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ABSTRACT The realization of molecular logic circuit is inseparable from the design and analysis of catalytic
reaction chain, and the DNA catalytic gate plays an important role in it. Discuss the nature of the solution
to DNA catalytic reaction system, using Khasminskii’s periodicity and Lyapunov analysis methods to obtain
the existence of non-trivial positive periodic solutions of the system, and the solution is globally attractive.
The existence of the solution indicates that according to the mathematical model established by the DNA
catalytic reaction system, the system may reach the expected concentration value of an ideal state and obtain
better reaction data, which provides a theoretical basis for the realization of the DNA catalytic gate function.
Numerical simulation results show that under the influence of random disturbance and periodic parameters,
the solution to the random DNA catalytic reaction system exists and is globally attractive, which also reflects
that the DNA catalytic reaction system can reach an ideal reaction state. The solution to the DNA catalytic
system with random disturbance will converge on a certain value and oscillate periodically between the
solution to the deterministic system.

INDEX TERMS DNA catalyzed reaction, periodic solution, global attractivity, stochastic perturbation.

I. INTRODUCTION
At present, it has been proved that nucleic acid is a mul-
tifunctional construction material for engineering molecular
structures and devices. Due to the outstanding recognition
characteristics of Watson-Crick base pairing, DNA is pro-
grammed and assembled in a predictable manner [1]–[5]. In
addition to data storage functions and flexible design, DNA
molecular logic gates also play a pivotal role. Catalysis and
logic control elements and circuits [6]–[18] realize the func-
tions of DNA molecules. Among them, the DNA catalytic
gate driven by entropy is faster and more obvious modularity
[19]. The realization of DNA catalytic gate not only needs
to adjust the base, but also needs to analyze the kinetic be-
havior of the reaction process. The analysis of the dynamic
characteristics of the DNA catalytic gate is inseparable from
the complete nonlinear system model. However, there are few

kinetic analyses on the catalytic gate of DNA molecules at
home and abroad. Santovito, Elisa and others have proposed
a new type of DNA-based biosensor with high sensitivity
and selectivity for the detection of ochratoxin A (OTA)[20];
Keijzer, Jordi F and others proposed that the complex between
heme and G-quadruplex DNA effectively catalyzes the modi-
fication of proteins by N-methylluminol derivatives and is ap-
plied to different organisms. Proteins with medical functions
[21]. Among them, most of the research results are about the
realization of logical operations and arithmetic operations in
DNA circuits, and few involve the dynamics of the reaction
system. In this case, this article mainly constructs a nonlin-
ear mathematical model for the DNA catalytic gate reaction
processes to simplify certain steps of the DNA catalytic re-
action, random interference factors are considered, and the
reaction process is analyzed from the perspective of kinetics
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[22]–[25]. In addition, considering that the DNA catalytic gate
in this article can be regarded as a periodic process, periodic
parameters are added to the modeling to quantitatively analyze
the properties of DNA catalytic reactions. The nature of the
DNA catalytic model solution also verifies the periodicity of
the reaction process.

In fact, the establishment of a DNA catalytic gate model
under random disturbance can accurately describe the actual
reaction process, and random noise is an inevitable influence
factor in nature. At the same time, when analyzing the dy-
namics of the system, considering the influence of random
disturbances has become increasingly important to domestic
and foreign research [26]–[31]. Actually, the rate of DNA
reaction is closely related to the size of activation energy. The
lower the activation energy is, the faster the reaction rate is.
In reality, chemical reactions occur as discrete events as a
result of molecular collisions which are impossible to predict
with certainty [32]. Furthermore, while in many cases a de-
terministic approach can be implemented to a satisfactory de-
gree of accuracy, for many important intracellular processes,
populations of molecules can be small and stochastic effects
become important [33]. In the process to establish the math-
ematical model of DNA reactions, the reaction rate is closely
related with the temperature and pressure when the reaction
is proceeding. In addition, the reaction rate is also affected by
such as the catalyst, condition of concentration, solvent and
other factors. It is apparently that DNA reaction models are
inevitably affected by environmental white noise which is an
important component in realism, because it can provide an
additional degree of realism in compared to their determin-
istic counterparts [34], [35]. Therefore, it is a well-established
way of introducing stochastic environmental noise into re-
alistic DNA reaction dynamic models. When analyzing the
kinetic properties of the DNA catalytic gate, taking random
disturbances into consideration can more clearly describe the
reaction process of the DNA system. The random perturbation
here mainly considers a standard white noise, that is, Gaussian
white noise represented by Brownian motion [36]–[38]. The
purpose is to construct and analyze the nature to the solution
of the DNA catalytic gate system, and deeply understand and
analyze the DNA system. The dynamic behavior of the model
has important theoretical significance and practical applica-
tion value.

The DNA catalytic gate is the circuit basis of amplify-
ing nucleic acid signals, and the analysis of its dynamics
law is beneficial to the combination of robust amplifying
circuit components. The dynamic behavior analysis of the
system requires the establishment of corresponding mathe-
matical model. Because the DNA catalytic gate has periodic
and random disturbances during the reaction, these influenc-
ing factors will be added to the system during the model-
ing process. In this paper, based on the DNA catalytic gate
reaction process, and taking into account the influence of
random disturbance factors, a stochastic differential system
is established. The random disturbance here is the environ-
mental white noise, and the nature to the solution of the

DNA catalytic reaction under the influence of white noise
and periodic parameters is explored. Moreover, the Lyapunov
analysis method is used to prove that the system has a nontriv-
ial positive periodic solution, which verifies that the random
DNA catalytic gate system model with periodic function con-
structed in this paper is in accordance with practical signif-
icance. Secondly, by analyzing the dynamic behavior of the
DNA catalytic gate system, it is concluded that even with a
small noise intensity, the random DNA catalytic gate model
with periodic function fluctuates in the small neighborhood of
the periodic orbit. In other words, under the influence of pe-
riodic functions and random disturbances, the DNA catalytic
gate has a positive periodic solution with overall attractive-
ness, which provides a basic guarantee for the realization of
the catalytic gate. Finally, the results of numerical simulation
verify the conclusions of this paper.

II. PREPARATION
In this paper, the kinetic behavior analysis of the catalytic
part in the reaction process is based on the construction of
the secondary cascade feedback circuit (Engineering Entropy-
Driven Reactions and Networks Catalyzed by DNA) proposed
in the reference [39], this paper simplifies the reaction process,
establishes a mathematical model of random perturbation, and
analyzes and discusses the properties of the catalytic reaction
solution in the reaction process. Among them, A is the sub-
strate, C is the catalyst, B is the product and the reactant, and
F is the fuel chain. The catalytic reaction process is simplified
to

A + C
k1�

k−1

B

B + F
k2−→ E

E
k3�

k−3

C (1)

The change in the concentration of the substances involved
in the reaction is expressed by a differential equation, and the
following system model is established⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Ȧ(t ) = k−1B(t ) − k1A(t )C(t )
Ċ(t ) = k−1B(t ) − k1A(t )C(t ) + k3E (t ) − k−3C(t )
Ḃ(t ) = k1A(t )C(t ) − k−1B(t ) − k2B(t )F (t )
Ḟ (t ) = −k2B(t )F (t )
Ė (t ) = k2B(t )F (t ) − k3E (t ) + k−3C(t )

(2)

Remark 1: The rate constant of each reaction process is
represented by k1, k−1, k2, k3, k−3, which is an important ref-
erence factor for measuring the kinetic properties of biochem-
ical reactions. The value directly reflects the speed of the
reaction. The rate values of different biochemical reaction
processes are different, which are related to the reactants,
catalysts, temperature and so on. It can often be measured
before and after the reaction concentration value.

Considering the principle of conservation of mass, the ini-
tial concentration of the reactant is expressed as the sum of

VOLUME 2, 2021 141



LV ET AL.: ANALYSIS OF PERIODIC SOLUTION OF DNA CATALYTIC REACTION MODEL WITH RANDOM DISTURBANCE

the remaining concentration of the reactant and the product
concentration. A0,C0, F0 is the initial concentration, available{

C0 = C(t ) + B(t ) + E (t )
B(t ) = B0 − A(t ) − E (t )

(3)

Substitute (3) into (2), the following formula is obtained⎧⎪⎪⎨
⎪⎪⎩

Ȧ(t ) = a1 − k−1A(t ) − k−1E (t ) − b1A(t ) − k1A2(t )
Ḟ (t ) = −b2F (t ) + k2A(t )F (t ) + k2E (t )F (t )
Ė (t ) = b2F (t ) − k2A(t )F (t ) − k2E (t )F (t ) − k3E (t )

+ k−3A(t ) + a2
(4)

here a1 = k−1B0, b1 = k1(C0−B0), a2 = k−3(C0 − B0), b2 =
k2B0.

Remark 2: In view of the fact that the calculation process is
more complicated and the amount of calculation is large when
solving the system equilibrium point and analyzing the system
characteristics. Using the law of conservation of chemical
reaction mass, the dimensionality of the system equation is
reduced, which not only simplifies the DNA system, but also
reduces the difficulty of calculation.

Taking into account the continuous progress of the DNA
catalytic reaction and keeping the concentration of the product
B at a constant value, assuming that the fuel substance F is
added in a periodic function, the system (4) can be expressed
as ⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Ȧ(t ) = a1 − k−1A(t ) − k−1E (t )
−b1A(t ) − k1A2(t )

Ḟ (t ) = Q(t )(F0 − F (t )) − b2F (t )
+ k2A(t )F (t ) + k2E (t )F (t )

Ė (t ) = b2F (t ) − k2A(t )F (t )
− k2E (t )F (t ) − k3E (t ) + k−3A(t ) + a2

(5)

where Q(t ) represents the concentration change function
caused by the influx of reactive substances, and F0 − F (t )
denotes the consumption of fuel chain.

In addition to periodic parameter changes, the biochemical
reaction system is also disturbed by random environmental
white noise. Even though the experimental results observed
under controlled laboratory conditions are in good agreement
with the theoretical behavior of ODE, we cannot ignore what
may happen under operating conditions. difference. So, ran-
domness is another important effect to consider. The random
disturbance considered in this paper is a standard white noise,
namely Gaussian white noise represented by Brownian mo-
tion. The following stochastic system model is defined⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Ȧ(t ) = a1 − k−1A(t ) − k−1E (t ) − b1A(t ) − k1A2(t )
+ σ1(t )A(t )dB1(t )

Ḟ (t ) = Q(t )(F0 − F (t )) − b2F (t ) + k2A(t )F (t )
+ k2E (t )F (t ) + σ2(t )F (t )dB2(t )

Ė (t ) = b2F (t ) − k2A(t )F (t ) − k2E (t )F (t ) − k3E (t )
+ k−3A(t ) + a2 + σ3(t )E (t )dB3(t )

(6)

where B1(t ), B2(t ) and B3(t ) are Brownian motions and
Q(t ), σ1(t ), σ2(t ) and σ3(t ) are continuous θ− periodic func-
tions and Q(t ) > 0. Thus σ 2

1 > 0, σ 2
2 > 0, σ 2

3 > 0 represent
the intensities of white noise. Let complete probability space

(�, F, {Ft }t≥0, P) with filtration {Ft }t≥0 approving the usual
conditions, that is, it is correctly continuous, and unless other-
wise stated, F0 contains all P-empty sets. Denote

Rl
+ = {x ∈ Rl : xi > 0 for all 1 ≤ i ≤ l}.

Throughout this paper, unless otherwise specified, hfit de-
notes the mean value of function f (t ) on [0,∞), i.e., 〈 f 〉t is an
integrable function defined on [0,∞) and f (t ) is recorded as
the average value of the function, namely 〈 f 〉t = 1

t

∫ t
0 f (s)ds.

In addition,

f u = sup
t∈[0,∞)

f (t ), f l = inf
t∈[0,∞)

f (t ).

Definition 1: For a random process X (t, ω) (where ω is a
sampling point in �), the values of Rl is defined as t ≥ 0 on a
probability space (�, F, P) , is regarded as a Markov process
if for all A ∈ B (B is the Borel σ -algebra), 0 ≤ k < t,

P {X (t, ω) ∈ A |Nk } = P{X (t, ω) ∈ α |X (k, ω)}, a.s .

where Nk is the σ -algebra of events generated by all events of
the form

{X (u, ω) ∈ A} (u ≤ k, A ∈ B).

Remark 3: It can be demonstrated that there exists a func-
tion P(k, l, t, A) defined as 0 ≤ k ≤ t, l ∈ Rl , A ∈ B, it is the
Bcan be measured in lfor each fixed k, t, A , which constitutes
a measure as a function of the set A, fulfilling the condition

P{X (t, ω) ∈ A |X (k, ω)} = P{k, X (t, ω), t, A}a.s.
In addition, it can be proved that for all l , except those that

may come from the set N such that P{X (t, ω) ∈ N} = 0, the
Chapman-Kolmogorov equation holds

P{k, l, t, A} =
∫

Rl
P(k, l, u, dy)P(u, y, t, A). (7)

The function P(k, l, t, A) is considered as the transition
probability function of Markov process.

Definition 2: If for each finite sequence of numbers
t1, t2, . . . tn, the random process X (t )(−∞ < t < +∞)is re-
garded as the period θ , the joint distribution of random vari-
ables X (t1 + h), . . . X (tn + h) is independent of h, where h =
kθ (k = ±1,±2, . . .).

Remark 4: According to the theorem proposed by Khasmin-
skii, when the transition probability function is θ−periodic
and the function P0(t, A) = P{X (t ) ∈ α} satisfies the equa-
tion, and define the Markov process X (t ) is θ− periodic

P0(k, A) =
∫

Rl
P0(k, dl )P(k, l, k + θ, A) ≡ P0(k + θ, A)

for every A ∈ B.
The following equation holds

X (t ) = X (t0) +
∫ t

t0

b(k, X (k))dk

+
n∑

r=1

∫ t

t0

σr (k, X (k)) dBr (k), X ∈ Rl . (8)
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The vectors b(k, X ), σ1(k, X ), . . . σn(k, X ) are continuous
functions of (k, X ) and meets the following conditions:⎧⎨

⎩
|b(k, l ) − b(k, y)| +∑n

r=1 |σr (k, l ) − σr (k, y)|
≤ M|l − y|,
|b(k, l )| +∑k

r=1 |σr (k, l )| ≤ M(1 + |l|),
(9)

where M is a constant. Let U be the given open set in Rl

and Ē = I × Rl . The function C2 is given as the function on
Ē , they are differentiable twice consecutively with respect to
x1, . . . xn and continuously differentiable with respect to t .

Lemma 1 Define the differential operator L

L = ∂

∂t
+
∑

fi(A, t )
∂

∂Ai

+ 1

2

∑
[gT (A, t )g(A, t )]i j

∂2

∂AiA j
(10)

Define V ∈ C2,1(Rn × R̄+; R̄+), the following formula is
obtained

LV (A, t ) = Vt (A, t ) + VA(A, t ) f (A, t )

+ 1

2
trace

[
gT (A, t )VAA(A, t )g(A, t )

]
. (11)

where Vt = ∂V
∂t ,VA = ( ∂V

∂A1
, . . . , ∂V

∂Ad
) and VAA = ( ∂2V

∂Ai∂A j
)d×d .

Assume that the coefficient of (8) is the θ period in t , and
the condition (9) is satisfied in each cylinder I × U . There is a
function V (t, x) ∈ C2 in Ē which is guessed, it is the θ period
in t , and satisfies the following conditions:

outside some tight set,

inf
|l|>R

V (t, l ) → ∞, as R → ∞, and LV (t, l ) ≤ −1, (12)

Then the DNA system (6) has a solution, and it is a periodic
Markov process.

III. THE EXISTENCE OF NONTRIVIAL POSITIVE PERIODIC
SOLUTIONS
Unlike linear periodic stochastic differential systems that can
get exact solutions, nonlinear stochastic differential systems
are difficult to get exact solutions under normal circum-
stances, and the existence of solutions can only be obtained in
the process of theoretical proof. Since the DNA-catalyzed re-
action to periodic random disturbances is a nonlinear system,
the periodic solution has no explicit representation. According
to Lemma 1, a sufficient condition for the existence of a pos-
itive periodic solution is obtained. The existence of periodic
solutions shows that the DNA catalytic reaction models has
practical significance for research.

Theorem 1. If condition 〈λ〉θ > 0holds, then system (6) has
a unique positive periodic solution.

Proof: For any initial value (A(0), E (0), F (0)) ∈ R3+, there
is a unique global positive solution for system (5), so R3+ is
regarded as the whole space. It is easy to verify that the coeffi-
cient of the system (5) satisfies the condition (9). According to
Lemma 1, in order to prove Theorem 1, it successfully found

a C2 function V (t, A, F, E ) and a closed set U ∈ R3+ which
makes condition (12) hold.

Let λ = m − 〈Q + 1
2σ 2

2 + 1
2σ 2

3 〉θ and α ∈ (0, 1) satisfy the
following conditions

(H1)
k−1 + b1 + k−1α

α+1 − α
2 σ 2

1 > 0,

Ql+b2
A0

+ b2
A0

− 2k2 − ασ 2
2

2A0
> 0

(H2) M

(
−λ + 1

2

〈
σ 2

1

〉
θ

)
+ gu + hu ≤ −2,

where m = a1 and the function g(F ), h(E ) are given later
(H3), −λ + 1

2 〈σ 2
1 〉θ < 0 and M is a large enough normal num-

ber.
Define a C2−function V (A, F, E ): R3+ → R̄+ by

V (t, A, F, E ) = 1

α + 1
Aα+1 + 1

A0(α + 1)
Fα+1

+ M(E − ln A − ln F − ln E ) + w(t ),

this moment, w(t ) is a function defined on [0,+∞), satisfying

ẇ(t ) = 〈R0〉θ − R0,w(0) = 0.

where R0(t ) = Q(t ) + 1
2σ 2

1 . It is not difficult to find that w(t )
is the θ− periodic function of [0,+∞), and V (t, A, F, E ) is
the θ−period in t and satisfies the condition (12).

For the convenience of calculation, Q(t ) is expressed as
Q, and the other parameter functions are the same. Through
direct calculation, the following results are obtained

LV = Aα[a1 − k−1A − k−1E − b1A − k1A2]

+ 1

A0
Fα[Q(F0 − F ) − b2F + k2AF + k2EF ]

− M
1

A
(a1 − k−1A − k−1E − bA − k1A2)

− M
1

F
[Q(F0 − F ) − b2F + k2AF + k2EF

− M

E
(b2F − k2AF − k2EF − k3E + k−3A + a2)

+ (b2F − k2AF − k2EF − k3E + k−3A + a2)M

+ ẇ(t )

≤ a1Aα −
(

k−1 + b1 + k−1α

α + 1
− α

2
σ 2

1

)
Aα+1

− k−1

α + 1
Eα+1

−
(

Ql + b2

A0
+ b2

A0
− 2k2 − ασ 2

2

2A0

)
Fα+1 + QuF0

A0
Fα

+ M

[
(k1 − k2)A − λ + 1

2

〈
σ 2

1

〉
θ

]
+ c∗

+M

[
k2F − Ql F0

F
+ (k−1 − k2 − k3)E − a2

E

]
(13)
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This c∗ = M(k1 + b2 + b1 + a2 + k3). The above equation
can be expressed as

LV ≤ f (A) + g(F ) + h(E )

where

(H3)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

f (A) = a1Aα − (k−1 + b1 + k−1α

α+1 − α
2 σ 2

1 )Aα+1

+ M
[
(k1 − k2)A − λ + 1

2

〈
σ 2

1

〉
θ

]
g(F ) = −( Ql+b2

A0
+ b2

A0
− 2k2 − ασ 2

2
2A0

)Fα+1

+ QuF0
A0

Fα+Mk2F − Ql F0M
F

h(E ) = − k−1
α+1 Eα+1 + (k−1 − k2 − k3)EM − Ma2

E

According to the (H1) condition, the following formula is
obtained

f (A) + gu + hu → −∞, asA → +∞,

f u + g(F ) + hu → −∞, asF → +∞,

f u + gu + h(E ) → −∞, asE → +∞,

f u + g(F ) + hu → −∞, asE → 0+,

f u + gu + h(E ) → −∞, asF → 0+,

LV < −1 can be derived from the above situations, re-
spectively. Recall condition (H2), as A → 0+, the conclusion
M(λ − 1

2 〈σ 2
1 〉θ ) + gu + hu ≤ −2 is clearly obtained.

Take ε small enough, and let U = [ε, 1
ε
] × [ε, 1

ε
] × [ε, 1

ε
].

It follows that LV < −1, (A, F, E ) ∈ R3+. This completes the
proof.

Remark 5: On the basis of Lemma 1, it is obtained that
the stochastic system (6) has a non-trivial periodic solution.
The function V (t, A, F, E ) established by the It ô formula is
analyzed, and LV < −1, (A, F, E ) ∈ R3+\U . The proof of the
existence of the solution provides basic conditions for analyz-
ing the global attraction properties of the solution, and under-
standing the dynamics of the DNA subtraction gate model has
important theoretical significance and practical application
value.

IV. EXISTENCE AND GLOBAL ATTRACTIVITY OF
BOUNDARY PERIODIC SOLUTION
This part mainly discusses the global attractivity of solution of
stochastic DNA catalytic system (6). When certain conditions
are met, the system has a unique periodic solution, which lays
the foundation for attractiveness analysis. The DNA catalytic
reaction model is carried out periodically, and the periodic
solution of the reaction process is obtained through quanti-
tative analysis. To further prove the global attractiveness of
the solution.

Lemma 2: Assume that Z∗(t ) is the solution of a one-
dimensional linear random differential equation

dZ (t ) = [Q(t ) (F0 − Z (t )) − b2Z (t )]dt

+ σ2(t )Z (t )dB2(t ) (14)

with initial value Z (0) = F (0),where Q(t )andσ2(t )are
θ−periodic functions defined on [0,+∞). Moreover, Z∗(t )
is globally attractive, i.e., Attract all other positive solutions
of stochastic differential equation (15).

Proof. Define the C2−function V (t, Z ) as follows

V (t, Z ) = Z − 1 − ln Z + ẇ0(t )

Here ẇ0(t ) is the θ periodic function defined on [0,+∞)
satisfying the following equation

ẇ0(t ) =
〈
(F0 + 1)Q + 1

2
σ 2

2

〉
θ

− (F0 + 1)Q(t ) − 1

2
σ 2

2 (t ),

w0(0) = 0.

Calculated by Ito’s formula

LV (t, Z ) = Q(F0 − Z ) − QF0

Z
(F0 − Z )

+ b2 − b2Z + 1

2
σ 2

2 (t ) + ẇ0(t )

≤ −Ql Z − Ql F0

Z
− b2Z + b2 +

〈
(F0 + 1) Q + 1

2
σ 2

2

〉
θ


= ϕ(Z ) (15)

Obviously easy to see,

ϕ(Z ) → −∞, as Z → 0+; ϕ(Z ) → −∞, as Z → +∞.

Take ε as a small enough value and U = [ε, 1
ε
]to make

LV < −1, Z ∈ R+\U hold. It can be concluded that equation
(15) has a positive periodic solution Z∗(t ).

Remark 6: Analyze the one-dimensional stochastic linear
differential equation, construct the Lyapunov function and use
the Khasminskii-type theorem to prove and obtain LV < −1,

so that the system has a periodic solution Z∗(t ). The DNA
catalytic system model has a solution, and its solution is pe-
riodic, which also lays the foundation for proving the global
attractiveness of the solution.

Next, it will be proved that the solution Z∗(t ) is globally
attractive. Knowing that Z∗(t ) satisfies equation (15), the
equation is processed as follows

d (Z (t ) − Z∗(t )) = −Q(t )
(
Z (t ) − Z∗(t )

)
− b2

(
Z (t ) − Z∗(t )

)
dt

+ σ2(t )
(
Z (t ) − Z∗(t )

)
dB2(t )

Therefore

Z (t ) − Z∗(t ) = (Z (0) − Z∗(0))e− ∫ t
0 (Q(r)+b2+ 1

2 σ 2
2 (t ))dr+M0(t )

After further processing the above formula,

log |Z (t ) − Z∗(t )| = log |(Z (0) − Z∗(0))|

−
∫ t

0

(
Q(r) + b2

+1

2
σ 2

2 (t )

)
dr + M0(t ), (16)

M0(t ) is assigned to M0(t ) = ∫ t
0 σ2(r)dB2(r) and

M0(t ) is a local martingale whose quadratic variation is
〈M0(t ), M0(t )〉 = ∫ t

0 σ 2
2 (s)ds ≤ (σ u

2 )2t . According to the
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strong law of large numbers for local martingales [40], the
following formula is obtained

lim
t→+∞

M0(t )

t
= 0a.s. (17)

Therefore,

log
∣∣Z (t ) − Z∗(t )

∣∣
t

= log
∣∣Z (0) − Z∗(0)

∣∣
t

− 1

t

∫ t

0

(
Q(r) + 1

2
σ 2

2 (r)dr

)
+ M0(t )

t
. (18)

According to the principle of equation (18), the result of
seeking the limit of equation (19) is

lim
t→+∞

log
∣∣Z (t ) − Z∗(t )

∣∣
t

= −
〈
Q + b2 + 1

2
σ 2

2

〉
θ

< 0

It indicates that Z (t ) − Z∗(t ) → 0 a.s. Now, it can be
concluded that the periodic solution Z∗(t ) of equation (15)
is globally attractive. This completes the proof.

Remark 7: By calculating the linear differential function
with Ito’s formula, on the basis of the existence of positive
periodic solutions of random systems, the periodic solutions
of the system are globally attractive based on the strong theo-
rem of local martingales. Under the condition that the periodic
solution of the system is satisfied, the DNA catalytic system
can obtain the expected value of the real reaction process.

Remark 8: The periodical oscillation can be understood as
a example of stochastic resonance. Stochastic resonance is a
nonlinear effect whereby a system is able to improve, via noise
addition, the detectability of a signal in noise. In this paper,
when the periodic signal is applied to the nonlinear system
with white noise, periodic stochastic resonance occurs.

By Lyapunov analysis method, the existence solution of the
random perturbed DNA catalytic system with periodicity is
obtained, and it has a nontrivial positive periodic solution. Ac-
cording to the strong number theorem of the local martingale,
it is proved that the nontrivial positive periodic solution is
globally attractive, which is of great practical significance for
the theoretical study of DNA catalytic gates. Numerical sim-
ulation is used to present the DNA catalytic reaction process,
and the simulation results will be used to verify the nature of
the solution of the random DNA catalytic system.

V. NUMERICAL SIMULATIONS AND INVESTIGATIONS
In order to verify the theoretical results obtained in this paper,
a numerical simulation of a stochastic system is given. Since
the nonlinear stochastic differential system is too complex to
be solved accurately, it is necessary to give parameter values
to find an approximate solution.

Example 1: According to the condition to satisfy Theorem
1, take the initial value (A(0), F (0), E (0)) = (1.2, 0.19, 0.12)
and assume that the constant parameter is set to k−1 =
0.4, k1 = 0.6, k2 = 0.9, k3 = 1.2, k−3 = 0.3, A0 = 3, C0 =
3.1, F0 = 1.9. Observing to the following image changes, it
is observed that the data at this time is that when the DNA

catalytic system reaches the ideal state, the system (6) has
a non-trivial positive periodic solution. Now, the solution of
the corresponding deterministic system also shows periodic
changes. The numerical simulation in Figure 1 clearly proves
this point. Under the action of low noise intensity, the Markov
process A(t ), F (t ), E (t ) oscillates back and forth in the do-
main of the periodic solution of the deterministic system.
Through the change curve of the image, the side reflects the
periodicity of the reactants in the DNA catalytic reaction
model. The periodic nature of the solution of the random
perturbation system shows that the material utilization rate of
the DNA catalytic system can be improved.

Example 2: Compared with the above example, increase
the Q(t )value, and other data remain unchanged. It is clearly
observed from Figure 2 that the value does not reach the most
suitable ideal state, but still satisfies the nature of the solution,
and the DNA catalytic gate reaction still proceeds smoothly.
The change of image amplitude can significantly show that the
deterministic system still satisfies the global attractiveness of
the periodic solution.

Even if the noise intensity does not change, with the change
of Q(t ), the oscillation amplitude of the A(t ), F (t ), E (t )image
is significantly increased. Obviously, the periodic amplitudes
of DNA catalytic model changed significantly.

Example 3: Keep the period of Q(t )unchanged, and in-
crease or decrease the noise intensity. Through the change of
the image curve, the stochastic system still satisfies the con-
dition of the existence of a positive periodic solution, which
indicates that for any positive initial value, the solution of the
deterministic model will enter a periodic orbit after a period
of time. When the intensity increases, it is obvious that the
oscillation amplitude of the random perturbed DNA catalytic
system with periodic function is greatly enhanced, and the
solution of the random system is still a non-trivial positive
periodic solution, but the periodic nature is not as obvious as
the above example.

Conversely, when the intensity decreases, although the
model of the random process (6) fluctuates near a smaller
orbit. And the solution of the random disturbance system is
almost close to the solution of the deterministic system. No
matter how the intensity changes, the stochastic system is
realized under ideal conditions if Theorem 1 are fulfilled. As
shown in Figs. 3 and 4.

From the above simulation results, it can be clearly con-
cluded that when the noise intensity is within a certain range
and meets certain conditions, the random DNA catalytic peri-
odic system can find a non-trivial positive periodic solution.
In an ideal state, the DNA catalytic reaction models uses
cycles as the unit, and the concentration of substances change
periodically. In addition, when the noise intensity is too small,
the solution of the random periodic DNA catalytic system may
be close to the solution of the deterministic system. Finally,
the combination of theoretical analysis and simulation results
clearly shows that the periodic model of the stochastic DNA
catalytic system has a positive periodic solution, which satis-
fies the global attractive force. These theoretical results also
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FIGURE 1. When the DNA catalytic reaction system is in an ideal state, the
sample orbitals of the nontrivial positive periodic solutions of the random
system and the deterministic system. Here, Q(t ) = 0.1 + 0.1 sin(t ), and
define σ1 = σ2 = σ3 = 0.2 + 0.1 sin(t ).

FIGURE 2. A Sample orbits of nontrivial positive periodic solutions for
stochastic systems and deterministic systems. Where
Q(t ) = 0.5 + 0.3 sin(t ) σ1 = σ2 = σ3 = 0.2 + 0.1 sin(t ).

FIGURE 3. Sample orbits of nontrivial positive periodic solutions for
stochastic systems and deterministic systems. Where
Q(t ) = 0.2 + 0.1 sin(t ), σ1 = σ2 = σ3 = 1.2 + 0.2 sin(t ).

FIGURE 4. Sample orbits of nontrivial positive periodic solutions for
stochastic systems and deterministic systems. Here Q(t ) = 0.1 sin(t ) and
Noise intensity parameter σ1 = σ2 = σ3 = 0.1 sin(t ).

imply that the DNA catalytic system can achieve the expected
reaction effect on ideal experimental conditions.

VI. CONCLUSION
In this paper, the properties of the solution of DNA catalytic
gate with periodic random disturbances is studied. The DNA
catalytic reaction system is analyzed for solution, and it is
assumed that the reaction material is added regularly to keep
the reaction continuing. Considering that the reaction will be
affected by random interference, here is mainly white noise,
so adding random interference to the DNA catalytic system
is more in line with the actual reaction of the system. Firstly,
the nature of the periodic solution of DNA catalytic reaction
with random disturbances is analyzed, and the sufficient con-
ditions for the existence of nontrivial positive periodic solu-
tions are proposed, and the periodic solutions are obtained.
The existence of the solution indicates that it is of practical
significance to study the dynamic behavior of DNA catalytic
gate. Secondly, the strong number theorem of local martingale
proves that the periodic solution of DNA catalytic reaction
models under random disturbance has global attractiveness.
Finally, a numerical simulation of DNA catalytic reaction sys-
tem with random perturbations and cycles is carried out using
Milstein’s high-order method. Numerical simulation results
show that it is very meaningful that nonlinear equations with
random disturbance and periodicity can be used to describe
the kinetic characteristics of DNA catalytic reactions. At the
same time, the DNA catalytic reaction models can predict the
reaction process of ideal conditions.
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