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ABSTRACT The 3D indoor localization of low-cost standard mobile devices represents an important
research topic. Since the implementation of ultra-wideband localization systems requires elaborated hard-
ware, a localization concept based on phase-difference-of-arrival (PDOA) evaluation of narrow band com-
munication signals at spatially distributed antennas is favorable in many applications. Typically, PDOA
measurements are used to estimate the angle-of-arrival (AOA) at several receivers, which are then combined
via multiangulation. However, AOA estimation requires far field conditions, thereby limiting measurement
sensitivity, and distorts measurements in a non linear fashion. To overcome these limitations, this paper
proposes the iterative holographic extended Kalman filter (IHEKF), which directly evaluates the phase
differences between spatially distributed antenna pairs. The IHEKF requires neither a specific waveform
nor emitter–receiver synchronization and, therefore, represents a good candidate for localization within
communication systems such as 5G/6G. Since the evaluation of phase differences is affected by phase
ambiguity, the IHEKF is designed so that closely spaced antenna pairs are evaluated first and then more
distant antennas are included successively to improve accuracy. The IHEKF’s capabilities are demonstrated
via a 24 GHz narrow band measurement setup with strong multipath propagation, providing outstanding
localization accuracy in the millimeter range without consuming any notable RF signal bandwidth.

INDEX TERMS Array signal processing, incoherent measurements, Kalman filter, localization, near-field,
PDOA, radar.

I. INTRODUCTION
In recent years, wireless localization has attained constantly
rising popularity. The continuously increasing appearance of
smartphones, RFID tags, and other devices with wireless com-
munication has initiated countless new applications, particu-
larly for localization using electromagnetic waves [1]–[4]. For
many of these, global positioning systems are neither accurate
nor reliable enough, or they are simply not available, such as
in indoor applications. Therefore, there has been extensive
scientific effort to advance indoor localization methods, as
summarized in [2] and [4].

The most widely used localization techniques are received-
signal-strength (RSS) [5], angle-of-arrival (AOA) [6], time-
of-arrival (TOA) [7], time-difference-of-arrival (TDOA) [8],
and round-trip-time-of-flight (RTOF) [9]. received-signal-
strength (RSS)-based positioning systems evaluate solely
information about the received signal power, emitted by a
beacon and received by multiple base stations, to calculate the
beacon’s position. It may be used with a simple and inexpen-
sive hardware setup and does not require any synchronization
or a specific signal shape. However, only moderate localiza-
tion accuracy can be achieved, unless a precise signal map is
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prerecorded [10] or the signal propagation model can be suit-
ably adapted in real time [5]. More accurate results are real-
ized by evaluating the time-of-arrival (TOA) of a wave, emit-
ted by a beacon and received by a stationary receiver. There-
fore, each emitter–receiver pair has to be synchronized [11].
Since reliable beacon–receiver synchronization is very
challenging, many systems only evaluate the time-difference-
of-arrival (TDOA) [12]. Alternatively, the round-trip-time-
of-flight (RTOF) can be measured. For this purpose, a sta-
tion emits a wave and measures the time until the wave,
which is repeated by a beacon in a predefined manner, arrives
back at the station. Here, no synchronization is necessary,
but precise knowledge of the delay caused by the beacon is
required. Independent of the implementation concept, the ac-
curacy of all time-based localization methods depends on the
utilized bandwidth [13]. Therefore, ultra-wideband (UWB)
represents the current state of the art concerning highly accu-
rate indoor localization [14], [15], which results in millimeter-
range accuracy by employing bandwidth of several gigahertz
[16]–[18]. However, implementing measurement systems
with high bandwidth involves several drawbacks that hinder
accurate positioning and increase hardware complexity, in-
cluding the need for very high sample rates, sensitivity to
timing errors and clock jitter, and frequency- and direction-
dependent antenna phase centers [18], [19]. Most importantly,
the available bandwidth is restricted by governmental restric-
tions, and nearly all existing communication standards do not
allow the excessive use of bandwidth.

Instead of evaluating the frequency dependency of the arriv-
ing signal phase at a single antenna, the spatial distribution of
the wave field can be coherently recorded with an antenna ar-
ray as a so-called hologram [20], [21]. Afterwards, the beacon
can be located via the phase distribution within the measured
holograms at several antenna arrays. In standard communi-
cation systems, the beacon usually operates incoherently in
respect to the receiving array. In this case, only hologram
phase differences, i.e. the PDOA, can be evaluated. In con-
trast to systems that measure signal propagation time (TOA,
TDOA, and RTOF), the localization accuracy is therefore not
determined by the signal’s bandwidth. Instead, PDOA local-
ization accuracy primarily depends on array aperture size,
operating frequency, and beacon-receiver distance. Accurate
PDOA based localization results can thus be achieved us-
ing simple narrow band hardware [13]. The most established
PDOA evaluation concept is the AOA determination [6]. Here,
the angle of an impinging plane wave is calculated via the
relative phase measurements in a planar antenna array; In
this way, closely spaced antennas enable unambiguous angle
estimation, while the estimation with more distant antennas
is precise. [22] Afterwards the position of the transmitter is
derived using multiangulation [23], [24]. Unfortunately, the
detour of first estimating the angle at each array and then
combining the estimations into one position causes high com-
putational effort, constrains positioning into the far field of
the arrays, and loses information during the AOA estima-
tion, as discussed in [25]. To skip this intermediate step of

calculating the AOA, the holographic extended Kalman filter
(HEKF), introduced in [26], directly compares the phase dif-
ferences in the measured hologram with the expected phase
differences to localize the transmitter. Here, the drawbacks of
AOA estimation with subsequent multiangulation, namely the
high computational effort and restriction to the far field, are
eliminated. Meanwhile, the benefits of PDOA, namely high
accuracy, independence of the signal shape, low bandwidth,
high measurement rate, and relaxed synchronization require-
ments, are retained. The HEKF in [26] enabled a significant
accuracy improvement of PDOA-based localization, but it
represents an immature approach, which evaluates all phase
differences that can be calculated between the antennas at
each array in every update step at once. Consequently, the
HEKF is susceptible to converge to a false position as soon
as only one evaluated phase difference causes an error, which
cannot be resolved unambiguously due to the 2π periodicity
of the phase differences. It is therefore either only suitable for
small arrays, thereby limiting measurement sensitivity [13],
or it requires very high update rates to cope with the phase
ambiguity of large arrays in a recursive manner. Thus, in
contrast to the AOA estimation, the unambiguity informa-
tion of closely spaced antennas is not utilized. Furthermore,
the processing of all difference phases in the HEKF con-
tains much redundant information and increases computa-
tional effort, which stands in conflict with the required high
update rates.

To eliminate these drawbacks, this paper proposes the
IHEKF, which enables using both the unambiguity informa-
tion of closely spaced antenna and the exactness of distant
antennas while being more computationally efficient. For this
purpose, the IHEKF update is designed so that closely spaced
antenna pairs, which provide unambiguous position informa-
tion even for large beacon position updates, are first evaluated,
and then more distant antennas, which improve localization
accuracy due to their high measurement sensitivity [13], are
added successively. The IHEKF is derived from ground up,
thereby investigating the requirement for the filter to con-
verge to the optimal solution. The algorithm is validated by
indoor measurements in a 24 GHz setup with large receiver
arrays, demonstrating the IHEKF’s capability to resolve phase
ambiguity issues and yielding a localization accuracy in the
millimeter range.

The remaining paper is organized as follows. First, in Sec-
tion II, the concept, the setup and the advantages of the lo-
calization method are described. In Section III, the system
model is introduced, and the algorithm is derived from scratch
in Section IV. In Section V, an experimental evaluation and
verification of the algorithm is provided. Finally, a conclusion
finishes this paper.

II. LOCALIZATION CONCEPT AND SYSTEM SETUP
In recent years, there has been a tremendous scientific ef-
fort to advance ultra-wideband (UWB)–based indoor posi-
tioning, achieving record accuracy in the millimeter range
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FIGURE 1. Illustration of an exemplary indoor measurement setup of the
proposed localization concept. The basic structure of the system and
receiver setup is depicted in Fig. 2.

using measurement setups with a bandwidth of several gi-
gahertz [8], [18]. Though the achieved localization accuracy
is impressive, a widespread implementation in standard mo-
bile devices appears to be unlikely, especially due to the
necessity for highly accurate time synchronization. In con-
trast, 3D localization systems, which evaluate the PDOA at
several receiver arrays, as in the measurement setup shown
in Fig. 1, only require very coarse synchronization between
receivers, since the necessary synchronization precision only
depends on the dynamics of the expected movement and is
not related to the signal’s propagation time. This advantage
makes PDOA approaches particularly suitable for localization
within current and future communication standards such as
5G/6G. The possibility of exchanging UWB measurements
with PDOA measurements for highly accurate indoor local-
ization was examined in [13]. To obtain a rule of thumb
for the direct comparison of PDOA and TOA systems, the
bandwidth–dependent measurement sensitivity of TOA sys-
tems and the position-dependent phase difference evaluation
of PDOA systems was analyzed. For a PDOA-based local-
ization system with the operating frequency f0, the aperture
size LR, and a maximum beacon–receiver distance dmax, this
comparison results in the equivalent bandwidth

BPDOA,eq = f0
LR

dmax
, (1)

which depicts an approximated counterpart to the bandwidth
of a 3D TOA-based indoor positioning system. Inspecting (1)
reveals that PDOA–based localization systems are superior
when the localized beacon is at close range (e.g. < 10 m) and
receiver arrays are used that are notably larger than the signal
wavelength, which is easily achievable for millimeter waves.

To enable this PDOA-based 3D localization via receivers
with large apertures, the IHEKF is proposed in this paper.

The IHEKF directly evaluates the phase difference mea-
surements between the antenna pairs. Since these phase dif-
ferences are 2π -ambiguous, the IHEKF starts with an evalua-
tion of closely spaced antenna pairs (e.g. the three antennas
arranged in the small triangle of each receiver in Fig. 1)

to improve the estimation of the beacon’s position and then
iteratively involves more distant antennas (e.g. the two distant
antennas of each receiver in 1) into the state estimation.

As illustrated in the basic system structure in Fig. 2, the
beacon might consist of a mixer, which converts any arbitrary
narrow band signal to the operating frequency, and an antenna,
which transmits the signal. Hence, virtually no requirements
on the beacon are necessary for the proposed localization
method. The beacon’s signal is received by the spatially dis-
tributed antennas at each receiver. There, the signals are co-
herently mixed into the baseband, enabling the evaluation of
the phase differences between each antenna pair within this
receiver. Similar to the beacon, the receivers do not require
any elaborated hardware, and widespread standard receiver
hardware can hence be employed for the proposed localization
concept. In this paper, a setup with a single beacon is consid-
ered, thereby restricting applicability at first glance. However,
in multiple-input multiple-output (MIMO) systems, the phase
data can be directly extracted from the necessary channel
matrix estimation [27], thereby enabling multi–user operation.
In summary, the proposed IHEKF is an ideal candidate for
highly accurate PDOA-based localization within established
communication standards such as WLAN, Bluetooth, and par-
ticularly the 5G/6G mobile communication standards, which
anyway use large receiver arrays for massive MIMO-based
communication [28].

III. SYSTEM MODEL
A. MOVEMENT MODEL
Since this contribution mainly proposes a novel measurement
system, arbitrary movement models can be assumed. In this
article, the constant velocity model is used.

At the kth measurement, the beacon is located at the posi-
tion

�pB,k = (xB,k, yB,k, zB,k )T (2)

with the velocity

�vB,k = (ẋB,k, ẏB,k, żB,k )T. (3)

With the constant velocity model and the time between two
measurements Ts, the current state, consisting of �pB,k and
�vB,k , is obtained using the previous state �pB,k−1 and �vB,k−1 as

(
�pB,k

�vB,k

)
= F

(
�pB,k−1
�vB,k−1

)
+ G�nB,k (4)

⎛
⎜⎜⎜⎜⎜⎜⎝

xB,k

yB,k

zB,k

ẋB,k

ẏB,k

żB,k

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 Ts 0 0
0 1 0 0 Ts 0
0 0 1 0 0 Ts

0 0 0 Ts 0 0
0 0 0 0 Ts 0
0 0 0 0 0 Ts

⎤
⎥⎥⎥⎥⎥⎥⎦

⎛
⎜⎜⎜⎜⎜⎜⎝

xB,k−1
yB,k−1
zB,k−1
ẋB,k−1
ẏB,k−1
żB,k−1

⎞
⎟⎟⎟⎟⎟⎟⎠
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FIGURE 2. Illustration of the basic system setup with the beacon and three receivers, including the antennas and the signal chain at one receiver.

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

T 2
s
2 0 0

0 T 2
s
2 0

0 0 T 2
s
2

Ts 0 0
0 Ts 0
0 0 Ts

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎛
⎝ nẋB,k

nẏB,k

nżB,k

⎞
⎠ , (5)

where the velocity noise nẋB,k , nẏB,k , nżB,k ∼ N (0, σ 2
a ) is as-

sumed to occur as a constant acceleration between successive
states with zero mean and the standard deviation σa.

B. MEASUREMENT MODEL
In this section, the measurement model, depicted in Fig. 2, is
introduced. The beacon emits the signal

sB,k (t ) = A · sTX,BB,k (t )ej(ω0t+ϕB,k ) (6)

with amplitude A, an arbitrary baseband signal sTX,BB,k (t ), the
roughly known carrier angular frequency ω0, and an unknown
phase offset ϕB,k . The carrier frequency is only approximately
known and, therefore, the beacon’s phase ϕB,k at different
time instances is completely independent and unpredictable.

The signal is detected by M base stations, each with Im

antennas, where the ith antenna of the mth base station is
located at

�pmi = (xmi , ymi , zmi )
T. (7)

At this antenna, the delayed beacon signal

smi,k (t ) = Ami,k · sTX,BB,k (t − τmi,k )ej(ω0(t−τmi ,k
)+ϕB,k ), (8)

with the time delay

τmi,k =
∥∥�pmi − �pB,k

∥∥
2

c0
(9)

and amplitude Ami,k , is detected. Here, c0 denotes the speed of
light. In order to evaluate the signal’s phase, it is mixed with

a complex valued local oscillator signal sLO,m(t ) with ampli-
tude ALO,m, angular frequency ωm ≈ ω0, and phase ϕLO,m,k

resulting in the signal

smix,mi,k (t ) = smi,k (t ) · sLO,m(t )

= Ami,k · sTX,BB,k (t − τmi,k ) · ej(ω0(t−τmi ,k
)+ϕB,k )

· ALO,m · e−j(ωmt+ϕLO,m,k )

= Ami,k · ALO,m · sTX,BB,k (t − τmi,k )

· ej((ω0−ωm )t−ω0τmi,k
+ϕB,k−ϕLO,m,k )

(a)= Ami,k · ALO,m · e
j
(
−ω0τmi,k

+ϕmix,m,k

)
. (10)

At (a), for the kth measurement, the signal is sampled at t =
kTS, with TS as the sample interval. At this sample instance,
the frequency difference ω0 − ωm and the bandlimited signal
sTX,BB,k (kTS − τmi,k ) ≈ sTX,BB,k (kTS − τm j ,k ) result in phase
shifts that are the same for every antenna and are included
into ϕmix,m,k , eliminating the dependency of t . Generally, it
may be beneficial to combine several samples to increase
the signal-to-noise ratio. Since these contain different phase
shifts, the measurements at the antenna pairs should be di-
rectly correlated to evaluate their phase difference, as in [26].
In this paper, only one sample with one unknown phase shift is
assumed to provide a consistent description in the following.

Because of the phase ambiguity, from here on, all phases
are mapped elementwise to the interval (−π, π ] with

mod′
2π (•) =

{
mod2π (•) for mod2π (•) < π,

mod2π (•) − 2π for mod2π (•) > π.
(11)

The resulting phase ϕmi,k = mod′
2π (−ω0τmi,k + ϕmix,m,k )

will be measured. The resulting receive phases of the mth
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array are combined to the measurement vector

�ϕm,k = mod′
2π

⎛
⎜⎜⎝

⎛
⎜⎜⎝

−ω0τm1,k
...

−ω0τmI ,k

⎞
⎟⎟⎠ +

⎛
⎜⎜⎝

ϕmix,m,k
...

ϕmix,m,k

⎞
⎟⎟⎠

⎞
⎟⎟⎠ . (12)

Given the measurement (12), the straightforward approach
would be to estimate the beacon’s position �pB,k and the un-
known incoherent phases for each array ϕmix,m,k such that
the conducted measurement matches the hypothesis in a
least squares sense. However, commonly used wavelengths in
communication and localization frequency bands range from
millimeters to centimeters. Hence, the resulting optimiza-
tion problem becomes challenging because of the 2π phase
ambiguity.

To avoid a computationally expensive and error-prone
brute-force search, the phase differences for selected antenna
pairs are evaluated. For this purpose, the phases are prepro-
cessed by multiplying the measurement vector with an eval-
uation matrix Am ∈ RD×Im and mapping the result again to
(−π, π ] to eliminate artifacts due to the 2π jumps. The num-
ber of evaluated phase differences D can be varied depending
on the setup, as will be discussed later. In Am, the dth row
comprises the entry 1 in the jd th column and the entry -1 in
the id th column to evaluate the phase difference between the
id th and the jd th antenna, while all other entries are zero. For
example, the matrix

Am,example =

⎡
⎢⎣

1 −1 0 0

0 1 −1 0

1 0 0 −1

⎤
⎥⎦ (13)

evaluates the phase differences of an array consisting of four
antennas between the antenna pairs 1–2, 2–3, and 1–4. As
a result, the incoherent phase ϕmix,m,k in (12) cancels out,
yielding the new measurement equation

��ϕm,k

= mod′
2π

(
Am�ϕm,k

)

= mod′
2π

⎛
⎜⎜⎝Am

⎛
⎜⎜⎝

−ω0τm1,k
...

−ω0τmIm ,k

⎞
⎟⎟⎠ + Am

⎛
⎜⎜⎝

ϕmix,m,k
...

ϕmix,m,k

⎞
⎟⎟⎠

⎞
⎟⎟⎠

= mod′
2π

⎛
⎜⎜⎝

ω0(τm j1 ,k − τmi1 ,k )
...

ω0(τm jD ,k − τmiD ,k )

⎞
⎟⎟⎠ . (14)

Note that here the modulo mapping of �ϕm,k in (12) is redun-
dant because Am only contains integer numbers.

The number of rows D in Am as well as their composition
should be varied to satisfy different purposes. Because of the
incoherent measurement, only Im − 1 phase differences have
to be evaluated. Hence, a matrix Am of rank Im − 1, resulting
in a spanning tree [29] between all antennas, is sufficient to
maintain all information. The Appendix A provides a more

detailed discussion. Note that in the case of very noisy en-
vironments or erroneous measurements, it may be favorable
to evaluate more than Im − 1 phase differences to cope with
errors caused by phase ambiguity. Beside the elimination of
the unknown incoherent phase, the usage of phase differences
allows a clear allocation of the individual measurements to
a certain purpose. Phase differences obtained from closely
spaced antenna pairs result in low measurement sensitivity,
but a high unambiguity range, whereas distant antenna pairs
yield a small unambiguity range but high sensitivity, as de-
picted in Fig. 3.

Generally, many error sources such as multipath, thermal
noise, or oscillator phase noise superpose in practical mea-
surement scenarios. For indoor localization systems, multi-
path propagation represents the main challenge. To enable
computationally efficient least-squares-based localization, the
superposition of all error sources is modeled as normally
distributed additive noise that is assumed to be uncorrelated
between all antennas, as the actual noise correlation proper-
ties are unknown. Since this uncorrelated noise assumption
is incorrect for multipath propagation, it is beneficial to use
receiver arrays with large apertures, thereby decorrelating the
line of sight from the multipath propagation [13]. Then, the
noisy measured phases of the mth array can be written as

�ϕm,k,noise = mod′
2π

(
�ϕm,k + �nm,k

)
, (15)

with �nm,k ∼ N (0, σ 2
ϕ I), where σϕ is the standard deviation

of the measurement setup. In accordance with (14), the noisy
phase differences are calculated as

��ϕm,k,noise = mod′
2π

(
��ϕm,k + Am�nm,k

)
. (16)

By calculating the phase differences, the uncorrelated noise in
(15) becomes correlated, yielding the covariance matrix as

Rm = σ 2
ϕ · AmAT

m. (17)

Finally, to combine the measurements of multiple receivers,
all �ϕm,k are stacked to a vector �ϕk = (�ϕ1,k, . . . , �ϕM,k )T,
the noise vectors are stacked as �nk = (�n1,k, . . . ,�nM,k )T,
the noisy measurements are stacked as �ϕk,noise =
(�ϕ1,k,noise, . . . , �ϕM,k,noise)T, and all Am are stacked as

A =

⎡
⎢⎢⎢⎢⎢⎣

A1 0 · · · 0

0 A2
...

...
. . . 0

0 · · · 0 AM

⎤
⎥⎥⎥⎥⎥⎦

, (18)

which results in the measurement equation
�h(�pB,k ) = mod′

2π (A�ϕk ) (19)

and the noisy measurement

�z (�pB,k ) = mod′
2π

(
A�ϕk,noise

)
, (20)

as well as the combined measurment noise covariance matrix

R =

⎡
⎢⎢⎢⎢⎢⎣

R1 0 · · · 0

0 R2
...

...
. . . 0

0 · · · 0 RM

⎤
⎥⎥⎥⎥⎥⎦

. (21)
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FIGURE 3. Emitter position depending phase difference between the receivers, which are marked as red crosses, as well as the line used for the
illustration in Fig. 4 in red.

IV. POSITION ESTIMATION
Generally, a Kalman filter recursively combines the apriori
information from the previous measurements via a state pre-
diction with the information of the current measurement. The
iterated extended Kalman filter (IEKF) combines the informa-
tion by iteratively linearizing the measurement model at the
current best estimate and solves the originating generalized
least squares problem, as in [30]. In this section, the IEKF
concept is extended to an iterative evaluation of varying an-
tennas pairs, depending on their distance and, therefore, their
unambiguity range. For this purpose, the equations of the
IHEKF are derived simultaneously with a discussion on the
phase difference ambiguity, thereby enabling a stable conver-
gence to the position estimate. In the following, �x k denotes
the true state of the system, consisting of the position and
velocity, whereas �x k|k−1 denotes the prediction, which is then
combined with the measurement to calculate the state update
�x k|k . The starting state �x 0|0 is assumed to be approximately
known. In the following, �z (�x k ) and �h(�x k ) will be used as the
straightforward and trivial extensions of �z (�pB,k ) and �h(�pB,k )
to the complete state �x k , which includes position and velocity.
Note that the measurements only contain information about
the current position, while the velocity is estimated indirectly
via the movement model.

A. PREDICTION
Since the state transition model as defined in Section III-A is
linear, the prediction of the standard Kalman filter (KF) can
be used [31]. The prediction for the current state, including
the position and speed for every dimension, is calculated as

�x k|k−1 = F�x k−1|k−1, (22)

with F as the state transition matrix. Because of the predic-
tion step, the uncertainty, represented by the noise covariance
Σk|k−1, increases to

Σk|k−1 = FΣk−1|k−1 FT + Q, (23)

with Q = σ 2
a GGT as the movement model’s noise covariance

matrix.

B. MAXIMUM A POSTERIORI COST FUNCTION
Given the prior state prediction and the current measurement
�z k , the beacon is localized by a maximum a posteriori esti-
mation [32] starting from the state prediction. The a posteriori
guess is calculated as

�x k|k = argmax�xk

(
p(�x k|�z k, �x k|k−1)

)
, (24)

which can be transformed via Bayes’ theorem as

�x k|k = argmax�xk

(
p(�z k|�x k ) · p(�x k|�x k|k−1)

p(�z k|�x k|k−1)

)

= argmax�xk

(
p(�z k|�x k ) · p(�x k|�x k|k−1)

)
, (25)

where p(�z k|�x k|k−1) normalizes the position–dependent prob-
ability to one and can be neglected.

p(�x k|�x k|k−1) denotes the probability density function from
the prediction step as

p(�x k|�x k|k−1)

= 1√
det(2πΣk|k−1)

· exp

[
−1

2
(�x k − �x k|k−1)TΣ−1

k|k−1(�x k − �x k|k−1)

]
. (26)

p(�z k|�x k ) denotes the probability density function of the
kth measurement according to (20). These measurements are
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impaired by the phases’ 2π ambiguity, which prevents a di-
rect comparison between the measurements and hypothesis.
To cope with this 2π ambiguity, the deviation between the
measurements and hypothesis is mapped to (−π, π ], thereby
implicitly defining the maximal displacement of the predicted
beacon position, which can be corrected within the state up-
date. This topic will be further examined in Section IV-C. To
study the emerging probability density function, the deviation,
defined symmetrically between (−π, π ], is evaluated as

deviation = mod′
2π

(
�z (�x k ) −�h(�x k )

)

= mod′
2π (mod2π (A�ϕk + A�nk ) − mod2π (A�ϕk ))

(a)= mod′
2π (A�ϕk + A�nk − A�ϕk )

= mod′
2π (A�nk )

(b)= A�nk, (27)

where at (a) the inner mod′
2π is redundant and at (b) the phase

noise is assumed to be small enough to satisfy |A�nk | < π .
This allows an approximation of the measurement probability
density function via a normal distribution as

p(�z k|�x k ) ≈ 1√
2π det(R)

exp

[
−1

2

(
mod′

2π (�z k −�h(�x k ))
)T

R−1
(

mod′
2π (�z k −�h(�x k ))

) ]

= 1√
2π det(R)

exp

[
−1

2
�resT

k R−1 �resk

]
, (28)

with the measurement residual �resk = mod′
2π (�z k −�h(�x k )).

Inserting (26) and (28) in (25) results in a cost function of
the maximum a posteriori estimation

�x k|k = argmax�x k

(
1√

2π det(R)
exp

[
−1

2
�resT

k R−1 �resk

]

· 1√
det(2πΣk|k−1)

exp

[
−1

2
(�x k − �x k|k−1)TΣ−1

k|k−1(�x k − �x k|k−1)

])

(a)= argmin�x k

(
1

2
�resT

k R−1 �resk

+1

2
(�x k − �x k|k−1)TΣ−1

k|k−1(�x k − �x k|k−1)

)

= argmin�xk

(
Jmeas,k + Jpred,k

)
= argmin�xk

(Jk ) , (29)

where at (a) the logarithm as a monotonically increasing func-
tion is applied and the minus sign is resolved. The cost func-
tion Jk consists of Jmeas,k = 1

2 �resT
k R−1 �resk , which represents

the influence of the current measurement as well as the pre-
diction part Jpred,k = 1

2 (�x k − �x k|k−1)TΣ−1
k|k−1(�x k − �x k|k−1),

which incorporates the prediction from the previous step.

FIGURE 4. Jmeas,k in (29) for the two antenna arrangements in Fig. 3 with
antenna distance of 1 λ and 5 λ as well as their combination for a
measurement �z = �0, depicted for an evaluation along the red line in Fig 3.

C. SOLUTION OF THE MAXIMUM A POSTERIORI
COST FUNCTION
As already mentioned in Section IV-B, the measurements’
phase ambiguity is resolved by mapping the measurement de-
viation to (−π, π ] and updating the predicted beacon position
within this unambiguity range. In this way, the unambigu-
ity range (−π, π ] implicitly provides the information about
the maximally allowed displacement of the predicted beacon
position. In the cost function of the maximum a posteriori
estimator (29), this is reflected in the non-convex measure-
ment part Jmeas,k , which has, apart from its global minima,
multiple local minima due to the 2π phase ambiguity, while
the prediction part Jpred,k is a quadratic function. To discuss
the ambiguity problem in more detail, a closer look is taken
at the measurement residual, caused by a wrongly estimated
beacon position. First, at time instance k, we assume the bea-
con is located at a distance y = darray-beacon directly in front of
a receive array at x = 0 (e.g. at the center of the dashed red
line in Fig. 3 for darray-beacon = 4 λ) and that this estimate is
only correct in the y-dimension. The true beacon position in
the x-dimension is given by xB,k and directly corresponds to
a positioning error in the x-dimension εx. Now we consider
one specific entry of the residual �resk , denoted res, which
corresponds to a phase difference of two antennas at y = 0
with distance dant. The measurement sensitivity of the resid-
ual regarding the position deviation εx is then approximated
in [13] as

∂res

∂εx
≈ 2π

λ

dant

darray-beacon
, (30)

where λ denotes the wavelength of the carrier frequency.
Hence, the measurement sensitivity increases with the antenna
distance, showing that large arrays are favorable for more
precise localization. However, to prevent the divergence to
a wrong minimum, the residuum must not be greater than
π . Therefore, the deviation between the predicted and real
position has to satisfy

εx <
π

∂res
∂x

≈ λ

2

darray-beacon

dant
. (31)

As a consequence, an algorithm that converges reliably to-
wards the global minimum becomes challenging for large
arrays. This relationship is visualized in Fig. 4. Here, the
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measurement part Jmeas,k ∼ res2 for the receive antenna pair
with distance 5 λ provides a very sensitive but ambiguous er-
ror function. In comparison, the error function for the receive
antenna pair with distance 1 λ provides a less sensitive but
unambiguous error function. The combination of both mea-
surements yields a distinct minimum with a high measurement
sensitivity. However, due to the antenna pair with 5 λ distance,
the combined error function is not convex, thereby hinder-
ing phase-based localization concepts as the HEKF. To deal
with this issue and support the algorithm’s convergence to the
global minimum, the state estimation is subdivided into imax

iterations, denoted with a superscript i. In each iteration, the
involved antenna pairs are varied by adapting the evaluation
matrix of the ith iteration Ai. Hence, �z i

k , �hi
k , Ri

k , and �resi
k also

change their size in each iteration.
In the first iteration, when the prior guess of the position,

represented by the state prediction �x 0
k|k = �x k|k−1, is vague,

only closely spaced antenna pairs with a high unambiguity
range but low measurement sensitivity are evaluated, yielding
the more accurate state estimation �x 1

k|k . Since the involvement
of further measurement data improves the state estimation ac-
curacy and, hence, reduces phase difference ambiguity issues,
the IHEKF iteratively involves the phase differences of more
distant antenna pairs in the following. Finally, the IHEKF
stops when a full spanning tree is created at each receiver to
include all information, as discussed in Section III and the
Appendix. To perform one iteration of the proposed IHEKF,
the measurement function is linearized around the current best
guess xi

k|k , yielding

mod′
2π

(
�z i

k −�hi(�x k )
)

= mod′
2π

(
�z i

k −�hi(�x i
k|k ) − H i · (�x k − �x i

k|k )
)

(a)= mod′
2π

(
�z i

k −�hi(�x i
k|k )

)
− H i · (�x k − �x i

k|k ), (32)

with the Jacobi matrix

H i = ∂�hi(�x k )

∂�x k

∣∣∣
�x i

k|k
. (33)

At (a), the extraction of H i · (�x k − �x i−1
k|k ) from the mod2π (·)

function is only possible as long as the current state prediction
xi

k|k does not cause ambiguity issues. Inserting (32) in (29)
results in

�x i+1
k|k = argmin�x k

(
1

2

(
mod′

2π

(
�z i

k −�hi(�x i
k|k )

)

−H i
k · (�x k − �x i

k|k )
)T

Ri
k
−1

(
mod′

2π

(
�z i

k −�hi(�x i
k|k )

)
− H i

k · (�x k − �x i
k|k )

)

+1

2
(�x k − �x k|k−1)TΣ−1

k|k−1(�x k − �x k|k−1)

)

= argmin�xk

(
Ji

k

)
. (34)

To solve (34), the derivative of Ji
k is required. With the identity

∂ ((A�x +�b)TC(A�x +�b))
∂�x = 2ATC(A�x +�b) for C = CT from [33, p.

11], the first derivative is calculated as

grad(Ji
k ) = H i

k
T

Ri
k
−1

(
mod′

2π

(
�z i

k −�hi(�x i
k|k )

)

+ H i
k (�x k − �x i

k|k )
)

+ Σ−1
k|k−1(�x k − �x k|k−1). (35)

By setting grad(Ji
k ) = �0, the next state estimate is obtained as

xi+1
k|k =

(
H i

k
T

Ri
k
−1

H i
k + �−1

k|k−1

)−1

(
H i

k
T

Ri
k
−1

(
mod′

2π

(
�z i

k −�hi(�x i
k|k )

)

+H i
k�x

i
k|k

)
+ �−1

k|k−1�x k|k−1

)

= K i
k

(
mod′

2π

(
�z i

k −�hi(�x i
k|k )

)

+H i
k�x

i
k|k

)
+ (I − K i

kH i
k )�x k|k−1

= �x k|k−1 + K i
k

(
mod′

2π

(
�z i

k −�hi(�x i
k|k )

)

−H i
k

(
�x i

k|k − �x k|k−1

))
(36)

with(
H i

k
T

Ri
k
−1

H i
k + �−1

k|k−1

)−1 = (
I − K i

kH i
k

)
�k|k−1, (37)

and the Kalman gain

K i
k = (H i

k
T

Ri
k
−1

H i
k + �−1

k|k−1)−1H i
k

T
Ri

k
−1

= �k|k−1H i
k

T
(Ri

k + H i
k�k|k−1H i

k
T

)−1, (38)

which can be found in [30]. After the final iteration, the state
is updated as xk|k = xi

k|k and the covariance matrix can be
calculated similar to [31] as

Σk|k = (I − K i
k H i

k )Σk|k−1. (39)

Note that the resulting equations are similar to the IEKF
equations [30] except for the mod′

2π function and the variation
of the evaluated phase differences via Ai.

D. DISCUSSION OF THE RESULTING IHEKF
To enable highly accurate PDOA–based localization, large
antenna arrays are necessary to provide high measurement
sensitivity and suppress the influence of multipath propaga-
tion [13]. For this purpose, the evaluation of the relative phase
information of widely spaced antennas is necessary. However,
the phase difference measurements of largely spaced antenna
arrays are impaired by severe ambiguity issues. To solve this
issue, this paper proposes the IHEKF in Algorithm I, which is
created via the previously established equations.

In (40) and (41), the IHEKF’s prediction step, which does
not differ from a standard KF, is conducted. Then the beacon
is localized using the IHEKF’s iterative estimation procedure
in (44)-(49), starting from the predicted state �x 0

k|k = �x k|k−1

in (43). In each iteration, the evaluation matrix Ai is adapted
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Algorithm 1 Holographic Iterated Extended Kalman Fil-
ter

1. Prediction:

�x k|k−1 = F �x k−1|k−1 (40)

Σk|k−1 = F Σk−1|k−1 FT + Qk (41)

2. Iteration:

i = 0 (42)

�x 0
k|k = �x k|k−1 (43)

while i < imax do:

�z i
k = Ai · �ϕk,noise (44)

R = σ 2
ϕ · AiAiT (45)

H i
k = ∂�hi(�xk )

∂ �xk

∣∣∣
�x i

k|k
(46)

K i
k = �k|k−1H i

k
T

(Ri
k + H i

k�k|k−1H i
k

T
)−1 (47)

�x i+1
k|k = �x i

k|k + K i
k

(
mod′

2π

(
�z i

k −�hi
(
�x i

k|k
))

−H i
k

(
�x 0

k|k − �x i
k|k

))
(48)

i = i + 1 (49)

end while
3. Update:

�x k|k = �x i
k|k (50)

Σk|k = (I − K i
k H i

k )Σk|k−1 (51)

to successively include the phase measurement of more dis-
tant antennas, which represents the key idea of the proposed
algorithm. For this purpose, we suggest initializing A0 by
solely evaluating the phase differences of the most closely
spaced antenna pairs. Since the state �x 1

k|k , which is estimated

using A0, is a better estimate for the correct position, it is
thereafter possible to include the phase differences of more
distant antennas without creating an ambiguity issue. Thus,
the full spanning tree within each antenna array, which is nec-
essary to include all information as discussed in Section IV-B,
is created by iteratively adding the antennas closest to the
current spanning tree, while in each iteration the state estimate
�x i

k|k is improved and, hence, ambiguity issues diminish. Note
that although the phase differences of the most distant antenna
pairs are not directly evaluated within the spanning tree, the
IHEKF implicitly evaluates these phase differences via the
intermediate antennas due to the cross-correlation entries in
the correlation matrix Ri

k . In doing so, the spanning tree fur-
ther severely reduces ambiguity issues in comparison to the
direct evaluation of the most distant antennas. To perform one
iteration the measured phase differences are evaluated first in
(44). Then the noise covariance matrix Ri

k of the current pre-
processing matrix Ai is computed in (45). Using the linearized

system model in (46) and the Kalman gain in (47), the next
best guess is estimated in (48). After imax iterations, the state
and its covariance are updated in (50) and (51), respectively.

The computational complexity of extended Kalman filters
(EKFs) depends on the size of the state vector Lx with O(L2

x )
and particularly on the size of the measurement vector Lz,
which determines the dimension and, as a consequence, the
complexity of the matrix inversion [31, p. 43]. The scaling of
the complexity of the matrix inversion depends on the matrix
size itself and is O(L2.807

z ) for medium–sized matrices [34]. In
comparison, the IEKF performs imax iterations and, hence, the
complexity increases to O(imaxL2.807

z ). However, the proposed
IHEKF varies the number of evaluated phase differences Lz,i

in every iteration i, and therefore the complexity reduces to
O(

∑imax
i=1 Lz,i

2.807). Altogether, although the IHEKF performs
several iterations for one update step, the computational com-
plexity only slightly increases in comparison to a state update
with a single iteration.

In summary, the resulting Algorithm I enables reliable,
highly accurate, and computationally efficient PDOA-based
localization by evaluating the phase differences between the
antennas of large receiver arrays. For this purpose, the phase
differences at each receiver are evaluated via an iteratively in-
creasing spanning tree, which enables the evaluation of distant
antenna pairs via intermediate antennas, to combine the am-
biguity information of closely spaced antennas and the high
measurement sensitivity of large receiver apertures. Since no
requirements on the beacon’s waveform are made, the IHEKF
represents a valuable candidate for the accurate localization in
communication standards such as 5G/6G.

V. EXPERIMENTAL VERIFICATION
In this section, the proposed IHEKF is verified. First, a
real world setup is described and four different algorithm
variants are introduced. Then the results for one simple and
one complex trajectory are shown to evaluate the capability
and demonstrate the superiority of the IHEKF over the HEKF
under real world influences, such as multipath propagation
and antenna crosstalk.

A. MEASUREMENT SETUP AND ALGORITHM VARIANTS
As shown in Fig. 5, three 24 GHz base stations are placed in
a room with about 1 m distance between each of them, facing
towards the midpoint 2 m beneath them. Similarly to bearings-
only localization systems, the positions and orientations of the
base stations were chosen such that the geometric dilution
of precision [35] is optimized. Each base station evaluates
the phases of 10 receive antennas, which create the 254 mm
x 91 mm aperture depicted in Fig. 6 with the corresponding
spanning tree. Note that the receivers in Fig. 5 contain more
than 10 antennas; These are not necessary for the content of
this paper and are not used. The beacon, which emits a 24 GHz
signal, is mounted on a robotic arm that maneuvers the emitter
and provides a reference position to evaluate the IHEKF’s
localization results. Each array has been calibrated in-situ, as
proposed in [36].
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FIGURE 5. Hardware setup consisting of a 24 GHz CW-transmitter (TX)
mounted on a precise robotic arm, as well as three receivers (RX) mounted
on the ceiling.

FIGURE 6. This is one of the three identical antenna arrays used in the
experimental setup shown in Fig. 5. It has a size of 254 mm x 91 mm with a
minimum antenna distance of 2 λ between antenna 1 and 2 and a
maximum antenna distance of 21.6 λ between antenna 8 and 9, as well as
the spanning tree, which is used for the evaluation with all 10 antennas.
The unmarked antennas are not used for the presented evaluation.

To verify the IHEKF and enable an intuitive understanding
of the IHEKF’s behavior, the four different algorithms A3, A5,
A10, and A10it are used to localize the beacon. While A3,
A5, and A10 estimate the beacon’s position without iterating,
A10it uses three iterations with different matrix sizes, i.e. with
different numbers of evaluated phase differences. The first two
algorithms are intended to demonstrate the IHEKF’s capabil-
ity for resolving the phase ambiguity via the spanning tree,
which is created by the evaluation matrix. A3 solely evaluates
the phase differences between antennas 1, 4, and 5, thereby
omitting antennas 2 and 3 in the spanning tree in Fig. 6.
Since the sole evaluation of these distant antennas 1, 4, and
5 is prone to phase ambiguity errors, A5 includes antennas
2 and 3 such that 1, 4, and 5 are only indirectly connected
via the spanning tree. To increase measurement sensitivity,
A10 includes all remaining antennas in Fig. 6. However, this
includes the phase difference evaluation of distant antenna
pairs and thus is prone to ambiguity issues. To prevent such
issues, A10it uses the IHEKF and thereby evaluates the phase
measurements of antennas 1, 2, and 3 in the first iteration,
includes the measurements of antennas 4 and 5 in the second

FIGURE 7. Localization results for the spiral trajectory using the four
different evaluation algorithms A3, A5, A10, and A10it .

FIGURE 8. Deviation of the localization results for the spiral trajectory in
Fig. 7.

iteration, and then finally estimates the beacon’s position us-
ing all antennas.

For comparison, the root-mean-square-error (RMSE) is cal-
culated by

RMSE =

√√√√∑kmax
k=1

∥∥∥�pB,k − �p est
B,k

∥∥∥2

2

kmax
, (52)

where �p est
B,k denotes the estimated beacon positions and kmax

the total number of steps.

B. MEASUREMENT RESULTS
First, the measurements, which belong to the spiral trajectory
depicted in Fig. 7, are evaluated. The spiral trajectory is
designed so that the distances between the beacon’s posi-
tions continuously increase. Therefore, the localization of the
shown trajectory becomes increasingly difficult and is well
suited to assess the algorithms’ performance.

The first algorithm A3 is able to localize the beacon dur-
ing the first, closely spaced trajectory positions. However, as
visible in Fig. 8, which shows the deviation per measurement,
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FIGURE 9. Localization results for a complex trajectory the two evaluation
algorithms A10 and A10it .

A3 diverges at step 29. In comparison, A5 includes antennas
2 and 3 to prevent ambiguity issues, yielding approximately
the same accuracy as A3 at the beginning, but allows reli-
able tracking over the full trajectory. Algorithm A10, which
evaluates the phase measurements of all antennas in a single
iteration to increase measurement sensitivity, provides highly
accurate localization results during the first steps. However,
A10 diverges at step 22 due to ambiguous measurements at the
distant antennas 8, 9, and 10. To prevent this, A10it performs
three iterations to successively include more antennas, thereby
enabling highly accurate localization throughout the whole
trajectory and yields a RMSE of 5.7 mm.

To further illustrate the capabilities of the IHEKF, a sec-
ond trajectory, consisting of kmax = 121 positions, is driven,
which strongly differs from the constant velocity model. For
the sake of clarity, only the results of A10 and A10it are shown
in Fig. 9. The corresponding cumulative error distributions are
shown in Fig. 10. Here, A10 struggles when the trajectory
does not match the constant velocity assumption, since this
causes the position prediction to strongly differ from the true
beacon position. The filter does not diverge due to the high
sampling rate. In comparison, A10it can precisely track the
complete trajectory, yielding a RMSE of 9.0 mm.

VI. CONCLUSION
In this paper, the IHEKF was presented, which enables highly
accurate PDOA-based localization using large antenna arrays.
Since virtually no requirements concerning the beacon have
to be met, the IHEKF is particularly suited for accurate local-
ization within existing communication systems such as WIFI,
BT, and 5G/6G. Nevertheless, there remain several open top-
ics for future research. First, an algorithm initialization for an
unknown beacon position is necessary. Different approaches
are possible and optimal candidates should be identified for
specific applications. Furthermore, the IHEKF so far assumes
constant and known noise variances. Hence, an adaptive noise

FIGURE 10. Cumulative distribution of the deviation from the trajectory in
Fig. 9.

estimation would be beneficial in practice, which would also
enable the detection of non-line-of-sight conditions.

APPENDIX
In this Appendix, it is shown that the evaluation of Im − 1
phase differences in the mth array using the preprocessing
matrix Am is sufficient to contain all information about the
beacon’s position.

For this purpose, we use

A′
m =

[
Am

Am,abs

]
∈ RIm×Im , (53)

with Am ∈ RIm−1×Im , which has rank Im − 1 and evalu-
ates Im − 1 phase differences, and Am,abs ∈ R1×Im , which
evaluates one absolute phase. For example, A′

m might be

A′
m =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 · · · 0 −1
0 1 0 · · · 0 −1
0 0 1 · · · 0 −1
...

...
...

. . .
...

0 0 0 · · · 1 −1
0 0 0 · · · 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

. (54)

This yields(
��ϕm,k

−ϕ′
mi,k

)
= mod′

2π

(
A′

m�ϕm,k
)

= mod′
2π

⎛
⎜⎜⎜⎝A′

m

⎛
⎜⎜⎝

ϕm1,k
...

ϕmI ,k

⎞
⎟⎟⎠ +

⎛
⎜⎜⎜⎝

0
...
0

−ϕmix,m,k

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠

(a)= A′
m

⎛
⎜⎜⎝

ϕm1,k
...

ϕmI ,k

⎞
⎟⎟⎠ +

⎛
⎜⎜⎜⎝

0
...
0

−ϕmix,m,k

⎞
⎟⎟⎟⎠ +

⎛
⎜⎜⎝

d1 · 2π

...

dIm · 2π

⎞
⎟⎟⎠ ,

(55)
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where at (a) the mod′
2π is rewritten as an addition of di · 2π ,

with di chosen, so that the result is mapped to (−π, π ]. Since
this is an affine transformation (linear transformation followed
by a translation) with full rank, no information is lost. While
in the first Im − 1 rows the unknown phase ϕmix,m,k is short-
ened, ϕmix,m,k is subtracted in the last row. However, ϕmix,m,k

is unknown and, hence, the last row does not contain any
information about the beacon’s position and can be omitted.
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