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ABSTRACT Intelligent reflecting surface (IRS) has been deemed as an energy and spectral-efficient tech-
nology, that can potentially enhance network coverage and transmission reliability, with minimum impact
on transceivers’ complexity. Motivated by this, we develop a comprehensive analysis on the performance
of integrating IRS into full-duplex (FD) cellular or Internet of Things (IoT) networks in both realistic
Rician and Nakagami fadings. Firstly, in the context of reciprocal channels in Rician fadings, we derive
the closed-form approximations of the users’ outage probability (OP) and ergodic capacity (EC), under the
non-central Chi-square distribution assumption on the signal-to-interference-plus-noise ratio (SINR). Further
following by the Gamma distribution assumption on the SINR, we derive the cumulative distribution function
(CDF) expression of the user’s SINR, which is then leveraged to obtain simple yet effective closed-form
expressions in terms of OP and EC. Subsequently, in Nakagami fading scenarios with the reciprocal and
non-reciprocal channels, the closed forms of both users’ OP and EC are obtained. Finally, the correctness of
all the theoretical expressions is verified through substantial Monte Carlo simulations. The results indicate
that the OP and EC deduced from Gamma distribution exhibit the fairly precise results for the arbitrary
number of IRS elements, especially in Nakagami fadings.

INDEX TERMS Full-duplex, intelligent reflecting surfaces, non-reciprocal, reciprocal, Rician and Nakagami
fadings.

I. INTRODUCTION
Due to the technological breakthroughs in the fields of
programmable metamaterials and microelectromechanical
systems, intelligent reflective surface (IRS) emerges as a
prominent solution for improving the spectrum and energy
efficiency of mobile networks, as well as enhancing the qual-
ity of wireless links in beyond 5G networks [1]. Thanks
to the passive elements of the IRS, thermal noise and self-
interference have a negligible effect on the wireless signals.
Generally speaking, IRS has been shown to be superior to
conventional active decode/amplify-and-forward relays in the
aspects of transmission rate and energy efficiency [2]. IRS
consists of a large number of reflective elements, which can
be passive or active, ultra-low power elements, each of which

can independently apply a continuous or discrete adjustable
phase shifts to the incident signal [3], [4]. Besides, despite
the experienced self-interference (SI), a two-user full duplex
(FD) communication system allows users to simultaneously
send and receive information over the same channel, rendering
it a spectrally efficient mechanism [5], [6]. Therefore, it is
anticipated that the integration of IRS into FD systems will
bring up additional benefits in terms of spectrum and energy
efficiencies.

Motivated by the potential advantages of IRSs, the in-
tegration of IRS into diverse key technologies, for in-
stance, deep learning [7], [8], wireless energy transfer [9],
non-orthogonal multiple access (NOMA) [10], to name a
few, has been thoroughly explored in the past two years.
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Specifically, the particular attention was devoted for the per-
formance analysis and system optimization of IRS-aided
wireless communications, under the Rayleigh [11], [12] and
Rician fading channels [13], [14], [15]. [13] provided the
asymptotic expressions for the upper bound on channel capac-
ity, as well as outage probability (OP), while the Rician fading
was considered over the IRS links, with the direct-link channel
modeled as Rayleigh fading. In [14], the cascaded channel is
modelled as a non-central chi-square distribution, and upper
bounds on the bit error ratio (BER) are offered for single
and multiple IRS-assisted communication systems involving
indoor and outdoor, under the assumption of a blocked direct
link. The authors in [15] investigated the accurate closed-form
expressions of some performance metrics such as OP, channel
capacity, as well as average symbol error probability (SEP) in
the Rician fading. Considering the fluctuating two-ray distri-
bution of millimetre wave frequencies, Du et al. [16] derived
the OP and the average BER for IRS systems. Additionally,
the performance of IRS-enabled wireless systems is studied
over Nakagami fading in [17], [18], [19], [20]. Selimis et al.
[17] analyzed the outage probability and ergodic capacity,
taking random and coherent phase shift configurations into
account. The OP and energy efficiency (EE) are investigated
in both overlay device-to-device (D2D) and underlying D2D
modes in [18]. The integration of IRS into NOMA systems is
presented in [19], [20], with [19] analyzing the outage perfor-
mance in an IRS-assisted NOMA downlink system, and [20]
investigating the outage performance for the uplink scenario.

On the other hand, although it is still in its early stages,
there are numerous studies presented in order to improve the
performance when IRS is utilized in FD wireless networks.
The authors in [21] derived the OP and the average SEP
in an IRS-assisted FD wireless communication system with
Nakagami fading environment. In [22], Lu and Wang focused
on the OP for an arbitrary IRS reflecting coefficient in an IRS-
aided two-way FD system, over correlated Rayleigh fading.
Atapattu et al. [23] addressed the outage performance and
spectral efficiency analyses for IRS-assisted two-way commu-
nication systems over Rayleigh fading channels. Apart from
these, other literature relevant to IRS/RIS FD is summarized
in Table 1, where the complex Gaussian (denoted as CN) as-
sumptions are basically made about residual self-interference
(RSI) or hardware impairment (HI). It is also noted that user,
access point (AP) or relay can be in FD mode, allowing one or
more FD nodes to coexist with other half-duplex(HD) nodes.
Generally, one-way FD decode-and-forward (DF) relay is
available for cooperative IRS/RIS FD systems [24], [25]. The
papers [26], [27], [28], [30] addressing two-way FD primarily
focus on the reciprocal channel which facilitates the received
energy maximization for all users through the identical IRS
phase shift design. For more complex scenarios involving
spatial correlation [30], [31], multiple users [29], [30], [32]
or non-reciprocity [32], research has typically focused on
performance optimization algorithms than the derivation of
performance expressions due to mathematical intractability of
the latter.

TABLE 1 Comparison With Existing IRS/RIS FD Literature

Inspired primarily by the reciprocal and non-reciprocal FD
models in [23], in this paper we conduct an analysis on the
user performance for an IRS-assisted FD network by taking
more realistic Rician and Nakagami fadings into account.
It is worthy to highlight that IRS-enabled communications
are generally characterized by both, a line-of-sight (LoS)
and a non-LoS (NLoS) components, rendering the Rician or
Nakagami distribution an appropriate candidate for modeling
wireless links in IRS systems. The most available FD papers
are devoted to reciprocal channels where Gamma distribution
of composite IRS channels are commonly assumed as it is
somewhat arduous to analyze non-reciprocal channels. We are
concerned whether Gamma distribution can achieve the same
accuracy for Rician and Nakagami channels. This issue would
provide insight into the methods and results of performance
analysis under both channels. The contributions are outlined
as below.
� We propose a comprehensive mathematical framework

for the performance investigation on an IRS-assisted
FD communication system over LoS channels including
both Rician and Nakagami fadings, which are regarded
as the more realistic assumptions in IRS deployed sys-
tems, compared to the Rayleigh fading.
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FIGURE 1. An illustration of IRS-assisted full-duplex transmission
framework.

� We first derive OP expressions with closed forms in Ri-
cian fadings, while considering different distributions for
the SINR, namely, non-central Chi-square and Gamma
distributions. Then, according to Jensen’s inequality, an
upper bound of ergodic capacity (EC) is derived. Fur-
thermore, by leveraging the Gauss-Laguerre (GL) and
generalized Gauss-Laguerre (GGL) quadrature approx-
imations, we obtain simplified closed forms of the EC
based on the CDF and PDF expressions of Gamma dis-
tribution.

� We study the exact or approximate OP and EC expres-
sions of FD users with reciprocal and non-reciprocal
channels in Nakagami fadings. As regards to the latter,
the optimal design of IRS phase shifts allows only one
FD user to be prioritized, which renders the performance
analysis of the other FD user challenging. We seek an
effective solution in this case.

� We provide extensive simulations to demonstrate the ex-
actness of the analytical closed-form expressions, and to
provide in-depth insights into the outage and EC perfor-
mance with regard to the underlying system model under
different parameters, including the Rician factor, shape
parameter and the associated SI coefficients.

The remainder of this paper is organized as follows. In
Section II, the IRS-assisted FD system model is described and
the respective SINRs are presented, followed by the derivation
of the closed-form expressions of the OP and EC under Rician
fading channels in Section III. Sections IV and V present
the performance analysis with reciprocal and non-reciprocal
channels in Nakagami fadings, respectively. The simulation
results are provided in Section VI. Finally, Section VII gives
the conclusions.

II. SYSTEM AND CHANNEL MODEL
A. SYSTEM MODEL
Fig. 1 illustrates a FD two-way communication system with a
single IRS with N reflective elements, assisting two single-
antenna FD users (termed as U1 and U2). For a particular
scenario, U1 and U2 can be viewed as two D2D devices, or
a BS and one user. The direct link between the two users

is assumed to be obstructed as a result of severe scattering
and shadowing, hence, the communication is carried over the
IRS link only, using the FD mode. Each FD user consists
of two antennas, one for transmitting and the other for re-
ceiving, which are located far from each other. Suppose that
the channel state information (CSI) over the links related to
IRS is perfectly available. In practice, CSI can be acquired by
channel estimation technique [23].

The responses of N reflective elements are represented by
the diagonal matrix � = diag{φ1, . . . , φN }, φi = βie jθi , with
the amplitude of the ith element denoted by βi ∈ [0, 1] and its
phase shift is denoted by θi ∈ [0, 2π ). Following the majority
of the literature, we assume a unit amplitude, i.e., βi = 1, [33],
[34].

In Fig. 1, the channel links from U1 to U2 are split into
U1-to-IRS denoted by hT = [hT,1, . . . , hT,N ]T and IRS-to-
U2 represented by hR = [hR,1, . . . , hR,N ]T . Similarly, gT =
[gT,1, . . . , gT,N ]T and gR = [gR,1, . . . , gR,N ]T denote the
channels of U2-to-IRS link and IRS-to-U1 link, respectively.
It is assumed that all channels are independently identical
distributed (i.i.d). In practical application environments, the
IRS is generally deployed at the locations where there exist
LoS components to both U1 and U2, hence all channels may
be assumed to obey the Rician or Nakagami distribution.

For the considered FD systems, the channels resulting from
the respective transmitting and receiving antennas of U1 and
U2 are referred to as the SI channels, denoted as hl and gl .
Thus, the received signals at U1 and U2 are denoted, respec-
tively, by

y1 = √
P2gR

T �gT s2︸ ︷︷ ︸
Desired signal

+ √
P1gR

T �hT s1︸ ︷︷ ︸
Reflecting interference

+ √
P1hl s1︸ ︷︷ ︸

Self interference

+ n1,

(1)

y2 = √
P1hR

T �hT s1︸ ︷︷ ︸
Desired signal

+ √
P2hR

T �gT s2︸ ︷︷ ︸
Reflecting interference

+ √
P2gl s2︸ ︷︷ ︸

Self interference

+ n2,

(2)

where ni ∼ CN(0, σ 2
i ), i ∈ {1, 2} is the additive white Gaus-

sian noise (AWGN) with the power σ 2
i . Also, si denotes the

transmit signal at Ui, and Pi is the transmitted power of user
Ui, i ∈ {1, 2}. Assuming the global CSI is perfectly available
at the users, the reflecting interference (RI) can be completely
eliminated. Therefore, the received signals at U1 and U2 are
expressed as

y1 = √
P2gR

T �gT s2 + w1 + n1 (3)

y2 = √
P1hR

T �hT s1 + w2 + n2 (4)

where wi, i ∈ {1, 2}, is the self-interference signal modelled
as wi ∼ CN(0, σ 2

wi ). Furthermore, the variance of the SI can
be modelled as σ 2

wi = tiPi
vi [23], [35], where the range of two

parameters is ti > 0 and νi ∈ [0, 1].
Relying on the perfect knowledge of CSI, the phase shifts of

the IRS elements are selected to maximize the received signal
energy. It is known that maximum signal-to-interference-plus-
noise ratio (SINR) will be achieved when the phase shift is
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reconfigured as θn = − arg(gR,n) − arg(gT,n). Thanks to the
channel reciprocity, which means that hT equals gR, and gT is
the same as hR, the maximum instantaneous SINRs at U1 and
U2 are evaluated as

γ1 =
P2

(∑N
n=1

∣∣gR,n
∣∣ ∣∣gT,n

∣∣)2

σ 2
1 + σ 2

w1

(5)

and

γ2 =
P1

(∑N
n=1

∣∣hR,n
∣∣ ∣∣hT,n

∣∣)2

σ 2
2 + σ 2

w2

, (6)

respectively.
It is highlighted that in the context of channel non-

reciprocity, the representation of γ2 is thought to be unlike
(6), as detailed in Section V.

B. CHANNEL MODEL
Take two types of channel models incorporating LoS into
account. First, we consier all channels are generated by the
Rician distribution, and define the Rician factor as Ki =
A2/(2δ2), i = 1, 2, K1 and K2 corresponding to U1 and U2,
respectively. And the scale parameter is defined as B = A2 +
2δ2, where A2 and 2δ2 denote the power corresponding to
LoS and NLoS components. Assuming a normalized aver-
age received power, B = 1. Recall that a Rician variable can
be formulated by the following probability density function
(PDF)

fZ (z) = z

δ2
exp

(
− z2 + A2

2δ2

)
I0

(
zA

δ2

)
, z > 0, (7)

where Iv (·) denotes a v-order modified Bessel function of the
first kind.

Secondly, assume all channels obey the Nakagami distri-
bution, and the PDF expression for the Nakagami channel
envelopes Xi is given by

fXi (x) = 2mi
mi

� (mi ) Ωi
mi

x2mi−1 exp

(
− mi

Ωi
x2
)

. (8)

III. PERFORMANCE ANALYSIS IN RICIAN FADINGS
In this section, the thorough performance study is conducted
for considered system where all channels undergo Rician fad-
ings. The closed-form expressions for outage probability are
presented under the non-central Chi-square and Gamma dis-
tribution assumptions on the users’ SINR. Then, we provide
an upper bound and two closed-form solutions for ergodic
capacity.

A. OUTAGE PROBABILITY
From (5) and (6), the system will be in an outage when at
least one user experiences an outage, that is, when γ1 or γ2

falls below its specified SINR threshold [22], i.e. γth1 or γth2 ,
respectively. Therefore, the overall outage probability of the
considered system can be represented by

Pout = Pr
{{

γ1 < γth1

} ∪ {γ2 < γth2

}}

= Pout1 + Pout2 − Pout1Pout2 (9)

where the outage probabilities of U1 and U2 are given by

Pout1 = Pr
(
γ1 < γth1

)
(10)

Pout2 = Pr
(
γ2 < γth2

)
(11)

In what follows, we perform the analyses on the outage
probability and ergodic capacity at U1. Similar approach can
apply to U2.

1) NON-CENTRAL CHI-SQUARE DISTRIBUTION ASSUMPTION
ON SINR
The derivation of outage probability is dependent on the sta-
tistical distribution of the users’ SINR, which can be assumed
to be non-central Chi-square distribution resulted from the
central limit theorem (CLT) in this subsection.

Theorem 1: Under the non-central Chi-square distribution
assumption on the SINR, the closed-form outage probability
for U1 can be given by

Pout1 = 1 − Q 1
2

(√
λ,

√
γth1

σ 2ρ

)
(12)

where QM (a, b) is the generalized Marcum Q function, and

ρ = P2

σ1
2 + σ 2

w1

, (13)

λ = N
16(K1+1)(K2+1)

π2
(

L 1
2

(−K1)
)2(

L 1
2

(−K2 )
)2 − 1

(14)

and

σ 2 = N − Nπ2

16 (K1 + 1) (K2 + 1)

(
L 1

2
(−K1)

)2(
L 1

2
(−K2)

)2
,

(15)
where the Laguerre polynomial L1/2(x) = ex/2[(1 −
x)I0( −x

2 ) − xI1( −x
2 )].

Proof: From (5) and (10), we evaluate the outage probabil-
ity at U1 as

Pout1 = Pr

(
u2 <

γth1

ρ

)
, (16)

where u =∑N
n=1 |gR,n||gT,n|. Due to the mutual indepen-

dence between |gT,n| and |gR,n| and given that both of them
follow the Rician distribution in (7), their statistical character-
istics are given by

E
{∣∣gR,n

∣∣} =
√

π

4 (K1 + 1)
L 1

2
(−K1) , (17)

E
{∣∣gT,n

∣∣} =
√

π

4 (K2 + 1)
L 1

2
(−K2) , (18)

E
{∣∣gR,n

∣∣ ∣∣gT,n
∣∣} = π

4
√

(K1 + 1) (K2 + 1)

× L 1
2

(−K1) L 1
2

(−K2) , (19)
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E
{∣∣gR,n

∣∣2} = A2 + 2δ2 = 1, E
{∣∣gT,n

∣∣2} = 1,

(20)

E
{∣∣gR,n

∣∣2∣∣gT,n
∣∣2} = 1, (21)

and

Var
{∣∣gR,n

∣∣ ∣∣gT,n
∣∣}

= 1 − π2

16 (K1 + 1) (K2 + 1)

(
L 1

2
(−K1)

)2(
L 1

2
(−K2)

)2
.

(22)

Utilizing the CLT, for a sufficiently large N , we model
u as being normally distributed u ∼ N(μ, σ 2), where
μ =∑N

n=1 E{|gR,n||gT,n|} and σ 2 =∑N
n=1 Var{|gR,n||gT,n|}.

From (19) and (22), μ and σ 2 are calculated as

μ = Nπ

4
√

(K1 + 1) (K2 + 1)
L 1

2
(−K1) L 1

2
(−K2) (23)

and

σ 2 = N − Nπ2

16 (K1 + 1) (K2 + 1)

(
L 1

2
(−K1)

)2(
L 1

2
(−K2)

)2
.

(24)
Since u/σ is a random variable with normally distributed

similar to u, it has the mean μ/σ and unit variance. It follows
that (u/σ )2 can be modeled as a non-central chi-square (NCC)
random variable, namely (u/σ )2 ∼ χ2(κ, λ), wherein κ = 1
denotes the degree of freedom, and λ = μ2/σ 2 is the non-
centrality parameter with yielding

λ=
Nπ2

(
L 1

2
(−K1)

)2(
L 1

2
(−K2)

)2

16 (K1 + 1) (K2 + 1) − π2
(

L 1
2

(−K1)
)2(

L 1
2

(−K2)
)2 .

(25)
Apparently, (25) can be reduced to (14).

By exploiting the cumulative distribution function (CDF)
of the NCC variable, the outage probability of U1 in (16) can
be rewritten as

Pout1 = Pr
(
ρu2 < γth1

)
= Pr

(( u

σ

)2
<

γth1

σ 2ρ

)

= 1 − Q 1
2

(√
λ,

√
γth1

σ 2ρ

)
. (26)

For the ease of computer simulation, the Marcum Q func-
tion is able to be replaced by its equivalent form [36]

Q 1
2
(a, b) = 1

2

[
erfc

(
b − a√

2

)
+ erfc

(
b + a√

2

)]
(27)

�
On account of channel reciprocity, the analytical outage

probability at U2 is deduced as

Pout2 = 1 − Q 1
2

(√
λ,

√
γth2

σ 2P1

(
σ2

2 + σw2
2
))

(28)

2) GAMMA DISTRIBUTION ASSUMPTION ON SINR
In our earlier paper [37], u is modeled as the gamma distri-
bution in the context of Rayleigh fading channels. For the
considered Rician fading scenarios, we can also regard u as
the gamma distribution, and thus deduce the PDF and CDF
expressions of the SINR as Theorem 2.

Theorem 2: Under the Gamma distribution assumption on
SINR, the PDF and CDF of γ1 are given by

fγ1 (z) = z
�−1

2

2��+1� (� + 1) ρ
�+1

2

exp

(
−

√
z

�
√

ρ

)
, (29)

and

Fγ1 (z) =
γ (� + 1,

√
z

�
√

ρ
)

� (� + 1)
, (30)

where

� = E2(u)

Var(u)
− 1 = μ2

σ 2
− 1, (31)

and

� = Var(u)

E(u)
= σ 2

μ
. (32)

Specifically, the mean and variance of u are given by (23)
and (24), respectively, γ (�) denotes the lower incomplete
gamma function and �(�) is the complete gamma function.

Based on (10) and (30), the closed-form outage probability
at U1 is given by

Pout1 = Pr
(
γ1 < γth1

) = Fγ1 (γth1 ) =
γ
(
� + 1,

√
γth1

�
√

ρ

)
� (� + 1)

.

(33)

B. ERGODIC CAPACITY
In this subsection, apart from an upper bound, the rigorous
approximations of evaluating the ergodic capacity will be ex-
plored.

The ergodic capacity of U1 is computed by

C = E
{
log2(1 + γ1)

}
(34)

1) AN UPPER BOUND
By leveraging the Jensen’s inequality, Theorem 3 provides
an analytical expression for the upper bound on the ergodic
capacity.

Theorem 3: An upper bound on the ergodic capacity of U1

is given as in closed form

Cup = log2

(
1 + ρN + ρM

×
(

L 1
2

(−K1)
)2(

L 1
2

(−K2)
)2
)

, (35)
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where M = N (N−1)π2

16(K1+1)(K2+1) .
Proof: It follows from Jensen’s inequality that the upper

bound of the ergodic capacity is

C ≤ log2 (1 + E {γ1}) = Cup. (36)

Leveraging the binomial expansion theorem to expand γ1

yields

E{γ1} = ρE

⎧⎨
⎩
(

N∑
i=1

∣∣gR,i
∣∣ ∣∣gT,i

∣∣)2
⎫⎬
⎭

= ρ

(
E

{
N∑

i=1

∣∣gR,i
∣∣2∣∣gT,i

∣∣2}

+E

⎧⎪⎨
⎪⎩

N∑
i=1

N∑
j=1
j �=i

∣∣gR,i
∣∣ ∣∣gT,i

∣∣ ∣∣gR, j
∣∣ ∣∣gT, j

∣∣
⎫⎪⎬
⎪⎭
⎞
⎟⎠ . (37)

Relying on the independence assumption between the Ri-
cian channels, and from (21), we have

E

⎧⎨
⎩

N∑
j=1

∣∣gR, j
∣∣2 ∣∣gT, j

∣∣2
⎫⎬
⎭ = N. (38)

Additionally, it follows from (17) and (18) that

E

⎧⎪⎨
⎪⎩

N∑
n=1

N∑
j=1
j �=n

∣∣gR,n
∣∣ ∣∣gT,n

∣∣ ∣∣gR, j
∣∣ ∣∣gT, j

∣∣
⎫⎪⎬
⎪⎭

= N (N − 1)π2

16 (K1 + 1) (K2 + 1)

(
L 1

2
(−K1)

)2(
L 1

2
(−K2)

)2
. (39)

Hence, from (38) and (39), we obtain

E {γ1} = ρ

(
N + N (N − 1)π2

16 (K1 + 1) (K2 + 1)

×
(

L 1
2

(−K1)
)2(

L 1
2

(−K2)
)2
)

. (40)

By inserting (40) into (36), the upper bound in (35) can be
obtained. �

Remark 1: Since L1/2(−K ) is a monotonically increasing
function of K , The ergodic capacity ascends as K becomes
larger. Moreover, the ergodic capacity is primarily determined
by log2(N (N − 1)), which indicates that the increasing N can
raise ergodic capacity considerably.

2) APPROXIMATED ERGODIC CAPACITY
Based on Theorem 2, the ergodic capacity of U1 is calculated
as

C = E
{
log2(1 + γ1)

}
=
∫ +∞

0
log2(1 + z) fγ1 (z)dz

= 1

ln 2

∫ +∞

0

1 − Fγ1 (z)

1 + z
dz, (41)

where fγ1 (z) and Fγ1 (z) are given by (29) and (30), respec-
tively.

Due to the mathematical intractability of (41), we exploit
the Gauss quadrature methods, including the Gauss-Laguerre
(GL) quadrature, generalized Gauss-Laguerre (GGL) quadra-
ture [38], [39].

In this subsection, we adopt the above-mentioned ap-
proaches in order to obtain a satisfactory approximation for
the ergodic capacity.

Method 1: Gauss-Laguerre Quadrature
We first select GL quadrature to reap the solution of (41),

as given in Theorem 4.
Theorem 4: By employing the Gauss-Laguerre quadrature

approximation, the ergodic capacity of U1 can be formulated
as

C ≈ 1

ln 2

G∑
�=1

ω�ex�
1 − Fγ1 (x�)

1 + x�

. (42)

Proof: Recall that the Gauss-Laguerre quadrature method
is represented as∫ ∞

0
f (x)dx ≈

G∑
�=1

ω�ex� f (x�) , (43)

where G is the order of a Laguerre polynomial LG(x), and x�

is the �th root of LG(x), whose series representation is written
as

LG(x) =
G∑

i=0

(−1)i G!

(i!)2(G − i)!
xi, (44)

and the �th weight is

w� = x�

(G + 1)2 (LG+1 (x�))2 . (45)

Using (43), the integral in (41) can be accurately evaluated
as

C ≈ 1

ln 2

G∑
�=1

ω�ex�
1 − Fγ1 (x�)

1 + x�

. (46)

�
Method 2: Generalized Gauss-Laguerre Quadrature
Considering the drawbacks that Gauss-Laguerre quadrature

requires a higher order G to achieve a satisfactory approx-
imation, as an alternative, the generalized Gauss-Laguerre
quadrature is taken into account. We reformulate the ergodic
capacity as

C =
∫ +∞

0
log2(1 + z) fγ1 (z)dz

= 1

ln 2

∫ +∞

0

z
�−1

2 ln(1 + z)

2��+1�(� + 1)ρ
�+1

2

exp

(
−

√
z

�
√

ρ

)
dz
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= 1

ln 2

∫ +∞

0

ln
(
1 + t2

)
��+1�(� + 1)ρ

�+1
2

t� exp

(
− t

�
√

ρ

)
dt

= 1

�(� + 1) ln 2

∫ +∞

0
x�e−x ln

(
1 + �2ρx2) dx. (47)

The GGL quadrature can be utilized to solve (47), as given
in Theorem 5.

Theorem 5: Based on the GGL quadrature, the closed form
of the ergodic capacity of U1 is formulated as

C ≈ 1

G!(G + 1)2 ln 2

G∑
i=1

(� + 1)Gxi ln
(
1 + �2ρx2

i

)
(
L�

G+1 (xi )
)2 . (48)

Proof: Recall that the generalized Gauss-Laguerre quadra-
ture rule is expressed as [40]

∫ ∞

0
xae−xg(x)dx ≈

G∑
k=1

ωk · g (xk ) (49)

where wi denotes the ith weight,

wi = �(G + a + 1)xi

G!(G + 1)2
(
La

G+1 (xi )
)2 , (50)

and xi is the ith root of the generalized Laguerre polynomial
of La

G(x), with the order G.
From (47) and (49), we can obtain

C ≈ 1

�(� + 1) ln 2

G∑
i=1

wi ln
(
1 + �2ρx2

i

)
. (51)

It is worth mentioning that �(� + 1) approaches infinity
when � is large, due to the limited precision of common math-
ematical platforms, such as Matlab, and hence, an accurate
evaluation of C using (51) is not easy to obtain. As a conse-
quence, by substituting (50) into (51), whose equivalent form
is converted into (48), where (a)n = �(a+n)

�(a) is a Pochhammer
symbol. �

Remark 2: Through the numerical simulation in Sec-
tion IV, it is shown that the analytical values in (42) and (48)
can match well with the Monte Carlo result. However, the
generalized Laguerre quadrature still performs well for small
order G, even G = 1, whereas the method 1 needs greater G.
This implies that method 2 enjoys powerful fitting capability
in the quadrature scenarios involving infinite integral limits.
Meanwhile, to some extent, the less number of weight and
root coefficients reduces the storage and computational bur-
den as far as performance analysis is concerned.

IV. PERFORMANCE ANALYSIS IN NAKAGAMI FADINGS
In order to further evaluate the validity of Gamma distri-
bution assumption on SINR, instead of Rician fading, the
performance analysis is investigated over the Nakagami fad-
ing channels in this section.

A. OUTAGE PROBABILITY
Theorem 6: For Nakagami fading channels, the closed-form
outage probability for user U1 is

Pout1 =
γ

(
�̃ + 1,

√
γth1

�̃
√

ρ

)

�
(
�̃ + 1

) , (52)

where

�̃ = μ̃2

σ̃ 2
− 1, (53)

and

�̃ = σ̃ 2

μ̃
, (54)

with

μ̃ = N
�
(
m1 + 1

2

)
�
(
m2 + 1

2

)
� (m1) � (m2)

(
Ω1Ω2

m1m2

) 1
2

, (55)

and

σ̃ 2 = NΩ1Ω2

(
1 − 1

m1m2

�
(
m1 + 1

2

)2
�
(
m2 + 1

2

)2
�(m1)2�(m2)2

)
.

(56)
Proof: The mean of the Nakagami channels from U2 to U1

can be obtained as

E
{∣∣gR,n

∣∣} = �
(
m1 + 1

2

)
� (m1)

(
Ω1

m1

) 1
2

. (57)

E
{∣∣gT,n

∣∣} = �
(
m2 + 1

2

)
� (m2)

(
Ω2

m2

) 1
2

. (58)

Due to the independence between the channels, it follows
that,

E
{∣∣gT,n

∣∣ ∣∣gT,n
∣∣} = �

(
m1 + 1

2

)
�
(
m2 + 1

2

)
� (m1) � (m2)

(
Ω1Ω2

m1m2

) 1
2

,

(59)

E
{∣∣gR,n

∣∣2∣∣gT,n
∣∣2} = E

{∣∣gR,n
∣∣2}E

{∣∣gT,n
∣∣2} = Ω1Ω2,

(60)

Var
{∣∣gR,n

∣∣ ∣∣gT,n
∣∣}

= Ω1Ω2

(
1 − 1

m1m2

�
(
m1 + 1

2

)2
�
(
m2 + 1

2

)2
�(m1)2�(m2)2

)
. (61)

Consequently, the mean and variance of u =∑N
n=1 |gR,n||gT,n| are given as (55) and (56), respectively.
The analytical outage probability of U1 resembles to (33),

as manifested in Theorem 6. �
Remark 3: When the channels experience Rician fading,

the analytical outage probability curves with log scaling along
Y-axis gradually exhibit slight deviation from the Monte Carlo
results as the SNR increases whereas the ones with linear scal-
ing along Y-axis can fit well over the whole SNR range. On the
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other hand, when the channels experience Nakagami fading,
the analytical outage probability curves with log and linear
scalings along Y-axis can match well with the Monte Carlo
ones over the entire SNR region. These phenomena reveal that
the Gamma distribution assumption on SINR over Nakagami
fading can achieve more precise approximation than that over
Rician fading.

B. ERGODIC CAPACITY
On account of the identical gamma distribution assumptions
on the SINR for Rician and Nakagami fadings, the approxi-
mate expressions with respect to ergodic capacity in Theorems
4 and 5 are still apllicable to this situation. Nevertheless, it is
notable that the � and � involving into (42) and (48) should
be replaced with (55) and (56) accordingly.

Remark 4: As observed in the ensuing simulation figures,
the tight approximations can be achieved in both Rician and
Nakagami fadings. Apart from the correct derivation, this is
possibly due to the accuracy limitation of linear vertical coor-
dinates that does not allow for finer distinctions.

V. PERFORMANCE ANALYSIS WITH NON-RECIPROCAL
CHANNELS IN NAKAGAMI FADINGS
The above analysis considers the situation where the channels
of two users are reciprocal for FD systems. In this section,
we examine the case with non-reciprocal channels. In this
scenario, once the optimal phase configuration of IRS is fixed
for one user (assmuing U1), the other user (U2) is supposed
to have imperfect phase configuration thanks to the channel
disparity with U1. There exists the non-negligible phase error
for U2. At this regard, the SINR of U2 is given by

γ2 = P1

σ2
2 + σw2

2

∣∣∣∣∣
N∑

n=1

hR,nhT,ne jθn

∣∣∣∣∣
2

(62)

Recall that in (62), θn has been determined according to the
channel phases of U1, namely θn = − arg(gR,n) − arg(gT,n).
The preceding analysis process is no longer applicable to U2.

A. OUTAGE PROBABILITY OF U2

In the context of Nakagami fading, the outage probability
Pout2 = Pr(γ2 < γth2 ) of U2 can be evaluted as Theorem 7.
The detailed derivation process refers to [41].

Theorem 7: For Nakagami fading channels, the closed-
form outage probability for user U2 is expressed as

Pout2 =
m1−1∑
c1=0

. . .

m1−1∑
cN =0

N∏
i=1

(m2)m1−1−ci
(1 − m2)ci

(m1 − 1 − ci )!ci!

×
(

1− 2

(d−1)!

(√
m1m2γth2

�1�2ρ2

)d

Kd

(
2
√

m1m2γth2

�1�2ρ2

))
,

(63)

where ρ2 = P1
σ2

2+σ 2
w2

, d = N (m1 + m2 − 1) −∑N
i=1 ci, (m)c

is the Pochhammer symbol, and Kd (·) denotes the modified
Bessel function of the second kind with the dth order.

B. ERGODIC CAPACITY OF U2

The exact expressions of C2 = E{log2(1 + γ2)} can be ex-
pressed as in a closed-form [41]

C2 = 1

ln 2

m1−1∑
c1=0

· · ·
m1−1∑
cN =0

N∏
i=1

(m2)m1−1−ci
(1 − m2)ci

(m1 − 1 − ci )!ci!

× 1

(d − 1)!
G1,3

3,1

(
ρ2�1�2

m1m2
| 1, 1, 1 − d

1

)
. (64)

Remark 5: The results from (63) and (64) can coincide
with corresponding Monte Carlo simulation ones, provided by
Section VI.C. When m1 = 1 or m2 = 1, which means that the
corresponding channel reduces to Rayleigh fading, the above
derivations still hold.

VI. NUMERICAL RESULTS
In this section, the concerned performance is numerically
evaluated for the considered IRS-assisted FD system. In the
following simulations, the adopted parameters are given by
as below. The transmit power and noise power of U1 and
U2 are set as P1 = P2 = P, σ 2

1 = σ 2
2 = 1, respectively. The

SINR threshold is set to γth1 = γth2 = −10˜dB, and the Rician
factor K1 = K2 = K . Using Monte Carlo simulations (marked
as ‘sim’ in the legends) as the benchmark, we substantiate
the correctness of the preceding theoretical results, marked as
’ana’ in the legends.

A. PERFORMANCE WITH RECIPROCAL CHANNELS
1) OUTAGE PERFORMANCE
Fig. 2 depicts the closed-form outage probabilities for U1

under two distribution approximations with different numbers
of IRS elements N = 8, 16, 32 and Rician factors K = 3, 5,
where the self-interference variance for user U1 is σ 2

w1 = 3 dB
and the SI parameters are set to be t1 = 3 dB and v1 = 0.
Fig. 2(a) shows the derived outage probability in (12) based
on the non-central chi-squared distribution approximation,
and Fig. 2(b) displays the derived outage probability in (33)
based on the Gamma distribution approximation. Apparently,
the outage probability degrades sharply with the increment
of transmit power, meanwhile decreases rapidly with the
increase of N . In addition, the decay rate of the outage prob-
ability increases with an increase in the Rician factor K . We
can observe that the outage probabilities based on Gamma dis-
tribution assumptions are completely consistent with Monte
Carlo simulations in all cases. Moreover, for the small number
of IRS elements, the analytical results associated with the non-
central chi-square distribution deviate from the actual ones.

Fig. 3 presents the outage performance of U1 in the context
of Nakagami fading for SINR threshold γth1=0 dB, which
also reflects the effect of the numbers of IRS elements given
m = 3 and � = 1. From this figure, we can observe that both
the analysis results and Monte Carlo ones overlap exactly
within the whole SNR region, which implies that the gamma
approximation of SINR is remarkably satisfactory in Nak-
agami channels.
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FIGURE 2. Outage probability of user U1 with different IRS reflection
elements in Rician fading channels. (a) Outage probability based on
non-central chi-square distribution approximation; (b) Outage probability
based on Gamma distribution approximation.

In Fig. 4, we plot the impact of varied SI coefficients on
the outage probability of user U1, under Nakagami-m fad-
ing where m = 3,� = 1, N = 4, γth1 = 0 dB. It is seen that
the analytical result in Theorem 6 exactly coincides with the
Monte Carlo simulation counterpart. As deduced from σ 2

wi =
tiPi

vi , the less SI variance with smaller t results in the lower
outage probability. Meanwhile, for fixed t , the less variance
with increasing v degrades the outage probability when the
transmit power is less than 0 dB; when the transmit power is
greater than 0 dB, the opposite is the case; when P=0 dB, the
identical outage performance is observed. In addition, there
exists the obvious performance gap with the increase of SNR
compared to the case without SI.

FIGURE 3. Impact of the number of IRS elements on U1 outage
performance in Nakagami-m fading channels.

FIGURE 4. Influence of SI coefficients on U1’s outage probability under
Nakagami fading, m = 3,� = 1, N = 4.

2) ERGODIC CAPACITY
In Fig. 5, we depict the performance of the derived upper
bound on the ergodic capacity, the analytical results based on
Theorems 4 and 5, along with the Monte Carlo simulation
for different numbers of IRS elements. It can be observed
that the analytical results based on GL quadrature and GGL
quadrature coincide with Monte Carlo values for arbitrary
number of IRS elements. For the GGL quadrature, the less
order can achieve higher accuracy. Furthermore, there is a
mismatch between the upper bound in Theorem 3 and the
simulated value for N = 1. As expected, this upper bound
becomes tight when N is large.

Fig. 6 characterizes the influence of the number of IRS
elements on the ergodic capacity at different transmit pow-
ers, where the GGL quadrature is adopted (G=1). It can be
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FIGURE 5. Ergodic capacity of U1.

FIGURE 6. Ergodic capacity of U1 vs. the number of IRS elements.

noticed that IRS technology greatly contribute to the capacity
enhancement in contrast with no IRS. As expected, the system
performance can be improved by the increment of some pa-
rameters such as the number of IRS elements, transmit power
as well as Rician factor.

In Fig. 7, we present the effect of the SI coefficients on U1’s
ergodic capacity, for K = 5, N = 16, with perfect and imper-
fect SI. We can observe the exactly overlapped curves between
the closed forms and the simulation ones. Additionally, for
the same v, as t increases, the ergodic capacity degrades. The
ergodic capacity increases with increasing v when transmit
power P < 0 is less than 0 dB while the ergodic capacity
performs the opposite with increasing v when the transmit
power P is greater than 0 dB. This is because v determines
the amount of self-interference σ 2

w1 associated with transmit
power.

It is worth clarifying that Figs. 5–7 are simulated in Rician
fading channels since the obtained curves in the case of Nak-
agami fading perform the similar results.

FIGURE 7. Impact of SI coefficients on U1’s ergodic capacity, K = 5, N = 16.

FIGURE 8. Outage performance of U1 and U2, N = 2.

B. PERFORMANCE WITH NON-RECIPROCAL CHANNELS
Considering the Nakagami fadings, we focus on evaluating
the outage performance and ergodic capacity for U2 with
non-reciprocal channels. In Figs. 8 and 9, where N = 2,
�1 = �2 = 1 and γth1 = γth2 = 1, we readily observe the
consistency between the analytical values in (63) and the sim-
ulations. Fig. 8 manifests the inferior performance of U2 with
the nonideal IRS phase configuration in contrast to U1 with the
optimal phase. It also shows the larger performance difference
between U1 and U2 with increasing P, particularly over both
LoS links. Fig. 9 shows the effect of SI coefficients on the
outage performance of U2 where t = 2dB. It is observed that
the larger v results in the more inferior performance with
P > 0dB.

In Figs. 10 and 11 where m1 = 2, m2 = 3, �1 = �2 = 1,
the capacity values in (64) overlap with the simulations. In
Fig. 10, there exists the bigger gap between U1 and U2 with
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FIGURE 9. Impact of SI coefficients on U2’s outage performance, N = 2.

FIGURE 10. Ergodic capacity comparison of U1 and U2.

FIGURE 11. Impact of SI coefficients on U2’s ergodic capacity, N = 4.

more IRS elements, which implies that the imperfect phases
are rather disadvantageous to U2. Fig. 11 depicts the impact of
SI coefficient v on the U2’s ergodic capacity given t = 2dB.
The SI impact is negligible when P < 0dB while the one is
conspicuous with the greater v when P > 0dB.

VII. CONCLUSION
This paper focuses on the analyses on the OP and EC over Ri-
cian and Nakagami fading channels in an IRS-assisted FD IoT
or cellular systems, where both reciprocal and non-reciprocal
channels are addressed, respectively. For reciprocal channels,
where the channels on the same side of the IRS are assumed to
be identical, the IRS phase shift design is able to concurrently
maximize the received signal energy of both FD users, hence
we attach importance to the performance of one FD user
due to the system symmetry. In this context, under the hypo-
thetical Gamma distribution with respect to SINR, we have
explored the performance of FD users in respective Rician
and Nakagami fadings. Simulations reveal that Gamma distri-
bution enables more accurate matching to Nakagami-channel
performance. Moreover, We have provided a unified closed
form of the EC by utilizing GGL applicable to Rician and
Nakagami channels. For non-reciprocal channels where all the
channels are distinct, we have presented the accurate OP and
EC expressions of both FD users over Nakagami channels.
The proposed mathematical framework facilitates the analysis
on the effect of various parameters on the IRS-assisted system
performance, such as the number of IRS elements, strong
line-of-sight components, and self-interference coefficients.
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