lveh = d3→2+D∗
hw

2 . Because d3→2 ∈
(0,DRSS3→2), hdilemma then falls within the interval of

(
D∗
hw
2 ,

DRSS3→2+D∗
hw

2 ). Then, the distribution of hdilemma given v
and ρ can be calculated as follows:

p
(
hdilemma = h|v, ρ, 1AV

) = p

(
d3→2 + D∗

hw

2
= h|v

)
= p

(
d3→2 = 2h− D∗

hw|v)
=

⎧⎨
⎩fhw

(
2h− D∗

hw|v),∀h ∈
(
D∗
hw
2 ,

DRSS3→2+D∗
hw

2

)
0, else

(30)

In a similar derivation, we calculate the headway distribu-
tion for trilemma in scenario Fig. 3-a. The average headway
is

3lveh+d4→3+d3→2+D∗
hw

3 − lveh = d4→3+d3→2+D∗
hw

3 . Then:

p
(
htrilemma\ dilemma = h|v, ρ, 1AV

)
=

∫∫
p
(
htrilemma\ dilemma = h|d3→2, d4→3

)
p(d3→2, d4→3|v)d d3→2 d d4→3

=
∫ DRSS4→3

0

[∫ D∗
hw

DRSS3→2

p

(
d4→3 + d3→2 + D∗

hw

3
= h|d4→3, d3→2

)
p(d4→3, d3→2|v)d d3→2

]

dD4→3

=
∫ DRSS4→3

0

[∫ D∗
hw

DRSS3→2

p
(
d4→3 + d3→2 = 3h− D∗

hw|d4→3 + d3→2
)
fhw(d4→3)fhw

(d3→2)dx3→2

]
d D4→3 (31)

In the above formulation, the probability p(d4→3+d3→2 =
vh−D∗

hw|d4→3, d3→2) can be expressed using Dirac function,
i.e.:

p
(
d4→3 + d3→2 = 3h− D∗

hw|d4→3, d3→2
)

= Dirac
(
d4→3 + d3→2, 3h− D∗

hw

)
=

{
1, if d4→3 + d3→2 = 3h− D∗

hw

0, else
(32)

Therefore:

p
(
htrilemma\ dilemma = h|v, ρ, 1AV

)
=

∫ DRSS4→3

0

[∫ D∗
hw(x34)

DRSS3→2

Dirac
(
d4→3 + d3→2, 3h − D∗

hw

)

fhw(d4→3)fhw(d3→2)d d3→2

]
d d4→3 (33)

The probability p(hdilemma = h|v, 1 AV) and
p(htrilemma\ dilemma = h|v, 1AV) correspond to the scenario
when there is only one AV, followed by other HDVs. The
case can be generalized to arbitrary number (denoted as
N) of AVs, represented by p(hN+1Lemma = h|v,N AVs) and
p(hN+2Lemma\N+1Lemma = h|v,N AVs). The distribution of
the average headway for a platoon of vehicles under the
critical polylemma scenario is mathematically expressed as
follows:

p
(
hpolylemma|v, ρ

) =
∞∑
N=2

ρN(1 − ρ)3

· p
(
hN+2Lemma\N+1Lemma = h|v,N AVs

)
+ρN(1 − ρ)2 · p

(
hN+1Lemma = h|v,N AVs

)
(34)
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FIGURE 7. Event space decomposition.

It is shown that the above formulation is not explicitly
expressed and cannot be solved directly. We have to resort
to numerical methods as described in the following section.

2) NUMERICAL SCHEME TO OBTAIN THE DISTRIBUTION
OF

The event space for pairs of vehicles in a mixed flow
of autonomous vehicles (AVs) consists of four types: AA,
AH, HA, and HH. These correspond to the probabilities
ρ2, ρ(1 − ρ), ρ(1 − ρ) and (1 − ρ)2. Fig. 7 depicts the
decomposition of this event space, with gaps classified into
two categories: those influenced by the HET (lower part)
and those unaffected (upper part). The gaps for AA and AH,
which are not influenced by the HET, are given by 1

keqAA(v)
−

lveh and 1
keqAH(v)

− lveh and are deterministic. To alleviate com-

putational complexity, the Cumulative Distribution Function
is employed. Specifically, the cumulative distribution of the
unaffected gaps for AA, AH, HA, and HH can be denoted
as S(h � 1

keqAA(v)
− lveh) and S(h � 1

keqAH(v)
− lveh). Fhw(h|v),

Fhw(h|v) respectively. The function S(h � h#) is used to
express the CDF and is defined as:

S(h � h)
D ef=

{
0 ∀h ∈ (−∞,h)

1 ∀h ∈ [h,∞]
(35)

Fhw(h|v) is the gap distribution derived from speed-density
relationship for certain background traffic flow as in Fig. 6-b.
In summary, the cumulative distribution of gap h, without
the application of HET, can be calculated as follows by
decomposing the event space into four types as in Fig. 7,
considering a given MPR ρ and speed v:

CDF(h|v, ρ) = ρ2 ·S
(
h � 1

keqAA(v)
− lveh

)

+ρ(1 − ρ) ·S
(
h � 1

keqAH(v)
− lveh

)

+ρ(1 − ρ) · Fhw(h|v) + (1 − ρ)2Fhw(h|v)
(36)

The cumulative distribution of density and gap after
the application of polylemma avoidance are denoted as
CDFHET(k|v, ρ) and CDFHET(h|v, ρ). The calculation of

CDFHET(h|v, ρ) can be calculated by combining the average
gaps that are altered and those not:
Step 1. For each N (number of consecutive AVs) ranging

from 1 to infinity, we compute the cumulative probability
of the average space gap h′ when N+1Lemma avoidance

(for platoon structure H

N︷ ︸︸ ︷
A · · ·AH) and N+2Lemma avoid-

ance (for platoon structure HH

N︷ ︸︸ ︷
A · · ·AH) are implemented,

which are denoted as CDFN+1Lemma(h′|v, ρ,N AVs) and
CDFN+2 Lemma(h′|v, ρ,N AVs) respectively;

Step 2. In the platoon scenario H

N︷ ︸︸ ︷
A · · ·AH, the number of

occurrence for HA, AA and AH are 1, N-1 and 1 respectively.
Therefore the occurrence probabilities of the above three
combinations which are influenced by polylemma avoidance
are (1 − ρ)2ρN , (1 − ρ)2ρN(N − 1) and (1 − ρ)2ρN ;

Step 3. Similarly, in the platoon scenario HH

N︷ ︸︸ ︷
A · · ·AH,

the number of combinations for HH, HA, AA and AH
are 1, 1, N-1 and 1 respectively. Therefore the occurrence
probabilities of the above four combinations which are
influenced by polylemma avoidance in N-AVs platoon are
(1 −ρ)3ρN , (1 −ρ)3ρN , (1 −ρ)3ρN(N− 1) and (1 −ρ)3ρN

respectively.
The occurrence probabilities of the unaffected AA, AH,

HA, and HH pairs are obtained by subtracting the influenced
probabilities from the original probabilities:
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

uninfluenced AA prob: ρ2 − (1 − ρ)2ρN (N − 1) − (1 − ρ)3ρN (N − 1) (a)

uninfluenced AH prob: ρ(1 − ρ) − (1 − ρ)2ρN − (1 − ρ)3ρN (b)

uninfluenced HA prob: ρ(1 − ρ) − (1 − ρ)2ρN − (1 − ρ)3ρN (c)

uninfluenced HH prob: (1 − ρ)2 − (1 − ρ)3ρN (d)

(37)

Finally, the CDFHET(h|v, ρ) can be obtained via adding
the uninfluenced gaps with the influenced counter-
parts, which include

∑
N CDFN+1Lemma(h|v, ρ,N AVs) and∑

N CDFN+2Lemma(h|v, ρ,N AVs).

CDFHET(h|v, ρ)

=
∑
N

[
ρ2 − (1 − ρ)2ρN(N − 1) − (1 − ρ)3ρN(N − 1)

]

·S
(
h � 1

keqAA(v)
− lveh

)

+
∑
N

[
ρ(1 − ρ) − (1 − ρ)2ρN − (1 − ρ)3ρN

]

·S
(
h � 1

keqAH(v)
− lveh

)

+
∑
N

[
ρ(1 − ρ) − (1 − ρ)2ρN − (1 − ρ)3ρN

]
·Fhw(h+ lveh|v)
+

∑
N

[
(1 − ρ)2 − (1 − ρ)3ρN

]
Fhw(h+ lveh|v)
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+
(∑

N

CDFN+1Lemma(h|v, ρ,N AVs)

)

+
(∑

N

CDFN+2 Lemma(h|v, ρ,N AVs)

)
(38)

The unknown terms in (38) include CDFN+1Lemma
(h|v, ρ,N AVs) and CDFN+2 Lemma(h|v, ρ,N AVs). We now
turn to the discussion of the calculation of the above two
CDFs given that there are N AVs in the platoon. The
calculation steps of the CDFN+1Lemma(h|v, ρ,N AVs) and
CDFN+2 Lemma(h|v, ρ,N AVs) are developed as follows.

1) We first Consider the case of N+1Lemma, i.e., the

platoon structure is H

N︷ ︸︸ ︷
A · · ·AH, which occurs with

probability (1−ρ)2ρN . The gap between the last HDV
and second to the last AV is h and its distribution is
fhw(h|v), h∈ [0,DRSS(v)];

2) The average headway h′ after HET is applied is
calculated as following:

h′ =
h+ (N − 1) ·

(
1

kav(v)
− lveh

)
+ DN+1

hw + (N + 1) · lveh

N + 1

−lveh =
h+ (N − 1) ·

(
1

kav(v)
− lveh

)
+ DN+1

hw

N + 1
(39)

The terms in the numerator of the first term after the first
equals sign in (39) represent the gap of the last HDV, the
gap of the last N-1 AVs, the gap of the first AV (denoted
as DN+1

hw to avoid the polylemma), and the length of the
vehicles. By rearranging (39), we can express h in terms of
h’, i.e., h= (N+1)h′ −DN+1

hw − (N−1) · ( 1
kav(v)

− lveh). Thus,
CDFN+1Lemma(h′|v, ρ,N AVs) can be expressed as follows:

CDFN+1Lemma
(
h′|v, ρ,N AVs

)
= Fhw

(
(N + 1)h′ − DN+1

hw − (N − 1) ·
(

1

kav(v)
− lveh

)
|v
)

(40)

3) Next, we consider N+2Lemma with platoon structure

HH

N︷ ︸︸ ︷
A · · ·AH with occurrence probability (1 − ρ)3ρN .

The necessary conditions of N+2Lemma given the
platoon structure are that the gap of the last HDV,
i.e., h, satisfies 0 < h < DRSS(v) while the gap of the
second to last HDV, i.e., h′′, satisfies h′′ < D∗

hw(h, v).
The average headway h′ is calculated as:

h′ =
h+ h′′ + (N − 1) ·

(
1

kav(v)
− lveh

)
+DN+2

hw (v) + (N + 2) · lveh

N + 2
−lveh (41)

The structure of (41) is similar as (39). Given a fixed h,
the average gap h′ can be used to express h′′ by rearranging
(41):

h′′ = (N + 2)h′ − (N − 1) ·
(

1

kav(v)
− lveh

)

+DN+2
hw (v) − h (42)

The distribution h′′ is exactly the gap distribution
fhw(h′′|v). Hence distribution of h′, which is indicated using
pN+2 Lemma(h′|h, v, ρ,N AVs) is expressed using fhw(h′′|v)
as follows:

pN+2 Lemma
(
h′|h, v, ρ,N AVs

)
= p

(
h′′ = (N + 2)h′ − (N − 1) ·

(
1

kav(v)
− lveh

)
+DN+2

hw (v) + (N + 2) · lveh

−h|h, v, ρ,N AVs

)

= fhw

(
(N + 2)h′ − (N − 1) ·

(
1

kav(v)
− lveh

)
+DN+2

hw (v) + (N + 2) · lveh − h|v
)

(43)

To eliminate h in pN+2 Lemma(h′|h, v, ρ,N AVs), we
integrate out h, which is expressed as:

pN+2 Lemma
(
h′|v, ρ,N AVs

)
=

∫ DRSS(v)

0
pN+2 Lemma

(
h′|h, v, ρ,N AVs

)
dh

=
∫ DRSS(v)

0
fhw

(
(N + 2)h′ − (N − 1) ·

(
1

kav(v)
− lveh

)
+DN+2

hw (v) − h|v
)
dh

=
∑
i

�h · fhw

(
(N + 2)h′ − (N − 1) ·

(
1

kav(v)
− lveh

)
+DN+2

hw (v) − hi|v
)

(44)

In the final derivation outlined in (39), the integration of
probability is solved using numeral summation. The CDF
CDFN+2Lemma(h′|v, ρ,N AVs) represents the integral of the
PDF, which is expressed as:

CDFN+2Lemma
(
h′ |v, ρ,N AVs

)
=

∫ h′

0
pN+2 Lemma

(
h′ |v, ρ,N AVs

)
dH

=
∫ h′

0

[∫ DRSS(v)

0
fhw

(
(N + 2)h′ − (N − 1) ·

(
1

kav(v)
− lveh

)
+DN+2

hw (v) − H|v
)
dh

]
dH

=
∑
j

�H
[∑

i

�h · fhw

(
(N + 2)Hj − (N − 1) ·

(
1

kav(v)
− lveh

)
+DN+2

hw (v) − hi|v
)]

(45)

As the density k is computed through h, i.e., k = 1
h+lveh

,
the CDFHET(k|v, ρ) can thus obtained.

VI. CASE STUDY
A. DATA SOURCES
The dataset of this subsection comes from NGSIM. The
NGSIM data is a popular trajectory data that contain vehicle
movements in multi lane road. Because the focus of this
research is longitudinal driving, the platoon data is extracted
from the raw dataset. They will be used to examine the

B. DILEMMA AND TRILEMMA IN EXAMPLE PLATOON
For the dilemma scenario, we select a platoon consisting of
three vehicles, with the leader labeled as vehicle 0, and the
second and third vehicles labeled as 1 and 2, respectively
(Fig. 8). The time horizon of the platoon is approximately
60 seconds. The speed profiles and longitudinal coordinates
of the three vehicles are depicted in Fig. 8 (left sub-figure
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FIGURE 8. Speed profile and longitudinal location for 3-vehicles platoon.

FIGURE 9. Gap, RSS distance and Dilemma avoidance distance.

for speed profiles and right sub-figure for longitudinal
coordinates). To compute the minimum safe distance (RSS
distance), we employ (1) and (2), which require parameters
such as the deceleration of the two vehicles and the reaction
delay. The response time is estimated using the cross-
correlation method described in [55]. The lag is determined
for each vehicle, and subsequently, the RSS distance is
calculated.
Fig. 9 presents the values for the RSS distance, space

gap, and dilemma avoidance distance in a typical platoon
scenario. Specifically, Fig. 9-a illustrates these distances for
second vehicle (vehicle 1) in the platoon, while Fig. 9-b
portrays them for the last vehicle. In Fig. 9-b, it is evident
that the gap exceeds the RSS distance for the majority of
the time, with the exception occurring between 40.3 sec and
42.3 sec. This discrepancy is due to the slight deceleration
of the middle vehicle, which reduces the gap as indicated in
Fig. 8-b. Consequently, the dilemma scenario arises due to
the violation of the RSS rule, necessitating a larger distance
known as the dilemma avoidance distance. Fig. 9-a further
depicts this occurrence between 40.3 sec and 42.3 sec, where
the magnitude of the dilemma avoidance distance surpasses
the corresponding gap. The duration of RSS violation is
found to be 59.3% for vehicle 1 and 3.95% for vehicle
2. Notably, as the RSS violation of vehicle 2 leads to the
dilemma condition, the dilemma occurrence ratio for this
platoon dataset also stands at 3.95%.
Next we investigate the trilemma in real world data.

This analysis focuses on a four-vehicle platoon, specifically
examining the occurrence of a trilemma situation. Fig. 10
showcases the speed profiles and longitudinal coordinates of
the platoon. The platoon encounters a stop-and-go event from
approximately 80 seconds to 100 seconds (observed from
the speed in Fig. 10-a). Fig. 11 presents the RSS distance,

FIGURE 10. Speed profiles and longitudinal locations for a 4-vehicle platoon.

FIGURE 11. Gap distance, trilemma distance and RSS distance.

gap, and trilemma distance for the platoon, with sub-figures
(a), (b), and (c) showcasing these distances individually. For
vehicle 3 (depicted in Fig. 11-c), the majority of the time
exhibits a safe situation, with the RSS distance smaller than
the gap. However, within a brief interval of 0.7 seconds,
specifically from 32.2 seconds to 32.9 seconds, RSS distance
significantly increases. This occurrence stems from the accel-
eration of vehicle 3, evident in Fig. 10-a, and the resulting
reduction in the corresponding gap, as depicted in Fig. 10-b.
As the RSS distance for vehicle 3 increases, it requires
vehicle 2 to maintain a larger gap with its leader, illustrated in
Fig. 11-b, corresponding to a distance exceeding 25 meters.
Consequently, this necessitates vehicle 1 to maintain an even
larger gap, exceeding 140 meters as depicted in Fig. 11-a.
The duration of the trilemma occurrence ratio accounts for
approximately 0.5% of the entire time horizon, specifically
0.7 seconds within 140 seconds. Fig. 11-d portrays the ratio
of the trilemma distance to the RSS distance, with values
exceeding 1 indicating a trilemma situation. The maximum
ratio observed is approximately 9 during the interval from
32.2 seconds to 32.9 seconds, indicating that vehicle 1 needs
to expand its gaps to nine times their original size.

C. RATIOS OF RSS VIOLATION AND POLYLEMMA IN
REAL WORLD DATASET
We examine two publicly available datasets: highD and
zen-dataset, which represent traffic data from Germany and
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FIGURE 12. Distributions of RSS violation, dilemma and trilemma for highD dataset.

Japan, respectively. Given a platoon with a duration T, we
calculate the occurrence duration of polylemma. To illustrate
the violation ratio of the dilemma in traffic flow, we use the
example of a platoon consisting of three vehicles labeled 1,
2, and 3, with vehicle 1 being the leader. The platoon data is
considered within the time horizon [0,T]. The reaction times
of vehicle 2 and 3 are denoted as τ2 and τ3 respectively.
For each moment t ∈ [τ2,T], we first compute the required
RSS distance DRSS

3→2 at that moment. If the distance d3→2(t)
is smaller than DRSS3→2, it indicates a violation by vehicle 3.
Next, we calculate the RSS distance DRSS2→1 and the critical
dilemma distance D∗

hw for vehicle 2. If the condition DRSS2→1 <

d2→1(t) < D∗
hw and d3→2(t) < DRSS3→2 are simultaneously

met, it confirms the occurrence of a dilemma instance. Let n
denote the number of dilemma instances during the platoon,
then the ratio of dilemma violations is given by ηD ilemma =
n
N for this platoon, where N is the total instants of the data.
The calculation of polylemma occurrences follows a similar
process.
The distribution of the polylemma ratio in each dataset

exhibits specific characteristics. In Fig. 12, histograms rep-
resenting the ratios of polylemma instances in the highD
dataset are displayed for different values of X. Each
histogram curve is normalized, ensuring that the integral
of each curve is equal to 1. These histograms reveal that
the occurrence of polylemma is not prevalent in most
circumstances, as indicated by the peak probability at a
ratio of 0. However, there are instances within the platoon
data where polylemma occurs consistently, as evidenced
by positive distribution values associated with a ratio of
1. When polylemma is present, the most probable ratio is
approximately 30%.
Fig. 13 showcases the distribution of polylemma occur-

rence ratios in the zen traffic dataset. Contrasting with the
findings in the highD dataset, zen traffic data contains a
larger amount of data resulting in a smoother curve (also
normalized to have an integral of 1), and several differences
emerge. Firstly, it is evident that for each value of X, a
significant ratio of no-XLemma platoons can be observed.
However, this ratio diminishes as X increases. Moreover, for
a given X value, the most probable ratio, if not 0, varies. In
the case of dilemma, the most probable ratio is 60%, whereas
for hexalemma (X=6), the most probable ratio surpasses

FIGURE 13. Distributions of RSS violation, dilemma and trilemma for zen dataset.

FIGURE 14. The probability of risk reduction.

FIGURE 15. The probability of remaining risk under different MPR.

70%. These findings imply that the risk associated with
platoons in the zen dataset is greater than that in the highD
dataset.

D. RISK REDUCTION
The risk reduction intuitively gives the safety potential of
the proposed HET strategy. We take the traffic flow in
NGSIM (i.e., Fig. 6) as the background traffic flow. As
aforementioned, we increase the MPRs of the background
traffic flow and assume that the remaining HDVs behaviors
(gap distribution) are not changed. The risk reduction rate
and remaining risk probability is given in Fig. 14 and Fig. 15
for different speeds. Fig. 14 is the results of risk reductio.
When MPR is 100%, all risks are eliminated. The risk
reduction increases with the MPR, but varies across different
speeds, which is due to the fact that the RSS violation is
different under different speed in Fig. 6. Fig. 15 presents
the remaining risk after the polylemma avoidance strategy is
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FIGURE 16. Total risk reduction and remaining risk under different MPR.

applied. When the MPR is not 100%, there are always certain
HDVs that violate the RSS rule and thus still there would be
certain risk probability. The risk generally decreases against
the MPR. At v=57.77m/s, the risk occurrence probability
is about 13% for the case when MPR is 50%. The total
risk reduction for the whole traffic flow under fixed MPR
can be calculated by weighted integration considering the
speed distribution in Fig. 6, which are given in Fig. 16. It
is shown that 50% MPR would reduce over 80% risks due
to human drivers’ error, while the corresponding occurrence
probability of remaining risk in the traffic flow is only about
10%, compared with about 50% of zero MPR.

E. SPEED-DENSITY RELATIONSHIP AND CAPACITY
INFLUENCE OF HET
We still use the NGSIM in Fig. 6 as background traffic
flow. Fig. 6-b is the raw speed-density relationship. As
aforementioned, we use the CDF function CDFHET(k|v)
to calculate the conditional probability of density, and the
corresponding expectation of density can be derived using the
following numerical formula by employing CDFHET(k|v):

E(k|v) =
∫
k · PDFHET(k|v)dk =

∫
k · d CDFHET(k|v)

dk
dk

=
∑
i

ki
d CDFHET(k|v)

dk

∣∣∣∣
ki

�k

=
∑
i

ki
(CDFHET(ki+1|v) − CDFHET(ki|v))

�k

∣∣∣∣
ki

�k

=
∑
i

ki((CDFHET(ki+1|v) − CDFHET(ki|v))) (46)

In above equation, {ki}, ki ∈ [0, kjam] is the data grids
for the numerical treatment. The speed-average density
relationship before and after the HET is applied are given in
Fig. 17 for each MPR value. Fig. 17 also gives the speed-
density relationship for the critical RSS (bold red line) and
background traffic flow (blue scatter dots). In Fig. 17-a,
where the HET is not applied, as the MPR increases, the
density also increase under the same speed. This is because

FIGURE 17. Speed-density relationship before (a) and after (b) the HET is applied.

FIGURE 18. (a) Probability of the violation of RSS; (b) capacity reduction.

AVs can follow an AV or HDV with a short gap. In
Fig. 17-b, the speed-average density relationship after the
HET strategy is applied is given. We can see that there
is considerable difference from the case in Fig. 17-a. For
a given speed, the density when HET is applied drops.
The decreasing magnitudes vary for different speed. This
is because the HET only changes the density when the
RSS violation occurs. When RSS violation doesn’t occur,
the density should not change (as demonstrated by speed-
average density relationship near zero speed in Fig. 17-a
and b). Three eclipse where the density decreases a lot
are indicated, which coincide with the high RSS violation
probability in Fig. 18. Fig. 18 is the ratio of the data points
located at the right of the critical speed-density line specified
by RSS (bold red line in Fig. 17). Due to the density
decrease, the capacity is compromised. Fig. 18-b and Fig. 19
present the capacity loss and capacity loss ratio (compared
with the case when HET is not applied, i.e., Fig. 17-a)
due to the HET. At speed about 40km/h where the RSS
violation probability is high, the capacity loss is about 600
veh/h, or 50%. Combining Fig. 18-b, Fig. 19 and Fig. 16,
it is concluded that the proposed HET strategy sacrifice the
capacity by reserving greater space gap, for the reduction of
risk.

VII. CONCLUSION AND REMARKS
Autonomous vehicle technology offers numerous advantages,
including improved traffic safety, which is a crucial factor
in the acceptance of AVs by consumers. However, in
situations where AVs and human-driven vehicles coexist,
traffic safety is affected by both AVs and HDVs. Therefore,
it is necessary for the development of AV safety frameworks
to consider the behavior of human drivers. The RSS model,
which is a formal approach, establishes a minimum inter-
vehicle distance for AV operations to prevent potential
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FIGURE 19. Reduced capacity ratio.

collisions. However, traditional RSS models do not take into
account the risky behavior exhibited by human drivers, such
as maintaining shorter and riskier distances. In scenarios
where a leading vehicle suddenly brakes, an AV involved
in the situation must choose either to enter the leader’s
crash zone or collide with a following vehicle, creating
a dilemma. To address this, our research expands upon
this scenario, introducing a generalized polylemma scenario,
and proposes a HET strategy. By maintaining a greater
inter-vehicle gap, the potential risks can be mitigated.
Potential extensions of the research include the following
aspects:
1) The current framework is based on deterministic

assumptions. Real-world traffic flow operations are subject
to significant stochasticity. As a result, further investigation
is necessary to develop a robust RSS framework that can
address both stochasticity and human error concurrently.
2) This study primarily focuses on the longitudinal

dimension of vehicle movement. However, since vehicles
operate in both longitudinal and lateral dimensions, a
two-dimensional polylemma can be developed to accommo-
date a broader range of scenarios where human errors occur
in a two-dimensional setting or in a coordinated platoon
mode.
3) In mixed autonomous vehicle flow scenarios, human

drivers may adapt their behavior, and it is essential to
detect these changes in real-time to ensure traffic safety.
Therefore, research can be conducted on determining the
parameters of each human driver dynamically to support real-
time traffic safety checks. Further, empirical investigation
is necessary to validate the effectiveness of the proposed
method.
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