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ABSTRACT The increasing adoption of power electronic devices may lead to large disturbance in DC
power grids. Traditionally, the Brayton-Moser mixed potential theory is utilized to address large-signal
stability (LSS) analysis. However, this theory proposes sufficient criteria only for large-signal global stability,
which provides general but fuzzy information about the stability of DC microgrids. To solve this issue,
we propose for the first time a comprehensive hyperlocal large-signal stability analysis (HL-LSS) that is
adaptable to large-scale complex power grids. The novel proposed analysis studies the complex situation in
nonlinear DC grids with multiple equilibrium points, including stability analysis of each equilibrium point
and convergence analysis of state trajectories. The region of attraction (ROA) of microgrids is also estimated.

INDEX TERMS Power electronics-enabled power systems, large-signal stability (LSS), potential theory,
constant power loads, multiple-equilibria systems.

NOMENCLATURE
VARIABLES IN MICROGRID MODEL
Vsi Input voltage of power converter.
Isi Input current of power converter.
VCi Output voltage of power converter.
Lti Inductance of transmission line in power source side.
Iti Current through transmission line in power source

side.
Rti Resistance of transmission line in power source side.
ID Cumulative current of transmission line in power

source side.
CD Capacitor at the central point.
VD Voltage at the central point.
Lfj Inductance of transmission line in load side.
Ifj Current through transmission line in load side.
Rfj Resistance of transmission line in load side.
VLj Output voltage of CPL.
Cfj Capacitor around CPL.
ILj Current through CPL.
PLj Output power of CPL.
N The number of branches in power source side.
M The number of branches in load side.
Vmax Maximum output voltage of CPL.
Vmin Minimum output voltage of CPL.

Imax Maximum output current of CPL.
Imin Minimum output current of CPL.
Vrefi Equivalent voltage source of power converter.
Rpi Parallel resistance of converter controller.
Rqi/Lqi Impedance of converter controller.
Ipi Current through the parallel resistor of converter

controller.
Iqi Current through the impedance of converter

controller.

VARIABLES IN POTENTIAL ANALYSIS
A/B/C/k Coefficients of state equation.
x State vector.
y Output vector.
u Input vector.
I Identity matrix.
P(x) Potential function.
J Component matrix.

I. INTRODUCTION

W ITH high penetration of power electronic devices,
DC power grids aremoving towards smarter andmore
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competitive grids in recent years. A significant number of
today’s electrical loads are running on DC power, so sup-
plying them from a DC source would simplify the power
circuit and save energy overall [1]. Especially, DC micro-
grids widely attract people’s interest due to their advantages
in operation and control. However, the characteristics of
Power-Voltage coupling and low inertia of DC microgrids
increase the risks of grid instability. In conventional bulk
power systems, the rotor inertia and the damping properties
of synchronous generators play a significant role in stabi-
lizing the system. Compared with the conventional power
plants dominated by synchronous generators, the converter-
interfaced distributed generator (DG) and renewable energy
source (RES) have either a very small or no rotating mass,
which is the main source of inertia [2]. With the grow-
ing penetration of DGs/RESs, the low inertia and damping
effect is increasingly destabilizing the power grid. Moreover,
in DC power grids, the stored energy in bus capacitors is
much less than the rotating storage of the rotation axis [3].
Therefore, the stability of DC power grids deteriorates easily
from the disturbance due to low inertia and poor damp-
ing [4]–[6]. Power grids with a large percentage of constant
power loads (CPLs) on the load side are especially potentially
destabilized by these elements, no matter whether in DC
microgrids or in hybrid AC/DC systems [7]. The reason is
that a CPL always exhibits negative incremental impedance
in circuits [8]. Therefore, it is necessary to promote stability
analysis and novel control strategies for enhancing microgrid
stability.

There is a large amount of literature about stability analysis
in DC power grids, which can be categorized as follows
according to the type of disturbance taken into consideration.
Many existing studies were performed using small-signal
models based on linearization; however, the methodology
has limited applicable scenarios. For example, the studies
in [9]–[11] impose classical eigenvalues analysis on lin-
earized models, which may not always be feasible consid-
ering the common large disturbances that occur in power
grids, such as pulse faults and load switching. Small-signal
stability (SSS) can determine the system stability only at
a nearby equilibrium point. Relatively, large-signal stability
(LSS) analysis can determine the stable condition for power
systems with large disturbances, such as load switching,
pulse power loads, and faults. In paper [12], several tools of
LSS analysis of DC power systems are reviewed, including
the second method of Lyapunov applied to multi-models,
Brayton–Moser’s nonlinear potential method, block diago-
nalized quadratic Lyapunov function (BDQLF), reverse tra-
jectory tracking, etc. The LSS analysis optimizes the design
of power grid in terms of system stability. In [13], the authors
develop an LSS analysis of a circuit system with a single con-
verter with Takagi-Sugeno multi-modeling [14]. Paper [15]
presents the destabilizing effect of CPLs in microgrids and
compare a significant difference between SSS and LSS analy-
ses. The limitation of this research is that the proposed model
includes only one power source and CPL.

Recently, many studies on grid stability have been per-
formed from the perspective of large-signal stability analysis
using the Brayton-Moser potential theory [16]. For example,
the study in [18] designs criteria for distributed load systems
with one single power source and CPLs to guarantee stability
during large disturbances. The criteria are based on Lyapunov
stability, Brayton-Moser potential theory, and the existence
of equilibrium points. In paper [19], the authors discuss
the dynamic behavior of a hybrid AC/DC electric system
under large disturbances, which is a typical power distribu-
tion network being developed for future aircraft. The studied
power system includes a single equivalent CPL with struc-
ture simplification. Brayton-Moser potential theory is lever-
aged along with Lyapunov stability theorems to determine
an analytical estimation of large-signal stability boundary.
Unfortunately, many studies under this topic are flawed due
to a deficient understanding of the Brayton-Moser potential
theory. For example, the definition of potential in [20], [21]
is questionable because it violates a theoretical foundation of
the potential theory, namely, that the potential theory is well-
constructed only in autonomous systems and is independent
of the state trajectories. In addition, the limitations of the
original Brayton-Moser potential theory are mitigated in our
study [22].

In general, the original potential theory has a creative and
strategic construction, and it is very useful in LSS analysis in
multiple types of nonlinear circuits. However, its limitations
also should be noted. The original potential theory proposes
sufficient criteria only for large-signal global stability, which
provides general but unclear information about grid stability.
It works well for DC microgrids with a single CPL and a
single equilibrium point, but for DCmicrogrids with multiple
CPLs and equilibrium points, it cannot determine the stability
of each equilibrium point or differentiate trajectories with
different starting states. In a complex microgrid system, it is
always necessary to obtain precise information about every
equilibrium point and trajectory. With such information, a
region of attraction (ROA) of the system can be estimated,
which can ensure safe system operation in the event of a large
disturbance.

Therefore, we propose in this paper hyperlocal large-signal
stability analysis (HL-LSS) targeted at DC microgrids with
multiple CPLs and equilibrium points. The definition of the
conventional LSS is that there exists at least one stable equi-
librium point of the dynamic system at which any subsequent
trajectories of a set of initial conditions end up. However,
it cannot provide accurate stability information in microgrids
with multiple equilibrium points because state trajectories
from different initial states may converge to different equi-
librium points. In fact, the difference in the stability of each
equilibrium point leads to a more complicated situation. In a
microgrid with multiple equilibrium points, an equilibrium
point is defined as HL-LSS if there exists a subset of the
domain in which any subsequent trajectories starting from
this subset converge to the equilibrium point. This defini-
tion emphasizes the stability of each equilibrium point and

VOLUME 9, 2022 17



differentiates the convergences of state trajectories with dif-
ferent starting points, which is more appropriate and practical
in microgrids with multiple equilibrium points.

In a nutshell, LSS in DC microgrids is still an unsolved
issue. This paper presents a systematic approach to solve
this issue. The contributions of this paper are summarized as
follows:

1) We model the DC microgrids with high penetration
of power electronic devices and multiple CPLs based on
potential theory. 2) We propose the definition of HL-LSS
in complex DC microgrids with multiple equilibrium points.
Based on the definition, we study the stability of each equi-
librium point and the convergence of state trajectories with
different starting points using the proposed novel potential-
based approach. We integrate the discussion of the local
stability of each equilibrium point in the large-signal global
stability analysis of the system. 3) The ROA of a microgrid
system is estimated to investigate the local stability of each
equilibrium. The proposed potential-based ROA estimation
has a lower computation cost compared with the traditional
ROA estimation method. 4) We resolve misunderstandings
and emphasize the key points of potential theory, which plays
a fundamental role in LSS analysis in nonlinear power grids.

The paper is organized as follows. In section II and
section III, the model of DCmicrogrids and some concepts of
stability are described. In section IV, we model the dynamics
of DC microgrids and formulate equilibrium analysis using
the potential-based approach. Additionally, we correct some
misunderstandings of the potential theory in existing litera-
ture. In Section V, we estimate the ROA of the proposed DC
microgrid model. Section VI verifies our theoretical deriva-
tion with a simulation-based study.

II. MODEL ASSUMPTIONS
A generalized circuit structure of a DC microgrid can be
described in Fig. 1. Without loss of generality, the circuit
diagram is modeled based on the following assumptions:

FIGURE 1. The general circuit structure of a typical DC microgrid.

1) The power supplies are all constant voltage sources.
2) The DC-DC converters are utilized to step up/down volt-
age. They can be ideal buck converters or boost converters.
No parasitic element is considered. Moreover, the model-
ing of power converters is formulated with the state space
averaging method. 3) The transmission lines are modeled as
pure impedances. Lti,Rti and Lfj,Rfj(i = 1, 2, . . . ,N , j =
1, 2, . . . ,M ) in Fig. 1 represent the impedances of transmis-
sion lines in power source side and demand side, respectively.
4) The demand side consists of multiple CPLs. The model of
the CPL is shown in Fig. 2(a) and its operation follows the
following function:

IPL = Imax , VL ≤ Vmin

VL =
PL
IPL

, Vmin ≤ VL ≤ Vmax

VL = Vmax , IPL < Imin

(1)

FIGURE 2. The models of a CPL: (a) a realistic one with the
operational upper bounds; (b) a traditional one without the
operational upper bounds.

The CPL model in Fig. 2(a) has operation bounds on voltage
and current, with the consideration of the practical operation
of CPLs in DC microgrids. In practice, a parallel diode of
CPL clamps the voltage as a non-negative value. Notably,
all mathematical prerequisites of the LaSalle theorem can
be satisfied by this model, which provides a fundamental
principle of the potential theory for LSS of nonlinear circuits.
In most of the existing studies about microgrid stability, the
conventional CPL model without current or voltage limits is
utilized, as shown in Fig. 2(b). However, this model does
not fit for potential-based stability analysis since it violates
the prerequisites of the LaSalle theorem, which requires the
domain of the studied dynamic system to be a compact pos-
itively invariant set [23]. The domain of the traditional CPL
model shown in Fig 2. (b) is the set of non-zero positive real
numbersR∗+, which is an open set, so the requirements cannot
be satisfied.

III. STABILITY DESCRIPTION IN DC MICROGRIDS
A large disturbance could happen in power grids when a fault
or load switching occurs. Regrettably, traditional SSS anal-
ysis, which deploys the small-signal and linearized model,
cannot provide sufficient information about the stability of a
microgrid with CPLs involving a large disturbance. Another
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limitation of SSS analysis is that power converter dynam-
ics can be approximated by a state-space averaging model
only if the system bandwidth is lower than switching fre-
quency [22], [24].

LSS analysis is able to determine safe operation conditions
in practical DC microgrids even when they are going through
a large disturbance. The definition of the traditional LSS is
that there exists at least one stable equilibrium in the dynamic
system where any subsequent trajectories of a set of initial
conditions end up. For microgrids with a single equilibrium
point, we can derive sufficient conditions for their global
large-signal stability (G-LSS), which guarantees LSS of the
microgrid for any initial states in the complete domain. How-
ever, G-LSS is not applicable to a microgrid with multiple
equilibrium points because state trajectories with different
initial states may converge to different equilibrium points.
To solve this issue, we propose in this paper a definition of
HL-LSS for microgrids with multiple equilibrium points. In a
microgrid with multiple equilibrium points, an equilibrium
point is called HL-LSS if there exists a subset of the domain
from which any subsequent trajectories starting from this
subset converge to the equilibrium point. This concept places
emphasis on the stability of each equilibrium and differen-
tiates the convergences of state trajectories with different
starting points, which is more appropriate and practical in
microgrids with multiple equilibrium points. The HL-LSS is
different from the traditional local stability in SSS analysis
for the following two reasons: first, HL-LSS is developed on
the original nonlinear system, whereas local stability in SSS
analysis depends on a small-signal and linearized system;
second, there exists ROA for every equilibrium point with
HL-LSS, while local stability in SSS analysis cannot provide
ROA. The relationships of the above concepts are depicted in
the following figure.

FIGURE 3. The relationships among different types of stability.

In conclusion, the HL-LSS of DCmicrogrids with multiple
CPLs is proposed and discussed. We study the stability of
each equilibrium point in microgrids with multiple equilib-
rium points using a potential-based approach. The ROA for
each stable equilibrium point is also estimated.

IV. DC MICROGRIDS MODELING AND EQUILIBRIA
ANALYSIS
A. MICROGRIDS MODEL WITH POWER CONVERTER
CONTROLLERS
The general framework of a DC microgrid is shown in Fig. 1.
In a DC microgrid, reasonable control of power converters
can smooth the power flow and provide electric power with
high quality through the regulation of output voltage. Con-
sidering the distinctive advantages of current-mode control,
we build a novel type of converter controller, shown in the
following figure. The applied droop-inertia controller is first
proposed and explained in our paper [22]. Compared to the
traditional droop controller often deployed in DCmicrogrids,
the droop-inertia controller shows more stable characteristics
and smaller steady-state errors. Moreover, it can be noted that
the droop-inertia controller degrades to a traditional droop
controller when Lqi = 0.
The droop-inertia controller regulates the output voltage

VCi to the given reference value Vrefi by controlling the induc-
tor current Isi. The admittance block transfers the signal of
voltage error Vrefi − VCi to a current signal Iei. The feature
of the current controller is to regulate Isi according to the
input Iei. It is worth mentioning that the regulation of Isi is
realized by control of the duty ratio of the transistor. The
current controller is designed as a proportional integral (PI)
controller here, which regulates the duty ratio based on the
current difference Iei − Isi. Both the droop-inertia controller
and the current controller are linear controllers. The transfer
function of the droop-inertia controller is as follows:

G (s) =
Isi (s)

Vrefi (s)− VCi (s)
= Yin (s) =

Rpi + sLqi + Rqi
Rpi

(
sLqi + Rqi

)
(2)

where Yin is the equivalent admittance of the block in Fig. 5.
Considering the above DC microgrid modeling analysis,

it is not necessary to discuss the LSS of the converter side. The
reason is explained as follows. The modeling of power con-
verters is formulated with the state space averaging method.
Moreover, by designing the bandwidth of the current control
loop to be much higher than the voltage control loop, we can
view the voltage control loop as a linear system that consists
of both the power converter and the droop-inertia controller.
Note that these two assumptions are based on the concept of
time-scale separation, which is commonly used in the design
of power electronics controllers; they are not based on lin-
earization. Based on these assumptions, the power converter
plant can be modeled as a linear system. The SSS is the same
as the LSS in linear models. Therefore, the discussion of LSS
of the converter side is not necessary.

The equivalent circuit of the model in Fig. 4 is shown in
Fig. 6. The state equations of the model in Fig. 6 are shown
as follows:

ẋ = Ax + Bu+ k
y = Cx
yjuj = −PLj, ∀j ∈ {1, 2, . . . ,M}

(3)
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FIGURE 4. The circuit diagram of a power converter with
droop-inertia controller.

FIGURE 5. The equivalent circuit of the proposed converter
controller.

where x = [Iq1, . . . , IqN It1, . . . , ItN If 1, . . . , IfM VC1, . . . ,
VCN VD VL1, . . . ,VLM ]T , u = [−IL1, . . . ,−ILM ]T ,
y = [VL1, . . . ,VLM ]T ,
A and k are shown in one-column form at the bottom of

this page because of the large size,

B =

 0(3N+M+1)×M

diag{
1
Cf 1

, . . . ,
1
CfM
}

 ,
C =

[
0M×(3N+M+1) IM×M

]
, (where I is the identity

matrix),

i ∈ {1, 2, . . . ,N } , j ∈ {1, 2, . . . ,M} .

Iqi is the current through the resistor Rqi, and other notations
are as notated in Fig. 6.

FIGURE 6. The equivalent model of a DC microgrid under
current-mode control.

B. STEADY-STATE ANALYSIS OF DC MICROGRIDS WITH
MULTIPLE CPLs
Firstly, we solve equilibrium points of the given microgrid
system. The state equations of the model in Fig. 6 are
described in (3). Let ẋ = 0. The equilibria of the system (x̄, ȳ)
is solved as {

x̄ = −A−1(Bū+ k)
ȳ = −CA−1(Bū+ k)

(4)

with the assumption that A−1 exists.
In fact, this assumption holds in our case. The explanation

is as follows. Suppose a matrix T , whose size is the same
as A.x, u, k are defined in the above section. The solvability
and the existence of the equilibria of the original system
are undetermined due to the complexity of nonlinear circuit
systems. However, whether A is invertible depends only on
the circuit structure without the CPLs and whether x is a
minimal realization. Hence, A is invertible because the DC
system without the CPLs is a linear time invariant (LTI)
system and x is a minimal realization. The superposition the-
orem [25] in linear circuit systems is adopted here to clarify
the explanation. The input u in our model consists of current
sources; the constant term k consists of voltage sources; and

A =



diag{−
Rq1
Lq1

, . . . ,−
RqN
LqN
} 0N×N 0N×M

0N×N diag{−
Rt1
Lt1

, . . . ,−
RtN
LtN
} 0N×M

0M×N 0M×N diag{−
Rf 1
Lf 1

, . . . ,−
RfM
LfM
}

diag{−
1
Lq1

, . . . ,−
1

LqN
} 0N×1 0N×M

diag{
1
Lt1

, . . . ,
1
LtN
} [−

1
Lt1

, . . . ,−
1
LtN

]
T

0N×M

0M×N [
1
Lf 1

, . . . ,
1
LfM

]
T

diag{−
1
Lf 1

, . . . ,−
1
LfM
}

diag{
1
Cb1

, . . . ,
1

CbN
} diag{−

1
Cb1

, . . . ,−
1

CbN
} 0N×M

01×N [
1
CD

, . . . ,
1
CD

]
1×N

[−
1
CD

, . . . ,−
1
CD

]
1×M

0M×N 0M×N diag{
1
Cf 1

, . . . ,
1

CfM
}

diag{−
1

Rp1Cb1
, . . . ,−

1
RpNCbN

} 0N×1 0N×M

01×N 0 01×M
0M×N 0M×1 0M×M



,

k =
[
Vref 1/Lq1, . . . ,VrefN /LqN 01×N 01×M Vref 1/Rp1Cb1, . . . ,VrefN /RpNCbN 0 01×M

]T
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x̄ consists of different inductor currents, capacitor voltages,
and load voltages. At one moment, the CPLs can be treated as
current sources. According to the following equation, every
element in matrix T can be determined by solving a linear
circuit with only one independent power source and then
adding them algebraically. T exists and is unique based on
the property of circuit systems.

x̄ = −T (Bū+ k) (5)

Considering the state equation at the equilibria Ax̄ =

−(Bū+k) and the above equation x̄ = −T (Bū+ k), we have

TAx̄ = −T (Bū+ k) = x̄ (6)

that is, TA = I . Therefore, A−1 exists.
Next, we continue to solve the equations{

x̄ = −A−1(Bū+ k)
ȳ = −CA−1(Bū+ k)

(7)

Notate G = −CA−1B = [g1, . . . , gM ]T ;
O = −CA−1k = [o1, . . . , oM ]T ;gj are the column vec-
tors with size (3N + 2M + 1) × 1,∀j ∈ {1, 2, . . . ,M} ,
ȳ = [ȳ1, . . . , ¯yM ]T ,∀j ∈ {1, 2, . . . ,M}.

From the above equations, we have

ȳj = gTj ū+ oj, ∀j ∈ {1, 2, . . . ,M} (8)

Considering the equation yjuj = −PLj,∀j ∈ {1, 2, . . . ,M ,
we have

(gTj ū+ oj)uj = −PLj, ∀j ∈ {1, 2, . . . ,M} (9)

The group of equations can be written in the following form:

ūTF (j)
2 ū+ F (j)

1 ū+ F (j)
0 = 0, ∀j ∈ {1, 2, . . . ,M} (10)

where F (j)
2 is the coefficient matrix with the size

(3N + 2M + 1) × (3N + 2M + 1), whose j-th column is
gj and other columns are all zero vectors; F (j)1 is a vector
with size 1 × (3N + 2M + 1), whose j-th element is oj
and other elements are all zero; F (j)

0 is a constant in which
F (j)
0 = PLj,∀j ∈ {1, 2, . . . ,M}.
Therefore, we conclude that there exist equilibrium

point(s) in the microgrid system if equation (10) is solvable.
In engineering practice, the solvability of equation (10) can
be known by solving it using optimization solvers. In fact,
the condition that an optimization solver obtains a solution
of equation (10) is a sufficient but not necessary condition
for the existence of an equilibrium point. More studies about
the solvability and existence of equilibria in similar dynamic
systems can be found in [26], [27]. In this paper, we assume
that equation (10) is solvable and that there exists at least one
equilibrium for further discussion of ROA.

Here, we take the case with two CPLs as an illustrative
example. Given N = 1,M = 2, we obtain the specified state
equations for the example from equation (11):{

P1 = Veq · IP1 − I2P1
(
Req + Rf 1

)
− ReqIP1IP2 (a)

P2 = Veq · IP2 − I2p2
(
Req + Rf 2

)
− ReqIP1IP2 (b)

(11)

TABLE 1. Microgrid Model parameters (The unit: V, Ohm, W).

From another perspective, the equations can be verified by the
power balancing equations of the Thevenin equivalent circuit
of the microgrid model shown in Fig. 6. The microgrid in
Fig. 6 has the following Thevenin equivalent model when it
is in steady state:

where Veq is the equivalent voltage, Req is the equivalent
resistor.

Notate x = [IP1, IP2]T . The above equations can be trans-
formed to the following quadratic form to determine their
shape.

xTAx + bx + c = 0 (12)

where A =
[
Req + Rf 1 Req/2
Req/2 0

]
, b =

[
−Veq 0

]
, c = P1.

SupposeQ =
[
v1 v2

]
, where v1 and v2 are eigenvectors of

A; 3 = diag(
[
λ1 λ2

]
), where λ1 and λ2 are the correspond-

ing eigenvalues of v1 and v2, respectively. Considering that A
is a real symmetric matrix, we can decompose A as follows:

A = Q
[
λ1 0
0 λ2

]
Q−1 = Q

[
λ1 0
0 λ2

]
QT (13)

Equation (13) can be converted to

yTQTAQy+ bQy+ c = 0 (14)

where y = Q−1x. Notate y = [ I ′P1 I
′

P2 ]
T . Then we have

λ1I ′2P1 + λ2I
′2
P2 +

[
−Veq 0

] [
v1 v2

]
[ I ′P1 I

′

P2 ]
T
= −P1

(15)

Notate
[
r1 r2

]
=
[
−Veq 0

] [
v1 v2

]
. The above equation

can be converted to

λ1(IP1′ +
r1
2λ1

)
2
+ λ2(IP2′ +

r2
2λ2

)
2
=

r21
4λ1
+

r22
4λ2
− P1

(16)

Solving the eigenvalues of A, we obtain that

λ1,2 =
Req + Rf 1 ±

√
2R2eq + 2ReqRf 1 + R2f 1

2
(17)

We know that λ1 > 0, λ2 < 0 (suppose λ1 > λ2). Therefore,
equation (12-a) is a hyperbola. Similarly, it is concluded that
equation (12-b) is also a hyperbola.

An example is taken to illustrate the shape of the state equa-
tions in (12) and to develop equilibria analysis. Suppose a
DC microgrid model with the following Thevenin-equivalent
parameters.

The state equations of this model in (12) are plotted in
Fig. 8. The difference in the operation boundaries of the CPL
model may generate different operation scenarios. Here, four
different operation scenarios are discussed.
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FIGURE 7. Thevenin equivalent model of a DC microgrid with
multiple CPLs.

FIGURE 8. Visualization of power balancing equations in (12).

1) A SPECIAL LIMITING CASE WHERE THE
PARAMETERS OF THE CPL MODEL SATISFY THAT
limVmin → 0, lim Imax →∞
This case is shown in Fig. 8(a). It can be observed that there
are four equilibrium points in this system.

2) THE PARAMETERS OF THE CPL MODEL Imax AND
Vmin ARE FINITE
2-a) Suppose that the maximum operation current of the two
CPLs is Imax = 150A. In Fig. 8(b), both CPLs operate as
the function VL = PL/IPL . There exists only one equilibrium
point in this case.

2-b) In Fig. 8(c), only one CPL operates as the func-
tion VL = PL/IPL . Another CPL operates as the function
IPL = Imax , which means it actually works as a current
source. There are two equilibrium points in this system.

2-c) In Fig. 8(d), both CPLs operate as the function
IPL = Imax , i.e., both CPLs work as current sources. In this
case, there exists only one equilibrium point.

C. POTENTIAL FUNCTION OF DC MICROGRIDS MODEL
First, we show the definition of the potential function.
Definition (Potential Function [28]): Suppose there are r

inductors, s capacitors, and b nonlinear resistors and power

supplies in total in a circuit system. These components are
sequentially numbered, starting from inductors and capac-
itors to resistors and power supplies, notated by µ. Then
we define the potential function P (i, v) of the above circuit
system as

P (i, v) =
r+s∑

µ=r+1

vµiµ|0 +
r+s+b∑
µ>r+s

∫ vµdiµ

0

(18)

where vµ and iµ are voltage and current of elementµ, respec-
tively. Regarding the notations of the elements, 1, 2, . . . , r
represent inductors; r + 1, . . . , r + s represent capacitors;
r + s + 1, . . . , r + s + b represent nonlinear resistors and
power sources.

Next, we conclude and emphasize some basic proper-
ties of the potential function, which are easily ignored
and were misunderstood in previous studies, such
as [20], [21].

1) The potential-based large-signal stability analysis is
applicable to autonomous systems only. It cannot be deployed
in time-variant systems. The rule is constrained by LaSalle
stability theorem [23], which builds mathematical foundation
for the Brayton-Moser potential theory.

2) The potential theory is preferred to be applied to com-
plete circuits. An incomplete circuit can be modified to a
complete circuit by adding capacitors in parallel and induc-
tors in series.

3) The potential function is not a Lyapunov function or
an energy function. Being a Lyapunov function or energy
function requires non-negativity. However, it can be con-
cluded from the definition of the potential function that a
potential function could be negative. The potential has the
same unit as power. Suppose there is a nonlinear element
whose voltage potential is η =

∫ i1
0 vµdiµ. The dual function

of voltage potential is ζ =
∫ v1
0 iµdvµ, which is called current

potential. The total power dissipation 9 can be expressed
as follows:

9 = i1v1 =
∫ i1

0
vµdiµ +

∫ v1

0
iµdvµ = η + ζ (19)

4) The potential of a circuit depends only on the start
point and end point of a motion trajectory, whereas it is
independent of the trajectory itself.

Generally, the Brayton-Moser potential theory provides
the paramount method to analyze LSS in nonlinear circuit
systems. However, it is not complete enough and is espe-
cially vulnerable when confronted with the stability prob-
lem in nonlinear systems with multiple equilibrium points.
In this paper, we successfully resolve this dilemma by
identifying hyperlocal stable equilibrium points and ROA
estimation.
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The potential function of the model in Fig. 6 is calculated
as follows:

P (i, v)

=

N∑
i=1

Vrefi
(
Ipi + Iqi

)
−

1
2

N∑
i=1

RpiI2pi −
1
2

N∑
i=1

RqiI2qi

−
1
2

N∑
i=1

RtiI2ti −
1
2

M∑
j=1

RfjI2fj −
N∑
i=1

VCi
(
Ipi + Iqi − Iti

)

−VD

 N∑
i=1

Iti −
M∑
j=1

Ifj

+ M∑
j=1

Zj (20)

where

Zj=


∫ VLj

Vmin

PLj
v
dv− PLj − VLj(Ifj − ILj),VLj > Vmin_j

Imax _j
(
VLj − Vmin _j

)
− PLj − VLj(Ifj − Imax _j),

VLj ≤ Vmin_j

(21)

Ipi and Iqi represent the currents through resistors Rpi and Rqi,
respectively. Vmin is the lower bound of the output voltage of
CPL and Imax is the upper bound of current of CPL. Other
notations are as marked in Fig. 6.

D. POTENTIAL-BASED STABILITY ANALYSIS OF
MICROGRIDS
As for all the discussion of microgrid stability here, we first
make the following two assumptions: (a) In the state equa-
tion of microgrid model described in (3), A−1 exists, (this
always hold in our case and the explanation is presented in
section IV.B); (b) there do exists equilibrium(s) in the micro-
grid model, that is, (10) is solvable. Conventional potential-
based LSS analysis provides rigorous criteria for LSS in
nonlinear systems. Every trajectory finally converges to a set
notated by E when the stability criteria are satisfied, where E
is the compact set consisting of all equilibria of the system.
In fact, however, this conclusion indicates the unavoidable
flaws of the traditional potential-based stability analysis in
multi-equilibria systems. The traditional method only derives
sufficient conditions for the convergence of trajectories to
the set E but cannot reveal the equilibrium point to which
it will exactly converge. An example is shown in Fig. 10(a).
Suppose O is an initial point in a system defined in domain
Rn; A,B,C are different equilibrium points of this system;
and E is the compact set consisting of all equilibrium points,
i.e., E = {A,B,C . Then the sufficient conditions given
by the traditional stability analysis are to ensure that the
trajectory starting fromO approachesE as t →∞. It is worth
mentioning that this result involves three possible situations:
the trajectory starting from O approaches equilibrium A,B,
or C as t →∞.
In this paper, we propose a novel potential-based stability

analysis to differentiate the convergences to different equilib-
rium points. This task is visualized as shown in Fig. 10(b).
In the system domain Rn, suppose O,O1,O2 are different

FIGURE 9. Potential functions of a nonlinear element.

FIGURE 10. Correspondence between initial conditions and
equilibrium points.

TABLE 2. Comparison among different stability methods.

initial points; A,B,C are different equilibria of this system;
and E is the compact set consisting of all equilibrium points,
i.e., E = {A,B,C}. The HL-LSS of each equilibrium point is
explored and the correspondence between initial conditions
and converged equilibrium points is investigated. For exam-
ple, it is concluded that the trajectory starting fromO,O1,O2
converges to equilibrium A,B,C , respectively. Each equilib-
rium has a different ROA, which can be estimated using the
proposed novel potential-based approach.

The following table shows the differences among the tradi-
tional potential-based method, the small-signal method, and
our proposed novel method.

On the one hand, the novel proposed stability analysis over-
comes the drawback of traditional potential-based analysis
that cannot differentiate the convergence of trajectories with
different initial conditions; on the other hand, the proposed
novel stability analysis investigates both global stability and
local stability, which is superior to other stability analysis
methods.

The dynamic equation of the microgrid model in Fig. 6 is
shown as follows:

−J
dx
dt
=
∂P(x)
∂x

(22)

where x = [ iv]T , J = diag
{[
−L C

]}
.
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i = [Ip1, Ip2, . . . , IpN , Iq1, Iq2, . . . , IqN , It1, It2, . . . , ItN ,
If 1, . . . , IfM ],
v = [VC1,VC2, . . . ,VCN ,VL], L and C are the diago-

nal inductance matrix and the diagonal capacitance matrix,
respectively. It is observed that whether J is positive definite
is dependent on L and C under this description. We recon-
struct the expression of this system to decouple this depen-
dancy, which considers (P∗, J∗) instead of (P, J ), such that

−J∗
dx
dt
= ∇P∗(x) (23)

where J∗ is positive definite in a stable system and ∇ is gra-
dient operator. The pair (P∗, J∗) can be obtained by equation
transformation and superposition:

J∗=
(
λI+

∂2P (x)
∂x2

M
)
·J ,P∗=λP+

1
2

(
∂P (x)
∂x

,M
∂P (x)
∂x

)
(24)

where I is an identity matrix, M is an arbitrary symmetric
matrix, and λ is an arbitrary constant [16].
Theorem 1: Given a nonlinear circuit dxdt = f (x), as shown

in Fig. 6, the potential-based dynamic function of the circuit
is −J∗ dxdt =

∂P∗(x)
∂x . Let f : Rn

→ R be a C1 function and
P∗ : Rn

→ R be a C2 function. D is a neighborhood of the
equilibrium point xe.

1-a: Suppose J∗ � 0, H (P∗)|x=xe � 0, then xe is a
local minimum of P∗ and an asymptotic stable equilibrium
point [16]. 1

1-b: For an asymptotic stable equilibrium xe, there exists a
Lyapunov function at x = xe. The proof is presented in [17].
Theorem 1 presents sufficient conditions for HL-LSS of

an equilibrium point and for the existence of a Lyapunov
function. Furthermore, the existence of a Lyapunov function
at an equilibrium point ensures the existence of the ROA at
this equilibrium and is helpful in estimating the ROA.

V. POTENTIAL-BASED ROA ESTIMATION
ROA estimation is performed to differentiate the conver-
gence of trajectories with different starting points. In this
section, we propose a novel method to estimate the ROA of
every equilibrium point where the conditions described in
Theorem 1 are satisfied.

As introduced in section III.D, there exists a function P∗(x)
such that

∇P∗(x) = −J∗ẋ (25)

where J∗ � 0,∇ is the gradient operator, since J∗ � 0,
(J∗)−1 exists. The above system can be equivalently formu-
lated as:

ẋ = −(J∗)−1∇P∗(x), (26)

The linearized system at equilibrium x = xe can be
described in (27) and the original system can be described

1The notations ‘‘� 0’’ and ‘‘� 0’’ represent positive definite and positive
semi-definite, respectively. H is the Hessian matrix.

in (28).

˙̂x ≈ −
(
J∗
)−1 H (P∗)∣∣x=xe · x̂ = Ax̂ (27)

˙̂x = A · x̂ + g
(
x̂
)

(28)

where H is the Hessian matrix, A = − (J∗)−1 H (P∗)|x=xe ,
x̂ = x − xe, and g

(
x̂
)
= f

(
x̂ + xe

)
− Ax̂. The derivation is

shown in Appendix A.
Theorem 2: Given a nonlinear circuit dx

dt = f (x),
as shown in Fig. 6, the potential-based dynamic function
of the circuit is −J∗ dxdt =

∂P∗(x)
∂x . Suppose J∗ � 0,

H (P∗)|x=xe � 0. From Theorem 1, we conclude that x = xe
is an asymptotic stable equilibrium point and there exists
a Lyapunov function at x = xe. A Lyapunov function at
x = xe can be constructed as follows:

L(x) = x̂T H
(
P∗
)∣∣
x=xe

x̂ (29)

where x̂ = x − xe. The proof is presented in [17].
Theorem 2 provides a very convenient method to solve

Lyapunov function for the microgrid dynamics. With
potential-function-basedmodeling, we can use H (P∗)|x=xe to
construct the Lyapunov function directly. This characteristic
reduces the computational costs in the traditional approach
to solving Lyapunov equations. In traditional methods of
solving Lyapunov function, it is not avoidable to solve matrix
N given any symmetric and positive definite matrix Q. For
example, the Hessenberg-Schur algorithm is utilized exten-
sively to obtain a Lyapunov function, however, it greatly
burdens the computation.

Consider the quadratic Lyapunov function L(x) con-
structed in Theorem 2, i.e.

L = x̂TNx̂, (30)

where N = H (P∗)|x=xe � 0, x̂ = x − xe.
The derivative of Lyapunov function L(x) is solved as

follows:
dL
dt
= −x̂TQx̂ + 2x̂TNg

(
x̂
)
, Q � 0 (31)

Since
∥∥g(x̂)∥∥2 = o(

∥∥x̂∥∥2), there exists γ > 0 such that

∀
∥∥x̂∥∥ ≤ γ, ∥∥g(x̂)∥∥2 < α

∥∥x̂∥∥2 (32)

where α ∈ R+.
The parameters γ and α can be determined as follows.

α ≤
λmin (Q)
2λmax (N )

(33)

γ = min
j∈{1,2,...,M}

V ∗Lj(Yj −
√
Y j)

Yj − 1
(34)

where V ∗Lj is steady-state voltage of VLj, Yj = α
2( CfjPLj

)
2
(V ∗Lj)

4.
It is worth mentioning that Yj < 1 needs to be satisfied.
This can be achieved by tuning α. The detailed derivation is
developed in Appendix B.

It is not difficult to see that D : {
∥∥x̂∥∥ ≤ γ } cannot

be treated as an estimate of ROA directly. Even though a
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TABLE 3. Simulation parameters (The unit: V, H, F, Ohm, W).

trajectory starting from D will go to the Lyapunov surface
L (x) = c1 from another Lyapunov surface L (x) = c2, where
c1, c2 ∈ R, c1 < c2. It is not guaranteed that L (x) will
remain in D. Therefore, we should estimate the ROA by a
compact set �c ⊂ D such that every trajectory starting from
�c stays in �c for all future moments. It can be determined
that the set �c = {x ∈ Rn,L (x) ≤ c} is an ROA of the
system, where c is defined as

c , min
‖x̂‖2=γ

xTNx = λmin(N )γ 2 (35)

N is set as H (P∗)|x=xe .

VI. CASE STUDY
To illustrate our proposed techniques, we investigate in this
case study HL-LSS stability analysis and ROA estimation for
DC microgrids with multiple equilibria.

Suppose there are two branches of power sources and two
branches of loads. Then the equivalent circuit of themicrogrid
model can be shown as follows:

FIGURE 11. The equivalent circuit diagram of the microgrid
model.

The simulation parameters are set as Table. 3. Load PL1
works as constant power mode; load PL2 works as constant
powermodewhen voltage is higher than voltage boundVmin2,
and works as constant current mode when voltage is lower
than voltage bound Vmin2.

A. STEADY-STATE ANALYSIS OF THE MICROGRID MODEL
Firstly we investigate Thevenin equivalence of the microgrid
model for equilibrium analysis.

With the parameters in Table. 3., the parameters Req and
Veq of the Thevenin equivalent circuit are determined by

Req =
1
2
· (

Rp1Rq1
Rp1 + Rq1

+ Rt1) (36)

Veq = Vs1 (37)

TABLE 4. Equilibrium points solved in the first case.

Then we discuss the equilibrium points of the model by
classification.

1) Suppose both load PL1 and load PL2 in the DC system
work as constant power models. Then the power balancing
equations of the system are as follows:{

PL1 = Veq · IL1 − I2L1
(
Req + Rf 1

)
− ReqIL1IL2

PL2 = Veq · IL2 − I2L2
(
Req + Rf 2

)
− ReqIL1IL2

(38)

2) Suppose the load PL1 works as a constant power model
and the load PL2 works as a constant current source. Then the
Kirchhoff’s circuit equations of the system are as follows:{

VL1 = Veq − IL1
(
Req + Rf 1

)
− ReqImax2

IL2 = Imax2
(39)

The above circuit equations (38)(39) are visualized in Fig. 13.
It can be seen that there are six equilibrium points in total.

FIGURE 12. The Thevenin equivalent circuit model.

FIGURE 13. The equilibrium points in the microgrid model.

The equilibrium points in the first case are solved as
follows.

The equilibrium points in the second case are solved as
follows.

Second, we develop stability analysis for the equilib-
rium points to specify the stable one(s) among them using
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TABLE 5. Equilibrium points solved in the second case.

Theorem 1-a. The analysis results show that there are
two stable equilibrium points: the first equilibrium point(
I∗L1, I

∗

L2

)
= (1.1338, 2.2829) and the 6th equilibrium point(

I∗L1,V
∗

L2

)
= (3.2330, 18.0266).

B. ROA ESTIMATION
We formulate the ROA estimation of the two stable equilibria
in the microgrid model using our proposed approach.

1) Regarding the equilibrium
(
I∗L1, I

∗

L2

)
= (1.1338, 2.2829),

the steady-state load voltages are
(
V ∗L1,V

∗

L2

)
= (176,

175); the related parameters α = 0.0002, γ = 3.1690, c =
0.4490. The estimated ROA is set �c1 = {x ∈ Rn,L (x) ≤
0.4490}. The estimated ROA is depicted in the subspace
consisting of load voltage (VL1,VL2) in Fig. 14(a). The red
dot marks the equilibrium point (i.e., the steady-state load
voltages) and the blue ellipse plots the boundary of the
estimated ROA.

FIGURE 14. Auxiliary boundary in ROA estimation.

2) Regarding the second stable equilibrium point(
I∗L1,V

∗

L2

)
= (3.2330, 18.0266), the related parameters α =

0.00008, γ = 0.0014, c = 5.2711 × 10−8. The estimated
ROA is set as �c2 = {x ∈ Rn,L (x) ≤ 5.2711× 10−8}. The
ROA is visualized in the subspace consisting of load voltage
(VL1,VL2) in Fig. 14(b).

Next, we carry out simulations to verify the correctness of
the ROA solved by the proposed theoretical method.We eval-
uate some typical scenarios which have the most extreme
initial status of the microgrid model, such as the scenario with
the largest current oscillation and the scenario with the largest
voltage oscillation. We show the simulation-based verifica-
tion at the data points with the maximum of L (x). The results
are shown in Fig. 15. Fig.15 (a) describes the case where both
CPLs work under constant power mode; Fig. 15 (b) describes
the case where one CPL works in constant power mode and
the other CPL works in constant current mode. It can be

FIGURE 15. Dynamic responses of load voltages.

observed from Fig. 15 that the studied system converges to its
equilibrium point in both cases as we expected in both cases.

VII. CONCLUSION AND FUTURE WORK
In this paper, we propose hyperlocal large-signal stability
analysis from the perspective of potential theory in com-
plex DC microgrids with multiple equilibrium points. On the
one hand, we study the stability of each equilibrium and
the convergence of state trajectories with different starting
points; on the other hand, we estimate the multiple ROAs
in microgrids with some strategies. Conventional potential
theory is a flawed but creative and useful tool in large-signal
stability analysis in nonlinear circuits. However, it has not
been understood and facilitated precisely and completely in
many past studies. Therefore, we correct the misunderstand-
ing of potential theory and clarify related theoretical bases.
Our future work will investigate more advanced ROA estima-
tion methods with dimensionality reduction strategies. Deep
reinforcement learning techniques might be utilized to reduce
the curse of dimensionality [30], [31].

APPENDIX A
There exists a function P∗(x) such that

∇P∗(x) = −J∗ẋ (40)

where J∗ � 0,∇ is the gradient operator, since J∗ � 0,
(J∗)−1 exists. The above system can be equivalently formu-
lated as:

ẋ = −(J∗)−1∇P∗(x), (41)

Linearize the system at equilibrium x = xe:

˙̂x ≈ −
(
J∗
)−1 H (P∗)∣∣x=xe · x̂ = Ax̂ (42)

where H is the Hessian matrix, A = − (J∗)−1 H (P∗)|x=xe ,
and x̂ = x − xe. Additionally, we have

˙̂x = ẋ = −
(
J∗
)−1
∇P∗

(
x̂ + xe

)
= −

(
J∗
)−1 H (P∗)∣∣x=xe · x̂ + g (x̂)

= A · x̂ + g
(
x̂
)

(43)

where g
(
x̂
)
= f

(
x̂ + xe

)
− Ax̂.
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APPENDIX B
Consider the quadratic Lyapunov function L(x) constructed
in Theorem 2, i.e.

L = x̂TNx̂, (44)

where N = H (P∗)|x=xe � 0, x̂ = x − xe. The derivative of
Lyapunov function L(x) is solved as follows:

dL
dt
= ˙̂xTNx̂ + x̂TN ˙̂x

=

(
x̂TAT + gT

(
x̂
))
Nx̂ + x̂TN

(
Ax̂ + g

(
x̂
))

= x̂T
(
ATN + NA

)
x̂ + 2x̂TNg

(
x̂
)

= −x̂TQx̂ + 2x̂TNg
(
x̂
)
,Q � 0 (45)

Since
∥∥g(x̂)∥∥2 = o(

∥∥x̂∥∥2), there exists γ > 0 such that

∀
∥∥x̂∥∥ ≤ γ, ∥∥g(x̂)∥∥2 < α

∥∥x̂∥∥2 (46)

where α ∈ R+. Then
dL
dt
= −x̂TQx̂ + 2(NT x̂)

T
g
(
x̂
)

≤ −λmin (Q)
∥∥x̂∥∥2 + 2

∥∥∥NT x̂
∥∥∥ ∥∥g (x̂)∥∥

≤ −λmin (Q)
∥∥x̂∥∥2 + 2α

∥∥∥NT x̂
∥∥∥ ∥∥x̂∥∥

≤ −λmin (Q)
∥∥x̂∥∥2 + 2αλmax (N )

∥∥x̂∥∥2 (47)

To guarantee dL
dt ≤ 0, we set

−λmin (Q)
∥∥x̂∥∥2 + 2αλmax (N )

∥∥x̂∥∥2 ≤ 0 (48)

Therefore, α can be determined by the following equation:

α ≤
λmin (Q)
2λmax (N )

(49)

Next, we can solve γ according to

∀
∥∥x̂∥∥ ≤ γ, ∥∥g(x̂)∥∥2 < α

∥∥x̂∥∥2 (50)

We know

g
(
x̂
)
= f

(
x̂ + xe

)
− Ax̂

= ẋ +
(
J∗
)−1 H (P∗)∣∣x=xe x̂

= ẋ − ∇f (x)|x=xe x̂ (51)

Denote the elements in vector g
(
x̂
)

by gk (x̂k) , k =

1, 2, . . . ,N +M . In fact, gk (x̂k) = 0 for variable xk : ẋk =
fk (xk ) if fk (xk ) is a linear function. In the type of microgrids
proposed in this paper, the variables Ipi, Iqi, Iti, Ifj,VCi(i =
1, 2, . . . ,N , j = 1, 2, . . . ,M ) are subject to this situation.
However, gk (x̂k) 6= 0 for variables VLj(j = 1, 2, . . . ,M ) con-
sidering these variables correspond to nonlinear functions.
Consider we have

V̇Lj = fk (x) =
1
Cfj

(ifj −
PLj
VLj

) (52)

We can calculate gk
(
V̂Lj
)
as follows:

gk
(
V̂Lj
)
= V̇Lj − ∇fk (x)|VLj=V ∗Lj · x̂

= −
PLjV̂Lj

2

(V ∗Lj + V̂Lj)Cfj(VLj
∗)2

(53)

where V ∗Lj is steady-state voltage of VLj. Then we solve∥∥g(x̂)∥∥2 < α
∥∥x̂∥∥2 (54)

The above inequality can be guaranteed if∥∥gk (V̂Lj)∥∥2 < α
∥∥V̂Lj∥∥2 , ∀j = 1, 2, . . . ,M (55)

Solving this inequality, we obtain

V̂Lj =
V ∗Lj(−Yj ±

√
Y j)

Yj − 1
, ∀j = 1 . . .M (56)

where

Yj = α2(
Cfj
PLj

)
2
(V ∗Lj)

4 (57)

It is worth mentioning that Yj < 1 needs to be satisfied. This
can be achieved by tuning α. Then γ can be determined based
on its definition as follows:

γ = min
j∈{1,2,...,M}

V ∗Lj(Yj −
√
Y j)

Yj − 1
(58)
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