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ABSTRACT Conventional state-space-based stability assessment method of voltage-source converters
(VSCs) can be hindered by the black-box feature. Black box-based state-space model identification method
using the terminal admittance/impedance frequency responses has thus been drawing increasing research
attentions recently. However, the estimation of out-of-band modes commonly suffers from narrow bandwidth
of frequency responses. This article presents, for the first time, the potential identification of several critical
out-of-band modes of an artificially created rational function and a grid-connected VSC. This identification
is achieved through their band-limited frequency responses using the vector fitting (VF) algorithm. On its
basis, a sensitivity index of a partial fraction term is derived to explain the out-of-band modal identification
behavior of the VFE. The effects of the pole, residue, and fitting frequency interval width on the sensitivity
index are further investigated and demonstrated. The numerical analysis shows that, with the help of the
proposed sensitivity index, the extrapolation behavior of the VF can be explained, and several invisible
out-of-band modes can further be identified or synthesized from a band-limited frequency response. This
extrapolation feature may strengthen the curve fitting capability of the VF, i.e., compared to the VSC’s band-
limited frequency responses, more modal information can be obtained and further used for eigenvalue-based
stability analysis.

INDEXTERMS  Extrapolation, inverter, narrow-band frequency response, sensitivity index, stability, vector
fitting.

NOMENCLATURE
AFR,IFR Admittance and impedance frequency SSM  State-space model.
response. VSC  Voltage-source converter.
BLFR Band-limited frequency response.
EMT Electromagnetic transient.
FDNE Frequency-dependent network equivalent. I. INTRODUCTION
IBFR,OBFR In-band and out-of-band frequency ECENTLY, conventional synchronous generators have
response. been gradually replaced by inverter-based resources,
MF,VF Matrix fitting and vector fitting. e.g., wind and solar power [1]. The new paradigm leads to
MIMO Multiple-input-multiple-output. an increasing penetration of power electronic devices [2].
PCC Point-of-common-coupling. Different from the synchronous generators, various control
SISO Single-input-single-output. loops of the inverters are commonly decoupled, and their
SRF-PLL Synchronous-reference-frame phase- bandwidths are commonly distributed at different time scales,
locked loop. which exposes the modern power systems to the risk of
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wide-band low stability margin, resonance, or even instability
under weak grid conditions [3].

The conventional eigenvalue-based stability analysis
method, used to study these problems, builds the system
state-space model (SSM) based on the detailed informa-
tion on system structure and parameters [4], [5]. On its
basis, the poorly-damped and unstable eigenvalues can be
identified, and their participation factor analysis can further
be performed in order to locate the root cause. Although
mature and powerful, the state-space method can be hin-
dered by the devices’ black/gray-box feature [6], [7]. Since
the admittance/impedance model is in essence the transfer
function (matrix) reformulation of the SSM with appropriate
input and output variables defined, the matrix fitting (MF)
and vector fitting (VF) were recently applied as the inverse
solving algorithms in order to identify the SSM from the
admittance/impedance frequency responses (AFRs/IFRs) of
the inverter-based power systems [8], [9], [10], [11]. With
the help of the MF and VF, a virtual-eigenvalue-based partic-
ipation factor analysis can for instance be performed on the
black-box power systems.

The VF initially published in [12] aims to model the
black-boxed power system apparatus, and has been conceived
with mainly detailed time-domain electromagnetic transient
(EMT)-type simulations in mind. As a routine, the VF aims
to find a rational function approximation for a set of discrete
frequency responses with the optimization objective being the
minimized root-mean-square error over the fitting frequency
range. It identifies the poles and residues by iteratively relo-
cating an initial pole set which can be either real or complex
conjugate pairs to better positions via a scaling function,
each iterative step corresponding to the solution of simple
well-conditioned linear systems. Thanks to its superior fitting
performance, as demonstrated by the findings in [13] and
[14], several engineering fields have attempted to improve the
VF since its invention, among which power electronic domain
[5], [6], [7], [8], [9], [15], [16], power system domain [17],
[18], [19], [20], [21], [22], [23], [24], and electromagnetic
compatibility domain [25], [26], [27], [28] are relatively
active.

The VF fitting capability to cope with the scenarios where
several frequency ranges coexist has been improved in [17]
and [25] to relocate the poles, in [18], [19], [20], [21], and
[16] to reduce the model order, and in [22], [23], and [24]
to enhance the passivity which may be violated due to the
out-of-band fitting errors encountered in the system iden-
tification procedure. In this article, band-limited frequency
responses (BLFRs) are defined as the available AFR/IFR data
covering a limited range of frequencies. In-band frequency
responses (IBFRs) and out-of-band frequency responses
(OBFRs) respectively refer to the frequency responses within
this range, where AFRs/IFRs are available, and to those
beyond this range that are not directly available. Specifi-
cally, the hard relocating process was presented in [25] to
achieve better poles relocation able to converge more quickly
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and precisely, which was alternatively achieved in [17] by
utilizing a novel mild summation requirement of the scal-
ing function instead of the original stricter high-frequency
asymptotic constraint. Consequently, [17] showed that the
modes not situated in the frequency range where the initial
poles were positioned were able to be identified based on
a few times of poles relocation. Nevertheless, no modes
of interest are beyond the available measurement frequency
range.

In addition, the overall frequency band of interest was
split in [18], [19], [20], [21], and [16] into a few narrow
intervals, and the VF was used to generate an order-reduced
model for each small frequency range. However, the effects
of these generated order-reduced models on the frequency
responses within adjacent intervals were ignored in [18]
and [16]. On the contrary, the fitting inaccuracy of the
order-reduced model generated from the low-frequency band
in the high-frequency band and the fitting inaccuracy of the
order-reduced model generated from the high-frequency band
at about DC point below 1 Hz were eliminated in [19], [20],
and [21], respectively. Nevertheless, the out-of-band fitting
accuracy improvement in [19], [20], and [21] supposed that
OBFRs were already available. Therefore, it is necessary to
estimate the OBFRs using solely the IBFRs.

Furthermore, several out-of-band passivity enforcement
strategies were presented in [22], [23], and [24] by disturbing
the residues, poles, or residue matrices’ eigenvalues of the
generated rational model, due to the possible passivity vio-
lation induced by the VF. Thanks to these research efforts,
the current version of the VF can be configured flexibly to
guarantee the passivity of the fitted rational approximations
and stability of the EMT simulation. However, the accurate
reproduction of the OBFRs may not be achieved by these out-
of-band passivity enforcement strategies.

Attempts to extrapolate the BLFRs using solely the IBFRs
were performed in [26], [27], [28], [29], [30], and [31].
For example, on one hand, to guarantee the causality of
the impulse responses of the low-frequency IBFRs of the
S-parameters, the Hilbert transformation was employed in
[26] and [27] to extrapolate the IBFRs to generate the OBFRs
in the high-frequency band. On the other hand, to guarantee
the delay causality of the time responses of the middle-
frequency IBFRs of the S-parameters, the Kramers-Kronig
relation was employed in [28] to extrapolate the IBFRs to
generate the OBFRs in low-and high-frequency bands simul-
taneously. However, like the out-of-band passivity enhance-
ment strategies developed in [22], [23], and [24], the out-of-
band modal identification may still not be ensured by these
causality enforcement strategies in [26], [27], and [28]. The
out-of-band modes were proved in [12] to make little effect on
the in-band fitting precision, whereas no out-of-band modal
identification were performed. Differently, higher order of the
denominator or numerator was assigned in [29], [30], and
[31] to eliminate the in-band fitting inaccuracy induced by the
residual influences of the partial fraction terms located within
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the out-of-band frequency band. As a result, if one more
order is assigned for the denominator, an out-of-band partial
fraction term is identified with high precision. However, the
explanation of the extrapolation behavior was not provided.

Due to the industry secrecy and intellectual property pro-
tection, the discrete AFRs of the voltage-source converters
(VSCs) tend to be delivered in the lookup table form as
shown in [8], and [6]. However, the frequency range of
the provided lookup tables may be narrow, which probably
does not satisfy the stability analysis requirement in wide
frequency range. Alternatively, if the black-box models of
the VSCs are available, the frequency sweeping either using
the commercial software (e.g., PSCAD/EMTDC and Mat-
lab/Simulink) as shown in [9] and [32] or in the laboratory as
shown in [33] and [34] can be performed. However, whether
the measurement results within different narrow frequency
ranges are accurate or not is uncertain. To cope with these
practical issues, this article, based on the authors’ previous
work in [35] and [36] which focused on the selective iden-
tifications of dominant poles and residues of the artificially
created rational functions with the help of the VF/MF, intends
to apply the frequency-domain extrapolation capability of
the VF/MF for black box-based stability assessment of the
VSCs. Specifically, if the AFRs of the VSCs in the form of
lookup table have narrow frequency range, the VF/MF can be
employed to predict the out-of-band AFRs by extrapolating
the available BLFRs. In addition, if the wide-band AFRs of
the VSCs are obtained by performing the frequency sweeping
on the simulation models or in the lab, the VF/MF can be
employed to cross check the accuracy of the AFRs within
different narrow frequency ranges.

The main contributions of this article can be summarized
as follows.

« A sensitivity index of each partial fraction term is devel-
oped to quantify the effect of the inaccurate identifica-
tion of the in-band and out-of-band partial fraction terms
on the in-band fitting inaccuracy.

o The internal mechanism behind the selective in-band
modal identification of the under-fitted models and
selective out-of-band modal identification of the
over-fitted models are revealed.

e The dominant out-of-band modes of grid-connected
VSCs under current and voltage control modes are syn-
thesized from the over-fitted models using the proposed
sensitivity index.

The rest of this article is organized as follows. The basic
principle of the VF, and the extrapolation behavior for a set
of single-input-single-output (SISO) BLFRs of an artificially
created rational function and for a set of multiple-input-
multiple-output (MIMO) BLFRs of a VSC are shown in
Section II. In Section III, the sensitivity index of the partial
fraction term is derived to explore the internal mechanism
of the extrapolation capability of VF. The feasibility of the
proposed sensitivity index is verified in Section IV using
the artificially created rational function. In Section V, the
proposed sensitivity index concept is further verified using
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the current- and voltage-controlled VSCs to identify the dom-
inant out-of-band modes. Finally, the conclusions are drawn
in Section VI.

Il. EXTRAPOLATION BEHAVIOR FOR THE BLFRs

A. BASIC PRINCIPLE OF THE VF

The VF can generate a rational function approximation f(s)
for K discrete frequency samples {H (jwy) |k =1,2,...,K},
ie., [12]

N

Hlsmjon, X f ) lsmjio = # +d. ()

i=1

where N is the fitting order of f(s). In addition, the poles
{pili = 1,2,...,N} and residues {r;|li = 1,2,...,N} are
either real values or complex conjugate pairs. d is the direct
term which can be either real or optional. The VF routine
consists of three stages, i.e., poles initialization, poles identi-
fication, and residues identification.

Poles Identification: The key to the poles relocation is the
design of a scaling function o (s) as

I (s-2) 3
[T —a)  &s—di

ol (s) = +1, 2

where  denotes the iteration number. {g}|i = 1,2, ... ,N}is
the rth iterative estimation for {p;li = 1,2,...,N}. {Zili =
1,2,...,N} and {k/|i = 1,2,...,N} are the zeros and
residues collection, respectively, of o’(s). The poles in the
next iteration are replaced by the zeros in current iteration,
ie., {qg‘H} = {z?}. In each iteration, o’(s)H (s) is approx-
imated by another rational function (o'H) i (5) using the

same set of poles of o/(s), i.e.,

N t

k!
(" H)gy () =3 - Rl 3)

i=1 " T
where {k{|i = 1,2,...,N} is the residues collection of
(O’tH)ﬁt (s). Based on (2) and (3), at a specific frequency
point s = jwk (k € [1, K]), one can have
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which can be reformulated as a least-square problem as

%
Ar X = by, 4)
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, and /:};),
, and zN) can further be calculated

Based on the obtalned remdues (.e., kl, ké,
the zeros (i.e., zl, zz, ..
using (2).

If the poles relocation converges, ie., {g;" |i =
1,2,...,N} = {qf|i =1,2,...,N}, one can have from (2)
and (4) that

t+1

o~

gt
Pi—qi—Zi,

fori=1,2,...,N, which indicates that the poles identifica-
tion of f(s) becomes the zeros identification of o/ (s).

Residues Identification: Although (6) and (7) already pro-
vide the solutions of the asymptotic term d and the residues
{rili = 1,2,...,N}, respectively, the determined poles
{pili=1,2,..., N}in (7) are substituted into (1) to calculate
more accurately d and {r;|i = 1, 2, ..., N} through formulat-
ing another least-square problem.

The under-fitting and over-fitting behaviors of VF are
explored in this section. Under-fitting is characterized by a
fitting order that is lower than the system’s actual order, and
over-fitting occurs when the fitting order is higher than the
actual system order.

=0 rn=Kk, %

B. FIRST LOOK AT THE EXTRAPOLATION BEHAVIOR FOR
THE BLFRs

1) EXTRAPOLATION FOR AN ARTIFICIALLY CREATED
RATIONAL FUNCTION

Table 1 presents an artificially created rational function H (s)
in the form of (1) with N = 44 and d = 0.0032. This
investigated rational function does not have real zeros and
real poles, since out-of-band modal identification is the focus.
The imaginary parts of the poles of the 22 pairs of partial
fraction terms are distributed below 10 kHz. In addition, the
differences among the residues and the real parts of the poles
of the 22 pairs of partial fraction terms are designed as small
enough to test if the VF can identify these discrepancies.

TABLE 1. Poles and Residues of the Artificially Created Rational
Function H(s) in the Form of (1).

(pi» i) (Pi» Ti)

#1: (-10£j2764.60, 20:j80) #2: (-114j5780.53, 21£j81)
#3: (-124i8356.64, 22j82) #4: (-134j11561.06, 23£i83)
#5: (-14j13048.67, 24-£j84)  #6: (-154j17027.43, 25:+j85)
#7: (-161j19980.53, 26:5j86)  #8: (-17j22493.80, 27-£i87)
#9: (-184j25258.40, 28£j88)  #10: (-194j28085.84, 29+j89)
#11: (-20430976.10, 30£90)  #12: (-21£j34054.86, 31j91)

#13: (-224i36819.47, 32:£92)  #14: (-23£j39521.24, 33+j93)

#15: (-244j42474.33, 34:£i94)  #16: (-25£j45176.10, 35+j95)

#17: (-261j48003.54, 36:£]96)  #18: (-274j51082.30, 37+j97)

#19: (-284j53784.07, 38£98)  #20: (-29-j56485.84, 39j99)

#21: (-304j59438.93, 40+£j100)  #22: (-31£j62140.70, 414101)

In order to observe the under-fitting behavior of the VF,
Fig. 1(a) shows the Bode diagrams of the under-fitting results
for the 4000 uniformly-spread frequency points of H(s)
between 3001 and 7000 Hz using initial poles uniformly
located within [3001, 7000] Hz and different fitting orders,
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i.e., 2nd, 4th, and 6th. The poles of the fitted 2nd-order ratio-
nal function f,,4(s) are —1446.4+;277120.91, the imaginary
part of which is close to that of the #16 amplitude peak.
In addition, the poles of the fitted 4th-order rational function
Jam(s) are —734.58 £ j272980.4 and —1684.5 £ j277132.4,
the imaginary parts of which are close to those of the #7
and #16 amplitude peaks. Furthermore, the poles of the fitted
6th-order rational function fes,(s) are —714.53 £ j2712996.3,
—355.154274942.8, and —1373.9 & j277065.6, the imag-
inary parts of which are close to those of the #7, #11, and #16
amplitude peaks. These fitting results indicate that the VF
preferentially captures the magnitude peaks that are closest
to the boundaries of the fitting frequency range, and then
captures the in-band amplitude peaks.

H(5) = fond(s) —fatn(8) — forn(s)

Mag.

iow -frequency OBFRs . . IBFRs,

ngh frequemy OBFRs
20“*@1,&3
S 100F N\'\L\W\WW\‘;
= OF
Z -100F
-200
2000 4()()() 6000 8000 10000
Frequency [Hz]
()
H(8) = f3a(8) = i (8) = Fun(5)
10's #oo T #11 #15 #16 #22
ESnn)
20 ;
= 107 €
107 3
Low frequency OBFR§ ' | IBFRs i High-frequency OBFR§
200 = —
0:1001! \\\\ !
3 o | L
= 1
< -100F \ i -3
200 — ) :
2000 4000 6000 8000 10000

Frequency [Hz]
(b)
FIGURE 1. Bode diagrams of the under-fitting results for the

BLFRs of H(s) based on (a) 4000 and (b) 40 frequency sampling
points within [3001, 7000] Hz.

To check the VF’s fitting performance when fewer fre-
quency sampling points are available, Fig. 1(b) shows the
Bode diagrams of the under-fitting results when the number
of the frequency sampling points is decreased from 4000 as
shown in Fig. 1(a) to 40. The poles of the fitted 2nd-order
rational function f, ,(s) are —1187.54j277124.5, the imag-
inary part of which is close to that of the #16 amplitude peak.
In addition, the poles of the fitted 4th-order rational function
fam(s) are —2384.1 £ j272915.8 and —2372.5 4 j277182.8,
the imaginary parts of which are close to those of the #7
and #16 amplitude peaks. Furthermore, the poles of the fitted
6th-order rational function fg,, (s) are —2848.2 & j2712906.4,
—1003.5 £,274975.3, and —3034.1 ;27 7174.2, the imag-
inary parts of which are close to those of the #7, #11, and #16
amplitude peaks. It can be seen that these fitting behaviors
are similar to those shown in Fig. 1(a).
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In order to observe the over-fitting behaviors of the VF,
Fig. 2(a) shows the Bode diagrams of the extrapolation results
for the 6000 uniformly-spread frequency points of H(s)
between 2001 and 8000 Hz using initial poles evenly situated
within [2001, 8000] Hz and different fitting orders, i.e., 32th,
38th, 44th, and 50th. Fig. 2(a) shows that the IBFRs can be
identified by all of the four fitted rational functions with high
precision. In addition, the fitted 32th-order rational function
Sf32m(s) has two amplitude peaks that are located outside
the fitting frequency interval and poorly capture the original
two amplitude peaks, i.e., the #4 and #18 magnitude peaks.
Differently, the fitted 38th-order rational function f3g,,(s) can
accurately capture the two out-of-band amplitude peaks that
are closest to the boundaries of the fitting frequency interval.
Furthermore, the fitted 44th-order rational function fi4s,(s)
and 50th-order rational function fsq.,(s) can capture all the
nine out-of-band amplitude peaks, i.e., the #1-#4 and #18-#22
magnitude peaks. These fitting results indicate that the VF
preferentially captures the amplitude peaks that are closest
to the boundaries of the fitting frequency interval, and the
extrapolation capability of the VF can be improved if the
fitting order is increased. These observations are confirmed
by the poles distribution in Fig. 2(b) and residues distribution
in Fig. 2(c), where P(-) denotes the poles operator and R(-)
denotes the residues operator. Note that only positive imagi-
nary parts of the poles and residues are plotted for simplicity.
Compared to the fitted 44th-order rational function fi4s(s),
it can be seen from Fig. 2(c) that the fitted 50th-order rational
function fs.,(s) has additional six residues located at the
origin, which explains why fi4;4(s) and fsos,(s) share the same
frequency responses as shown in Fig. 2(a).

2) EXTRAPOLATION FOR A GRID-CONNECTED VSC
Given that both the artificially created rational function H (s)
and its various fitted approximations (such as f5,,4(s), famm(s),
etc.) in Section II-B.1 follow the form of (1), it is expected
that satisfactory fitting results could be achieved for H(s)
with a high enough fitting order. However, this approach,
particularly the linear distribution of poles in the artificially
created rational function as per Table 1, may be an oversim-
plification when considering the complexities of real-world
systems. In real-world scenarios, especially in systems like
grid-connected VSCs, poles are often distributed logarithmi-
cally rather than linearly. Recognizing this discrepancy, the
latter part of this section transitions to explore the applica-
tion of the VF method to non-linear VSCs characterized by
logarithmically distributed poles.

Fig. 3 shows the single-line diagram of the grid-following
VSC system under study. The high-frequency switching
harmonics are filtered by the LCL filter composed of
converter-side inductance Ly1 with parasitic resistance Ry1,
grid-side inductance Ly, with parasitic resistance Ry, and
capacitance Cy. The current controller G;(s) is based on the
standard PI controller. The superscript ¢ denotes that the vari-
ables are represented in the controller dq reference frame. The
synchronous-reference-frame phase-locked loop (SRF-PLL)

44
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FIGURE 2. Over-fitting results for the BLFRs of H(s) within
[2001, 8000] Hz. (a) Bode plots, (b) poles distribution, and
(c) residues distribution.

is used to align the phase angle of the injected current with
that of point-of-common-coupling (PCC) voltage. The digital
and computational time delay is denoted as T, = 1.5/f;,
where f is the sampling frequency. The circuit and controller
parameters are listed in Table 9 of Appendix. Since the sam-
pling frequency f; is chosen as 5 kHz, the Nyquist frequency
which is equal to half of the sampling frequency (i.e., 2.5 kHz)
is selected as the high-frequency limit for the VSC under
analysis.

The average model of the VSC is employed in this article
without considering the switching phenomenon effect. Based
on the small-signal linearization, the dg-domain admittance
model of the VSC (i.e., Yy5) can be derived. Different from
the artificially created rational function H (s) listed in Table 1,
the Y, is in the form of the polynomial transfer function,
which hinders the explicit separation of the in-band and out-
of-band eigenvalues pairs. To this end, the partial fraction
expansion is employed to split Y5 into eight pairs of partial
fraction terms (i.e., A2, B1,2...., and Hj ), of which the
poles and resides are listed in Table 2.
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FIGURE 3. The studied grid-connected VSC system.

TABLE 2. Poles and Residues of the DQ-Domain Admittance
Transfer Function Matrix Yysc of the VSC.

Rga(Yvse)  Rag(Yose)
P¥ose) [qu(mf) Ry (Yose)
Raa(A12)  Rag(A12)]. [ 913.15+ j106.26  125.95 F j918.23
Rya(A12)  Raq(Ar2)|* [~106.26 4 j913.15  918.23 4 j125.95

P(A12): (—167.80 + j421.75)

Raa(B1,2) Rag(Bi,2)], [152.05 +5113.30 —132.98 + j145.81
Rga(B12) Rgq(Biz2)|  [113.30 Fj152.05  145.81 + j132.98
Raq(C1,2) Rag(C12)]. [0£0  0.0045 £ j0.1027
Rgi(C1,2)  Rgq(Cr2)|" [0£0 —7.4427 F j1.3045

P(B1,2): (—34.9804 % j87.0246)

P(C4,2): (—5.0000 £ j5.0000)

I 1 Bt i M e P b
Py (rsass o) |pe(Ra Qe S TR sras hoiio
P (st guson) ) e |G T o psret 4 s oos.
PG (azessegnan)  [eGle) Rl | BN St 20som L ot 120
Py s gsaan (gl fufn)] [ DO TIED s o

Note: P(-) denotes the poles operator. Ryq(-). Raq(-), Rqa(-). and Ry, (-) denote the dd-, dg-,
qd-, and gg-axis residues operators, respectively.

In order to observe the under-fitting behavior of the MF,
Fig. 4(a) plots the Bode diagrams of the fitted 4th-, 6th-, and

10th-order rational function approximations (i.e., Y‘fgcwj;fq,

Y, and Y2" o) for the dg-domain AFRs of the VSC

(i.e., Yysc) within low-frequency range [1, 100] Hz. It can be
seen that lefzvj{[fq poorly captures the gg-axis AFRs close
to 1 Hz, which can instead be accurately reproduced by
lescvi%’;rheq and Y‘f(;cw_*l’;rff . Figs. 4(b) and 4(c) plot the poles
distribution and gg-axis residues distribution, respectively,
of the VSC AFRs and the three rational function approxi-
mations. It can be seen that all the three rational function
approximations can reproduce the in-band eigenvalue pairs
P(A1 2) and P(B) ). However, lescwjfirheq cannot capture the
in-band eigenvalue pair P(C| 2), which can instead be accu-
rately reproduced by Yé:;%’:;fq and le?:’]fgff :

In order to observe the over-fitting behavior of the MF,
Fig. 5(a) plots the Bode diagrams of the fitted 6th-, 10th-, and

. . . . . high_freq
16th-order rational function approximations (i.e., Y, c 6th

Y8t and ¥"4"%4) for the dg-domain AFRs of the VSC
(i.e., Yysc) within high-frequency range [101, 2500] Hz. It can
be seen that the three rational function approximations can
achieve almost the same in-band fitting capability. Figs. 5(b)
and 5(c) plot the poles distribution and gg-axis residues distri-
bution, respectively, of the VSC AFRs and the three rational
function approximations. It can be seen that all the three
rational function approximations can reproduce the in-band
eigenvalue pairs (i.e., P(D12) and P(E;2)) and the out-

. . high_fre
of-band eigenvalue pair P(A1 ). However, wa_gt]; 4 cannot
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FIGURE 4. (a) Bode plots, (b) poles distribution, and (c) gqg-axis
residues distribution of the fitted 4th-, 6th-, and 10th-order
rational function approximations for the dg-domain AFRs of the
VSC within [1, 100] Hz.

capture the out-of-band eigenvalue pair P(Bj ), which can

. high_freq high_freq
instead be accurately reproduced by Y ("o, " and Y 7T

As the best fitting scenario, Yvhslfhfgzq can capture all the
in-band eigenvalue pairs (i.e., P(D12), P(E12), P(F12), and
P(G12)) and the out-of-band eigenvalue pairs (i.e., P(A12),
P(By1,2), P(C12), and P(H| 2)).

Compared to the extrapolation behavior of the VF on the
artificially created rational function H(s) in Fig. 2, it can
be seen that the extrapolation behavior of the MF on the
dg-domain AFRs of the VSC (i.e., Yyy) in Figs. 4 and 5
presents more interesting features. For example, as for the
low-frequency fitting results in Fig. 4, le?gv]fgff can capture
the out-of-band eigenvalue pair P(D1 ) instead of the in-band
eigenvalue pair P(H; ;). As for the high-frequency fitting
results in Fig. 5, Yvhslcghgtf;eq can capture the out-of-band eigen-
value pair P(A;>) instead of the in-band eigenvalue pairs
P(F) ) and P(G), while Yf;fhfgflq can capture the out-
of-band eigenvalue pairs P(A;2) and P(B] ) instead of the
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FIGURE 5. (a) Bode plots, (b) poles distribution, and (c) gq-axis
residues distribution of the fitted 6th-, 10th-, and 16th-order
rational function approximations for the dg-domain AFRs of the
VSC within [101, 2500] Hz.

in-band eigenvalue pairs P(F 2) and P(G1 2). These selective
identification of the out-of-band eigenvalue pairs instead of
the in-band eigenvalue pairs will further be investigated.

C. CLOSE LOOK AT THE EXTRAPOLATION BEHAVIOR
FOR THE BLFRs

1) EXTRAPOLATION FOR THE ARTIFICIALLY CREATED
FREQUENCY RESPONSE

If the fitting frequency interval is [2001, 8000] Hz, the arti-
ficially created rational function H(s) in the form of (1) can
be regarded as the summation of an in-band rational function
H,(s) and an out-of-band rational function Hp(s), i.e.,

H (s) = Hy (s) + Hp (5), ®)
where
34 i
Hy(s) =) ——+d,
i=9 §—Pi
8 i 44 i
Hy(s) =D ——+ > ——, ©)

46

where the pole and residue pair (p;, ;) are listed in Table 1.
Fig. 6(a) plots the Bode diagrams of H(s) in (1), H,(s) in (9),
and Hp(s) in (9). It can be seen that H,(s) can capture all the
13 (i.e., #5-#17) in-band amplitude peaks, while its out-of-
band frequency response is smooth. On the contrary, Hp(s)
can capture all the 9 (i.e., #1-#4 and #18-#22) out-of-band
amplitude peaks, while its in-band frequency response is
smooth.

H(s)—Ha(s)—Hy(s)

101#1 #4, #5 #17, JH18  #22,
_3 ILow-frequency IBFRs "I "High-frequenty
0 —_OBFRs OBFRs
5 100F
03
20
Z-100F ] H Pl B
_200 I I il -
2000 4000 6000 8000 10000
Frequency [Hz]
()

Hy(5) = fos(s) —furo(s) —fura(s) —funs(s) - {Hy (jwr) lon € 27r[2001 8000]}
#1 #4, #18  #22

iy oo AR

107§ ow-frequenc IBFRs
OBFRs

Hi gh-xfreq.%enic v
OBFRs

2000 4000 6000 8000 10000
Frequency [Hz]

(b)
FIGURE 6. Close look at the extrapolation behavior for the
BLFRs of H(s) within [2001, 8000] Hz. (a) Bode plots of H(s),
Ha(s), and Hy(s). (b) Bode plots of the fitted 6th-, 10th-, 14th-,
and 18th-order rational function approximations (i.e., fpg(s),
fh10(S); fp14(s), and fq(s)) for {Hp, (jwk) lok € 2x[2001, 8000]}.

When the frequency response {H (jwy)|lwr € 2m[2001,
80001} is fitted by the VF, the 26 partial fraction terms of
H,(s) are preferentially identified, as shown in Fig. 2. If
a high enough fitting order (e.g., 32th, 38th, and 44th in
Fig. 2) is used, all the 26 partial fraction terms of H,(s)
are captured and a few out-of-band partial fraction terms
will be “guessed” to approximate the smoothed in-band
fitting error {Hp (jwi) |wx € 2mw[2001, 8000]}. Assume that
{Hp (jor ) |ox € 2[2001, 8000]} is fitted by a Njth-order
rational function approximation f;(s), i.e.,

Ny »
Fo®lsmjon = D~ Hp (jeor) (10)

i=1 i

where p; and r/ are the ith pole and residue pair of
fr(s). Fig. 6(b) plots the Bode diagrams of the fit-
ted 6th-, 10th-, 14th-, and 18th-order rational function
approximations (i.e., fp6(5), f510(5), fp14(s), and f15(s)) for
{Hp (jowr) |wr € 27[2001, 8000]}, which indicates that both
the low-frequency and high-frequency extrapolation perfor-
mances improve if the fitting order N is increased from 6th
to 18th. Specifically, f513(s) successfully identifies the nine
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out-of-band partial fraction terms from the smoothed IBFRs
of {Hp, (jowy) |y € 27[2001, 80001}, which explains why the
44th-order (44 = 26 + 18) rational function approximation
in Fig. 2 can reproduce the nine out-of-band partial fraction
terms.

o - Y1() =Y, (5) Y 0,(5)
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FIGURE 7. Close look at the extrapolation behavior for the
BLFRs of YJJ.(s) within [101, 2500] Hz. (a) Bode plots of Yk (s),
Y eka(s), and Y (s). (b) Bode plots of the fitted 2th-, 6th-, and

. . . . . qq
12th-order rational function approximations (i.e., szcbiznd(s),

qq qq 9
szcbjth(s)’ and szcbjzth(s» for {¥yscn (iox) lok €
27[101, 2500]}.

2) EXTRAPOLATION FOR THE GRID-CONNECTED VSC
SYSTEM

Based on the poles and residues of the dg-domain admittance
model Y. in Table 2, if the fitting frequency interval is [101,
2500] Hz, the gg-axis admittance model of the VSC can be
regarded as the summation of an in-band rational function
Y24 (s) and an out-of-band rational function stib(s), ie.,

Yii(s) = V)i .(s) + st‘ﬁb(S), (11
where
Y9 (s) = Ryq (D1.2) Ryq (E12)
vsea s—P(Dip) s—P(Eip)
Ryq (F1’2) Rgyq (G1v2)
s—P(Fi2) s—P(Gio)
Y% (s) = Ryq (All) Ryq (31,2)
vsch S—P(A]iz) S—P(B]gz)
Ryq (Cll) Ryq (HLZ) (12)
s—P(Cip) s—P(H)
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where P(-) denotes the poles operator and Ry,(-) denotes the
qq-axis residues operator. Fig. 7(a) plots the Bode diagrams
of Yi(s), Yiita(s) in (12), and Y27, (s) in (12). It can be seen
that Y,%,(s) can capture the magnitude peaks above 101 Hz,
while its low-frequency spectrum below 101 Hz is smooth.
On the contrary, Y:’;ﬁ,b(s) can capture the magnitude peaks
below 101 Hz, while its high-frequency spectrum above
101 Hz is smooth.

Fig. 7(b) plots the Bode diagrams of the fitted
2nd-, 6th-, and 12th-order rational function approxima-
tions (i.e., Y7, o (), YT, . (), and Y7, (s)) for
{YM, (i) lwx € 27[101,2500]}, which indicates that the
low-frequency extrapolation performance improves if the
fitting order is increased from 2nd to 12th. Specifically,
Y \f{z‘b_lzth (s) successfully reproduces the low-frequency AFRs
from the smoothed IBFRs above 101 Hz, which explains why
the 16th-order rational function approximation Yvh;fhfgzq in
Fig. 5 can reproduce the out-of-band partial fraction terms
(i.e.,A12, B12, C12, and Hy 2).

It can be seen that similar in-band fitting errors can be
obtained by unions of different ““guessed’” out-of-band partial
fraction terms, shown as fj6(s), f510(5), fp14(s), and fp18(s) in
Fig.6and Y17, (), Y, ¢ (s),and Y, "\, (s)inFig. 7.
The internal mechanism of the selective and accurate out-of-
band modal identification will be studied using the proposed
sensitivity index.

lll. PROPOSED SENSITIVITY INDEX OF THE PARTIAL
FRACTION TERM
If a partial fraction term

Ry a0+ jBo

Go(s) = =
ols) s—Py s~ (00 + jwo)

13)

is identified as Ggi(s) = Rp /(s — Ps) by using
the VF on K discrete frequency samples of Go(s)
(i.e., {Go ) |k = 1,2,...,K}), the in-band fitting error
denoted as ¢ (Pﬁt, Rﬁt) can be calculated as

K

e (Ppir, Rpir) = (Z (Gpir (jor) — Go (iwk))z) /K.

k=1
(14)

If the frequency samples number K is large enough, (14) can
be reformulated as

& (Par, Rar) =

/ " (G () — Go () do,

Wy — W] wj

(15)
which can be further reformulated as
1 wy

2 2 . 2 .
Psi, R ) = Gz -G ...
& ( fit ﬁt) on — o1 /w] it (o) 0 (o)
—2Gy (jw) (Gt (jw) — Go (jw)) dw,
(16)
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where «; and w, denote the low-frequency and high-
frequency limits, respectively, of the fitting frequency
interval.

Using the first-order Taylor series expansion of Gy;(jw) at
(Pg, Ro) leads to

l — Ry RO(Pﬁf_P0)+On

= Gy (jo) + -
Jw
(17)

where 0" is the higher-order infinitesimal. Since Ppj; =~
Pg and Ry ~ Ry, one can have that

Rpr —Ro _ Rpr )
oy = &, G0 = Go o)
R
f ! Ry Ot () = Go o)
Ro (Psir — Po) Pﬁt
D0 PO G2 () — —G
(],w _ P0)2 R 0 (] ) (] )
P
ﬁ, (o) — —Go (o). (18)

By substituting (18) into (17), one can have that
R Gy (jo) + Pyt G}%,-t (jw)

Gfir (jo) — Go (jw) ~
Rﬁ[
RoGy (jw) + PoG2 (i
_ RoGo (jw) + Po o(lw). (19)
Ro
Substituting (19) as a whole into (16) leads to
& (Pfir, Rir) ~ ¢ (P Rar) — & (Po, Ro) » (20)
where
1 Qu o .
¢ (P, Rar) = p G (j) — 2Go (jo) . .
. Pp
Gfir jo) + —— R f,, (jw) (21)
and
wy 2
¢ (Po. Ro) = / G2 (jo) — 2Go (jo) . .
u — W Jw;
. PO 2 .
Go (jw) + R—GO (jw) | dw. (22)
0
Since Go(jw) ~ Gg(jo), substituting Gg(jo) =
Ryt /(jo — Pp) into (21) leads to
R2 wy 7 .
jo + P,
¢ (B R) = ——L— "o @3
@u= O Jor(joo — Pa)

In addition, substituting Go(jw) =
leads to

Ro/(jw — Pp) into (22)

R? @ gy + Po
¢ (Po.Ro) = ——2 ; 3
Wy — 0 Jo, (o — Ppy)’
Using the first-order Taylor series expansion of ¢ (Pﬁt , Rﬁ,)
at (P, Rg) can reformulate (20) as

& (P, Rn) ~ (P

do. (24)

— Po) ¢p (Po, Ro)
48

+ (Rfir — Ro) ¢ (Po. Ro) . (25)
where
£ (Po. Ro) = 2R% ( wy w] )
PO T v =01 \Gou—Po)® (oo — Po)?
(26)
and
2R wy w]
" (P, ,Ro) = ( — ),
¢k (Po, Ro) wu — o1 \(jo, — Po)*  (joy — Po)?
27

indicate how sensitive the in-band fitting error & (P, Rpir)
is to the identified pole Pg; and the identified residue Ry,
respectively. In other words, the two sensitivity indexes are
able to quantify the in-band fitting inaccuracy induced by
specific reproduction inaccuracy of Py and Ry.

As a supplementary tool for the conventional fitting order
selection method based on gradually increasing the fitting
order until the root-mean-square fitting error defined in (14)
is small enough, the proposed sensitivity index concept may
help confirm the fitting order by checking if the sensitivity
index of the last identified partial fraction term is obviously
smaller than the sensitivity indexes of the already identified
partial fraction terms.

Fig. 8 demonstrates the effects of Py and Ry on
¢p (Po, Ro)| shown in (26). Specifically, Fig. 8(a) plots
;1’) (Pg, Rp)| variation as w, = 278000 rad/s, w; =
272001 rad/s, og = -500, ag = -10, wy is increased from O to
2710000 rad/s, and By is increased from 0 to 1000. Clearly,
|¢p (Po, Ro)| is qu1ckly increased if wg goes close to w,, or w;.
Furthermore, |¢5 (P, R0)| is increased if By goes far from 0.
A local minimal appears at about 274500 rad/s, indicating
that if a mode with 4500-Hz amplitude peak is mixed with
other in-band modes, this 4500-Hz mode may be not likely to
be reproduced from the IBFRs within [2001, 8000] Hz, since
the overall in-band fitting inaccuracy is not sensitive to the
reproduction precision of this 4500-Hz mode. Furthermore,
Fig. 8(b) plots |5 (Po., Ro)| variation as wy = 278050 rad/s,
Bo = 1000, og is increased from -1000 to 0, and o« is
increased from -400 to 0. Clearly, }{}, (Po, R0)| is increased
as o approaches 0 and decreased as «g approaches 0.

IV. VERIFICATION OF SENSITIVITY INDEX ON THE
ARTIFICIALLY CREATED RATIONAL FUNCTION

A. IN-BAND FITTING FOR THE ARTIFICIALLY CREATED
RATIONAL FUNCTIONS

1) ARTIFICIALLY CREATED RATIONAL FUNCTIONS
COMPOSED OF TWO PARTIAL FRACTION TERMS

Fig. 9(a) plots the Bode diagrams of the fitted five first-order
approximations hm (s) where m can be 5500, 6000, 6500,
7000, and 7500 for

—10 + 1000
— (=500 + j27r4500)

~10 4 /1000
s — (=500 + j2mrm)’
(28)

h(s) =
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FIGURE 8. Variation of the sensitivity index |;F’, (Po, Ro)l as
(a) wg and By, and (b) o¢ and «g change.

based on the frequency responses between 2001 and 8000 Hz.
It can be seen that the amplitude peaks of the fitted five
first-order rational functions are situated at 5321, 5970, 6549,
7043, and 7504 Hz, respectively. Compared to the amplitude
peak of the 4500-Hz mode in (28), the reproduced five ampli-
tude peaks are clearly much closer to the five amplitude peaks
of the m-Hz modes. Specifically, the fitted 7';00(5) nearly
completely captures the 7500-Hz amplitude peak of i750(s),
which is due to that }{}, (Po, R0)| sharply increases when
wo varies from 274500 rad/s to 277500 rad/s, as shown in
Fig. 8(a). Therefore, the feasibility of the derived sensitivity
index |§}’, (Po, R0)| in (26) is verified.

Furthermore, Fig. 9(b) plots the magnitude diagrams of the
fitted first-order approximation h’zt(s) where n is increased
from 1 to 30 with step size 1 for

n(—10 + j1000)
s — (=500 + j27r5500)

—10 + 1000
s — (=500 + j27:7000)
29

hu(s) =

based on the frequency responses between 2001 and 8000 Hz.
Clearly, the amplitude peak of the fitted first-order rational
function hf,”(s) moves leftward if n is increased. Specifi-
cally, the identified amplitude peak is located at 7002 Hz
when n = 1 and at 5569 Hz when n = 30, which
results from that the sensitivity index of the 5500-Hz mode
is increased if n is increased, i.e., ;1/3 (Po, R0)| is increased
as |Rp| increases as shown in Fig. 8. Therefore, the feasi-
bility of the derived sensitivity index |¢j (Po, Ro)| in (26) is
verified.
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FIGURE 9. The fitted first-order approximation (a) hﬁ,‘(s) for hy(s)
and (b) h,ff(s) for hp(s) based on the frequency responses
between 2001 and 8000 Hz.

2) ARTIFICIALLY CREATED RATIONAL FUNCTION
COMPOSED OF MULTIPLE PARTIAL FRACTION TERMS
When the fitting frequency interval is [3001, 7000] Hz, the
sensitivity indexes of the 22 pairs of modes of H(s) shown
in Table 1 can be calculated by (26), as listed in the sec-
ond and third columns in Table 3. It can be observed that
the distribution of these sensitivity indexes agrees with that
shown in Fig. 8(a). Specifically, the #16 and #7 magnitude
peaks have the largest and the second largest sensitivity index,
respectively, which indicates that the #16 and #7 magnitude
peaks are the most and the second most likely to be identified
from the BLFRs within [3001, 7000] Hz. The sensitivity
index-based fitting behavior prediction agrees with the prac-
tical fitting results shown in Fig. 1. Therefore, the feasibility
of the derived sensitivity index is validated.

B. EXTRAPOLATION FOR THE ARTIFICIALLY CREATED
RATIONAL FUNCTIONS

1) ARTIFICIALLY CREATED RATIONAL FUNCTION
COMPOSED OF TWO PARTIAL FRACTION TERMS

Assume that the first-order approximation

R;l‘it B (X{it-i-j zit

it
') = — I ) (30)
fits the summation of the IBFRs of
o () = G i G1)
s—Pn 5= (on +jor)
49
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TABLE 3. Sensitivity Indexes of the Partial Fraction Terms of H(s)
Shown in Table 1.

wy = 23001 rad/s, w, = 277000 rad/s  w; = 272001 rad/s, w, = 278000 rad/s

Term #i  |Cp (Pi, Ry)| [ (Pi, Ra)| [¢h (Pi, Ra)| [ (Pi, Ri)|
#1 2.1111 x 1079 3.0820 x 107 4.6448 x 1079 4.7475 x 1077
#2 4.2657 x 107 5.3420 x 1077 1.4727 x 1078 1.0987 x 106
#3 8.8008 x 109 9.2253 x 107 6.4149 x 10~8 3.0649 x 106
#4 2.7977 x 10~8 2.1452 x 10~6 4.8658 x 1076 5.6651 x 10~°
#5 9.6267 x 108 5.1168 x 106 1.9265 x 106 3.0301 x 1077
#6 1.9448 x 10~6 3.9599 x 10~° 5.9516 x 108 2.7541 x 106
#T 8.3693 x 106 1.0479 x 1074 1.3979 x 1078 8.2840 x 1077
#8 2.6010 x 107 9.5981 x 106 6.6872 x 107 3.0125 x 107
#9 5.3142 x 1078 2.4506 x 106 4.2349 x 1077 1.1728 x 1078
#10 2.4314 x 10~8 3.4952 x 10~7 3.7041 x 10~° 2.4832 x 10~7
#11 2.1887 x 1078 9.9520 x 107 4.3055 x 107 4.9331 x 1077
#12 3.7005 x 10~8 2.7904 x 10~6 6.4064 x 10~9 8.3676 x 10~7
#13 9.2814 x 1078 6.1924 x 106 1.0851 x 108 1.3263 x 106
#14 3.8554 x 107 1.7008 x 10~° 2.1268 x 108 2.1890 x 106
#15 1.0196 x 1075 1.5355 x 1074 5.6588 x 1078 4.3167 x 1076
#16 2.1071 x 105 2.4831 x 104 2.0754 x 107 1.0359 x 10~°
#17 5.6514 x 1077 2.2010 x 102 2.4219 x 106 5.3376 x 102
#18 1.0491 x 10~7 7.0581 x 106 5.2653 x 107° 4.1445 x 10~*
#19 4.0673 x 1078 3.6999 x 106 6.7615 x 107 2.2597 x 10~°
#20 1.9953 x 10~8 2.2694 x 106 1.2535 x 10~7 7.2964 x 1076
#21 1.0734 x 108 1.4798 x 106 3.9995 x 108 3.3803 x 106
#22 6.7261 x 107 1.0698 x 10~6 1.8855 x 10~8 2.0317 x 106

and
Rp» ap +jBr2
hia (s) = = (32)

s—Pp  s— (0 +jon)
in the frequency interval [0, w,]. According to (25), the
in-band fitting inaccuracy &> P’;’ " R’;’ t) induced by the inac-
curate reproduction of w;; in (31) and wy in (32) can
be calculated as

&2 (Pfl,R);”) = (a)’;” — wzl) ¢p (Pi1, Ri)
+ (f = o) ¢h (P2, Re2) (33)

Solving &2 (P;it, R’;”) = 0 leads to

St = @1 ¢p (P, Rin) + wp (P2, Rpo)
f &p (P, Rn) + ¢p (P2, Ri2)

€ (w11, wr2) ,
(34)

where three cases can be summarized in Table 4. By substi-

tuting (26) into (34), it can be derived that if

3

2

2 2 2 2
atl +:B[1 _ th + (a)tl - wu) ’ (35)

2 2 2 2
apn + B 05 + (w2 — wy)

case 2 in Table 4 holds, and the captured amplitude peak w{h
is situated at the midpoint of (w1, @2). Specifically, if Ry, =
'}/thl, V43 should be
3
op + (@2 — w)* Y

Vt = ) (36)
02 + (w1 — wu)?

such that case 2 is satisfied.

Consider a case where P,y = —40 + j271200, R,y =
20 + j1600, Py, = —40 + j27 1300, Ry2 = y:Rs1, and w, =
271000 rad/s. Fig. 10(a) plots the Bode diagram of the fitted
rational function h’;’ t(s) as y; is increased from 1.0 to 3.0 with
step size 0.1. The captured amplitude peak w{' ! clearly moves
toward to 271300 Hz when y; is increased. Specifically, the
captured amplitude peak w’;’ " is situated at 1250 Hz if Y 18
nearly 2.0. Since y; calculated by (36) is 1.8, the discrepancy
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between the y; obtained by the VF and (36) is small, which
verifies the feasibility of the derived sensitivity index.

TABLE 4. Location of the Identified Magnitude Peak of h;” (s)-

Cp (P, Rit) 7 Cp (Pi2, Ria) w]™
Case 1 > (wea, %)
w1 +wi2

2
( w1 twWia
2

Q
2
&
w
A

7"-7152)

150 fit 3
100" I
100" ¢ A,
= 20
0040 1250 I
0 - - E— 1
1100 1150 1200 1250 1300 1350 1400 B
0" w, =271000 rad/s —— -
& / e e l
53 /hi(s) [haa(s)
E‘) -100 / / 2 Yl 2
/
< A 7 / .
oo e G =T+ b € [0, ' 1
1100 1150 1200 1250 1300 1350 1400
Frequency [Hz]
(a)
T T T
p - —; obtained by (36)—7; obtained by VF
0~
40+

3

207 2%

1
0/‘ 3140 6280

\ \ \ \ |
0 1256 2512 3768 5024 6280 7536
w, [rad/s]

(b)

FIGURE 10. (a) Variation of the captured amplitude peak of h:it(s)
when wy is 271000 rad/s and y; is increased from 1.0 to 3.0 with
step size 0.1. (b) Variation of y; as wy is increased from 0 to
271200 rad/s.

Furthermore, Fig. 10(b) plots y; variation calculated
by (36) as w,, increases from O to 257 1200 rad/s. It can be seen
that y; slowly decreases and quickly increases to 1.1276 and
62.4449 if w, approaches 0 and 27 1200 rad/s, respectively,
which indicates that the out-of-band magnitude peak located
at the edge of the fitting frequency interval is most likely to
be identified among all the out-of-band magnitude peaks. The
discrepancies between the y; obtained by (36) and the VF
code below 1100 Hz are small and acceptable, which verifies
the feasibility of the derived sensitivity index.

2) ARTIFICIALLY CREATED RATIONAL FUNCTION
COMPOSED OF MULTIPLE PARTIAL FRACTION TERMS
When the fitting frequency interval is [2001, 8000] Hz, the
sensitivity indexes of the 22 pairs of partial fraction terms of
H(s) shown in Table 1 can be calculated by (26), as listed in
the fourth and fifth columns in Table 3. It can be observed that
the distribution of theses sensitivity indexes agree with that
shown in Fig. 8(a). Specifically, the #18 and #4 magnitude
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peaks have the largest and the second largest sensitivity index,
respectively. It indicates that, in the left-side out-of-band
frequency interval, the reproduction priority is #4, #3, #2, and
#1. In addition, in the right-side out-of-band frequency inter-
val, the reproduction priority is #18, #19, #20, #21, and #22.
The sensitivity index-based fitting behavior prediction agrees
with the practical fitting results shown in Fig. 2. Therefore,
the feasibility of the derived sensitivity index is validated.

V. VERIFICATION OF SENSITIVITY INDEX ON THE VSCs
A. THE CURRENT-CONTROLLED VSC

1) LOW-FREQUENCY FITTING FOR THE
CURRENT-CONTROLLED VSC WITHIN [1, 100] Hz

The sensitivity indexes of the 8 pairs of partial fraction terms
when the fitting frequency interval is [1, 100] Hz are listed in
the second and third columns in Table 5. It can be observed
thatAj 2, By 2, C1 2, and Dj 7 have the largest, second largest,
third largest, and fourth largest sensitivity indexes, respec-
tively, which indicates that they are the most, second most,
third most, and fourth most likely to be identified from the
BLFRs within [1, 100] Hz. The sensitivity index-based fitting
behavior prediction agrees with the practical fitting results
shown in Fig. 4. In addition, it can be seen that although H »
are located within the fitting frequency interval, its sensitivity
index is smaller than that of Dj . This explains why D 2
instead of Hj are identified by leg:'}]'gfg in Fig. 4. The
effectiveness of the proposed sensitivity index is thus verified.

TABLE 5. Sensitivity Indexes of the Partial Fraction Terms of
YJ9 (s) When the Low- and High-Frequency Responses are
Fitted.

wy = 2wl rad/s, wy, = 27100 rad/s wy = 27101 rad/s, w, = 272500 rad/s
Term i |¢p (P(), Rag@)| [k (P), Raa )] [¢p (P, Raa()]  [Ch (P), Raa ()]

Avp2 5.7398 x 10 1.6466 x 10! 3.6000 x 10~3 1.1000 x 10~3
B2 3.0703 x 107! 8.4342 x 107! 1.9830 x 1075 5.3520 x 107°
Ci2 2.9654 x 1074 2.4450 x 1072 1.9231 x 1078 1.5411 x 1076
Dy 2.0413 x 10~4 4.6692 x 103 1.5054 x 102 9.6840 x 10~
Ei 1.7317 x 10~ 4.1878 x 1073 2.8519 x 1077 1.4864 x 104
Fio 8.8556 x 10~7 2.5958 x 1074 2.8471 x 1079 6.6875 x 10~7
G2 9.4059 x 1077 2.6712 x 107* 3.0247 x 10~° 6.8815 x 1077
His 6.7357 x 1076 7.6579 x 10~ 3.8161 x 10~° 5.8638 x 1077

Note: P(-) denotes the poles operator. R, (-) denote the gg-axis residues operator.

2) HIGH-FREQUENCY FITTING FOR THE
CURRENT-CONTROLLED VSC WITHIN [101, 2500] Hz

The sensitivity indexes of the 8 pairs of partial fraction terms
when the fitting frequency interval is [101, 2500] Hz are listed
in the fourth and fifth columns in Table 5. It can be observed
thatAj 2, E1,2, D12, and By 2 have the largest, second largest,
third largest, and fourth largest sensitivity index, respectively,
which indicates that they are the most, second most, third
most, and fourth most likely to be identified from the BLFRs
within [101, 2500] Hz. The sensitivity index-based fitting
behavior prediction agrees with the practical fitting results
shown in Fig. 5. In addition, it can be seen that although
F1 2 and Gy are located within the fitting frequency interval,
their sensitivity indexes are smaller than those of A;; and
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By 2. This explains why A; > and By ; instead of Fj, and
G2 are identified by Yv}iffhl“g;;q in Fig. 5. The effectiveness
of the derived sensitivity index is thus validated. Thanks
to that the proposed sensitivity index can explain why the
out-of-band modes can be preferentially captured before the
desired in-band modes are captured, the adopted fitting order
which already satisfies the fitting error requirement can be
further increased to identify more in-band modes. Therefore,
a fitting order which can simultaneously satisfy the fitting
error requirement and identify enough in-band modes can be
obtained.

3) MIDDLE-FREQUENCY FITTING FOR THE
CURRENT-CONTROLLED VSC WITHIN

DIFFERENT FREQUENCY RANGES

The sensitivity indexes of the 8 pairs of partial fraction terms
when the fitting frequency interval is [401, 700], [401, 1200],
[401, 1700], and [401, 2200] Hz are listed in Table 6. It
can be observed that, A; > have the largest sensitivity index,
and are most likely to be identified from the BLFRs within
[401, 700] Hz. In addition, A} » and D1 have the largest and
second largest sensitivity indexes, and are most and second
most likely to be identified from the BLFRs within [401,
1200] Hz. D ;> have the largest sensitivity index, and are most
likely to be identified from the BLFRs within [401, 1700] Hz.
Ej > and Dj ;> have the largest and second largest sensitivity
indexes, and are most and second most likely to be identified
from the BLFRs within [401, 2200] Hz.

TABLE 6. Sensitivity Indexes of the Partial Fraction Terms of
YJ9 (s) When the Middle-Frequency Responses are Fitted.

wy = 27401 rad/s, w, = 27700 rad/s wy = 2401 rad/s, wy, = 2w1200 rad/s
Termi  |Cp (P(8), Rag(@)|  |Ch (P(3), Rag (@) [Cp (P, Raq(@))| |G (P2, Ryq ()]

A 1.8395 x 1074 2.8886 x 107 8.5468 x 107° 1.5560 x 10~*
Bis 4.9801 x 10~¢ 3.9735 x 107° 2.4325 x 1076 2.2800 x 10~°
Ci2 6.4792 x 1079 1.3723 x 10~6 3.2036 x 10?9 7.9973 x 1077
Dy 1.6887 x 10~6 2.3548 x 1075 6.6886 x 1070 6.0385 x 1075
Ei2 1.3071 x 10-6 1.9775 x 1075 4.5454 x 10—6 4.6438 x 1075
Fia 2.8838 x 1079 6.6690 x 10~7 3.7616 x 1079 7.9994 x 10~ 7
Gi,2 3.0541 x 1079 6.8488 x 107 3.9802 x 1077 8.2096 x 107
Hyo 1.0484 x 108 1.1459 x 10—6 9.1778 x 10~° 1.0201 x 10=6

wy = 27401 rad/s, w, = 271700 rad/s wy = 2401 rad/s, wy, = 2w2200 rad/s
Term i |¢h (P(i), Raq()|  |Sk (P(i), Rag()|  [Cp (P(i), Rag ()| [Sk (P(0), Ryq(3))

A2 5.4858 x 107° 1.0639 x 10~4 4.0231 x 107° 8.0803 x 107°
Bi,s 1.5843 x 1076 1.5986 x 1075 1.1691 x 1076 1.2307 x 1075
Ci2 2.0943 x 1079 5.6430 x 107 1.5479 x 1079 4.3596 x 1077
D12 1.3848 x 104 4.5757 x 10~* 2.1766 x 10~4 6.0600 x 10~*
B 5.2914 x 1075 2.4023 x 1074 1.3000 x 103 2.0000 x 103
Fi2 4.2397 x 1079 8.7385 x 10~7 3.9692 x 10~9 8.4719 x 10~ 7
G2 4.4875 x 10~° 8.9690 x 10~7 4.2086 x 10~° 8.7046 x 1077
Hyp 7.4768 x 1079 8.6836 x 107 5.8912 x 1079 7.2451 x 107

Note: P(-) denotes the poles operator. Ry, (-) denote the gg-axis residues operator.

Figs. 11(a) and 11(b) plot the poles distribution and gg-axis
residues distribution, respectively, of the dg-domain AFRs of
the VSC (i.e., Yysc) and its fitted 4th-order rational function
approximations using the AFRs within [401, 700], [401,

1200], [401, 1700], and [401, 2200] Hz (i.e., Y!40L.7001

vsc_4th
[401,1200] ,[401,1700] [401,2200] -
Yo an o Yige am > and Y 7). It can be seen from

Fig. 11(a) that only P(A;2) can be captured by lejé)léizhool

In addition, both P(A;2) and P(D;2) can be captured by

Y 1)[?6()_14[1}1200]. Only P(D1 ») can be captured by Y’ v[fco_lzi t1h700]. Both
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P(D; ) and P(E| ) can be captured by [;169143].1200]. The prac-

tical fitting results shown in Fig. 11 agree with the sensitivity
index-based fitting behavior prediction shown in Table 6,
which verifies the effectiveness of the derived sensitivity
index.

R 10" 13500 @
OP(Yysc) 125 P(E)—2 | 8
1E opyion P(Gl) (Fl) ©h20001 ™ " Lp Uye
. [401 1200\ 1.1
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FIGURE 11. (a) Poles distribution and (b) gg-axis residues
distribution of the fitted 4th-order rational function
approximations for the dq-domain AFRs of the VSC within [401,
700], [401, 1200], [401, 1700], and [401, 2200] Hz.

B. THE VOLTAGE-CONTROLLED VSC

In order to verify the effectiveness of the proposed sensitivity
index, the AFRs of the voltage-controlled VSC are further
fitted by the MF. Fig. 12(a) shows the control diagram of the
outer dc-link voltage control which is responsible for gener-
ating the d-axis current reference i;‘;{, while Fig. 12(b) shows
the control diagram of the outer PCC voltage control which
is responsible for generating the g-axis current reference i;ef .
The voltage controller parameters are shown in Table 9 of
Appendix.

(b)

FIGURE 12. Block diagrams of (a) dc-link voltage control and
(b) PCC voltage control.

Table 7 lists the poles and residues of the dg-domain
AFRs of the voltage-controlled VSC (i.e., Yy ysc). Compared
to the poles and residues of the dg-domain AFRs of the
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current-controlled VSC (i.e., Y,,.) in Table 2, it can be seen
that Y, ysc has additional partial fraction terms /1 > and J.

TABLE 7. Poles and Residues of the DQ-Domain Admittance
Transfer Function Matrix Y,¢ vsc of the Voltage-Controlled VSC.

P(Yve_vse) [

lqd

P(A12): (—95.179 + j208.49) |:Rdd (A1,2)  Rag(Ax, 2)} { 35.6224 F j455.9194 73033,41_;1356.0}

Rga(A12)  Rgq(A12) 179.7672 + j110.3951  1194.3 + j960.8797
[R,,,,(Bm Ryq(B12)]. [ 416.5808 F j3.0388  —137.6932 ;;61127574}
Rga(B12) Rgq(B12)|" |—20.7467 £730.8026  51.2796 % j20.2121
Raa(C1,2) qu(C:.z)] 0+0 —0.0669 F j0.1146
Rga(C12) Rgq(C12)]’ [0£0 —3.4518 F j0.6757
Raa(D12) Raq(D12)]. [514.2014 F j94.7268  215.8204 + j677.2104
P(D1,2): (~48.921 & j12436) [uﬁgujjg lf;:El)i.j; : [50.2183 ;:]§72.6757 511.1503 2 53,5502 }
{Rdd(Em) Raq(Ey 2)]_ 602.9088 + j6.8841 —211.2731 F j636. a213]
Rya(E12)  Rgq(Er2)| | —137.5384 &+ j439.7659  512.3113 F j
Rya(F12) Rag(F12)]. [ 68.7024 £ j87.7240  —1.6641 + j66.6062
Rga(F1,2)  Rgq(Fi2)|" [101.8630 £ j136.1803 —4.7928 + j101.5763
Raq(G12)  Raq(G12)]. [ 476.3558 +j369.0923  —14.5815 + j1.6281
Rga(G12) Rgq(G12)|  |—606.9094 F j459.1605  18.3899 F j2.2679

P(B1,2): (—128.24 + j81.311)

P(Cy2): (—4.3478 + j4.9573)

P(E1,2): (—130.7557 & j13004)

P(F1,2): (—12242 % j11706)

P(G1,2): (—13150 + j10910)

, e _ Rya(Hy2) Raq(Hi2)]. [ —223.1557, ~1507.7 —145.9618, —30.4402
P(H1,2): —15512, ~12897 Rya(H12) Roq(Hi2)|' | —344.6388,1926.0  —225.4216,38.8862
827.6085 + j1185.3  3187.6 £ j117.6418

P(I1,2): (—8.5352 + j274.22) Raa(h2) qu([’v”}: {

Rga(l2)  Rgq(I12)|" [71.7527 F j162.1314  —190.1986 F j341.8549
Raa(J)  Raq(J)

. taq(7)]. [ —10.626 0
P(J):0 {R,,d(l) RW(JJ [—139.1280 o]
Note: P(-) denotes the poles operator. Ryq(-), Raq(-), Rqa(*), and Ry, (-) denote the dd-, dg-,
qd-, and gg-axis residues operators, rcspucuvcly

1) SELECTIVE IDENTIFICATION OF THE CURRENT
CONTROL-RELATED MODE

The sensitivity indexes of the 19 partial fraction terms when
the fitting frequency interval is [1, 25] Hz are listed in the
second and third columns in Table 8. It can be observed that
A1.2,C1,2,B12,and 1 » have the largest, second largest, third
largest, and fourth largest sensitivity indexes, respectively,
which indicates that they are the most, second most, third
most, and fourth most likely to be identified from the BLFRs
within [1, 25] Hz. Fig. 13(a) plots the poles distribution of
the VSC AFRs and the fitted 4th-, 8th-, and 10th order ratio-

nal function approximations (i.e., w “osc Ath? Yw m gs» and
Y[l 25] B

[1,23]
ve vse_10m)- 1t can be szesen that ch vsc_dy €an only capture

P(A;2). However, Yv[g Jse g, Can capture P(Ay2), P(C12),
and P(B12). Y12 | cancapture P(A12), P(C1.2), P(B1.2).
and P(I; 2) with high precision. The practical fitting results
shown in Fig. 13(a) agree with the sensitivity index-based
fitting behavior prediction shown in Table 8 which verifies
the effectiveness of the derived sensitivity index.

TABLE 8. Sensitivity Indexes of the Partial Fraction Terms of
YJ9 <c(s) When the AFRs within [1, 25] Hz and [26, 50] Hz are
Fitted.

wy = 21 rad/s, wy = 2725 rad/s
Term i [Cp (P(3), Ryq(i))|

wy = 2726 rad/s, wy, = 2750 rad/s
[k (P(), Raa(@))| |6 (P(), Rag ()| [¢k (P(i), Raq (1))

Aia 3.8729 0.2722 7.2974 0.5894
By 0.0020 0.0053 0.0019 0.0043
Ci,2 0.0110 0.0144 4.9948 x 1076 1.5033 x 10~4
D1y 2.8275 x 107 6.7881 x 1079 3.0502 x 107 7.1423 x 1076
By 2.4812 x 1077 6.2165 x 107° 2.6678 x 1077 6.5263 x 10~°
Fip 4.3417 x 1079 7.1839 x 107 4.5119 x 1079 7.3704 x 107
Gi2 1.4019 x 10~ 10 1.2849 x 10~7 1.4521 x 10710 1.3154 x 10~7
Hy 2.7226 x 108 1.8736 x 106 2.7226 x 108 1.8732 x 106
Hy 1.4094 x 107 4.6748 x 1077 1.4094 x 107° 4.6734 x 1077
I 2 1.9612 x 1074 5.8622 x 1074 9.5210 0.9206

J 1.0484 x 108 1.1459 x 106 9.1778 x 10~° 1.0201 x 106

Note: P(-) denotes the poles operator. Ry, (-) denote the gg-axis residues operator.

2) SELECTIVE IDENTIFICATION OF THE VOLTAGE
CONTROL-RELATED MODE

The sensitivity indexes of the 19 partial fraction terms when
the fitting frequency interval is [26, 50] Hz are listed in
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FIGURE 13. Poles distribution of the fitted rational function
approximations for the dg-domain AFRs of the
voltage-controlled VSC within (a) [1, 25] Hz and (b) [26, 50] Hz.

the third and fourth columns in Table 8. It can be observed
that 11 2, A12, B1,2, C1,2, and Dj » have the largest, second
largest, third largest, fourth largest, and fifth largest sen-
sitivity indexes, respectively, which indicates that they are
the most, second most, third most, fourth most, and fifth
most likely to be identified from the BLFRs within [26,
50] Hz. Fig. 13(b) plots the poles distribution of the VSC
AFRs and the fitted 2nd-, 4th-, 8th-, 12th-, and 14th-order

y126.50] 26.50]
rational function approximations (i.e., ¥, . /o, Y000 T

[26,50] [26,50] [26,50]
‘)[Céﬁvgfﬂ 8th® “vc_vsc_12th’ and Y Ve_vsc_ 14th) It can bz% gg‘]en that
ve_vsc_2nd CAN only capture P(/1 »). However, ch vsc_dgp €A

capture P(11 2) and P(41,2). Y240,
P(A1 ), and P(B; »). Y2030 , can capture P(I1 2), P(A12),

ve_vsc_121)
P(B1,2), and P(C1 2). vam(j]mm can capture P(I1 2), P(A12),
P(B12), P(C12), and P(Dj ). The practical fitting results
shown in Fig. 13(b) agree with the sensitivity index-based
fitting behavior prediction shown in Table 8 which verifies

the effectiveness of the derived sensitivity index.

can capture P(} 2),

VI. CONCLUSION

This article explores and further develops the extrap-
olation capability of the VF/MF algorithm to identify
the out-of-band critical dynamics from the band-limited
impedance/admittance data. The proposed extrapolation
method extracts the useful information from the band-limited
frequency responses to a large extent. This superior extrap-
olation capability is especially useful if the imaginary parts
of the modes of interest are not located in the available
frequency range of the impedance/admittance frequency
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responses, which may contribute to the black box-based
state-space modeling and further eigenvalue-based stability
analysis. The effects of the practical measurement noise on
the extrapolation capability should also be investigated in
future. Furthermore, whether the proposed sensitivity index
and the corresponding extrapolation capability are applicable
for other least-squares-based curve fitting algorithms should
be further investigated.

APPENDIX. CIRCUIT AND CONTROLLER PARAMETERS
OF THE VSC

The per-unit circuit and controller parameters of the grid-
following VSC in Fig. 3 are listed in Table 9, where the
base power, base voltage, and base frequency are selected as
2.0 MVar, 575V, and 50 Hz, respectively.

TABLE 9. Circuit and Controller Parameters of the VSC.

Parameter Value
DC-link voltage V. 2 p.u.
Grid phase-to-phase Vrms Vj 1 p.u.
Grid fundamental frequency f1 1 p.u.
Sampling frequency fs 100 p.u.
Switching frequency fsw 50 p.u.

Converter-side filter resistance Ry 6.049 x 102 p.u.

Converter-side filter inductance L ¢ 0.475 p.u.
Grid-side filter resistance Rjyo 6.049 x 102 p.u.
Grid-side filter inductance L o 0.475 p.u.
Filter capacitance C'y 2.597 x 1073 p.u.
Proportional gain of dc-link voltage controller Ky, qc 12.197 p.u.
Integral gain of dc-link voltage controller K¢ 48.79 p.u.
Proportional gain of PCC voltage controller Kpypee 0.115 p.u.
Integral gain of PCC voltage controller Kjypee 0.46 p.u.

1.052 x 1073 p.u.
4.22 x 1073 p.u.

Proportional gain of current controller Kp;
Integral gain of current controller K;;

Proportional gain of PLL K1 0.039 p.u.
Integral gain of PLL K, 3.9 x 1073 p.u.
Active current reference i;;f 0.498 p.u.
Reactive current reference i;;f 0 p.u.
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