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ABSTRACT To meet the requirements of beyond 5G networks, the significant amount of unused spectrum
in sub-TeraHertz frequencies is contemplated for high-rate wireless communications. Yet, the performance
of sub-TeraHertz systems is severely degraded by strong oscillator phase noise. We investigate in this paper
the design of digital communications robust to phase noise. This problem is addressed in three steps: the
characterization of the phase noise channel, the design of the optimum receiver, and the optimization of
the modulation scheme. This paper proposes a joint performance and implementation optimization. First,
we address the design of the demodulation scheme for phase noise channels and propose the polar metric,
a soft-decision rule for symbol detection. It is shown that performance gains are achieved for coded and
uncoded systems with valuable complexity reductions of the receiver. Second, we investigate the optimization
of the modulation scheme for phase noise. We demonstrate that using a constellation defined upon a lattice
in the amplitude-phase domain leads to significant performance gains and a low-complexity implementation.
Thereupon, we propose the Polar-QAM scheme with efficient binary labeling and demodulation. Numerical
simulation results show that the proposed modulation and demodulation schemes offer valuable solutions to
achieve high-rate communications on systems strongly impaired by phase noise.

INDEX TERMS Sub-TeraHertz communications, phase noise, maximum likelihood detection, channel esti-
mation, constellation, binary labeling.

I. INTRODUCTION
With a specific demand for wireless connectivity, the cur-
rent exponential data traffic growth will require within few
years data rates above 100+ Gbit/s. To reach this require-
ment additional breakthrough technologies are necessary, and
hence, several key approaches are under investigation, such as
massive multiple-inputs multiple-outputs systems, cell densi-
fication, etc. In particular, the aggregation of more spectrum
is considered as one of the foremost solutions to meet the
requirements of future wireless applications. For these rea-
sons, the interest in wireless communications in frequencies
above 90 GHz is continuously growing [1]. Sub-TeraHertz
(sub-THz) frequencies from 90 to 300 GHz offer a signifi-
cant amount of unused spectrum [2] and therefore represent
a true opportunity to achieve high data-rate wireless com-
munications. Sub-THz communications are contemplated in
order to meet the requirement of both terrestrial and vehicular
beyond 5G networks as described in [3] and [4]. Some of the

contemplated scenarios for sub-THz communications [2] are
high capacity back-hauling, device-to-device communications
and Gbit/s vehicular-to-vehicular communication systems [4].
Nonetheless, additional researches are required to design ef-
ficient and new physical layer algorithms. Traditional tech-
niques cannot be directly transposed to sub-THz bands as
they do not consider the unique features of radio-frequency
(RF) impairments of sub-THz systems. In particular, they
suffer from strong phase impairments due to the poor perfor-
mance of high-frequency oscillators [2], [3]. State-of-the-art
approaches [2] investigate the use of coherent systems to-
gether with channel bonding. This type of architecture needs
to be further combined with signal processing optimization
to mitigate the effects of phase impairments. Therefore, one
challenge to be addressed for sub-THz systems is the design of
robust communications impaired by strong phase noise (PN).

Assuming a PN channel, the performance of sub-THz
communication systems can be improved from both receiver
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and transmitter sides. First, the receiver algorithms may be
adapted to PN channels. An appropriate decision rule for sym-
bol detection is to improve the demodulation performance.
It has motivated extensive work on the design of optimum
decision rules for systems impacted by PN. The optimum
receivers for common PN models are listed in [5]. However,
detectors of the literature present complex definitions mak-
ing the practical implementation challenging, particular when
soft-decision decoding is considered. Current communication
systems are combined with soft-decision decoding known to
improve significantly the demodulation performance. Still,
the computability of probabilistic bit values, namely log-
likelihood ratios (LLR), has rarely been studied in the liter-
ature and should be a prime consideration in this problem.
Second, the performance of communication systems may also
be enhanced through the optimization of the signal constel-
lation for PN. Choosing M points in a two-dimensional space
such that a target function is optimized is a widely investigated
problem. In particular, there exists an extensive amount of
literature on constellation optimization for PN channels. The
following articles are representative of prior work. Research
on constellation optimization for PN has begun fifty years ago
with Foschini in [6] where signal points are selected among
a lattice with a heuristic search to minimize the symbol error
probability (SEP) for Tikhonov PN. More recent works have
exploited powerful numerical optimization algorithms such as
simulated annealing [7] or gradient-search [5] to maximize
the mutual information (MI) or minimize the SEP. The work
in [8] optimizes amplitude-phase-shift keying (APSK) con-
stellations with a simplex algorithm to minimize the SEP for
non-linear PN. The state-of-the-art solution on constellation
optimization for Gaussian PN is proposed in [9]: The spiral
constellation based on a semi-analytical description, i.e. the
modulation points are defined with a closed-form expression
upon an optimized modulation shape parameter. Nevertheless,
most of the constellations proposed in the literature are ef-
ficient but local solutions. These schemes are optimized for
a specific signal-to-noise ratio (SNR) and PN variance, and
thus, does not describe a comprehensive solution. Further-
more, existing solutions are often unstructured which leads
to difficult practical implementation with complex binary la-
beling and demodulation. In contrast to prior work, we in-
vestigate in this paper a joint optimization of communication
performance and implementation on practical systems.

The contributions of this paper are the following. First, we
detail the system model for sub-THz communication systems.
Based on the results of recent measurement campaigns, the
sub-THz propagation channel is described with a line-of-sight
(LoS) model. Moreover, we model accordingly to [10] the
impact of PN with a Gaussian process. Second, we inves-
tigate the design of the optimum demodulation scheme for
the Gaussian phase noise (GPN) channel. We also introduce
the polar metric, a low-complexity detection scheme mini-
mizing the error probability. The proposed detector achieves,
with a simpler implementation, the optimum detection perfor-
mance of the state-of-the-art detector described in [5]. We also

propose a low-complexity implementation of the soft-output
demapper using the polar metric for soft-decision channel
decoding. Our results demonstrate that using the proposed
polar metric leads to important performance gains and signif-
icant complexity reductions of the receiver implementation.
Third, the optimization of the modulation scheme for the
GPN channel is addressed. This paper provides an original
mathematical framework to design PN robust constellations
based on a signal decomposition in polar coordinates. An
analytical approach is conducted to demonstrate how opti-
mal constellations can be built to maximize performance on
the GPN channel. Motivated by this theoretical analysis, we
propose the polar quadrature amplitude modulation (PQAM
or Polar-QAM), a PN robust modulation scheme based on
a structured APSK. The constellation and the binary label-
ing of the Polar-QAM are jointly designed to improve the
system performance on PN channels while maintaining a
low-complexity implementation. In particular, it enables to
implement the symbol detection with a simple threshold com-
parison, and the soft-output demapper with piecewise linear
functions. The proposed modulation scheme is compared to
conventional and state-of-the-art solutions taking into account
different performance metrics. The performance of the Polar-
QAM is assessed analytically and numerically considering
state-of-the-art channel codes. Our results highlight that the
Polar-QAM significantly enhances performance in terms of
achievable data rate with valuable complexity reductions of
the transceiver. Moreover, we present a new link adaptation
technique particularly adapted to the wide spectrum covered
by envisaged sub-THz applications. Thanks to the regular
structure of the Polar-QAM, the proposed modulation scheme
can be easily adapted to the SNR and PN variance, and hence,
provides a general solution to various channel conditions.

The main contribution of this paper is to propose a com-
prehensive optimization of the communication schemes for
strong PN channels. Under a transceiver perspective, we in-
vestigate and cross-correlate the design of multiple commu-
nication schemes including the constellation, the binary la-
beling, the symbol detection, the soft-output demapper, and
the link adaptation strategy. To the best of our knowledge,
such extensive optimization has not been addressed in the
literature. Moreover, many works on modulation design for
PN channels are either based on (i) complex numerical op-
timizations [5]; or on (ii) semi-analytical approaches [9],
namely optimizing a reduced set of parameters to define the
modulation. In contrast, our work is supported by an origi-
nal theoretical framework, based on the signal decomposition
in the amplitude-phase domain, providing analytical tools to
design PN robust communications and evaluate many of the
literature proposals. Altogether, the proposed schemes offer
a valuable solution to realize high rate communications on
practical systems impaired by strong PN, and thus, to meet
the requirements of future sub-THz wireless communication
systems.

The remainder of the paper is organized as follows. Sec-
tion II introduces the system model by detailing the channel
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and PN models. In Section III, the design of receiver algo-
rithms for the GPN channel is investigated. Then Section IV
is dedicated to the optimization of the modulation scheme
and introduces the proposed PQAM scheme. Finally, potential
applications and perspectives are outlined in Section V while
Section VI concludes the paper.

II. SYSTEM MODEL
A. CHANNEL MODEL
Theoretical expectations that the LoS path provides most of
the energy contribution in sub-THz propagation channels have
been demonstrated by the recent measurement campaigns
within sub-THz bands. The indoor radio propagation channel
has been characterized through measurements between 126
and 156 GHz in [11]. Complementary results on non-LoS
components can be found in [12]. Sub-THz channels have
also been characterized in [13] using deterministic ray-tracing
tools. We assume subsequently in this paper a LoS propaga-
tion channel model.

A single-carrier coherent communication system1 impaired
by PN is considered. We assume that the effects of the prop-
agation channel are perfectly2 compensated and that the re-
ceiver is synchronized in time and frequency. We therefore
study the discrete-time symbol model of a complex additive
white Gaussian noise (AWGN) channel impaired by oscillator
PN. The received symbol is then given by

r = s · e jφ + n, (1)

where s denotes the transmitted symbol and n is a zero-mean
circularly symmetric complex Gaussian variable modeling
thermal noise, i.e. n ∼ CN (0, σ 2

n ). The oscillator PN to be
modeled is described by φ. Transmitted symbols are mod-
ulated with duration T and belong to constellation C with
modulation order M and average energy Es. The power spec-
tral density of thermal noise n is denoted N0/2 such that
σ 2

n = N0/2T . The considered discrete-time symbol model in
Eq. (1) has been further characterized in [14]. Conditions on
the sampling rate and on the PN intensity of the system are
given to ensure the accuracy of this model. In the following,
we adopt the polar representation and use subscripts ρ and θ

to respectively denote the amplitude and phase of a symbol.
With regard to the propagation channel, it is worth pointing

out the following remarks. The model in Eq. (1) can be easily
adapted to include the propagation gain and phase shift of a
frequency-flat channel with a single dominant path, the envis-
aged model for sub-THz scenarios. This is achieved by inte-
grating a complex coefficient h as follows r = h · s · e jφ + n,
where h varies slowly. If the receiver estimates and compen-
sates the channel coefficient h with sufficient accuracy, then
the channel can be described with Eq. (1) in a more concise
way. The unique resulting difference in the system model

1The presented results can also be exploited in channel bonding
architectures.

2The propagation gain and phase shift of the channel are perfectly
compensated.

would be the definition of the spectral density of thermal noise
which should be modified from N0/2 to N0/2|h|2. Besides,
single or multi-carrier systems communicating on multipath
channels and impaired by PN have to be described differently
and with more complex models, see [15]. Optimizing com-
munication schemes for multipath channels in the presence of
PN exceeds the scope of this paper – readers may refer to [16].
This work targets sub-THz applications and hence focuses on
propagation channels with a single dominant path.

B. PHASE NOISE MODEL
In communication systems, the generation of PN in oscillators
results from the integration and amplification by the phase-
locked loop (PLL) of noise sources within the circuitry [17].
As a result, oscillator PN presents a cumulative and correlated
nature. Under the assumption that the oscillator is only subject
to white noise, the oscillator PN φ can be modeled by the
superposition of a correlated Wiener (Gaussian random-walk)
process and an uncorrelated Gaussian one [17] respectively
expressing the integration and amplification of thermal noise
in the PLL. The spectrum of oscillator PN is then described
by a colored K2/ f 2 characteristic (Wiener PN) and a white
noise floor K0 (Gaussian PN). Nonetheless, it has been shown
in [18] that for high-rate systems the influence of Wiener PN
on the communication performance is negligible in compari-
son to the Gaussian one. In other words, for wide-bandwidth
systems, the noise floor of the oscillator is the main contribu-
tion to the observed PN. These results have been confirmed
in [10] and further characterized through the comparison of a
correlated PN model to an uncorrelated one. The main result
of this study is that the PN is appropriately modeled by an
uncorrelated process if

N · f 2
0 · T 2 ≤ ln(2)

2π2
, (2)

where N is the frame length, f0 is the corner frequency of the
oscillator and T is the symbol duration. Namely, N denotes
the number of symbols between two channel estimations and
phase corrections. With regard to state-of-the-art sub-THz os-
cillators and contemplated sub-THz systems parameters [2], it
follows that Eq. (2) is easily satisfied. For instance, this condi-
tion is satisfied when considering the state-of-the-art oscillator
in [19] with f0 = 1 MHz, a system bandwidth 1/T = 1 GHz
and N = 256 symbols. For these reasons, it is relevant to
model the oscillator PN by a Gaussian distribution such that

φ ∼ N (0, σ 2
φ ). (3)

The PN variance σ 2
φ is expressed in rad2 and may be

evaluated from the oscillator spectral characterization using
σ 2

φ = K0/T , where K0 is the value of the spectral density of
the oscillator white noise characteristic. By means of illustra-
tion, if we consider a channel bandwidth of 1/T = 1 GHz, a
measured spectral density K0 = −100 dB entails a PN vari-
ance σ 2

φ = 10−1. Interested readers may refer to [19] for the
spectral characterization of a state-of-the-art sub-THz oscilla-
tor. For more details on the PN model selection, we refer the
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reader to [10] or to [18]. The considered channel described by
Eq. (1) and (3) is hereafter referred to as the GPN channel.

III. RECEIVER ALGORITHMS DESIGN
This section investigates the design of receiver algorithms
for the GPN channel. First, we derive the polar metric and
propose a low-complexity and efficient demodulation scheme.
The decision rule for symbol detection, minimizing the SEP,
and the corresponding soft-output demapper for coded sys-
tems are discussed. Second, we present a pilot-based chan-
nel estimation scheme in order to perform the optimum
demodulation.

A. OPTIMUM DEMODULATION
1) SYMBOL DETECTION
Regarding symbol-by-symbol detection, the SEP is min-
imized by the maximum likelihood (ML) decision crite-
rion [20] for equiprobable and independent transmitted sym-
bols. The optimum detection decision rule is expressed upon
p(r|s) the channel likelihood function. With the considered
channel in Eq. (1), it is appropriate to write the likelihood
function as follows

p(r|s) = p(rρ, rθ |sρ, sθ ), (4)

and further to express (rρ, rθ ) from (sρ, sθ ). We denote the
shifted noise n · e− j(sθ+φ) by n′. Since the complex noise is
circularly symmetric, n and n′ are identically distributed. It
follows that the amplitude of the received symbol is given by

rρ = ∣
∣(sρ + n′) · e j(sθ+φ)

∣
∣ ,

=
√
(

sρ + Re (n′)
)2 + Im (n′)2,

� sρ + Re
(

n′), (5)

and the phase by

rθ = arg
(

(sρ + n′) · e j(sθ+φ)) ,

= sθ + φ + arctan

(

Im
(

n′)

sρ + Re (n′)

)

,

� sθ + φ + Im
(

n′)

sρ

. (6)

The two latter equations consider the transmission of non-zero
symbols. If a zero symbol is sent, the channel in Eq. (1) is only
corrupted by Gaussian noise. The first-order approximations
in Eq. (5) and (6) are tight at high SNR. Since high data-
rate applications are targeted in this work, it is reasonable to
assume a high SNR in order to allow the use of high-order
modulation schemes. Accordingly, we further pursue under
a high SNR assumption. It is then straightforward from the
channel and PN models in Eq. (1) and (3) that

(rρ − sρ ) ∼ N (0, σ 2
n ),

(rθ − sθ ) ∼ N (0, σ 2
φ + σ 2

n /s2
ρ ). (7)

We conclude that the channel likelihood function can be ex-
pressed as a bivariate Gaussian distribution:

p(r|s) =
exp

(

−1

2

(

(rρ − sρ )2

σ 2
n

+ (rθ − sθ )2

σ 2
φ

+ σ 2
n /s2

ρ

))

2π
√

σ 2
n (σ 2

φ
+ σ 2

n /s2
ρ )

. (8)

This expression leads to the ML premetric decision rule orig-
inally derived in [21] and given by

ŝ = arg min
s∈C

(rρ − sρ )2

σ 2
n

+ (rθ − sθ )2

σ 2
φ

+ σ 2
n /s2

ρ

+ log

(

σ 2
φ + σ 2

n

s2
ρ

)

.

(9)
It has been shown in [21] and [22] that using the ML premetric
leads to important performance gains in comparison to stan-
dard receivers based on the Euclidean distance – optimum for
the complex AWGN channel. Due to its non-constant logarith-

mic term log(σ 2
φ + σ 2

n
s2
ρ

), this decision rule might be complex

to evaluate in practical systems. Further, this decision rule is
entitled the ML premetric since it does not define a metric –
neither symmetric nor sub-additive – and only a premetric.
Exploiting a strong PN assumption, we have proposed in [22]
the polar metric detection criterion. Its decision rule is given
by

ŝ = arg min
s∈C

dγ (r, s)2, (10)

where dγ is the polar metric defined by

dγ (r, s)2 = (rρ − sρ )2 + (rθ − sθ )2

γ 2
, (11)

and γ 2 = σ 2
φ/σ 2

n + 1/Es. The proposed detection criterion is
the minimization of the distance related to the polar metric.
The detected symbol is the closest constellation symbol to
the received one. The demodulation therefore consists in a
nearest neighbor search. It should be noted that this decision
rule is a joint amplitude-phase detector. The polar metric is
a weighted combination of the amplitude and phase of the
received symbols. The decision rule is adapted to thermal and
phase noise variances. When PN gets stronger, the detection
relies more and more on the amplitude of received symbols
rather than on the phase. Numerical simulations have demon-
strated that exploiting a joint amplitude-phase detector rather
than a Euclidean one yields valuable detection performance
gains [21], [22]. In particular, the error floor in symbol detec-
tion caused by PN is significantly lowered by using an appro-
priate detection criterion. Results in [22] also demonstrate that
the performance achieved by the polar metric, with a simpler
expression, are identical to the one of the ML premetric at high
SNR. One of the advantages of using the polar metric rather
than the ML premetric is that the evaluation of distances to
perform the detection is simpler to implement on practical
systems. We will demonstrate in the following the benefits
of the polar metric over the ML premetric. In the case of
structured constellations, the polar metric greatly simplifies
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the implementation of the receiver. With the polar metric,
the symbol detection can be simplified as threshold compar-
isons and the evaluation of soft-bit values can be efficiently
approximated with piecewise linear functions. These receiver
complexity reductions are not possible with the ML premetric.
In addition, the map dγ verifies the algebraic properties of a
metric. Subsequently, we pursue the analysis within the scope
of complete metric spaces.

2) ANALYTICAL FRAMEWORK
We present here an original theoretical framework related to
the polar metric. This framework enables us to draw a parallel
between the GPN channel and the complex AWGN one. In
particular, the proposed framework provides the analytical
tools to design PN robust communication schemes, which
will be used in the following section to optimize the signal
constellation. It also gives tools to evaluate many literature
proposals related to modulation design for PN channels.

Lemma 1: Let the complex number s be represented by its
polar coordinates (sρ, sθ ) ∈ P = [0,∞) × [−π, π ]. Then the
space P N - of sequences s = {sρ,k, sθ,k}1≤k≤N of N numbers
in P - is a complete metric space when equipped with the
metric dγ : P N × P N �→ R+ defined by

dγ (x, y)2 =
N
∑

k=1

(

(xρ,k − yρ,k )2 + (xθ,k − yθ,k )2

γ 2

)

, (12)

with γ 2 ∈ R+∗ for every x, y vectors of P N .
Proof: It is sufficient to demonstrate that P N is a closed

subset of the complete metric space (R2N , dγ ). First, it is clear
that the map dγ is a weighted Euclidean distance in R2N .
It follows immediately that (R2N , dγ ) is a complete metric
space. Ultimately, the metric space (P N , dγ ) is complete as
P N is clearly a closed subset of R2N . �

In the following, p2 denotes the metric space (P N , dγ ). It
results from Lemma 1 that p2 is a complete metric space and
therefore provides a valuable framework to design efficient
algorithms for the GPN channel. For instance, the symbol
detection based on nearest neighbor search in Eq. (11) can be
efficiently implemented within p2 using projections or sphere
decoding. Furthermore, it should be noticed that a strong
similarity exists between the GPN channel represented in the
amplitude-phase domain and the complex AWGN channel in
the in-phase quadrature (IQ) plane. This property can be high-
lighted by approximating, according to Eq. (7), the system
model at high SNR as follows

(rρ, rθ ) � (sρ + nρ, sθ + nθ ), (13)

where nρ and nθ follow Gaussian distributions. The radial
noise nρ models the impact of thermal noise on the amplitude.
By Eq. (7), we have nρ ∼ N (0, σ 2

n ). The angular noise nθ

models the contributions of both the PN and the thermal noise
on the phase. In Eq. (7), the angular noise is given by nθ ∼
N (0, σ 2

φ + σ 2
n /s2

ρ ). It should be recalled that the variance of
the angular noise nθ is function of (i) the amplitude of the sent
symbol sρ (ii) the thermal noise variance σ 2

n and (iii) the PN

variance σ 2
φ . For the GPN channel, the noise on the amplitude

and the noise on the phase are Gaussian and independently
distributed. This property can also be observed on a complex
AWGN channel in the IQ plane where the noise on the real
part and the noise on the imaginary part are as well Gaussian
and independently distributed. Accordingly, the space p2 is
entitled by analogy to the commonly used discrete signal
space �2, the space of square-summable complex-valued se-
quences equipped with the Euclidean inner product.

Fig. 1 depicts the Voronoi regions – the ML decision re-
gions – related to the Euclidean distance and the polar metric
for a quadrature amplitude modulation (QAM) with 16 signal
points. It illustrates the joint amplitude-phase feature of the
polar metric detector. Furthermore, it should be emphasized
that the polar metric in the amplitude-phase domain is defined
as a weighted Euclidean distance as illustrated on Fig. 1(c).
Altogether, the latter property along with Lemma 1 highlight
the strong similarity between GPN and complex AWGN chan-
nels which will be used further to optimize the modulation
scheme.

3) PROBABILISTIC DEMAPPER
It is of practical interest to consider the integration of a for-
ward error correction (FEC) scheme in order to achieve a
channel coding gain. Channel coding is usually combined
with soft-decision decoding known to significantly improve
the performance of channel decoders. We therefore propose
in this paragraph to study the probabilistic demapper based
upon the polar metric.

In practical communication systems, computing the exact
values of the bit LLRs may be too complex. Therefore, close
approximations of the bit LLRs are evaluated to be computed
efficiently. We consider a bit-interleaved coded modulation
(BICM) architecture. Let the symbol s map the binary word
b = (b1, . . ., blog2(M ) ). Regarding the detection of bit bi, the
decision b̂i minimizing the error probability is derived from
the ML criterion [23]. We have

b̂i(r) =
{

1, if Li(r) > 0

0, otherwise
, (14)

where the LLR Li of the bit bi is given by

Li(r) = log

(
p(bi = 1|r)

p(bi = 0|r)

)

. (15)

The sign of Li is used to infer the detection decision and its
absolute value |Li| quantifies the reliability of this decision.
Since transmitted symbols are equiprobable, we can express
with Bayes’ theorem the LLR as

Li(r) = log

(∑

s1∈Ci
1

p(r|s1)
∑

s0∈Ci
0

p(r|s0)

)

. (16)

We adopt the notation Ci
β to describe the subset of the constel-

lation symbols such that bi = β. To simplify the computation
of soft bit values, we derive sub-optimal LLRs expressions us-
ing the log-sum approximation: log(

∑

k xk ) � maxk log(xk ).
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FIG. 1. 16-QAM Voronoi regions.

This approximation is tight at high SNR and is commonly
used in practical communications systems for conventional
modulation schemes such as QAM [24]. It has been shown
in [24] and in [25] that the log-sum approximation does not
lead to any significant performance loss, even at low SNR.
Subsequently, we obtain

Li(r) � max
s1∈Ci

1

log (p(r|s1)) − max
s0∈Ci

0

log (p(r|s0)) . (17)

The channel decoding algorithms implemented in practical
systems are not impacted by a normalization factor, for in-
stance the min-sum decoder for low-density parity check
(LDPC) codes. For this reason, the approximations of the
LLRs are further expressed upon the polar metric introduced
in Eq. (11) by

Li(r) � min
s0∈Ci

0

dγ (r, s0)2 − min
s1∈Ci

1

dγ (r, s1)2. (18)

The proposed bit LLR values in the latter expression can
be easily evaluated. The computation of bit LLR values re-
lies on the polar metric dγ , and therefore, requires only the
evaluation of few weighted Euclidean distances within p2. In
comparison, if the LLR computation is based on Eq. (16),
the receiver is required to evaluate of several logarithmic
terms as well as multiple sums of Gaussian functions of the
received symbol. It should be further highlighted that such
complexity reductions are not possible with the ML premetric
as this decision rule implies several non-constant logarithmic
terms. For this reason, the new soft-output demapper proposed
in Eq. (18) allows significant complexity reductions of the
receiver in comparison to state-of-the-art detectors [21]. It is
worth mentioning that the expression in Eq. (18) of the bit
LLRs remains valid if the propagation channel is considered
by integrating a complex coefficient h to Eq. (1). The unique
difference is that the variance of the thermal noise should be
adapted.

Let us now evaluate the demodulation performance of
coded systems over the GPN channel. The implemented FEC
scheme is a LDPC code respecting the 5G new radio (5G-
NR) specifications [26] with an input packet size of 1500
bytes, a coding rate of 0.8 and a min-sum decoder. LDPC
codes demonstrate excellent performance with highly paral-
lelizable decoder architectures. Therefore, they are considered

FIG. 2. Performance of a LDPC coded 16-QAM with LLR based on the
Euclidean distance or on the polar metric for different PN variances σ2

φ .

as a foremost solution for error-correcting codes in high-rate
communication systems. Fig. 2 presents the packet error rate
(PER) performance of a coded 16-QAM for different values of
PN variance and demodulation schemes. Simulated PER have
been obtained by Monte-Carlo simulations. Results show that
important demodulation performance gains are achieved by
the polar metric in comparison to the Euclidean detector. For
low values of SNR and PN variance, the Euclidean detector
performs slightly better than the polar metric (<0.1 dB). This
minor performance loss results from the assumptions of a high
SNR, in Eq. (5) and (6), and a strong PN used to derive the po-
lar metric decision rule. When the PN variance gets stronger,
the performance gain of the polar detector in comparison to
the Euclidean one becomes significant – e.g. > 4 dB for σ 2

φ =
5 × 10−2. For strong PN variances, the PER of the receiver
using the Euclidean distance is 1 for any SNR as the iterative
decoder never converges. In contrast, the receiver based on po-
lar metric demonstrates the waterfall feature of LDPC codes
and can achieve low error rate communications. The presented
PN variances: σ 2

φ = 1 × 10−2 rad2, σ 2
φ = 5 × 10−2 rad2 and
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σ 2
φ = 1 × 10−1 rad2 respectively correspond to an oscillator

noise floor spectral density K0 of −120 dB, −110 dB and
−100 dB for a channel bandwidth of 1 GHz. Though more
complex to compute, the demodulation algorithm based on
ML premetric demonstrates identical performance to the one
using polar metric one, and hence, is not presented. The
proposed demodulation scheme has been assessed for QAM,
yet remains valid for any modulation scheme. Ultimately,
these results highlight that the proposed demodulation scheme
based on the polar metric achieves important performance
gains on the GPN channel with valuable complexity reduc-
tions of the receiver. Using channel statistics to properly rep-
resent the signal and optimize the communication algorithms
is widely used. For instance, this is implemented in the or-
thogonal time frequency space (OTFS) waveform [27].

B. CHANNEL ESTIMATION
The previous subsection has shown that knowledge of the
channel statistics may be used to improve the performance
of the receiver. Therefore, estimations of thermal and PN
variances: σ 2

n , σ 2
φ are required. The PN variance σ 2

φ results
from the combination of two PN processes issued by the
transmitter and the receiver oscillators, hence is not inherent to
the receiver only. Estimation of σ 2

n and σ 2
φ may be realized by

inserting Np pilot symbols and by evaluating the appropriate
estimators. The pilot symbols denoted s = (s1, s2, . . ., sNp )
are known from the receiver and possibly distributed. The
joint likelihood function of the Np received pilot symbols
r = (r1, . . ., rNp ) is given by

pNp (r|s, σ 2
n , σ 2

φ ) =
Np
∏

k=1

p(rk|sk, σ
2
n , σ 2

φ ). (19)

It should be mentioned that here k ∈ {1, . . . , Np} is the index
of pilots symbols and may refer to non-consecutive received
symbols. In the following we set pilot symbols to have a
constant amplitude

√
Es. The average symbol energy Es is

considered perfectly known as it can be estimated blindly
through all sent symbols. It follows from the definition of the
channel likelihood function in Eq. (8) that the ML estimators
of σ 2

n and σ 2
φ are written as

σ̂ 2
n = 1

Np

Np
∑

k=1

(|rk| − √
Es)2,

σ̂ 2
φ = 1

Np

Np
∑

k=1

(/ rk − / sk )2 − σ̂ 2
n

Es
. (20)

We express these estimators as χ2
Np

distributions to evaluate
their biases and dispersions. That is

{

E
[

σ̂ 2
n

] = σ 2
n ,

V
[

σ̂ 2
n

] = 2σ 4
n

Np
,

⎧

⎨

⎩

E
[

σ̂ 2
φ

]

= σ 2
φ ,

V
[

σ̂ 2
φ

]

= 2(σ 2
φ+σ 2

n /Es )2

Np
+ 2σ 4

n
NpEs

.

(21)

It is clear that these estimators are unbiased. In addition, it
is of practical interest to compare the proposed estimators
to their Cramer-Rao lower bounds (CRLB) [28] since the
regularity conditions are satisfied by the likelihood function
in Eq. (8). The corresponding CRLBs are given by

V
[

σ̂ 2
n

] ≥ 2σ 4
n

Np
, V

[

σ̂ 2
φ

] ≥
2(σ 2

φ + σ 2
n /Es)2

Np
. (22)

It is shown that the thermal noise variance estimator achieves
the CRLB. The estimator of the PN variance is tight to the
CRLB but does not achieve it. Nevertheless, it is possible to
demonstrate that the proposed estimators present the small-
est mean square error among any unbiased estimators. It
is immediate from Eq. (19), that the joint probability den-
sity function pNp belongs to the exponential family. There-

fore, statistic S = (
∑Np

k=1(|rk| − √
Es)2,

∑Np
k=1(/ rk − / sk )2)

is complete and sufficient for parameter (σ 2
n , σ 2

φ ). We can
conclude from the Lehman-Scheffé theorem that the proposed
unbiased estimators (σ̂ 2

n , σ̂ 2
φ ) defined upon S are the unique

minimum-variance unbiased estimators of σ 2
n and σ 2

φ .
The effect of a propagation channel with a single dominant

path could be modeled by integrating a complex coefficient
h to Eq. (1). Nonetheless, the estimation of the channel coef-
ficient required for equalization is not carried out here. The
necessary framework has been proposed such that the estima-
tion of the channel complex coefficient is straightforward to
derive.

IV. MODULATION SCHEME DESIGN
The previous section has investigated the design of receiver
algorithms and thereby has unveiled valuable information on
the GPN channel. We have previously considered a fixed
modulation scheme to determine the optimum receiver. Never-
theless, it is clear that conventional modulation schemes such
as QAM or phase-shift keying (PSK) are not suited to PN
channels. This section is dedicated to the design of the mod-
ulation scheme for the GPN channel. A theoretical analysis is
presented to construct PN robust constellations. Thereupon,
we propose the Polar-QAM scheme. The constellation and
the binary labeling of the Polar-QAM are jointly designed to
improve communication performance on strong PN channels
with a simple implementation. The performance analysis of
the proposed modulation is pursued analytically and numeri-
cally to demonstrate the performance gains over conventional
and state-of-the art schemes.

A. OPTIMUM CONSTELLATION FROM SPHERE PACKING
Let us investigate the problem of finding the constellation, i.e.
the set of signal points in the complex plane, that minimizes
the SEP for a given channel. The number of points is fixed to
M and the constellation average energy is constrained to Es.
For a transmitted symbol, the SEP may be defined upon its
complementary event, the probability of correct detection, as
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FIG. 3. Voronoi regions for the polar metric of polar-lattice based constellations with 16 signal points.

follows

P(E |s) = 1 − P(ŝ = s|s). (23)

With regard to a detection rule defined upon the ML criterion,
the probability of correct detection is proportional to the inte-
gration of the likelihood function over the Voronoi region of
the symbol. That is

P(ŝ = s|s) ∝
∫

Vs

p(r|s)dr, (24)

where Vs is the Voronoi region of symbol s and p(r|s) is the
channel likelihood function. It follows that the larger the areas
of the Voronoi regions, the smaller the error probability. This
result is valid for any channel, yet let us consider the GPN
channel. We are hence looking for the constellation that maxi-
mizes the areas of Voronoi regions defined by the polar metric.
By way of illustration, it is clear on Fig. 1 that the QAM con-
stellation does not maximize the areas of the Voronoi regions
for the polar metric and is thus not optimal for the GPN chan-
nel. As previously stated, the proposed constellation in the
literature lead to difficult implementations due to their lack of
structure. We therefore investigate constellations defined upon
lattices in the amplitude-phase plane. Since the ML detector
in Eq. (10) describes a phase-amplitude detector, we study
the optimal lattice-based constellation problem within p2. It
results that the noise distribution is circular3 in p2 for high
SNR and strong PN scenarios. The modulation order and the
average energy of the constellation being fixed, the problem
of finding the lattice that maximizes the areas of the Voronoi
regions can be regarded as finding the densest sphere packing
in a two dimensional space. The well-known result of this
problem gives that the highest density in the plane is achieved
by the hexagonal lattice [29]. Subsequently, a constellation
based upon a hexagonal structure is to maximize the areas
of the Voronoi Regions [30], and thus, minimizes the SEP.
Nevertheless, we consider hereafter the use of a rectangular
polar-lattice to define a modulation scheme with the inten-
tion to ease the demapping implementation. For the purposes
of illustration, Fig. 3 presents the IQ and amplitude-phase

3The noise is distribution is actually ellipsoidal in the amplitude-phase
plane, yet is circular in p2 with the axis scaling γ .

representations of the hexagonal and rectangular polar-lattice
based constellation. Fig. 3 depicts the Voronoi regions, for the
polar metric, of the constellations based on polar-lattice. We
will show in the following paragraph that though a hexagonal
lattice performs better in terms of error probability than a rect-
angular one, the performance gain is small and the complexity
increase is significant. Therefore, the proposed Polar-QAM
scheme relies on a rectangular polar-lattice.

We have previously highlighted the similarity between the
GPN channel and the complex AWGN one. Thanks to the ana-
lytical framework described in this section, it follows that the
derivation of the optimum lattice-based constellation for the
GPN channel in the polar domain is highly similar to the one
for the complex AWGN channel in the IQ plane – see [20].
Likewise, the optimal constellation for the complex AWGN
channel relies on a hexagonal lattice in the IQ plane and
is referred to as the hexagonal-QAM (HQAM). Though the
HQAM demonstrates a performance gain in comparison to the
QAM using a rectangular lattice [31], the rectangular QAM
remains the most exploited modulation scheme for its simple
implementation.

B. PERFORMANCE OF CONSTELLATIONS BASED ON
POLAR-LATTICES
We discuss here the results of numerical simulation concern-
ing the BER performance of the different constellations based
on polar-lattices. The implemented symbol detection rule is
the polar metric. The BER performance for different PN vari-
ances of the QAM and the polar-lattice based solutions are
outlined in Fig. 4 with M = 16. First, we can remark that
the optimized constellations are sub-optimal at low SNR. The
previous analysis on the design of PN robust constellations
is correct under a high SNR assumption. In the low SNR
regime, the channel is dominated by thermal noise, even in the
presence of strong PN, and in this case, conventional modu-
lation schemes should be preferred. However, it is shown that
the constellation of the QAM reaches an error floor due to
PN which can be high for strong PN scenarios. Conversely
constellation based on polar-lattice achieve significant perfor-
mance gains and enable low error rate communications on
strong PN channels. These results exhibit the performance
gain of hexagonal lattice over the rectangular one, but at
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FIG. 4. BER performance of different constellations with M = 16 on the
GPN channel.

FIG. 5. Achievable rates in bit/symbol for different constellations and
M = 16.

the detriment of a complexity increase of the demodulation
algorithm.

The performance analysis can be improved by studying the
achievable information rates (IR) related to the constellations.
Fig. 5 compares the achievable rates of the different constella-
tions for AWGN and GPN channels. The presented achievable
IR have been obtained through Monte-Carlo simulations as
described in [32]. Given a channel and a constellation, the
achievable rate is evaluated by computing numerically the
mutual information of the transmitted and received symbols.
Our results demonstrate that the achievable rate of the QAM
scheme is severely limited by PN. Therefore, we conclude
that the optimization of the modulation scheme is essential
to target high-rate communications on the GPN channel, and

moreover, that constellations based on polar-lattices are a rel-
evant solution.

In contrast to constellations obtained through numerical
optimization [5], modulation schemes defined upon polar-
lattices present an analytical signal points expression, and
hence, result in a plain signal generation at the transmitter.
Furthermore, the binary labeling regarding BICM architec-
tures is trivial. In this case, the binary labeling in the polar
domain is identical to the labeling in the IQ plane of a QAM
for a rectangular lattice and respectively to a HQAM for a
hexagonal lattice. The difference in implementation between
the use of a hexagonal and a rectangular lattice to define the
constellation is the following. It has been shown previously
that the symbol detection is defined as a nearest neighbor
search. As a result, this detection for a rectangular polar-lattice
relies on simple threshold comparisons in the polar domain,
as it can be observed on Fig. 3(c), which entails a simple
demodulation algorithm. In addition, the bit LLR values re-
lated to a rectangular lattice and necessary to channel decod-
ing can be approximated as piecewise linear functions in the
amplitude-phase domain. These two complexity reductions at
the receiver are enabled only with the use of a rectangular
polar-lattice and not a hexagonal one. In conclusion, a constel-
lation based on a hexagonal polar-lattice, in comparison to a
rectangular one, leads to relatively small performance gains –
see Figs. 4 and 5 – yet at the detriment of a more complex
receiver. Therefore, we propose a modulation scheme based
on a rectangular polar-lattice: the Polar-QAM.

It is interesting to mention that state-of-the-art ap-
proaches [5], [9], [33] on PN channels shape the constellations
toward hexagonal and rectangular polar-lattices. For instance,
the representation of the circular-QAM proposed in [33] in
the amplitude-phase domain is close to a hexagonal lattice.
Further, it has been shown in [33] that the circular-QAM
realizes, in comparison to a conventional QAM, performance
gains on PN channels. Similarly, it is worth studying the
Gray-APSK proposed in [34] to provide a shaping gain for
satellite communications. Signal points of the Gray-APSK
represented in the amplitude-phase domain nearly describe a
rectangular lattice, the amplitudes of signal points are non-
linearly distributed though. Thanks to the presented analysis,
we can conclude that such modulation scheme should provide
valuable performance gains on PN channels.

Eventually, the following remark should be pointed out. We
have presented here a theoretical analysis based on the signal
decomposition in the amplitude-phase domain to optimize
the modulation scheme for the GPN channel. This original
analysis provides a valuable theoretical framework to design
PN robust communication schemes and also to evaluate many
of the literature proposals.

C. POLAR-QAM
The proposed Polar-QAM is defined by the constellation C
illustrated in Fig. 6. With m, n ∈ N and m ≥ n, the constel-
lation C is a set of M = 2m complex points placed on � =
2n ∈ {1, 2, 4, . . . , M} concentric circles, i.e. amplitude levels.
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FIG. 6. Illustration of a 16-PQAM(2) in the complex plane.

The average energy of the constellation is denoted Es. Each
of the � circles contains M/� signal points. Correspondingly,
the minimum angular distance δθ between two symbols is

δθ = 2π�

M
. (25)

The phase shift θp of the p-th symbol on a circle is described
by θp = δθ

2 (2p − 1). Likewise, the amplitude ρq of the q-th

circle ρq is defined by ρq = δρ

2 (2q − 1) where δρ is the min-
imal radial distance. It results from this definition of the am-
plitudes of signal points and from the average symbol energy
Es that the minimal radial distance δρ is given by

δρ√
Es

=
√

12

4�2 − 1
. (26)

Then, any PQAM constellation can be entirely defined by
two parameters M and � respectively the modulation order
and shape. Therefore, we use the notation M-PQAM(�) to
described the constellation

C =
{

δρ

2
(2q − 1) · exp

(

j · δθ

2
(2p − 1)

)

| 1 ≤ q ≤ �, 1 ≤ p ≤ M/�} (27)

One may remark that some particular cases of the PQAM
fall into known modulations: a M-PQAM(M/2) describes an
amplitude-shift keying while a M-PQAM(1) is a PSK. The
PQAM is a structured definition of an APSK constellation.
For the demodulation of the PQAM on the GPN channel, it is
relevant to use the proposed detection scheme based on the
polar metric. When this demodulation scheme is used, the
symbol detection for the PQAM can be implemented with a
simple threshold detection in the amplitude-phase domain.

Nonetheless, the PQAM is not only defined by its constel-
lation but also by its binary labeling. For a given channel,
optimizing the symbol mapping in order to minimize the bit
error rate (BER) is not trivial and induces a high complexity
– cf. binary switching algorithm [35]. Thanks to the regular
structure of the PQAM, an efficient binary labeling can be

FIG. 7. Binary labeling of a 16-PQAM(4).

proposed in order to achieve robustness and simple demod-
ulation. In a 2m-ary modulation system, every m bits form
a binary word b ∈ {0, 1}m, which is modulated to a symbol
s ∈ C under a mapping rule called constellation labeling μ,

μ : {0, 1}m → C. (28)

To minimize the bit error probability, the mapping rule must
implement a Gray code. Namely, a Gray code mapping con-
sists in labeling the M points with binary words of length
m = log2(M ) such that the Hamming distance between two
nearest points is equal to 1. Subsequently, incorrectly estimat-
ing a symbol by one of its nearest neighbors leads to a single
bit error. In the case of a M-PQAM(�), any binary words
b ∈ {0, 1}log2(M ) mapped to a symbol s may be expressed as

b = (bρ
1 , . . ., bρ

log2(�), bθ
log2(�)+1, . . ., bθ

log2(M ) ) (29)

where log2(�) bits are encoded by the amplitude level sρ

of s, and log2(M/�) bits are encoded by the phase sθ of s.
Therefore, the mapping rule μ may be subdivided into two
uni-dimensional rules μρ and μθ :

μρ : {0, 1}log2(�) → sρ,

μθ : {0, 1}log2(M/�) → sθ . (30)

Uni-dimensional mapping of signal points respecting a Gray
code is straightforward and a well-known result. It is worth
mentioning that the PQAM constellation has been designed
to achieve such efficient binary labeling. Fig. 7 depicts the
binary labeling for a 16-PQAM(4). Conversely, optimized
constellations of the literature present no particular structure
and lead to complex labeling and poor performance in terms
of BER. Besides, the binary labeling of the Polar-QAM allows
low-complexity evaluation of the bit LLR. When the PQAM
is used with the proposed soft-output demapper based on the
polar metric, the soft-bit values can be efficiently approxi-
mated with piecewise linear functions. The piecewise linear
approximations of the LLR of the log2(�) bits related to the
amplitude level present similar expressions to the ones of a
QAM constellation, see [36]. While for the log2(M/�) bits en-
coded on the phase, approximations are similar to a PSK [37].
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The evaluation of the bit LLRs based on piecewise linear
functions is an important complexity reduction of the receiver.
This complexity reduction highlights the benefits of using the
PQAM and the proposed demodulation scheme over state-of-
the-art solutions, based on numerically optimized constella-
tions. It also emphasizes the relevance of jointly optimizing
the modulation and demodulation schemes.

D. THEORETICAL PERFORMANCE ANALYSIS
Let us evaluate the detection error probability P(E ) expressed
by

P(E ) = 1

M

∑

s∈C
P(ŝ �= s|s) = 1

M

∑

s∈C
(1 − P(ŝ = s|s)) .

(31)
By definition of the PQAM, we can approximate the probabil-
ity of correct detection as follows

P(ŝ = s|s) � P

(

−δρ

2
< (sρ − rρ ) <

δρ

2

)

×P

(

−δθ

2
< (sθ − rθ ) <

δθ

2

)

. (32)

It follows from the expression of the channel likelihood func-
tion that the detection error probability is given by

P(E ) � 2Q

(
δρ

2σn

)

+ 2Q

⎛

⎝
δθ

2
√

σ 2
φ

+ σ 2
n /Es

⎞

⎠ . (33)

The latter approximation holds for high SNR and corresponds
to the widely used assumption that errors occur on the nearest
neighbors of the sent symbol. To simplify the closed form
expression in Eq. (32), it is assumed that the average detection
errors on the phase of symbols occur for an amplitude of√

Es which is slightly optimistic – see Section IV-E. Since
the binary labeling implements a Gray code mapping and
under the nearest neighbors error assumption, the bit error
probability Pbe may be derived from the symbol detection
error probability as

Pbe = P(E )

log2(M )
. (34)

Let us replace δρ and δθ by their definitions in Eq. (25) and
(26) to express the BER as a function of Eb/N0, σ 2

φ , M and
�. Hereafter, it is assumed that T = 1 which results in no loss
of generality. The average bit energy Eb = Es/ log 2(M ) and
the noise power spectral density N0 = 2σ 2

n . Eventually, the
BER of a M-PQAM(�) can be approximated by the following
closed-formed expression

Pbe � 2

log2(M )

[

Q

(√

6 · log2(M ) · Eb/N0

4�2 − 1

)

+ Q

⎛

⎝
π�

M
√

σ 2
φ

+ 1
Eb/N0

1
2·log2(M )

⎞

⎠

⎤

⎦ (35)

FIG. 8. Analytical performance of a 16-PQAM(�) for modulation shape
� ∈ {4, 8, 16} with PN variance σ2

φ = 1.25 × 10−1.

In the BER expression, the two terms in the addition should be
interpreted differently. The first term expresses the probability
of misestimating the amplitude level of the received symbol
whereas the second one the phase. Fig. 8 outlines the analyt-
ical BER performance of a 16-PQAM(�) for � ∈ {4, 8, 16}
and their respective constellations. As depicted in Fig. 8, the
BER reaches an error floor when Eb/N0 tends to infinity due
to PN. This error floor is given by

lim
Eb/N0→∞

Pbe = 2

log2(M )
Q

(
π�

Mσφ

)

. (36)

It is shown in Fig. 8 and in Eq. (36) that the smaller �,
the higher the error floor. For a PN channel, the error floor
of a constellation is caused by several signal points using
the same amplitude level and can be lowered by increasing
the minimum angular distance. In brief, a large number of
amplitude levels � entails a low error floor, yet attained at
a higher Eb/N0.

With regard to the RF power-amplifiers, directly related to
the energy consumption of transmitters, the peak-to-average
power ratio (PAPR) is a key performance indicator for any
communication system. In the context of the Polar-QAM, the
PAPR is given by

max
s∈C

|s|2

Es
= 3 · 2� − 1

2� + 1
. (37)

It can be noticed that the PAPR is a strictly increasing function
of the number of amplitude levels � and is not function of the
modulation order M. As previously mentioned increasing �

does improve the PN robustness at the detriment of a higher
PAPR. Finally, the closed-form expressions of the BER and
the PAPR of the Polar-QAM provide new and valuable results
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FIG. 9. 16-QAM and 16-PQAM(8) performance with PN variance
σ2

φ = 1.25 × 10−1.

for the specification and analysis of future systems. The theo-
retical analysis of such important performance metrics is not
possible for the numerically optimized constellations of [5]
or the state-of-the-art modulation proposed in [9]. This fur-
ther motivates the use of a structured constellation, and also,
the joint optimization of the modulation and demodulation
schemes.

E. NUMERICAL SIMULATIONS RESULTS
The results of numerical simulations for uncoded systems are
presented in Fig. 9. The BER performance of the QAM and
PQAM are compared for M = 16 and σ 2

φ = 1.25 × 10−1. The
demodulation with the polar metric detector is implemented.
Results demonstrate the performance gain achieved by the
PQAM constellation over a conventional QAM on a strong
GPN channel. The QAM constellation presents a high error
floor which results from the low angular distance between
its signal points. Nonetheless, it is worth mentioning that this
performance gain is achieved to the detriment of the PAPR. A
16-QAM presents a PAPR of 2.55 dB while the 16-PQAM(8)
exhibits a 4.23 dB PAPR. It is also illustrated that the an-
alytical expression of the BER for a PQAM is tight to the
simulation results. Nevertheless, the optimistic consideration
made in Eq. (32) is to explain the slight difference between
the analytical expression and the simulation results.

Fig. 10 presents the results of numerical simulation
for coded systems. It outlines the achievable rate in
bit/symbol for σ 2

φ = 10−1 and a LDPC code. Three modu-
lation/demodulation schemes are considered: QAM with Eu-
clidean detector, QAM with polar detector and PQAM with
polar detector. The FEC scheme is based on the 5G-NR LDPC
and is implemented with an input packet size of 1500 bytes
and a coding rate ranging from 0.3 to 0.9. The communi-
cation performance has been characterized to determine the

FIG. 10. Achievable rate in bit/symbol of the QAM and PQAM schemes
with a LDPC code and PN variance σ2

φ = 10−1.

best set of parameters: coding rate, modulation order M and
modulation shape � given the SNR, the PN variance while
targeting a PER of 10−2. A PER of 10−2 is targeted for
numerical evaluations. This quality of service gives reliable
transmission with low throughput penalty when automatic
repeat request scheme is implemented. It avoids the design
of low error floor and reliable FEC scheme. This level of PER
is widely considered in modern wireless communication stan-
dards [26]. The PN variance σ 2

φ = 10−1 rad2 corresponds to
an oscillator spectral density K0 of −100 dB for a bandwidth
of 1 GHz. These simulation results emphasize the benefits
of using optimized modulation and demodulation schemes
to implement high-rate communication systems impaired by
PN. In the low SNR regime, the optimized schemes exhibit
some performance losses on the achievable rate. These losses
result from the high-SNR and strong PN assumptions made
to derive the polar metric and to construct the PQAM. These
results confirm that at low SNR, and even with strong PN, con-
ventional modulation schemes such as QAM should be used.
Furthermore, it should be mentioned that the probabilistic bit
values derived for the PQAM upon the polar metric decision
rule present non-uniform protections. With regard to the SNR
and PN variance, the bits mapped on the phase and on the
amplitude experience different levels of protection. A joint
optimization of the modulation and the channel coding (e.g.
similar to multi-level coding techniques) could exploit the lat-
ter property to further enhance the demodulation performance
and increase the achievable rate.

F. COMPARATIVE STUDIES
1) ASYMPTOTIC PERFORMANCE
Table 1 presents the asymptotic SEP performance of different
constellations from prior work for σ 2

φ = 10−2. This table is
extracted from [5] and has been completed with our propo-
sition. The error floors of PQAM have been obtained with
the closed form expression given in Eq. (36). It should be

238 VOLUME 1, 2020



TABLE 1. Comparison of Error Floors for Different Constellations and
σ2

φ = 10−2

remarked that conventional modulation schemes such as PSK
or QAM demonstrate high error floors. In contrast, optimized
constellations does not exhibit any error floor. As aforemen-
tioned in Section IV-D, the larger the minimum angular dis-
tance of a constellation, the lower the error floor. It is hence
shown that low error floor communications can be achieved
by using a large number of amplitude levels to define the
constellation.

2) STATE-OF-THE ART CONSTELLATION
The definition of the Polar-QAM is close to the one of the
Gray-APSK, proposed in [34] to provide a shaping gain for
satellite communications and not to achieve PN robustness.
Both modulation schemes use structured APSK and two in-
dependent Gray mapping on the phase and on the amplitude,
and hence, demonstrate similar performance. The difference
between these constellations is that the amplitudes of Gray-
APSK signal points are non-linear. We have proposed the
Polar-QAM and derived its analytical and numerical perfor-
mance analysis in the context of PN channels. For this reason,
we compare in this paragraph the performance of the pro-
posed solution to the one of the, most recent, state-of-the-art
solution proposed in [9] on constellation optimization for the
GPN channel: the spiral constellation. Nonetheless, interested
readers may refer to [9] which evaluates the performance
of the Gray-APSK. Fig. 11 compares the SEP performance
of the PQAM and the spiral constellation for M = 64 and
σ 2

φ = 10−1 demodulated with a polar metric receiver. It is
shown that the spiral constellation demonstrates a perfor-
mance gain in comparison to the PQAM at the expense of
a transceiver complexity increase. The spiral constellation
presents a semi-analytical description: the modulation points
are defined with a closed-form expression upon an optimized
modulation shape parameter fs ∈ R≥0. For each SNR point,
the spiral constellation requires the optimization of the param-
eter fs through important Monte-Carlo simulations to maxi-
mize the achievable information rate of the modulation. Con-
versely to this, the modulation shape parameter � of the Polar-
QAM belongs to a small finite set; and therefore, adapting the
modulation scheme to the channel is straightforward. Though
a simple and efficient symbol detection rule is proposed in [9],
the binary labeling of the spiral constellation entails a complex
LLR evaluation which cannot be efficiently approximated.

FIG. 11. Comparison of PQAM to the spiral constellation [9] with M = 64
and σ2

φ = 10−1.

Fig. 11 precisely illustrates the benefits of the proposed so-
lution: near-optimal performance are achieved with a simple
implementation. By way of illustration, Fig. 12 presents the
Polar-QAM and spiral constellations in the IQ plane and in the
amplitude-phase domain. It can be observed on Fig. 12(e) that
the definition of the spiral constellation is actually closed to a
hexagonal polar-lattice in the amplitude-phase domain. The
Polar-QAM and the spiral constellations demonstrate simi-
lar PAPR values. For the spiral constellation optimized for
Eb/N0 = 30 dB the PAPR is 4.66 dB while the PAPR of the
64-PQAM(32) is 4.64 dB.

3) COMPLEXITY OF IMPLEMENTATION
It is clear that numerically optimized constellations, and
more generally speaking generalized APSK modulations, are
difficult to demodulate due to the complex nature of the
Voronoi regions. Conversely, using the proposed Polar-QAM
and polar metric detector, the symbol detection can be imple-
mented with a simple Cartesian-to-polar transform followed
by an independent component processing with threshold de-
tection. Considering a soft-decision decoding, with a soft-
output demapper, the Polar-QAM is even more beneficial.
On one hand, non-structured constellations leads to multi-
dimensional processing involving all signal points. This leads
to a wide literature to reduce decoder complexity, see [38]
or [39]. On the other hand, with the Polar-QAM, the com-
monly used log-sum approximation – e.g. widely consid-
ered for QAM demapping – can be implemented after the
Cartesian-to-polar transform. In addition, the binary label-
ing and linear structure of the Polar-QAM enables efficient
approximations of the bit LLR values with piecewise linear
functions, similar to the ones presented in [36] and in [37],
and therefore leads to a significant complexity reduction of the
decoder. This is a important benefit of using the PQAM and
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FIG. 12. Spiral and PQAM constellations in �2 (first row) and in p2 (second row).

the polar metric. In comparison to state-of-the-art techniques,
it offers significant complexity reductions of the receiver.

V. APPLICATIONS & PERSPECTIVES
The aim of this section is to highlight potential applications
and perspectives the proposed schemes. First, sub-THz ap-
plications based on channel bonding may use non-contiguous
bands in a wide frequency range leading to significant differ-
ences in the performance of oscillators [2]. Accordingly, we
propose a new link adaptation scheme to maintain robustness
by setting the Polar-QAM parameters with regard to the SNR
and PN variance. Second, the memoryless model of PN may
be considered as an optimistic assumption. Therefore, we
present a differential version of the PQAM which is more
robust to the cumulative PN. Before concluding the paper,
some perspectives to this work are outlined.

A. LINK ADAPTATION
In order to maximize the spectral efficiency, practical com-
munication systems implement adaptive modulation schemes.
Namely, the modulation order is set with regard to the quality
of the channel. In particular, a link adaptation scheme is highly
valuable for sub-THz communications. Regarding contem-
plated applications for terrestrial and vehicular networks [4],
a base station is to address several users’ equipment with dif-
ferent qualities, and thus, different SNR and PN levels. More-
over, for channel bonding systems, the aggregated spectrum
may be wide enough to exhibit significant differences between
oscillators performance in higher and lower frequencies. In
the case of the Polar-QAM, we propose a new link adaptation
strategy which is developed beyond adjusting the modulation
order M of conventional techniques, by also adapting the mod-
ulation shape with parameter �. In particular, the introduced

FIG. 13. PQAM parameters M and � with the highest spectral efficiency
such that BER< 10−4.

theoretical analysis of the performance of the Polar-QAM is
valuable for the link adaptation. We can use the analytical
expression of the BER in Eq. (35) to determine the best
set of parameters (M, �) to achieve the highest spectral ef-
ficiency while maintaining the BER below a fixed threshold.
Fig. 13 presents the PQAM parameters M and � for a given
PN variance σ 2

φ and Eb/N0 such that the spectral efficiency

is maximized and the BER remains inferior to 10−4. This
link adaptation strategy requires a channel estimation scheme
which has been previously introduced in Section III-B. It
should be emphasized that the Polar-QAM enables a simple
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link adaption strategy. In contrast to state-of-the-art solutions,
the modulation order and shape parameters (M, �) belong
to small finite sets, and therefore, adapting the modulation
scheme to the channel conditions is straightforward.

B. BEYOND MEMORYLESS PHASE NOISE
The phase shift induced by the propagation channel must be
estimated and then corrected. Generally speaking, pilot-based
estimation schemes are considered and lead to a spectral effi-
ciency loss. Moreover, the oscillator at the receiver may not
be synchronized to the carrier frequency of the transmitter
resulting in a carrier frequency offset (CFO). If the CFO
is not perfectly estimated and compensated, then a residual
frequency synchronization error corrupts received symbols
with a cumulative phase error. This phase error is increasing
between reference pilots and phase corrections, and thus, can
be modeled as cumulative PN. Besides, it has been stated in
Section II-B that oscillator PN also demonstrates a cumula-
tive nature. For these reasons, the cumulative PN in certain
systems might not be negligible or not perfectly compensated
using reference signals. These impairments affecting practical
systems lead to performance degradation and motivate the use
of a differential modulation. It should be mentioned that the
use of differential M-QAM with M > 4 is not simple and
remains challenging to design. In contrast to conventional
solutions or state-of-the-art constellations, the proposed mod-
ulation scheme has the advantage of being straightforwardly
compatible with a differential scheme. We denote DPQAM
the Differential implementation of the PQAM. The informa-
tion encoded upon the amplitude of symbols remains identical
whereas the phase information is encoded in the relative phase
difference between two symbols. Subsequently, the DPQAM
is not subject to the initial phase shift of the channel. We
propose the DPQAM to provide a high-order modulation
scheme with an improved robustness to the cumulative PN
and residual CFO. The performance analysis of the DPQAM
has been pursued but exceeds the scope of this study and is
to be released in a further work. Nevertheless, one may refer
to our previous work [40] which assessed analytically and
numerically the performance degradation due to cumulative
PN for phase modulated signals.

C. PERSPECTIVES
We have presented in this paper the main transmission
schemes to realize robust communications impaired by PN.
However, many algorithms regarding practical communica-
tions are yet to be addressed. In particular, the synchroniza-
tion between the transmitter and the receiver in the presence
of strong PN is challenging. Time and frequency synchro-
nization errors lead respectively to inter-symbols interference
and CFO. Synchronization errors need to be compensated
in order to limit the resulting performance degradation. For
this reason, dedicated synchronization techniques should be
designed for systems impaired by strong PN. This topic is
of important practical interest and remains to be investigated.
The design of dedicated RF architectures is also interesting

to investigate. Since symbols of the Polar-QAM constellation
is entirely defined by their phase and amplitude, a conven-
tional IQ transmitter RF architecture may not be relevant
and could be replaced by a polar RF transmitter – a widely
known technique, see [41]. In this paper, we have considered
an IQ receiver RF chain and have shown that the optimal
demodulation uses polar coordinates. It is hence legitimate
to contemplate the benefit of a polar RF receiver [42] which
outputs directly the phase and amplitude of received symbols.
Furthermore, it is of practical interest to study the impact
of quantization. Contrary to usual IQ schemes in which the
quantization strategy is the same on the two signal paths,
the use of asymmetric strategies could be relevant for polar
RF receivers, especially in the context of a GPN channel. In
this paper, different signal processing techniques have been
discussed to mitigate the performance degradation due to PN.
It should also be mentioned that on-going research works are
dedicated to the design of sub-THz oscillators with low PN
characteristics [19].

VI. CONCLUSION
We have investigated the design of robust communications
impaired by strong PN for future sub-THz applications. We
have developed a pragmatic approach supported by a theo-
retical framework. This problem has been addressed in three
steps: the characterization of the PN channel, the design of
receiver algorithms, and the optimization of the modulation
scheme. First, we have introduced the system model for sub-
THz communication systems. A LoS propagation channel has
been considered and the oscillator PN has been described by
a Gaussian process. Second, we have addressed the design of
the optimum demodulation scheme for the GPN channel. The
polar metric has been derived as a symbol detection scheme
minimizing the error probability. We have also proposed a
low-complexity implementation of the soft-output demapper
using the polar metric for probabilistic channel decoding. In
contrast to state-of-the-art detectors, the proposed soft-output
demapper allows a simple evaluation of soft bit values. Simu-
lation results show that significant demodulation performance
gains are achieved by using the polar metric in comparison to
standard detectors. Third, we have studied the optimization
of the modulation scheme for the GPN channel. A mathe-
matical framework, based on a signal decomposition in polar
coordinates, has been presented to design robust constella-
tions and also to evaluate state-of-the-art solutions. It has
been shown that a constellation defined upon a lattice in the
amplitude-phase domain is robust to PN and leads to a low-
complexity implementation. Thereupon, we have proposed
the Polar-QAM scheme. The constellation and the binary la-
beling of the Polar-QAM are jointly designed to enhance the
system performance with a low-complexity implementation.
We have compared the proposed modulation to conventional
and state-of-the-art solutions on different performance met-
rics such as the PAPR, the BER, or the achievable rate. Our
results highlight the important performance gains realized by
the Polar-QAM in comparison to conventional schemes. In
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contrast to state-of-the-art optimized constellations, the ad-
vantage of the proposed solution is that near-optimal perfor-
mance is achieved with significant complexity reductions of
the transceiver. To conclude, we have shown in this work
that optimizing the communication schemes is essential to
realize high rate communications on practical systems im-
paired by strong PN. Accordingly, the proposed schemes
offer valuable low-complexity solutions for future sub-THz
systems.
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