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ABSTRACT This paper presents a connectivity analysis of reconfigurable intelligent surface (RIS) assisted
terahertz (THz) wireless systems. Specifically, a system model that accommodates the particularities of THz
band links as well as the characteristics of the RIS is reported, accompanied by a novel general end-to-end
(e2e) channel attenuation formula. Based on this formula, we derive a closed-form expression that returns the
optimal phase shifting of each reflection unit (RU) of the RIS. Moreover, we provide a tractable e2e channel
coefficient approximation that is suitable for analyzing the RIS-assisted THz wireless system performance.
Building upon the aforementioned approximation as well as the assumption that the user equipments are
located in random positions within a circular cluster, we present the theoretical framework that quantifies
the coverage performance of the system under investigation. In more detail, we deliver a novel closed-form
expression for the coverage probability that reveals that there exists a minimum transmission power that
guarantees 100% coverage probability. Both the derived channel model as well as the coverage probability
are validated through extensive simulations and reveal the importance of taking into account both the THz
channel particularities and the RIS characteristics, when assessing the system’s performance and designing
RIS-assisted THz wireless systems.

INDEX TERMS Channel modeling, connectivity analysis, coverage probability, reconfigurable intelligent
surfaces, terahertz wireless systems.

NOMENCLATURE RU Reflection Unit

3D Three Dimensional RX Receiver

6G Sixth Generation SNR Signal-to-Noise-Ratio

AF Amplify-and-Forward THz Terahertz

AHBF Azimuth Half-Power Beamwidth X Transmitter

AP Access Point UE User Equipment

CDF Cumulative Distribution Function

e2e End-to-End 1. INTRODUCTION

EHPB Elevation Half-Power Beamwidth According to the international telecommunication union
HITRAN  HIgh Resolution TRansmission AbsorptioN (ITU), the global mobile traffic is expected to continue its
ITU International Telecommunication Union exponential growth, reaching 5 zettabytes per month by
LoS Line-of-Sight 2020 [1]. This increase is driven by emerging data rate hun-
PDF Probability Density Function gry applications, like virtual, augmented and extended re-
PL Path-Loss ality, virtual presence by means of holographic projection,
RIS Reconfigurable Intelligent Surface autonomous vehicles, and others [2]-[4]. Looking forward to

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/

94 VOLUME 2, 2021


https://orcid.org/0000-0001-8345-0872
https://orcid.org/0000-0001-9036-0306
mailto:al.boulogeorgos@ieee.org

EEE

IEEE Open Journal of

Vehicular Technology

the sixth generation (6 G) era, two main approaches have
been identified as candidate technology enabler to support
these unprecedented traffic demands [5], [6]. The first one
is to exploit higher-frequency bands, with emphasis to the
terahertz (THz) [7]-[14], while the second one lies to the
use of reconfigurable intelligent surfaces (RISs) capable of
alternating their electromagentic properties and thus devising
a beneficial wireless propagation environment [15]-[20].

Scanning the technical literature, we can observe a fast
growing research effort on analyzing, optimizing, design-
ing, developing and demonstrating wireless THz systems
[21]-[38]. In more detail, in [21] and [22], Jornet et. al used
radiative transfer theory to extract a propagation model for
nano-scale THz communications, while, in [23], Yang et. al
presented a channel model for body-centric THz nano-scale
networks. Moreover, in [25], the authors reported a simpli-
fied path-loss (PL) model for the 275-400GHz band. This
work was extended in [26], in order to include the impact of
secondary reflections, and it was used as a basic propagation
model for several works that analyze the wireless THz system
performance, such as [27]-[30], and propose physical and/or
medium access control strategies, like [31]-[33]. Meanwhile,
in [34], the authors introduced a PL. model for nano-sensor
THz networks for plant foliage applications, while, in [35],
a propagation model for intra-body nano-scale communica-
tions was proposed. Moreover, in [36], the authors presented
a multi-ray THz propagation model. Likewise, in [37], the au-
thors revealed and quantified the detrimental effect of block-
age in THz wireless systems, whereas, in [38], the authors
presented a testbed for THz communications in the 275 to
325 GHz. Additionally, in [39], the impact of human blockage
in low-THz wireless systems was discussed. Similarly, in [40],
the authors performed coverage analysis in THz wireless sys-
tems that experience blockage. Finally, in [41], the authors
evaluated the effect of blockage in the association process in
THz wireless systems.

All the aforementioned contributions agree that line-of-
sight (LoS) channel attenuation and blockage are the main
limiting factors of THz wireless systems. To break the barriers
set by blockage, recently, some research works proposed the
use of RIS [6], [16]-[19], [42]-[47]. In particular, in [6],
[18], and [19], the authors explained how RIS can be used
to mitigate the impact of blockage and introduced the idea of
reflected LoS links. In this direction, in [42], the authors con-
ducted an asymptotic uplink ergodic capacity study, assuming
that the transmitter (TX)-RIS and RIS-receiver (RX) channels
follow Rician distribution, whereas, in [16] and [17], the opti-
mization framework for the maximization of the RX received
power was presented. Similarly, in [43] the joint maximiza-
tion of the sum-rate and energy efficiency was studied for a
multi-user downlink scenario, in which connectivity was es-
tablished by means of reflected LoS. Additionally, in [44], an
error analysis was performed for RIS-assisted non-orthogonal
multiple access networks. Moreover, in [45], di Renzo et.
al highlighted the fundamental similarities and differences
between RISs and relays. In the same direction, in [46], the
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authors compared the performance of RIS-assisted systems
against decode-and-forward relaying ones in terms of energy
efficiency, while, in [47], the authors conducted a performance
comparison between RIS and amplify-and-forward (AF) re-
lays in terms of average received signal-to-noise-ratio (SNR),
outage probability, diversity order and gain, symbol error rate
and ergodic capacity, which revealed that, in general, RIS-
assisted wireless systems can outperform the corresponding
AF relaying ones. Finally, in [48], the impact of hardware
imperfections in RIS-assisted wireless systems was quantified
in terms of outage probability and diversity order.

To the best of the authors knowledge, there are only a
few published works that examine the use of RIS in THz
wireless systems [49]-[52]. In [49] and [50], although the
directional nature of the THz links was taken into account,
the PL characteristics of the transmission path were neglected,
while, in [52], the design characteristics of the RIS as well as
its functionality were not taken into account. Finally, in [51],
the impact of molecular absorption loss was ignored, despite
of its paramount importance in the THz band, which was high-
lighted in several previous contributions (see e.g., [27], [33],
[53], [54] and reference therein). The main reason behind this
is the lack of tractable channel model for RIS-assisted sys-
tems operating in the THz band that accommodates both the
building blocks of such systems and the particularities of the
THz band. In more detail, this model should take into account
the transceivers’ antenna gains as well as their position in
respect to the RIS position, the transmission frequency, the
characteristics of the reflection units (RUS), namely number
and dimensions of reflection elements, reflection coefficients,
antenna patterns and phase shifts of each one of the RU, as
well as the environmental conditions, while being tractable
in order to become a useful tool for analyzing the perfor-
mance of such systems. Motivated by this, this paper focuses
on covering this gap by providing a low-complexity channel
model that takes into account the particularities of the THz
propagation medium as well as the physical characteristic of
the RIS. Building upon this model, we present a comprehen-
sive system model for RIS-assisted THz wireless systems that
support broadcasting and we conduct coverage analysis that
reveals their limitations. Specifically, the contribution of this
paper is as follows:

® We provide a system model for RIS-assisted THz wire-

less communications and we employ electromagnetic
theory tools to derive a general expression for the end-to-
end (e2e) channel attenuation. This expression takes into
account not only the access point (AP)-RIS and RIS-user
equipment (UE) distances, but also the RIS size, the
radiation pattern and the reflection coefficient of the RIS
unit cell, the AP and UE antenna gain, the transmission
frequency, as well as the environmental conditions. Note
that they have been two already published contributions
that provided the e2e pathloss in RIS-assisted wireless
sytsems [55], [56]. However, both [55] and [56] refer to
low frequency band communications; thus, they neglect
the impact of molecular absorption loss.

95



A. BOULOGEORGOS AND ALEXIOU: COVERAGE ANALYSIS OF RECONFIGURABLE INTELLIGENT SURFACE ASSISTED THZ WIRELESS SYSTEMS

® Building upon the channel attenuation expression, we
provide a simple closed-form expression that determines
the phase shift that each RIS element should impose in
order to steer the beam radiated from the RIS towards a
desired direction.

® Next, we present a tight channel coefficient approxima-
tion that enables the performance analysis of the RIS-
assisted THz wireless system.

e Based on the channel coefficient approximation, we
present the theoretical framework that returns the cu-
mulative distribution function (CDF) of the e2e channel
coefficient of the RIS-assisted THz wireless system. In
more detail, we consider a RIS-assisted downlink sce-
nario in which a single AP broadcasts to a number of
UEs that are located in random positions within a cir-
cular cluster of radius equals to the one of the RIS to
center of the cluster footprint, and we obtain closed-form
expressions for the e2e channel coefficient CDF.

¢ Finally, we use the e2e channel statistics to extract an
insightful closed-form expression for the coverage prob-
ability.

The rest of the paper is structured as follows: Section II
focuses on presenting the system and channel model accom-
panied by the latter’s tight approximation, while Section III
presents the statistical analysis of the e2e channel coefficient
as well as the closed-form expression for the coverage prob-
ability. Numerical results verified by respective simulations
and accompanied by quantitative assessment are reported in
Section IV. Finally, closing remarks and key observations of
this work are summarized in Section V.

Notations: The operator | - | respectively denotes the abso-
lute value, whereas exp(x) stands for the exponential function.
Additionally, +/x returns the square root of x, while sin(-),
cos(+), sin~1(+), cos~1(-) and sinc(-) respectively denote the
sine, cosine, arc sine, arc cosine, and sinc functions.

Il. SYSTEM & CHANNEL MODEL

In this section, we present the system model and we extract
general formulas and approximations for the e2e channel co-
efficient. It is organized as follows: Section II-A presents the
system model, while Section II-B reports the channel model.

A. SYSTEM MODEL

As illustrated in Fig. 1, we consider the downlink scenario
of a RIS-assisted wireless THz system, in which a single AP
serves N, UE, that form a circular cluster with center O’(0, 0)
and radius r., through a RIS. Moreover, it is assumed that,
due to blockage, no direct link between the AP and UEs can be
established. The AP and the n,—th UE, withn, € {1, ..., Ny}
are equipped with high directional antennas of gains G4p and
G,,, respectively, which point at the center of the RIS. The
RIS consists of M x N orthogonal unit cells of dimensions d,
and dy and it is assumed that it has knowledge concerning the
position of the center of the cluster and its radius. Moreover,
the AP can use different codebooks in order to adjust its
beamwidth and focusing point in the RIS. Based on the the
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FIGURE 1. System model.

used codebook different size of the RIS, i.e., different number
of RUs are employed. This allows the system to adjust the RIS
main lobe footprint in order to equal the cluster radius. Notice
that this functionality require that the cluster size is known to
the AP. A three dimensional (3D) Cartesian system is defined
with its center being at the center of the RIS and the RIS to
be at its x-y plane. Hence, the position of the RU, U4, , can be
obtained as

1 1
dm,n = (l’l — 5) dxXO + (m — E) dyyo + OZO, (1)

with n € [1 — % %’] and m € [1 — %4 %]. Also, X,, ¥,, and

Z, stand for the unitary vectors at the x, y, and z direction, re-
spectively. Let, 6;, , and 6, be the elevation angle from the
(m, n) RU, Uy, ,, to the AP and to the n,—th UE, respectively,
while ¢}, , and ¢;, , . stand for the corresponding azimuth
angle. Finally, we use [}, , and ., to respectively define

the distances from AP to the U, , RU and the one from the
Umn.n RU to the n,—th UE.

B. CHANNEL MODEL
In this section, we assume that the distance between the center
of the RIS and the n,,—th UE is known, and we evaluate the
received power at the n,— th, we identify the optimal phase
shift of each U, , in order to steer the RIS-generated beam to
a desired direction, and we obtain the channel coefficient as a
function of the RIS specifications and THz-specific character-
istics.

For a given n,—th UE position, the following theorem re-
turns the received power at the n,,—th UE.

Theorem 1: The received power at the n,-th UE can be
evaluated as

Pr = Lm,PAP’ (2)
where L, can be expressed as in (3)

dy\?[RIPU" (0, $) U (0, ¢) G
64m3d}d}

L, = M*N? s
ny —

sinc? (% (sin (6;) cos (6;) + sin (0,) cos (¢,) + ¢1) dx)
sinc? (% (sin (6;) cos (6;) + sin (6,) cos (¢,) + 1) dx)
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sinc? (% (sin (6;) sin (¢;) + sin (6,) sin (¢) + £2) dy) I () =1ijpn(ap+13), (13)
sinc? (% (sin (6;) sin (¢;) + sin (6,) sin (¢;) —i—{g)dy) J(w) = G +j2)2, (14)
x exp (—x(f) (d1 +dy,)) 3) K () = ki (kape + k3). (15)
In(3), L(w = (hu+h), (16)
0 (n _ _> di+ o (m - %) ay="0m ) M () = mya (mage + m3), (17

T
and N ()= (mp+n)*, (18)
G, = GapGG,,. (5) R(u, )= (rz +r3f™), (19)

Additionally, ¢, , and |R| are respectively the controllable
phase shift and the absolute value of the reflection coefficient
introduced by the (m, n) RU, while U" (0, ¢), U (0, ¢) and G
are the normalized received, the normalized transmitted power
ratio patterns and the unit cell gain, respectively. Moreover, d|
and d,,, represents the AP to the center of the RIS distance and
the one from the center of the RIS to the n,-th UE. Meanwhile,
0; and ¢; are respectively the elevation and the azimuth angles
from the center of the RIS to the AP, while 6, and ¢, respec-
tively denotes the elevation and the azimuth angles from the
center of the the RIS to the center of the cluster. Finally, in (3),
k (f) stands for the molecular absorption coefficient and can
be obtained as in (6), [54].!

A(p) C(n)
k(f)= 5 2
B(M) + (IOOL 6]1) E (/’L) + (1006 CIZ)
F () I ()
+ 2 2
G(n)+ (10()C q3) J () + (lOOc q4>
K (n) M ()
+ 2 2
L)+ (]OOc CI5) N () + (IOOL - C]6)
+R(u, ) (6)
In (6),
A(pw)=a (1 —p)(ax (1 —p)+az), @)
B(u)= (bi (1 — )+ by)?, (8)
C(u) =ciu(c2p +c3), )
E ()= (e1n+dr)*, (10)
F(u)= fin(fap+ f3), (11)
G(n) = (g1n+ )7, (12)

'In order to compute the molecular absorption coefficient, radiative trans-
fer theory [57] and the high resolution transmission molecular absorption
(HITRAN) database [58] are widely used. However, since, in practice THz
wireless systems are expected to operate in the 100—500 GHz band, we
employ a simplified model for this band, which was introduced in [25] and
then extended in [54]. Note that this model, although it is a theoretical one,
is heavily based on the HITRAN database, which contains experimental data.
In other words, it has been verified by experimental data.
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with a; = 5.159 x 10—5, ay = —6.65 x 1075, a3 = 0.0159,
by = —2.09 x 1074, by =0.05, ¢ =0.1925, ¢; = 0.135,
c3 =0.0318, e; = 0.4241, e, = 0.0998, f1 = 0.2251, f>, =
0.1314, f3 =0.0297, g1 = 0.4127, g» = 0.0932, i} = 2.053,
ip =0.1717, i3 = 0.0306, j; = 0.5394, j» =0.0961, k; =
0.177, ko = 0.0832, k3 = 0.0213, [; = 0.2615, I, = 0.0668,
my = 2.146, my = 0.1206, mz = 0.0277, n; = 0.3789, ny =
0.0871, r; =0.0157, r, =2 x 107%, r3 =0.915 x 1072,
r4s =9.42, q1 =3.96, ¢o =6.11, g3 = 10.84, g4 = 12.68,

= 14.65, and g6 = 14.94. Moreover, c is the speed of light,
and p is the volume mixing ratio of the water vapor and can
be obtained as

P4 (T — pe) ) ’ 20)

u = p1(p2+ p3P)exp <—
T +ps—pe

where p; = 6.1121, p, = 1.0007, p3 = 3.46 x 1078, py =
17.502, ps = 240.97°K, and pe = 273.15°K. Furthermore,
T stands for the air temperature, and P is the atmo-
spheric pressure.
Proof: Please refer to Appendix A. |
Remark I: To steer the beam at the desired direction 6, =

0, and ¢, = ¢,, the parameters ¢| and ¢, should be

¢1 = — (sin (6;) cos (¢;) + sin (6,) cos (pp))  (21)
and

{2 = — (sin (6;) sin (¢;) + sin (0,) sin (¢,)) . (22)

In this case, based on (4), the phase shift of the (m, n) element
can be obtained as in (23),

2
b = : (n - —) (sin (6;) cos (6;) + sin (6,) cos (¢y))
2
dy — - <m - —) (sin (6;) sin (8;) + sin (6,) sin (¢,)) dy
(23)
In this case, according to (3), the maximum path-gain is
Lmax M2N2 dxdy)‘2|R|2Ur (90’ ¢0) U’ (00, ¢0) G,
" 64r3d?d},
x exp (—« () (di +dy,)) - (24)
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From (24), the channel gain of the received signal at the n,,
UE at a specific distance d,,, can be expressed as

VadxdyMRIU (6;, 61) U' 6y, $) Gy
873/2d,d,,

hy, = MN

1
X exp <—§K(f) (i + dm,)> : (25)
The following Lemma returns a tight approximation of the
channel coefficient.
Lemma 1: For realistic scenarios, the channel coefficient
can be tightly approximated as
B, = !

Ny

X, (26)

where

s MwadyMRh/U' (0o, $0) U™ (6;, 1) Gk (f)
T 167T3/2d1

X exp (—%K(f)d1> . 27
and
2
X = -1 28
K(f)di’lu ( )

Proof: From (25), the equivalent e2e channel coefficient
can be rewritten as

b, =My, V. (29)

where
exp (— 3k (f)dn, )
V=2
jK(f)dnu

Next, by taking into account that, in practice, k(f) << 0.1
and by applying the Maclaurin series of the exponential func-
tion [59] in (30), ) can be tightly approximated as

(30)

VA X 31)

Finally, by substituting (31) into (29), we obtain (26). This
concludes the proof. |

1Il. PERFORMANCE ANALYSIS

This section is focused on presenting the theoretical frame-
work for the quantification of the coverage performance of the
RIS-assisted THz wireless system. In particular, Section III-A
present a closed-form expressions for the CDF of the e2e
channel coefficient, whereas, Section III-B, builds upon this
expression and extract a novel closed-form formula for the
coverage probability.

A. STATISTICAL ANALYSIS OF THE CHANNEL COEFFICIENT

We assume that the RIS is placed at height Lg from the n,—th
UE and that it targets at (¢,, 6,). In the far-field, the euclidean
distance between the center of the RIS and the n, UE can be
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approximated as

dy, =~ d —1y,, cOs (9,,14) , (32)

where d is the euclidean distance between the center of the
RIS and the center of the cluster, ry, is the distance of the
n, UE from the center of the cluster and 6, is the physical
direction of the n, UE with respect to the coordination system
defined by the center of the cluster. Note that the UE location
is uniformly distribution in a disc of radius r,; hence, the
probability density function of r,, can be obtained as
2r .
S, () = ok with r € [0, r.].

e

(33)

Moreover, 6,, can be modeled as a uniform distribution with
probability density function (PDF) that can be expressed as

1
Jo, (x) = —, withx € [0, 27]. (34)
u 27.[

Finally, note that r,, and 6, are independent.
The following theorem returns the PDF and the CDF of the

random variable
Z =ry,, cos (Gnu) . 35)

Theorem 2: The PDF and CDF of X" can be respectively

obtained as
2/ rg —x2

fz(x) = 5— Withx € [—re, re] (36)
Trs
and
0, X = —re
2_y2
Fz(x) = %—i— %x ;ez = 4+ 2sin”! (f—e) e <X < Tp-
1, X =T,
(37
Proof: Please refer to Appendix B. |

The following theorem returns the CDF of d,,,,.
Theorem 3: The CDF of d,,, can be expressed as in (38),
given at the top of the next page.

0, x<d-—r,
|1 d=0y/2—d=x?
Ry =127 dmresxsntd
—2sin~! (dr;ex) ,
1, x>d+r,
(38)
Proof: Please refer to Appendix C. |

The following theorem returns the CDF of the e2e channel
coefficient, assuming that the UE is located within the maxi-
mum path-gain region.”

2 As maximum path-gain region, we define the area in which the following
condition holds: |Ly, /Ly™| < €, where € stands for the maximum acceptable
path-gain reduction in comparison with L;**.
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Theorem 4: Assuming that the UE is located within the
maximum path-gain region, the CDF of the e2e channel co-
efficient can be obtained as in (39),

P2 _
0. x<h (zrEms - 1)
(d— 2hnul )rg—(d— 2hnul »
L () (b, ) () (b, )
27T r2
oy
P =1 et | 500 |

Te

1 2 1 2
h, (K(f)(d+re) B 1) =x=h, (K(f)(d—re) -

! 2
L, Xz, \epia=ro ~ 1)
(39)
Proof: Please refer to Appendix D. |

B. COVERAGE PROBABILITY

As coverage probability, we define the probability that the
received power at the n,—th UE that is within the maximum
path-gain region, to be above a predetermined threshold P,
ie.,

Pe=Pr (P = P lre =ru), (40)

where r;; denotes the radius of the maximum path-gain re-
gion. Note that different applications require different levels
of minimum achievable spectral efficiency, which can be de-
fined as

P
C = log, (1 + #) , @1

o

where N, stands for the noise power. Thus, for a spectral
efficiency requirement, Cy, the received power should be at
least equal to P,;,. Hence, (41) can be rewritten as

P,
Cun = log, (1 + ﬂ) : 42)
No
or equivalently
Py = (25" — 1) N, 43)

The following theorem returns a closed-form expression for
the coverage probability.
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)

Theorem 5: The coverage probability can be obtained as
in (44),
2

I, Pyp

12 2
Py < (hy,) (:«(f)(d+r,h> - 1)
21

d— ny
K(f)(

2
21
— r’Zh_ d—+
Lth gl Lth gl
PAP+h"”> \ K(f)( PAP+h"”)
!
g 21,

— TN
K(f)(,/ #MLM)

Tth

I—
=
9

= —2sin~!

2
12 2 1 \2
(hnu) (K(f)(d+r,h) - 1) PAP S Pth S (hnu)
2
2
(K(f)(d—’zh) - 1) Pap

)2 2
P = () (K(f)(d*"th) B

2
0, 1) Pap

(44)
In (44),

(45)

T
otherwise, P, = 0.
Proof: Please refer to Appendix E. |
Remark 2: From Theorem 5, it becomes evident that in or-
der to achieve a coverage probability that equals 1, a minimum
transmission power, which can be evaluated as

5 -2
1) , (46)

Pmin - P (hl >_2 _
A ) k() @ + )
should be used.

IV. NUMERICAL RESULTS & DISCUSSION

In this section, we report numerical results, accompanied by
related discussions, which highlight the effectiveness of RIS-
assisted THz wireless systems, reveals their limitations as well
as the relationship with the system parameters and perfor-
mance. In this direction, unless otherwise stated, we inves-
tigate the following insightful scenario. We consider standard
environmental conditions, i.e., relative humidity 50%, atmo-
spheric pressure 101325 Pa, and temperature 296°K. The AP
transmission antenna gain is 50 dBi, which according to [30],
[60], [61] is a realistic value for THz wireless systems, while
the UE received antenna gains are 20 dBi. The antenna pattern
of the RUs is described by [62], [63]

_fcos(®), 6 €[0,%]and ¢ € [0, 27]
U®.¢)= { 0, otherwise. 47)
Thus, G can be obtained as
2 z
G = / / U (0, ¢)sin (0)dode, (48)
0 0

which by substituting (47) and performing the integration
returns G = 4. Moreover, |R| is set to 0.9, which is in-line
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with [64]. The cluster radius can be obtained as

1
Ve = d sin (EQHP) s

where 6pp stands for the azimuth half-power beamwidth
(AHPB) of the RIS. Finally, without loss of generality, we
assume that N, = 1. Of note, in what follows, we use contin-
uous lines and markers to respectively denote theoretical and
simulation results. Additionally, we employ the finite element
method (FEM) in order to verify the channel model. Notice
that this approach has been previously used in several pub-
lished contributions (see e.g., [65], [66] and reference therein),
due to its capability to accurate model electromagnetic prop-
agation mechanisms. Finally, respective Monte Carlo simula-
tions are employed to verify the coverage probability theoret-
ical framework.

In Fig. 2, the PL is demonstrated as a function of the RU
to the center of cluster distance for different values of trans-
mission frequency and M = N, assuming that d; = 1 m and
that the optimal phase shifts are performed by each RU of
the RIS. In this figure, continuous lines are used to represent
the PL derived by (24), while dashed lines are employed
to denote the PL approximation, which is evaluated accord-
ing to (26). Finally, markers denotes FEM-based simulations.
We observe that the PL approximation perfectly match the
analytical frameworks; thus, the approximation framework
is verified. Moreover, both the analytical and approximated
results concise with the simulations, which verifies the PL
evaluation framework. As expected, for fixed f and M =
N, as d increases, the PL also increases. For instance, for
f =300 GHz and M = N = 100, the PL increases by about
20 dB, as d changes from 1 to 10 m. Moreover, for given
d and M = N, as f increases, the PL also increases. For
example, for M = N = 10 and d = 10 m, the PL increased
by approximately 10 dB, as f increases from 100 to 300 GHz.
Finally, we observe that, for fixed f and d, the PL decreases

(49)

100

as the number of RUs increases. For instance, for d = 10 m,
and f = 100 GHz, the PL decreases by approximately 40 dB,
as the M = N increases from 10 to 100.

Figure 3 demonstrates the e2e PL as a function of the
n, — th UE direction, for different size of RIS, assuming that
dy = d,, = 1 m, the transmission frequency, f = 100 GHz,
dy =dy, =03 mm, |R| = 0.9, Gap = 50 dBi, G, = 20 dBi,
;i = 7. ¢i =, and no phase shifting is introduced by any
RU. Of note the results presented in this figure has been
verified by FEM-based simulations. However, for the sake
of readability no markers have been placed. Notice that this
special case can be considered as RIS performance benchmark
and it represents scenarios in which the direction of the n,—th
UE is unknown to the RIS. Figure 3.a illustrates the e2e PL as
a function of ¢,, for different number of M = N, and 6, = 7.
From this figure, we observe that, for given M = N, the PL is
minimized for ¢, = 0°. This is in-line with (3) and (4), where,
for the special case in which ¢, , = 0, it can be extracted
that ¢ = ¢ = 0 and that, for 6;#2km, ¢p;#2km, and 0,72k,
with k integer, the path-gain is maximized for ¢, = 2km.
Moreover, it becomes apparent that as M = N increases, the
minimum PL decreases. For example, for M = N = 10, the
minimum e2e PL equals 42.83 dB, while, for M = N = 10,
it is 2.83 dB. However, as the RIS size increases, the azimuth
AHPB decreases. For instance, for M = N = 10, the AHPB
is approximately equal to 74, which results to a cluster with
radius that is equal to 0.6 m whereas, for M = N = 100, it
is about 8%, which result to a cluster radius of 7 cm. This
indicates that as the RIS size increases, or equivalently as
the number of the used RUs increases, the size of the cluster
that can be served, decreases. Of note, from (49), it becomes
evident that as d increases, r, also increases. For example,
for d = 10 m, in the case in which M = N = 100, the cluster
radius becomes equal to 0.7 m, while, in the case in which
M = N = 10, it is equal to 6 m. Similarly, Fig. 3.b depicts the
e2e PL as a function of 6,, for different number of M = N,
and ¢, = %. Again, as the RIS size increases, the minimum
PL and the elevation half-power beamwidth (EHPB) decrease.
Meanwhile, Fig. 3.c presents the PL as a function of ¢,
for 6, = 7, assuming that 6, = 7 /6, ¢, = 7 /3 and that the
phase shifting of each element is provided according to (23),
whereas, in Fig. 3.d, the corresponding PL against 6,, for
¢, = T is depicted. By comparing Fig. 3.a with Fig. 3.c
and Fig. 3.b with Fig. 3.d, we observe that by imposing ap-
propriate phase shifting to each RIS RU, the PL pattern is
rotated in order to achieve the minimum PL at the desired
direction.

In Fig. 4, the PL is presented as a function of the n, —th
UE direction, for different transmission frequencies, assuming
that di =dpy, =1m, dy =dy, =03 mm, |[R| =0.9, Gap =
50 dBi, G,y =20 dBi, 6; = I, ¢; =7, 6, = 7 /6, and ¢, =
7 /3. As expected the minimum PL is observed for ¢, = /3.
Moreover, it is apparent that for a fixed ¢, as the transmission
frequency increases, the PL also increases. Finally, we ob-
serve that as the transmission frequency increases, the AHPB
decreases.
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FIGURE 4. PLvs ¢, for 6, = Z, 6, = n/6, ¢, = /3, and different values
of f.

¢i = 2, di = d,, = 10 m, and d; = dy = 0.3 mm. The the-
Figure 5 depicts the PL as a function of f for different val-  oretical results perfectly match the simulations, verifying the

ues of M = N, assuming that 6; = 0, =60, = ¢, = ¢, = %, proposed channel model. From this figure, it is revealed that
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f = 450 GHz.

there exists two frequency regions, the first one from 370 to
390 GHz and the second one from 430 to 455 GHz, in which
the PL is maximized. This is due to water molecules reso-
nance. In other words, from 100 to 500 GHz, there exists three
transmission windows; the first one from 100 to 365 GHz, the
second one from 375 to approximately 430 GHz, and the third
one from 460 to 500 GHz. Outside these regions, for fixed
M and N, as the transmission frequency increases, the PL
also increases. For example, for M = N = 20, as f increases
from 100 to 300 GHz, the PL increases for about 10 dB.
Finally, it is observed that, for a given transmission frequency,
as the RIS size increases, the PL decreases. For example,
as M = N increases from 10 to 100, the PL decreases for
about 40 dB.

In Fig. 6, the PL is plotted as a function of the atmo-
spheric temperature and relative humidity, for different val-
ues of f, assuming M =N =100, d; =1 m, d,, = 10 m,
dy =dy =~ 0.3 mm, 6; =45°, ¢; = 180%, and 0, = 6, = ¢, =
¢, = 45°. In more detail, in Fig. 6.a, f is set to 100 GHz,
while, in Fig. 6.b, it equals 200 GHz. Likewise, in Fig. 6.c, f
is 300 GHz, whereas, in Fig. 6.d, the transmission frequency
is set to 380 GHz, which is one of the worst scenarios, since
it is one of the resonant frequencies of water molecules. Fur-
thermore, in Fig. 6.e, the transmission frequency is equal to
400 GHz, while, in Fig. 6.1, it is set to 450 GHz that is one of
the worst scenarios, due to the fact that in this frequency the
molecular absorption in maximized. Notice that, according
to [67]-[69], the frequencies 100, 200, 300 and 400 GHz
are within the THz transmission windows. As expected, for
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FIGURE 7. PL vs temperature and frequency.

a fixed atmospheric temperature, as the humidity increases,
the water molecules increases; thus, the molecular absorption
and the PL increase. For instance, in the worst case scenario
in which f = 380 GHz, for an atmospheric temperature of
273°K, the PL increases by approximately 2 dB as relative
humidity increases from 10% to 90%. On the other hand,
for f = 100 GHz, for the same atmospheric temperature, the
PL increase does not surpass 0.25 dB as the relative humid-
ity changes from 10% to 90%. The aforementioned exam-
ples reveals the importance of taking into account both the
transmission frequency and the atmospheric conditions, when
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evaluating the link budget of of RIS-assisted THz systems.
Similarly, for a given relative humidity, as the atmospheric
temperature increases, the PL also increases. For example,
for f = 380 GHz and a relative humidity equals 50%, the PL
increases by 2 dB as the atmospheric temperature increase
from 270°K to 290°K. On the contrary, for f = 100 GHz,
the same relative humidity, the PL increases by approximately
0.01 dB as the atmospheric temperature increase from 270°K
to 290°K. Moreover, for f = 200 GHz, the same tempera-
ture variation causes a PL increase in the range of 0.05 dB,
while, for f = 400 GHz, it results to 0.5 dB. This indicates
that as the frequency increases the impact of environmental
conditions to the PL become more severe. Finally, from this
figure, it becomes evident that neglecting the absorption loss
would lead to a frequency-dependent PL error in the range of
[0.1, 22.7 dB]. This highlights the importance of taking into
account the molecular absorption loss when evaluating the PL.
and the performance of RIS-assisted THz systems.

Figure 7 illustrates the PL as a function of the air tempera-
ture and the transmission frequency, assuming M = N = 100,
d=1m, d,, =10m, d, =d, ~ 0.3 mm, 0; =45° ¢; =
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1807, and 6, = 0, = ¢, = ¢, = 45°. As expected, for a given
transmission frequency, as the air temperature increases, the
PL also increases. For example, for f = 250 GHz, the PL
increases by about 0.1 dB, as the air temperature increases
from 270 to 320°K. Moreover, from this figure, it is verified
that there exist two frequency regions in which the PL is max-
imized. In these regions, temperature variations cause a more
severe impact on PL. For instance, increasing the air temper-
ature from 270 to 280°K results in 0.02 dB PL increase, if the
transmission frequency is equal to 280 GHz, while, the same
temperature increase cause a 0.5 dB PL increase, when the
transmission frequency is set to 383 GHz. This indicates the
importance of taking into account the air temperature and its
variations, when selecting the transmission frequency.

Figure 8 presents the coverage probability as a function of
Pap/P;y, for different values of f, M = N and d, assuming
that ¢; =, ¢, =0, and 6, = 0, = %. From this figure, we
observe that the analytical results coincide with the simula-
tions, verifying the derived expressions. Moreover, for given
f, M =N and d, as PA” increases, the coverage probability
also increases. For example for f =200 GHz, M =N =10
and d = 5 m, P, increases from 12.6% to 60.5%, as PAp/P,h
increases from 50 to 55 dB. Meanwhile, for fixed d and AP
although, as the RIS size increase, r;;, decreases, the path-
gain increases; hence, the P, also increases. For instance,
for f =200 GHz, d = 5 m and £ = 40 dB, as M = N in-
creases from 10 to 50, r;;, decreases from approximately 6.02
to 2.59 m; however, P, increases from 0 to 1. Additionally,
we observe that for given RIS size and AP , as d increases,
P, decreases. Finally, by comparing Flgs 8 a-c, it becomes
apparent that for given % M =N and d, as f increases,
the P, decreases. For example for M =N =50,d = 15 m,
and PA]P = 25 dB, P, reduces from 1 to 0 as the transmission
frequency changes from 100 to 300 GHz.

Figure 9 depicts the coverage probability as a function

of the transmission frequency, for different values of %,
assuming M =N =100, ¢; =7, ¢, =0, 6; =0, = T and
d = 15 m. As expected, for a given PA—P, as the transmis-

. . - Py
sion frequency increases, the PL increases; thus, the coverage
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probability decreases. Likewise, for a fixed transmission fre-
quency, as }1)3”‘—” increases, the received power increases; as a
result, the coverage probability also increases. For example,
for a transmission frequency that is equal to 250 GHz, as 1;;‘:
increases from 40 to 50 dB, the coverage probability increases
from O to 1. Finally, from this figure, it becomes evident that as
1;;"” increases, the range of frequencies for which the coverage
probability equals 1 increases.

Figure 10 presents the coverage probability as a function
of d, for different values of P4p/P,;, RIS size, and a) f =
100 GHz, b) f = 200 GHz, and c) f = 300 GHz, assuming
¢i=m, ¢, =0, and 6; =0, = 1 As expected, for given
transmission frequency, RIS size and A]P , as d increases

104

the average PL increases; thus, the coverage probability de-
creases. For example, for f =200 GHz, M = N = 50 and
I; = 30 dB, the coverage probability reduces from 1 to O,
as d increases from 5 to 10 m. Similarly, for f = 100 GHz,
M =N =50 and PAP =30 dB, P, changes from 1 to 0, as
d increases from 10 to 15 m. Moreover, we observe that by
increasing the RIS size, we can counterbalance the trans-
mission distance restriction. For instance, for f = 200 GHz,
%—: =30dB, and d =20 m, P. increases from O to 1 as
M = N changes from 50 to 100. Likewise, it is observed that
for fixed transmission frequency, RIS size and d, as Pap/P;j,
increases, the coverage probability also increases. For ex-
ample, for f =200 GHz, d = 10 m and M = N = 100, as
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Pap/P;j, increases from 20 to 30 dB, the coverage probability
changes from approximately 40% to 100%. This indicates that
another approach to countermeasure the transmission distance
restriction is to increase the AP transmission power. Finally,
within the same transmission window, for fixed I;ﬁ:—:, M =N,
and d, P, increases as the transmission frequency decreases.
For example, for % =30dB,M =N =100,andd = 40 m,
P, changes from O to 1, as f decreases from 200 to 100 GHz.
This reveals that another approach to increase the transmission
distance is to decrease the transmission frequency.

Figure 11 depicts the coverage probability as a function
of Pyp/P;, and air temperature for different values of f, as-
suming M = N = 100, ¢; = 7, ¢, = 0, and 6; = 6, = 7. As
expected, for a given temperature as Pyp/P,; increases, the
coverage probability increases. Moreover, for a fixed Pap /P,
as the air temperature increases, the PL increases; hence,
the coverage probability decreases. For example, for f =
380 GHz and Pyp/P;;, = 60 dB, the coverage probability de-
creases from 1 to 0, as the air temperature increases from 270
to 300°K. Similarly, for f = 100 GHz and Psp/P;;, = 5 dB,
as the temperature changes from 270 to 280 °K, P, decreases
from 1 to 0. Finally, from this figure it becomes evident that
the minimum transmission power that is required to achieve
a coverage probability that is equal to 1, increases as the air
temperature increases.

V. CONCLUSION

This contribution presented a theoretical framework for RIS-
assisted THz wireless system coverage performance evalu-
ation. In more detail, we described the system model and
we employed electromagnetic theory tools in order to extract
a generalized formula for the e2e path-gain. This formula
revealed the relationships between the RIS specifications,
namely size, number of RIS RUs, RU size and reflection
coefficient, RU’s radiation patterns, as well as phase shift of
each RU, the transmission parameters, such as transmission
frequency AP to center of RIS and center of RIS to UE
distance, AP transmission and UE reception antenna gains,
azimuth and elevation angles from the AP to the center of
the RIS as well as from the center of the RIS to the UE,
and THz-specific parameters, like the environmental condi-
tions that affect the molecular absorption. Building upon this
expression, we determined the optimal phase shift of each RU
in order to steer the RIS-generated beam to a desired direction.
Next, we obtained an exact expression for the e2e channel
coefficient as well as a tight approximation that allows us to
quantify the system performance. Based on this expression,
we first obtained the statistics of the e2e channel, we defined
the coverage probability of the RIS-assisted THz wireless
system and derived a novel closed-form and insightful expres-
sion for its quantification. This expression revealed that there
exists a minimum AP transmission power that can guarantee
a coverage probability of 100%. This minimum AP transmis-
sion power depends not only on the system’s characteristics,
but also on the environmental conditions. Finally, we verified
the accuracy of the theoretical framework through respective
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simulations, which highlighted the dependency between the
transmission power and maximum bandwidth that can be
used in RIS-assisted THz systems. The results highlight the
importance of taking into account the molecular absorption
loss when evaluating the PL and the performance of RIS-
assisted THz wireless systems. Therefore, this work is ex-
pected to contribute on analyzing, simulating, and designing
RIS-assisted THz systems. Moreover, it is expected to play a
key role on devising physical layer and medium access control
algorithms in RIS-assisted THz systems.

The performance analysis of RIS-assisted THz wireless
systems were conducted under the assumptions that (i) the
center of the cluster is perfectly known to the RIS controller,
and (ii) the cluster radius is perfectly known to the AP. It
would be interesting to relax the aforementioned assumptions
and present new evaluation investigation assuming partial
knowledge of the cluster center and radius. Moreover, the fad-
ing characteristics should be taken into account. Motivated by
this, our future effort will focus on the study of RIS-assisted
THz system performance in fading environments under partial
cluster position and radius knowledge. Finally, inspired by
the fact that in several realistic scenarios the users are mobile
and since the proposed path-loss model can be also applied in
this scenario, we intend to provide the theoretical framework
for quantifying the performance of RIS-assisted THz systems
that operate in dynamic environments in which the UEs are
mobile.

APPENDICES

A. PROOF OF THEOREM 1

Since I}, ,, >> A, where A is the wavelength of the transmis-
sion signal, the power of the incident signal into the U, , can
be obtained as

GapPap (
2

i _ t
Pm,n - exp( K(f)lm,n) 47_[ (lrln’n)

B> ¢fn,n) Sus
(50)

where S, stand for the aperture of the RIS unit cell and can be
expressed as

Sy = dydy. 51)

By substituting (51) into (50), we can express the power of the
incident signal as

GapPap

Priz,n = e&Xp (_K(f)lrtn,n) U’ (erln,n7 ¢£n,n) W

xUy.
(52)

Hence, the electric field of the incident signal into U, , can be
written as

(53)

-
En,m -

ZZ(,P,’;M ( .2711,’”)
—exp | —J )\’ R

where Z, is the air characteristic impedance.

105



A. BOULOGEORGOS AND ALEXIOU: COVERAGE ANALYSIS OF RECONFIGURABLE INTELLIGENT SURFACE ASSISTED THZ WIRELESS SYSTEMS

Based on the energy conversation law, the total reflected
signal power by the U, unit cell can be obtained as

Prn = R P (54)
or equivalently
ded
Py, = exp(—x (P}, ) — = Rmal*
4z (I2,,)
x U" (0, s Op.n) GarPap. (55)

By assuming that /,, , ,, >> A, we can obtain the power of
the received signal at the n,, UE from the {4, , RIS unit cell as

Pm,n,nu = eXp (_K(f) (lyln,n + lm,n,nu))
GU" (6;, ¢;) P,
x 90 P LU O 1) S
4 (lm,n,nu)

where §;, is the aperture of the n,-th UE receive antenna and
can be obtained as

(56)

Gy, A2
S = . 57
= (57)
With the aid of (57), (56) can be rewritten as
dxdy)tzUr (91‘7 ¢1) Ut (era ¢r) G|Rm,n|2GAPGnL,
Pm,n,nu = 3 2 2
(4m) (lm,n,nu) (lzn,n)
X exp (_K(f) (l;tn,n + lm,n,nu)) PAP~

As a result, the electrical field of the received signal at the n,
UE from the U, , RIS unit cell can be expressed as

(58)

Em,n,nu - 2Zo S7

Ny

P 2
m,n,ny exp <_]T (lrtn,n + lm,n,l’lu)) ’ (59)

which, based on (58), can be equivalently written as

_ Rm,n\/zzodxdyUr (0, ¢1) U’ (O, ¢r) GGapPap

Em,n,nu -

47 by n lrtn,n

X exp <— <%K(f) + ]%T) (lfnn + lm,,,,,,u)) .
(60)

Then, the total electric field at the n,, UE can be evaluated as

M N
2 2
E' = E
e m,n,my >

m:—%+1 n:—%—kl

(61)

which, by substituting (60) and taking into account that in the

The AP position can be obtained as
r; = dj sin (6;) cos (¢;) X, + dy sin (6;) sin (¢;) ¥,
+ dj cos (0;) z,. (63)

Thus, by employing (1) and (63), the distance between the AP
and the U, , can be obtained as in (64),

2
l,’n,n = ((d1 sin (6;) cos (¢h;) — <n — %) dx>

2 1/2
+ <d1 sin (6;) sin (¢;) — <m - %) dy) + d} cos? (9,))

(64)

By employing the Taylor expansion in (64) and keeping only
the first term, the distance between the AP and the U4, , can
be approximated as

1
Ly 2 di — sin (6;) cos (¢;) (n — E) d,

— sin (6;) sin (¢;) (m — %) dy (65)
Following the same steps, we can prove that
bnng 2 dn, — sin (6,) cos (¢,) (n — %) dy
— sin (6,) sin (¢;) (m — %) dy. (66)

By substituting (65) and (66) into (62), and taking into
account that in practice d, and dy are at the order of 1/10,
while d1, d,, >> X, we can tightly approximate the electric
field at the n,, UE as in (67), as shown at bottom of the next
page. In (67),

,Bm,n =d; —sin (6;) cos (Ch) (n — %) dy
. . 1
— sin (6;) sin (6;) <m — E) dy

+dy, — sin(6;) cos (¢;) (n — %) d,

(68)

— sin (6,) sin (¢;) (m — %) dy.

The received signal power at the n, UE can be evaluated as

2
far-field |R,, »| & |R|, can be equivalently expressed as in (62), P = |Ep,| 5" (69)
as shown at the bottom of this page. 27, ™
¥ 5 1 2
r |R|\/2'ZodxdyUr (eiv ¢1) U’ (er’ ¢r) GGAPPAP - - €Xp (_ (jk(f) + ]Tﬂ) (lytn,n + lm,n,nu) + ]¢m,n)
= i OIS (62)

M

1
N lm,n,nu lm,n

m=—%+1n=-75+1
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which, with the aid of (57) and (67), can be written as
_ ddy W IRPUT 6, ) U' (6, $r) GGapGo, Pap
64713d12d,%u

x exp (—k () (di +dn,)) Iy *. (70)

In (70), y can be evaluated as in (71),

P,

mz—%—i-l n=—7+1
2
X exp JT dl+dn,,_ﬁm,n+2 ¢mn (71)
or equivalently
Y =72, (72)

where y; and y; respectively obtained as in (73) and (74),

N
2
V= Z exp (]2771 (sin (6;) cos (6;) (n — %) d,
n=—%+1
+ sin (6,) cos (¢y) (n - %) d, + é'l)) 73)
M
- 2m (. ) 1
V= Z exp (jT (sm (6;)sin (6;) (m — 5) dy
m=—4+1
+ sin (6;) sin (¢;) (m - %) dy + §2>> (74)

In (73) and (74), ¢; and ¢, are defined in (4). By taking into
account the sum of geometric progression theorem, (73) can
be rewritten as

_exp (—/48) — exp (4 5))

ooz w0 - 7
or equivalently y; = S;?n((%nﬁil))’ or
sinc (2§
V= ﬁ 7o
where
81 = (sin (6;) cos (0;) + sin (6,) cos (p,)) dx + &1 (T7)

By substituting (77) into (76), we get

sinc (2 (sin (6;) cos (¢;) + sin (6,) cos (¢,) + £1) i)

sine (Z (sin (6;) cos (i) + sin (6,) cos (¢,) + 1) dy)
(78)

yi=N

Similarly, (74) can be expressed as

Y sinc (%X (sin (6;) sin (¢;) + sin (6,) sin (¢,) + £2) dy)

sinc (% (sin (6;) sin (¢;) + sin (6,) sin (¢,) + &2) dy) '
(79)

V2 =

Finally, by substituting (78) and (79) into (72) and then
to (70), we obtain (2). This concludes the proof.

B. PROOF OF THEOREM 2

Since 6,, is uniformly distributed with lower and upper
bounds 0 and 27, respectively, cos(6,,) follows arc sine dis-
tribution with lower and upper bounds —1 and 1. Thus, the
PDF of D = cos(8,,) can be expressed as

1

o) = {o‘/:

—-l<y<l1
. (80)
, otherwise

According to [70], since D and r,,, are independent, the PDF
of Z can be evaluated as

Te l
7200 = [, 008 (2) . @8
x| r/r

By substituting (33) and (80) into (81), we can rewrite the
PDF of X as

2 Te r
re=— [ 82)
7”’3 x V2 —x2

which, after performing the integration, can be expressed

as (36).
The CDF of X can be evaluated as
X
Fz(x) = fz(y)dy, (83)

—re

which, with the aid of (36) and after some algebraic manipu-
lations, can be rewritten as

2 [
Fz(x) = ;/ V1 —u2du.
~1

By employing [71], (84) can be written as (37). This con-
cludes the proof.

(84)

oA
E, =~

IR|\/2Z,d dyU" (0;, $i) U (6r, ¢r) GGapPap

4rdyd,,

M=

1
X exp <—§K(f) (d1 + d,,u))

M

N
- 2 A
Z eXp\J— dl + dnu - ﬁm,n + _d)m,n
A 2

(67)

N

m=—%+1n=—75+1
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C. PROOF OF THEOREM 3
From (32), we can obtain the CDF of d,,, as

Fy, (X) = Pr (dy, <x), (85)
or equivalently
Fy,, (x) =Pr (Z>d—1x), (86)
or
Fy,, (x)=1—=Fz(d —x), (87
which, with the aid of (37), returns (38).
D. PROOF OF THEOREM 4
The CDF of the e2e channel coefficient is defined as
Fp,, (x) = Pr (h,,u < x) , (88)
which, based on (26), can be rewritten as
F ()=pr|x<-— (89)
nu hl )
By employing (28), (89) can be expressed as
[
Fy,, (x) =Pr(d,, > W’;h,ﬁ) , (90)
or equivalently
F, (x)=1-Pr|d, SLL“ on
“T k() (e + AL
or
Fy,, (x) =1—Fy, 2, , 92)

“\ k(f) (x—f-hflu)

which, with the aid of (38), returns (39). This concludes the
proof.

E. PROOF OF THEOREM 5
From (40), with the aid of (2) and (26), we can evaluate the
coverage probability as

Py
Po=Pr|hy, < [=—|re=Tu ], 93)
Pyp
or
Py
Pc:thu 5 |Te=Tth | > (94)
Pap

which, by employing (39) gives (44). This concludes the
proof.
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