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ABSTRACT This paper presents a unified analysis of the Fox H-fading channel with beam misalignment.
A statistical framework is introduced that includes new expressions for the probability density function,
cumulative distribution function, higher-order moments of the envelope/instantaneous signal-to-noise ratio
(SNR), and moment generating function of the instantaneous SNR. The analysis also derives expressions for
important metrics such as the bit error probability, outage probability, and ergodic channel capacity, as well as
an asymptotic analysis of these metrics. Moreover, this work investigates several special cases and provides
a detailed examination of the relationship between the Nakagami-m, α-F , and extended generalized-K
fading models and the Fox H-fading distribution. As a result, this analysis facilitates an understanding of
how existing work in the literature can be obtained as particular cases of this study. Furthermore, Monte
Carlo simulations are conducted to corroborate several curves for different values that characterize the
channel and beam misalignment parameters. This presentation helps to extend our understanding of the
behavior of the Fox H-fading channel under beam misalignment, which has potential applications in wireless
communications and other fields.

INDEX TERMS Beam misalignment, Fox H-fading distribution, unified analysis.

I. INTRODUCTION
In the literature, several works have been presented regard-
ing the misalignment between the transmitting and receiving
beams, which results in pointing errors in the transmission
systems [1]. Over the years, the misalignment has been stud-
ied in different scenarios and, currently, some papers have an-
alyzed the mentioned effect in very important modern applica-
tions, such as free space optics (FSO) [2], terahertz (THz) [3],
[4] and reconfigurable intelligent surfaces (RIS)-assisted [5],
[6] wireless systems. In the mentioned articles, simple or
generalist models have been considered to characterize small

or large-scale fading. Composite distributions have also been
adopted to model environments where multipath coexists with
shadowing.

In this article, a statistical framework is presented, and the
Fox H-distribution [7] is adopted in order to characterize the
multipath fading. The Fox H-function has a compact notation
and is generalist [7]. In fact, many continuous probability
distributions can be written as special cases of the Fox H-
function [8], i.e., a lot of distributions can be written in terms
of it (see [9, Table IV]). The mentioned function also has
the advantage of allowing a simple derivation of asymptotic
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expansions for many performance metrics [8]. The asymptotic
expansions are important to provide insights into the effect of
the channel and beam misalignment parameters on the system
performance.

In our work, a unified analysis of Fox H-fading chan-
nel with beam misalignment is performed, in which several
statistics are deduced. The statistics obtained can be used
to derive performance metrics for assessing the performance
of wireless communication systems in many scenarios. To
the best of the authors’ knowledge, no work deals with the
Fox H-fading distribution with misalignment. Since the Fox
H-distribution is generalist, many works previously presented
in the technical literature can be found as particular cases
of the studies carried out in this paper. This evidences the
usefulness and capability of the Fox H-distribution. In our
work, a relationship between the Nakagami-m, α-F , and
extended generalized-K (EGK) fading models, and the Fox
H-distribution is presented.

The main contributions of this article are:
� A novel unified statistical framework based on the Fox

H-fading channel taking beam misalignment into consid-
eration is derived and employed to obtain the probability
density function (PDF), cumulative distribution func-
tion (CDF), and high-order moments of the received
instantaneous signal-to-noise ratio (SNR) and the chan-
nel’s envelope;

� Derivation of novel unified analytical expressions for the
average bit error probability (ABEP), outage probabil-
ity (OP), and average ergodic channel capacity;

� Accurate asymptotic expressions for the performance
metrics aforementioned are derived, giving more under-
standing of the impact of pointing errors (i.e., misalign-
ment) on the system performance.

� An application concerning cascaded H-fading with beam
misalignment channels is provided.

The remainder of the paper is organized as follows. Sec-
tion II describes the system and channel models adopted.
In Section III, a unified analysis is performed for the Fox
H-fading channel with pointing errors, and the special cases
are analyzed. Section IV presents some performance analyses
and their corresponding asymptotic metrics. In Section V, an
application in the context of cascaded channels is analyzed.
Section VI shows the numerical results and discussions. Sec-
tion VII brings the conclusions of the paper.

II. SYSTEM AND CHANNEL MODELS
The received signal, at the receiver matched filter output, can
be written as

Y = hlHfHpX + N, (1)

in which X denotes the transmitted signal, N is the additive
white Gaussian noise, Hf represents the fading channel, Hp

represents the misalignment, and hl is a constant that repre-
sents the path loss.

The fading channel is modeled by the Fox H-distribution,
whose PDF of the instantaneous SNR, �, is given

by [8, Eq. (1)]

f� (γ ) = κHm,n
p,q

(
λγ

(
a j,A j

)
j=1:p(

b j,B j
)

j=1:q

)
, (2)

in which γ > 0, κ and λ are real and positive con-
stants, Hm,n

p,q [·] is the Fox H-function [7], and (x j, y j ) j=1:l =
(x1, y1), . . . , (xl , yl ) are pairs that depend on the adopted fad-
ing model. Defining the envelope Hf as the root square of the
instantaneous SNR, i.e. Hf = √

�, the envelope PDF of the
fading can be find from (2) as

fHf (hf )= κ√
λ

Hm,n
p,q

⎡
⎣√λhf

(
a j + A j

2 ,
A j
2

)
j=1:p(

b j + B j
2 ,

B j
2

)
j=1:q

⎤
⎦ , (3)

hf > 0.
The PDF of the misalignment fading coefficient is given

by [2, Eq. (7)]

fHp (hp) = z2A−z2

0 hz2−1
p , 0 ≤ hp ≤ A0, (4)

in which A0 is the fraction of the collected power and z =
ωeq/σ is the pointing error intensity, defined as the ratio be-
tween the equivalent beam radius at the receiver (ωeq) and
the pointing error displacement standard deviation σ [10]. For
z −→ ∞, non-pointing error is assumed.

III. A UNIFIED ANALYSIS OF FOX H-FADING WITH BEAM
MISALIGNMENT

Lemma III.1 (PDF and CDF of the Instantaneous SNR):
Let κ , λ, z, A0, hl, and γ ∈ R

+. For the Fox H-fading channel
model with beam misalignment, the PDF of the instantaneous
SNR � is written as

f� (γ ) = κz2

2h2
l A2

0

Hm+1,n
p+1,q+1

[
λγ

h2
l A

2
0

∣∣∣∣(a j,A j ) j=1:p+1

(b j,B j ) j=1:q+1

]
, (5)

where

(a j,A j ) = (z2/2, 1
)
, if j = p + 1 (6)

and

(b j,B j ) = (z2/2 − 1, 1
)
, if j = m + 1. (7)

In turn, the CDF of the instantaneous SNR, �, is given by

F� (γ ) = κz2γ

2h2
l A

2
0

Hm+1,n+1
p+2,q+2

[
λγ

h2
l A

2
0

∣∣∣∣(a j,A j ) j=1:p+2

(b j,B j ) j=1:q+2

]
, (8)

in which

(a j,A j ) =
{

(0, 1), if j = n + 1(
z2/2, 1

)
, if j = p + 2

(9)

and

(b j,B j ) =
{(

z2/2 − 1, 1
)
, if j = m + 1

(−1, 1), if j = q + 2
. (10)

It is noted that for j = 1 : m, j = 1 : p and j = m + 2 : q + 1,
the parameters in (5) take the same values as those in (3),
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respectively, for j = 1 : m, j = 1 : p and j = m + 1 : q. Fur-
thermore, for j = 1 : m, j = 1 : n, j = n + 2 : p + 1 and j =
m + 2 : q + 1, the parameters in (8) take the same values as
in (3), respectively, for j = 1 : m, j = 1 : n, j = n + 1 : p and
j = m + 1 : q.

Proof: See Appendix A. �
Lemma III.2 (PDF and CDF of the Envelope): Let κ , λ, z,

A0, hl, and h ∈ R
+. The PDF of the envelope H = h l HfHp,

for the Fox H-model with beam misalignment, can be written
as

fH (h) = κz2 h

h2
l A2

0

Hm+1,n
p+1,q+1

[
λh2

h2
l A2

0

∣∣∣∣(a j,A j ) j=1:p+1

(b j,B j ) j=1:q+1

]
, (11)

with

(a j,A j ) = (z2/2, 1
)
, if j = p + 1, (12)

and

(b j,B j ) = (z2/2 − 1, 1
)
, if j = m + 1. (13)

In turn, the CDF of the envelope, H , is given by

FH (h) = κz2 h2

2h2
l A2

0

Hm+1,n+1
p+2,q+2

[
λh2

h2
l A2

0

∣∣∣∣(a j,A j ) j=1:p+2

(b j,B j ) j=1:q+2

]
, (14)

in which

(a j,A j ) =
{

(0, 1), if j = n + 1(
z2/2, 1

)
, if j = p + 2

(15)

and

(b j,B j ) =
{(

z2/2 − 1, 1
)
, if j = m + 1

(−1, 1), if j = q + 2
. (16)

It should be mentioned that for j = 1 : m, j = 1 : p and j =
m + 2 : q + 1, the parameters in (11) take the same values as
the parameters in (3), respectively, for j = 1 : m, j = 1 : p
and j = m + 1 : q. In addition, for j = 1 : m, j = 1 : n, j =
n + 2 : p + 1 and j = m + 2 : q + 1, the parameters in (14)
take the same values as the parameters in (3), respectively, for
j = 1 : m, j = 1 : n, j = n + 1 : p and j = m + 1 : q.

Proof: See Appendix B. �
Lemma III.3 (MGF of the Instantaneous SNR): Let κ , λ, z,

A0, s, and hl ∈ R
+. The MGF of the instantaneous SNR over

the Fox H-model with beam misalignment is given by

M� (s) = κz2

2λ

× Hm+1,n+1
p+2,q+1

[
λ

h2
l A2

0(−s)

∣∣∣∣(a j + A j,A j ) j=1:p+2

(b j + B j,B j ) j=1:q+1

]
,

(17)

in which

(a j,A j ) =
{

(0, 1), if j = 1(
z2/2, 1

)
, if j = p + 2

(18)

and

(b j,B j ) = (z2/2 − 1, 1
)
, if j = m + 1. (19)

For j = 1 : m, j = 2 : n + 1, j = n + 2 : p + 1 and j = m +
2 : q + 1, the parameters in (17) take the same values as the
parameters in (3), respectively, for j = 1 : m, j = 1 : n, j =
n + 1 : p and j = m + 1 : q.

Proof: See Appendix C. �
Lemma III.4 (Higher-Order Moments of the Envelope/

Instantaneous SNR): For κ , λ, z, A0, hl and � ∈ R
+ and k

∈ N
+, the higher-order moments of the instantaneous SNR �

and envelope H , for the Fox H-model, can be written as

E

[
�k
]

=
(
κz2

2h2
l A2

0

)(
λ

h2
l A2

0

)−(k+1)

	(s)

∣∣∣∣∣∣
s=k+1

(20)

and

E

[
Hk
]
=
(
κz2

2h2
l A2

0

)(
λ

h2
l A2

0

)−(k/2+1)

	(s)

∣∣∣∣∣∣
s=k/2+1

, (21)

respectively, with

	(s) =∏m
j=1 �(b j + B js)�

(
z2

2 − 1 + s
)∏n

j=1 �(1 − a j − A js)∏p
j=n+1 �(a j + A js)�

(
z2

2 + s
)∏q+1

j=m+2 �(1 − b j − B js)
.

(22)

For j = 1 : m, j = 1 : n, j = n + 1 : p and j = m + 2 : q +
1, the parameters in (22) take the same values as the parame-
ters in (3), respectively, for j = 1 : m, j = 1 : n, j = n + 1 : p
and j = m + 1 : q.

Proof: See Appendix D. �
It is noteworthy to emphasize that the comprehensive

analysis presented in this paper, utilizing the Fox H-Fading
distribution in the context of beam misalignment, serves as
a robust framework. This framework not only encompasses
a wide array of distributions previously discussed in the
literature but also extends their applicability. In order to ev-
idence this, Table 1 shows the parameter settings from which
some useful instantaneous SNR distributions, as for exam-
ple Nakagami-m, α-F , and extended generalized-K (EGK)
fading models can be obtained as particular cases of the
instantaneous SNR distribution for the Fox-H fading model
considered in this work, as presented in (40). In [9, Table IV],
fifteen distributions written in terms of the Fox H-function are
presented.

IV. PERFORMANCE METRICS
A. AVERAGE BIT ERROR PROBABILITY
The ABEP under various modulation schemes is given by [11]

Pb = ρ

2

√
δ

2π

∫ ∞

0
γ− 1

2 exp

(
− δ

2
γ

)
F� (γ ) dγ , (23)
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TABLE I Some Particular Cases

in which ρ and δ are modulation-dependent parameters
(see [11, Table 6.1]).

Replacing (8) into (23), using [7, Eq. (2.19)], [7, Eq. (1.5)]
and performing with some simplifications, it follows that

Pb = ρκz2

4
√
πλ

× Hm+1,n+2
p+3,q+2

[
2λ

δh2
lA

2
0

∣∣∣∣( 1
2 , 1), (a j + A j,A j ) j=1:p+2

(b j + B j,B j ) j=1:q+2

]
.

(24)

For j = 1 : q + 2 and j = 1 : p + 2, the parameters in (24)
take the same values as the parameters in (8).

B. OUTAGE PROBABILITY
The OP is defined as Pout = F� (γ th), in which γ th is a speci-
fied threshold. Using (8),

Pout = κz2γ th

2h2
lA

2
0

Hm+1,n+1
p+2,q+2

[
λγ th

h2
lA

2
0

∣∣∣∣(a j,A j ) j=1:p+2

(b j,B j ) j=1:q+2

]
. (25)

As Pout is given in terms of F� (γ ), the parameters in (25) take
the same values as in (8).

C. ERGODIC CHANNEL CAPACITY
The ergodic channel capacity, denoted by C erg, is given
by [11]

C erg =
∫ ∞

0
log2(1 + γ ) f� (γ ) dγ . (26)

Substituting (5) into (26), using [12, id 01.04.26.
0003.01], [12, id 07.34.26.0008.01], and [7, Eq. (2.8)],
C erg can be written after some simplifications as

C erg = κz2

2h2
lA

2
0 log(2)

Hm+3,n+1
p+3,q+3

[
λ

h2
lA

2
0

∣∣∣∣(a j,A j ) j=1:p+3

(b j,B j ) j=1:q+3

]
,

(27)

in which

(a j,A j ) =

⎧⎪⎨
⎪⎩

(−1, 1), if j = n + 1

(z2/2, 1), if j = p + 2

(0, 1), if j = p + 3

, (28)

and

(b j,B j ) =

⎧⎪⎨
⎪⎩

(z2/2 − 1, 1), if j = m + 1

(−1, 1), if j = m + 2

(−1, 1), if j = m + 3

. (29)

For j = 1 : m, j = 1 : n, j = n + 2 : p + 1 and j = m + 4 :
q + 3, the parameters in (27) take the same values as in (3),
respectively, for j = 1 : m, j = 1 : n, j = n + 1 : p and j =
m + 1 : q.

D. ASYMPTOTIC ANALYSIS
For the asymptotic analysis, it is appropriate to write the Fox
H-function in the Mellin-Barnes representation

Ha,b
c,d

[
v

∣∣∣∣(a j + A j,A j ) j=1:c

(b j + B j,B j ) j=1:d

]
= 1

j2π

∫
L
X a,b

c,d (s)v−sds,

(30)

in which X a,b
c,d (s) is equal to

∏a
i=1 �(bi + Bi + Bis)

∏b
i=1 �(1 − (ai + Ai ) − Ais)∏d

i=a+1 �(1 − (bi + Bi ) − Bis)
∏c

j=b+1 �(ai + Ai + Ais)
.

(31)
In the following analysis, based on [13, Theorem 1.11], the
minimum value of the simple poles of �(bi + Bi + Bis) for
1 ≤ i ≤ a depends on of the relationship between z and the
parameters that characterize each fading model contemplated
by Fox H-distribution.

1) ASYMPTOTIC AVERAGE BIT ERROR PROBABILITY
From (24) and (30), given an index j0, equal to the value
of j for which the sequence of values s j = Re(b j + B j )/B j ,
with 1 ≤ j ≤ m + 1, takes minimum value, then, according
to [13, Theorem 1.11], when λ −→ 0 (or γ̄ −→ ∞), the Fox
H-function tends asymptotically to (λ/ρh2

lA
2
0)s j0 h
j0 , in which

h
j0 is obtained as [13, Eq. (1.8.5)]

h
j0 = 1

B j0
Xm+1,n+2

p+3,q+2

(−s j0

)
, (32)

with Xm+1,n+2
p+3,q+2 (·) given by (31). In (32), i �= j0 in the product

from i = 1 to m + 1 and the pairs (ai,Ai ) and (bi,Bi ) have
the same structure as in (24). Therefore, after some simplifi-
cations, the asymptotic ABEP can be written as

P∞
b = ρκz2

4
√
πλ

1

B j0

(
2λ

δh2
l A2

0

)s j0

Xm+1,n+2
p+3,q+2 (−s j0 ). (33)

In high SNRs values, P∞
b ∼ γ̄−Gd , where Gd is the diversity

order/gain. It is noted that the diversity order depends on the
fading and pointing error parameters.
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2) ASYMPTOTIC OUTAGE PROBABILITY
The asymptotic OP can be derived from (25), applying prop-
erty [7, Eq. (1.5)] and [13, Theorem 1.11]. By proceeding
similarly to the derivation of the asymptotic ABEP, P∞

out is
given, after simplifications, by

P∞
out = κz2

2λ

1

B j0

(
λγ th

h2
lA

2
0

)s j0

Xm+1,n+1
p+2,q+2 (−s j0 ), (34)

in which j0 is equal to the value of the integer index j for
which the sequence of values s j = Re(b j + B j )/B j , with 1 ≤
j ≤ m + 1, takes minimum value. Besides that, i �= j0 in the
product from i = 1 to m + 1, Xm+1,n+1

p+2,q+2 (s) is given by (31)
and the pairs (ai,Ai ) and (bi,Bi ) have the same structure as
in (25). In this case, P∞

out ∼ γ̄−Gd , and Gd also depends on the
fading and pointing errors parameters.

3) ASYMPTOTIC ERGODIC CHANNEL CAPACITY
The asymptotic ergodic capacity is given by [14]

C∞
erg ≈ log2(γ̄ ) + log2(e)

∂

∂n

E[γ n]

γ̄ n

∣∣∣∣
n=0

, (35)

in which ∂/∂n is the first derivative operator. Replacing (20)
in (35) and proceeding with simplifications,

C∞
erg = log2

(
h2

lA
2
0

λ

)

+ log2(e)

[
S + ψ

(
z2

2

)
− ψ

(
z2

2
+ 1

)]
, (36)

with ψ (x) = �′(x)/�(x) is the digamma function [15, Eq.
(8.36)] and

S =
m∑

i=1

Biψ (bi + Bi ) +
q+1∑

i=m+2

Biψ (1 − (bi + Bi ))

−
n∑

i=1

Aiψ (1 − (ai + Ai )) −
p∑

i=n+1

Aiψ (ai + Ai ). (37)

V. CASCADED H-FADING WITH BEAM MISALIGNMENT
CHANNELS
In this section, we apply our framework within the context
of cascaded H-fading channels with beam misalignment. The
literature is replete with numerous practical applications that
draw parallels to cascaded systems or, equivalently, the prod-
uct of random variables. Noteworthy examples can be found
in the domains of multihop THz links [16], RIS [5], and drone

communication [17], all of which demonstrate the relevance
and versatility of our approach.

Lemma V.1 (OP and Asymptotic OP under Cascaded
H-Fading Channels): Let κ j , λ j , z j , A0 j , hl j , and γ th ∈ R

+,
with j = 1, 2 · · · ,N . The OP under cascaded Fox H-fading
channel model with beam misalignment is given by (38),
shown at the bottom of this page, in which each set of p + 1
pairs (a j,A j ) and q + 1 pairs (b j,B j ) takes values according
to the structure in (5) for j = 1 : p + 1 and j = 1 : q + 1. Fur-
thermore, (a j,A j ) = (0, 1) and (b j,B j ) = (−1, 1) for j =
N (p + 1) + 1 and j = N (q + 1) + 1, respectively.

In turn, the asymptotic OP is written as

P∞
out = 1

B j0

N∏
j=1

κ jz2
j

2λ j

⎛
⎝ N∏

j=1

λ jγth

h2
l j

A2
0 j

⎞
⎠

s j0

× XN (m+1),Nn+1
N (p+1)+1,N (q+1)+1(−s j0 ). (39)

Proof: See Appendix E. �

VI. NUMERICAL RESULTS
In this section, theoretical curves as a function of the average
SNR, γ̄ = E[�], are shown and corroborated by Monte-Carlo
simulations under different channel parameters and pointing
errors. In our simulations, the Fox H-function implementation
available in [18] is considered.

Curves for the average BEP under the binary phase shift
keying (BPSK) scheme, OP, and average ergodic channel
capacity are presented in Figs. 1, 2, and 3 respectively, for
different values of the parameters m and z. Asymptotic curves
are also provided. In this work, in order to validate the pro-
posed statistical framework, the Nakagami-m fading model
is adopted, whose parameters are shown in Table 1. As a
benchmark, the Rayleigh fading model (with m = 1.0) is also
included. In all evaluated scenarios, the curves are plotted
considering weak, moderate, and heavy pointing errors and
different severity levels of fading.

Firstly, as observed in the figures, a strong adherence be-
tween the theoretical and simulated curves is noticed, which
validates the theoretical analysis. For a given average SNR
γ̄ , the system performance is improved as the parameters z
and/or m increase, i.e., the ABEP and the OP values decrease,
and the capacity values increase. As previously defined, z
is the ratio between the equivalent beam radius at the re-
ceiver and the standard deviation of the random radial shift
of the beam relative to the center of the circular region where
the beam should be positioned without disturbances, known
as pointing error displacement standard deviation. When the
variance of this random shift increases, for a Gaussian beam
model, the beam power received by the reception antenna

Pout =
N∏

j=1

κ jz2
j

2λ j
HN (m+1),Nn+1

N (p+1)+1,N (q+1)+1

⎡
⎣ N∏

j=1

λ jγth

h2
l j

A2
0 j

∣∣∣∣(a j + A j,A j ) j=1:N (p+1)+1

(b j + B j,B j ) j=1:N (q+1)+1

⎤
⎦ (38)
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FIGURE 1. Average BEP for BPSK under different severity levels of fading
(m) and pointing errors conditions (z), with hl = 1, A0 = 0.8, ρ = 1 and
δ = 0.5.

FIGURE 2. Outage probability under different severity levels of fading (m)
and pointing errors conditions (z), with hl = 1, A0 = 0.8 and γth = 0 dB.

decreases, and all evaluated metrics are directly affected,
as can be seen in all curves. For lower values of z, which
mimics a heavy pointing errors condition, such as 0.5, it is
noted that the parameter m, that characterizes the Nakagami
fading intensity, has almost no impact on the metrics. The
slope of asymptotic curves changes as z and/or m varies,
supporting the idea that the diversity order depends on these
parameters.

FIGURE 3. Average ergodic channel capacity under different severity levels
of fading (m) and pointing error conditions (z), with hl = 1 and A0 = 0.8.

VII. CONCLUSION
In this paper, a unified analysis was presented for the Fox
H-fading model with beam misalignment. New expressions
were derived for important statistics, such as PDFs, CDFS,
higher-order moments, and MGF; as well as for important
metrics, such as OP, ABEP, and ergodic channel capacity. Fur-
thermore, simple and accurate asymptotic expressions were
obtained for the above-mentioned performance metrics. Sev-
eral special cases encompassed by the expressions presented
in this article were provided. All expressions were corrobo-
rated by computational simulations.

APPENDIX
APPENDIX A

Consider H = hlHfHp. The PDF of Hf is given by (3) and the
PDF of Hp is given by (4). By making the change of variables
�f = H2

f and �p = H2
p , f�f (γ ) and f�p (γ ) can be written,

respectively, as

f�f (γ ) = κHm,n
p,q

[
λγ

∣∣∣∣(a j,A j ) j=1:p

(b j,B j ) j=1:q

]
, γ > 0, (40)

and

f�p (γ ) = z2

2
A−z2

0 γ
z2
2 −1, 0 ≤ γ ≤ A2

0. (41)

Denote Y = �f�p. Thus, the PDF of Y can be calculated as

fY (y) =
∫ ∞

−∞
1

|x| f�f

(y

x

)
f�p (x)dx. (42)

Replacing (40) and (41) in (42), expressing the Fox H-
function in terms of the Mellin-Barnes integral and changing
the integration order, the resulting integrand is a simple
power, and the integral can be easily solved. Using [12, id
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06.05.17.0002.01], [7, Eq. (1.2)] and proceeding with some
simplifications, the PDF of Y is given by

fY (y) = κz2

2A2
0

Hm+1,n
p+1,q+1

[
λy

A2
0

∣∣∣∣(a j,A j ) j=1:p+1

(b j,B j ) j=1:q+1

]
, (43)

in which

(a j,A j ) = (z2/2, 1
)
, if j = p + 1 (44)

and

(b j,B j ) = (z2/2 − 1, 1
)
, if j = m + 1. (45)

For j = 1 : m, j = 1 : p and j = m + 2 : q + 1, the parame-
ters in (43) take the same values as in (3), respectively, for
j = 1 : m, j = 1 : p and j = m + 1 : q.

By making � = h2
l Y , it follows that

f� (γ ) = 1

h2
l

fY

(
γ

h2
l

)
. (46)

Substituting (43) in (46), (5) is easily obtained.
The CDF of the instantaneous SNR, F� (γ ), is calculated as

F� (γ ) = ∫ γ0 f� (v)dv. Using (5) and steps similar to deriving
the PDF from instantaneous SNR, (8) is obtained. This com-
pletes the proof.

APPENDIX B
By making � = H2, it follows that fH (h) = 2h f� (h2).
By using (5), (11) is deduced. Furthermore, the CDF
FH (h) is given by FH (h) = ∫ h

0 fH (v)dv. Writing the Fox H-
function in terms of the Mellin-Barnes integral, using [12, id
06.05.17.0002.01], [7, Eq. (1.2)] and making some simplifi-
cations, (14) is derived, that completes the proof.

APPENDIX C
The MGF of the instantaneous SNR, M� (s), is calculated as
L{ f� (γ )}(−s), in which L{·} represents the Laplace trans-
form. Therefore

M� (s) =
∫ ∞

0
f� (γ )exp (−sγ ) dγ

∣∣∣∣
(−s)

. (47)

Replacing (5) in (47), using [7, Eq. (2.19)], [7, Eq. (1.5)] and
performing with some simplifications, (17) is obtained, that
completes the proof.

APPENDIX D
The higher-order moments of the envelope/instantaneous
SNR are given by E[X k] = ∫∞

0 xk fX (x)dx, in which fX (x)
denotes the PDF of the envelope H or the instantaneous SNR
�. Plugging (5) or (11) in the previous expression of E[X k]
and using [7, Eq. (2.9)], (20) or (21) can be deduced after
simplifications. Thus, the proof is complete.

APPENDIX E
In cascaded channels, � = �1�2 · · ·�N . Using [19, Eq. (2.9)]
and knowing that f� j (γ j ), with j = 1, 2, . . . ,N , is given
by (5), then it is possible to derive an expression for

M{ f� (γ )} =∏N
j=1 M{ f� j (γ )} where M{·} is the Merllin

transform, as

M{ f� (γ )} =
N∏

j=1

κ jz2
j

2h2
l j

A2
0 j

⎛
⎝ N∏

j=1

h2
l j

A2
0 j

λ j

⎞
⎠

s

×
∏N (m+1)

j=1
�(b j + B js)

∏Nn

j=1
�(1 − a j − A js)∏N (p+1)

j=Nn+1
�(a j + A js)

∏N (q+1)

j=N (m+1)+1
�(1 − b j − B js)

.

(48)

Using [19, Eq. (3.2)], f� (γ ) is given by

f� (γ ) =
N∏

j=1

κ jz2
j

2h2
l j

A2
0 j

× HN (m+1),Nn
N (p+1),N (q+1)

⎡
⎣ N∏

j=1

λ jγ

h2
l j

A2
0 j

(a j,A j ) j=1:N (p+1)

(b j,B j ) j=1:N (q+1)

⎤
⎦ .
(49)

Integrating (49), knowing that
∫ γ

0 xn−1dx = γ n/n, �(γ +
1) = γ�(γ ), using [7, Eq. (1.60)] and making γ = γth, (38)
is obtained. Proceeding with similar steps as presented in
Section IV.D, the asymptotic OP is derived. Hence, the proof
is concluded.
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